
Second order approximation of the tail of

the distribution of the maximum of a

Gaussian process.

Mario Wschebor
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X = {X(t) : t ∈ T} real-valued random field.

Most of what we will say refers to Gaussian fields.

MT = sup{X(t) : t ∈ T}

F (x) = P (MT ≤ x).

The computation of F (x) by means of a closed formula is known

only for a short list of processes,in which an actual formula exists

for the distribution of M = M[0,T ].
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The methods to find formulas for the distribution of the supre-

mum of these processes, are ad hoc, hence non transposable to

more general random functions, even in the Gaussian context.

Given the interest in the distribution of the random variable MT ,

arising in a diversity of theoretical and technical questions, a large

body of mathematics has been developed beyond these particu-

lar formulas.

INEQUALITIES.

We give some fundamental examples for Gaussian processes.

Assume that X is centered Gaussian and there exists a countable

subset D ⊂ T such that almost surely MT = supt∈DX(t). [In

particular, this condition holds true if X is separable].

σ2(t) = E[X2(t)].
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Theorem 1 (C. Borell, Sudakov, Tsirelson, 1974-1975) Assume
that P(MT <∞) = 1.
Then:

σ2
T = sup

t∈T
σ2(t) < +∞

and for every u > 0

P(|MT − µ(MT )| > u) ≤ 2[1−Φ(u/σT )] ≤ e
−1

2
u2

σ2
T . (1)

µ(Z) denotes a median of the probability distribution of the ran-
dom variable Z.

[COMMENTS ON THE HYPOTHESIS: 1) RELATIONSHIP WITH
THE GAUSSIAN ZERO OR ONE LAW; 2) IF T IS A COMPACT
SEPARABLE TOPOLOGICAL SPACE AND THE PATHS OF
THE PROCESS ARE CONTINUOUS, ALL THE HYPOTHE-
SES ARE SATISFIED]
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Theorem 2 (Ibragimov-Sudakov-Tsirelson, 1976) Assume that

the process X satisfies the same hypotheses as in Theorem 1.

Then:

1) E (|MT |) <∞.

2) For every u > 0,

P(|MT − E (MT )| > u) ≤ 2 exp
(
−

1

2

u2

σ2
T

)
. (2)
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A Corollary is the following: under the same hypotheses of Th.

1 or 2, for each ε > 0 there exists a positive constant Cε such

that for all u > 0 :

P(|MT | > u) ≤ Cε exp
(
−

1

2

u2

σ2
T + ε

)
. (3)

Grosso modo, this says that the tail of the distribution of the

random variable MT is bounded (except for a multiplicative con-

stant) by the value of the centered normal density having vari-

ance larger than, and arbitrarily close to, σ2
T .

The problem is that Cε can grow (and tend to infinity) as ε

decreases to zero. Even for fixed ε, in general, one can only

have rough bounds for Cε. This implies serious limitations for

the use of these inequalities in Statistics and in other fields.
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SOME BRIEF COMMENTS ON PROOFS.

• Isoperimetric properties of the Gaussian law

• Ito’s formula and the proof of Theorem 2

• Fernique’s direct proof of the Corollary.
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These inequalities are essential for the development of the math-
ematical theory. However, in a wide number of applications, the
general situation is that these inequalities are not good enough,
one reason being that they depend on certain constants (the
expectation or the median of MT ) that one is unable to estimate
or for which estimations differ substantially from the true values.
As a consequence, the bounds become exponentially larger than
the true values, as u→ +∞.
Since the 1990’s several methods have been introduced with the
aim of obtaining more precise results:
Examples: the double sum method (Piterbarg, 1996); the Euler-
Poincaré Characteristic approximation (EPC, Taylor, Takemura
and Adler, 2005, Adler and Taylor’s book, 2007); the tube
method (Sun, 1993), the use of Rice series (Miroshin, 1984,
Azäıs-MW, 2002), the record method (Rychlik,Mercadier, 2005).
See the book by Azäıs-MW, Wiley, 2009 for a more detailed ac-
count.
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In general, one would like to write:

P{M > u} = A(u) exp
(
−

1

2

u2

σ2

)
+ B(u) (4)

where A(u) is a known function having polynomially bounded

growth as u → +∞, σ2 = supt∈T Var(X(t)) and B(u) is an er-

ror bounded by a centered Gaussian density with variance σ2
1,

σ2
1 < σ2.

We call the first (respectively the second) term in the right-

hand side of (4) the “first (resp second) order approximation of

P{M > u}.”
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First order approximation has been considered by Taylor, Take-

mura and Adler (2005) and also Adler and Taylor (2007) by

means of the expectation of the EPC of the excursion set Eu :=

{t ∈ S : X(t) > u}. This works for large values of u. The same

authors have considered the second order approximation, that is,

how fast does the difference between P{M > u} and the expected

EPC tend to zero when u→ +∞.
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As far as I know, the only known result giving a precise descrip-

tion of the second order term for the asymptotics of P(MT > u)

as u→ +∞ is the following (Piterbarg, 1981 for sufficiently small

T and Azäıs-Bardet-MW, 2001 for general T ):

Let X be a one-parameter centered Gaussian stationary process,

satisfying certain regularity conditions. Then, as u→ +∞:

P(MT > u)= 1−Φ(u) +

√
λ2

2π
Tφ(u)

−
3
√

3(λ4 − λ2
2)9/2

2πλ
9/2
2 (λ2λ6 − λ2

4)

T

u5
φ

√√√√ λ4

λ4 − λ2
2

u

 [1 + o(1)] .

Φ (resp. φ) denotes the standard normal distribution (resp. den-

sity). λk is the k-th spectral moment.
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THE DIRECT METHOD. Assumptions and notations

X = {X(t) : t ∈ S} denotes a real-valued Gaussian field defined

on the parameter set S. The domain S will have some geomet-

ric regularity and the paths of the random function will satisfy

some differentiability conditions.

[A1] (Geometry of S): - S is a compact subset of Rd
- S is the disjoint union of Sd, Sd−1..., S0, Sj is an orientable C3

manifold of dimension j without boundary. Sd0
, is the non empty

face having largest dimension. σj denotes the j−dimensional ge-

ometric measure on Sj.

- Each Sj has an atlas such that the second derivatives of the
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inverse functions of all charts are bounded by a fixed constant
(so that the maximum curvature is bounded).

Conditions on the random field:
- [A2] : X is in fact defined on an open set containing S and has
C2 paths
- [A3] : for every t ∈ S the distribution of

(
X(t), X ′(t)

)
does

not degenerate; for every s, t ∈ S, s 6= t, the distribution of(
X(s), X(t)

)
does not degenerate.

- [A4] : Almost surely the maximum of X(.) on S is attained at
a single point.
- For t ∈ Sj, X ′j(t), X ′j,N(t) denote respectively the derivative
along Sj and the normal derivative. The tangent space is Tt,j
and its orthogonal complement Nt,j.
[A5] : Almost surely, for every j = 1, . . . , d there is no point t in
Sj such that X ′j(t) = 0, det(X ′′j (t)) = 0.



Theorem 3 Let M = maxt∈SX(t). Under assumptions A1 to

A5, the distribution of M has the density

pM(x) =
∑
t∈S0

E
(

1IAx

∣∣∣X(t) = x
)
pX(t)(x)

+
d∑

j=1

∫
Sj

E
(
|det(X ′′j (t))| 1IAx

∣∣∣X(t) = x,X ′j(t) = 0
)
pX(t),X ′j(t)

(x,0)σj(dt),

(5)

where Ax = {M ≤ x}.
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REMARKS ON THEOREM 3.

• One should be precise about the meaning of the right-hand

side of (5), since the ingredients in the integrand depend on

the parametrization of the manifold Sj. One can show that

locally the integral is independent of the parametrization and

then extend each integral to the whole Sj.

• Theorem 3 implies, in particular, the existence of a contin-

uous density of the distribution of M . For one-parameter

processes, this kind of formula can be iterated and used to

prove higher order differentiability of F (x). This is a hard

and very interesting subject.
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• Formula (5) is only implicit (M appears on the right) but can

be used to get bounds for pM(x), hence for the tail 1−F (x),

on integrating once.

• The proof of this theorem is based on a variant of Rice For-

mula, which permits to write as an integral the expectation

of the total mass of weighted roots of a random field.[See

Azäıs-MW, 2009, chapters 6 and 7].

• The theorem can be extended to certain classes of non-

Gaussian random fields.



A general bound for pM

For t ∈ Sj, j ≤ d0, Ct,j is the closed convex cone generated by

the set of directions:

{λ ∈ Rd : ‖λ‖ = 1 ;∃ sn ∈ S, (n = 1,2, . . .), sn → t,
t− sn
‖t− sn‖

→ λ},

whenever this set is non-empty and Ct,j = {0} if it is empty.

Ĉt,j the dual cone of Ct,j, that is:

Ĉt,j := {z ∈ Rd : 〈z, λ〉 ≥ 0 for all λ ∈ Ct,j}.

These definitions easily imply Tt,j ⊂ Ct,j and Ĉt,j ⊂ Nt,j. Also

j = d0, Ĉt,j = Nt,j.

X(.) has an “extended outward” derivative at the point t in Sj,

j ≤ d0 if X ′j,N(t) ∈ Ĉt,j.
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Theorem 4 Under assumptions A1 to A5 above:

(a) pM(x) ≤ p(x) where

p(x) :=
∑
t∈S0

E
(

1I
X ′(t)∈Ĉt,0

∣∣∣X(t) = x
)
pX(t)(x)

+
d0∑
j=1

∫
Sj

E
(
|det(X ′′j (t))| 1I

X ′j,N(t)∈Ĉt,j

∣∣∣X(t) = x,X ′j(t) = 0
)

pX(t),X ′j(t)
(x,0)σj(dt) (6)

(b) P{M > u} ≤
∫ +∞

u
p(x)dx.



(a) follows from Theorem 3 and the observation that if t ∈ Sj,
one has {M ≤ X(t)} ⊂ {X ′j,N(t) ∈ Ĉt,j}. (b) is an obvious conse-

quence of (a).

The actual interest of this Theorem depends on the feasibility

of computing p(x). It turns out that this can be done in some

relevant cases.The results can be compared with the approxima-

tion of P{M > u} by means of
∫+∞
u pE(x)dx given by Adler and

Taylor (2007) and Taylor, Takemura and Adler (2005), where

pE(x) :=
∑
t∈S0

E
(

1I
X ′(t)∈Ĉt,0

∣∣∣X(t) = x
)
pX(t)(x)

+
d0∑
j=1

(−1)j
∫
Sj

E
(

det(X ′′j (t)) 1I
X ′j,N(t)∈Ĉt,j

∣∣∣X(t) = x,X ′j(t) = 0
)

pX(t),X ′j(t)
(x,0)σj(dt). (7)



Under certain conditions,
∫+∞
u pE(x)dx is the expected value of

the Euler-Poincaré Characteristic of the excursion set Eu. The

advantage of pE(x) over p(x) is that one can have nice expres-

sions for it for a large set of random fields.

Conversely p(x) has the obvious advantage that it is an upper-

bound of the true density pM(x) for every x-value, so that it

provides an upper-bound for 1 − F (u) =
∫+∞
u pM(x)dx for every

u, whereas the EPC-approximation only works for large u. We

will also see that in relevant cases, presently known second-order

results are more precise for the direct method.



Computing p(x) for stationary isotropic Gaussian fields

We now assume that the process X is centered Gaussian, with

covariance function

E
(
X(s)X(t)

)
= ρ

(
‖s− t‖2

)
, (8)

where ρ : R+ → R is of class C4 . Without loss of generality, we

assume that ρ(0) = 1 and put ρ′ = ρ′(0), ρ′′ = ρ′′(0). Assump-

tion (8) is equivalent to saying that the law of X is invariant

under orthogonal linear transformations and translations of the

underlying parameter space Rd.
We will also assume that the set S has a polyhedral shape. i.e.

each Sj(j = 1, . . . , d) is a union of subsets of affine manifolds of

dimension j in Rd.

15



Theorem 5 Assume that the random field X is centered Gaus-
sian, satisfies conditions A1-A5 of Chapter and has a covariance
having the form (8). Let S have polyhedral shape. Then,

p(x) = ϕ(x)

 ∑
t∈S0

σ̂0(t) +
d0∑
j=1

[(|ρ′|
π

)j/2
Hj(x) +Rj(x)

]
gj

 (9)

- gj =
∫
Sj
σ̂j(t)σj(dt), σ̂j(t) is the normalized solid angle of the

cone Ĉt,j in Nt,j:

σ̂j(t) =
σd−j−1(Ĉt,j ∩ Sd−j−1)

σd−j−1(Sd−j−1)
for j = 0, . . . , d− 1, (10)

σ̂d(t) = 1. (11)

For convex or other usual polyhedra σ̂j(t) is constant for t ∈ Sj,
so that gj is equal to this constant multiplied by σj(Sj).



- Hj (resp. Hj) are the usual (resp. probabilistic) Hermite poly-

nomials.

- Rj(x) =
(

2ρ′′
π|ρ′|

) j
2 Γ((j+1)/2

π

∫+∞
−∞ Tj(v) exp

(
− y2

2

)
dy

v := −(2)−1/2
(
(1− γ2)1/2y − γx

)
with γ := |ρ′|(ρ′′)−1/2, (12)

Tj(v) :=

[ j−1∑
k=0

H2
k (v)

2kk!

]
e−v

2/2 −
Hj(v)

2j(j − 1)!
Ij−1(v), (13)

In(v) = 2e−v
2/2

[n−1
2 ]∑

k=0

2k
(n− 1)!!

(n− 1− 2k)!!
Hn−1−2k(v) (14)

+ 1I{n even} 2
n
2 (n− 1)!!

√
2π(1−Φ(x))



REMARKS ON THE THEOREM

1.- The expressions one obtains are complicated for higher order

dimension of the parameter. However, they are explicit and easy

to compute recursively.

2.- The proof requires some ingredients of analytic random ma-

trix theory, namely, the distribution of the eigenvalues of a GOE

matrix.

3.- The “principal term” is

ϕ(x)

 ∑
t∈S0

σ̂0(t) +
d0∑
j=1

[(|ρ′|
π

)j/2
Hj(x)

]
gj

 , (15)

which is the product of a standard normal density times a poly-

nomial with degree d0. Integrating once, we get -in this case-

the formula for the expectation of the EPC of the excursion set

given in Adler and Taylor (2007).

16



TWO EXAMPLES OF THEOREMS ABOUT SECOND

ORDER APPROXIMATION.

Theorem 6 Assume that the process X satisfies conditions A1

-A5. With no loss of generality, let maxt∈S Var(X(t)) = 1. In

addition, assume that set Sv of points t ∈ S where the variance

of X(t) attains its maximal value is contained in Sd0
(d0 > 0) the

non-empty face having largest dimension and that no point in Sv

is a boundary point of S\Sd0
. Then, there exist some positive

constants C, δ such that for every x > 0.

|pE(x)− pM(x)| ≤ p(x)− pM(x) ≤ Cϕ(x(1 + δ)).
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Theorem 7 Assume that X is centered, satisfies hypotheses A1-
A5, the covariance has the form (8) with ρ′(0) = −1/2, ρ′(x) ≤
0 for x ≥ 0. Let S be a convex set, and d0 = d ≥ 1. Then

lim
x→+∞

−
2

x2
log

[
p(x)− pM(x)

]
= 1 +

1

12ρ′′ − 1
. (16)

Remarks

1.- Since S is convex, the added hypothesis that the maximum
dimension d0 such that Sj is not empty is equal to d is not an
actual restriction.
2.- ρ′(0) = −1/2 is not an actual restriction, one can always
reduce the problem to this case by means of a scale change. As
for ρ′(x) ≤ 0 for x ≥ 0 it is always verified by the so-called
Schoenberg covariances, which is exactly the class of functions
such that ρ(‖t− s‖2) is a covariance for any dimension d.
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