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Abstract

In this paper, a new method for constructing confidence intervals for 02, o2 and the intra-

class correlation p = 02 /(02 + ¢2) in a two component mixed effects linear model is proposed.
This method is based on an extension of R. A. Fisher’s fiducial argument. A simulation study is
conducted to compare the resulting interval estimates with other competing confidence interval
procedures from the literature. Our results demonstrate that the proposed fiducial intervals
have satisfactory performance in terms of coverage probability. In addition these intervals have
shorter average confidence interval lengths overall. We also prove that these fiducial intervals
have asymptotically exact frequentist coverage probability. The computations for the proposed
procedures are illustrated using examples from animal breeding applications.

Keywords: Fiducial Density, Fiducial Generalized Confidence Interval (FGCI), Unbalanced
One-Way Random Effects Model, Variance Component.

1 Introduction

Random effects and mixed effects linear models are useful in applications that require accounting
for components of variability arising from multiple sources. For example, in animal breeding stud-
ies, mixed linear models with two variance components are often used. One variance component
accounts for genetic variability and the other accounts for variability due to environmental factors.
In industrial applications where one is interested in understanding process variability mixed mod-
els with multiple variance components are used to account for variability due to operators, due
to batches of raw material, due to machine differences, due to measurement errors, and so on. In
such situations it is of interest to estimate the components of variance and provide lower and upper
confidence bounds for them.

Confidence intervals for variance components have been an important topic of research for over
70 years. Interestingly, the first published work on interval estimation for the between groups
variance component in the standard one-way normal random model is by R. A. Fisher (1935) who
gave a solution to this problem using his then new method of fiducial argument. Bross (1950)
provided further computational details for the fiducial approach and informally compared it with



approximate frequentists methods available at the time. Numerous subsequent articles have been
written on this topic by many authors. See for instance, Green (1954), Huitson (1955), Graybill
et al. (1956), Welch (1956), Healy (1961, 1963), Williams (1962), Broemeling (1969), Burdick and
Sielken (1978), Venables and James (1978), Jeyaratnam and Graybill (1980), Graybill and Wang
(1980), Seely (1980), Burdick and Graybill (1984), Harville and Fenech (1985), Wild (1981), among
others. Most of this work is devoted to developing exact or approximate confidence intervals for
specified linear functions of variance components or their ratios. Some of the work was carried out
in the context of inference on a heritability coefficient in animal breeding contexts. Healy (1963),
Venables and James (1978), and Wild (1981) consider fiducial approaches to the problem in the
case of balanced data.

Our focus in this paper is on two variance component unbalanced normal mixed linear models.
A fiducial solution to the interval estimation problem in this context is not currently available.
Here we develop such a fiducial solution and demonstrate via a simulation study that the resulting
procedure has better overall frequentist performance than competing methods. We also establish
the asymptotic exactness of the coverage probability of fiducial intervals for variance components
of interest.

More specifically, let Y denote a N x 1 vector of observable random variables. Suppose Y has
a distribution described by the following mixed linear model with two variance components

Y=XB8+Zu+e¢ (1)

where X and Z are known incidence matrices of sizes N x p and N X a, respectively, B is a p x 1
vector of unknown parameters, u ~ N (0,02 A) is a a x 1 vector of random effects, € ~ N (0,021 y)
is the error vector of size N x 1, and u and € are independent. Without loss of generality we
assume rank(X) = p. Also A is a known matrix often referred to as a relationship matriz in animal
breeding context since it describes the degree to which the elements wq,...,u, of the vector u
covary. For example, if the elements u; and uy of u are the (additive) genetic effects corresponding
to a parent and an offspring, respectively, then Cov(ui,us) = 02/2 (Falconer, 1989). Note that,
when the standard unbalanced one-way random effects model given by

Yij:u—l—ui—i—aij, 1=1,...,a; 7=1,...,n4 (2)

is written in matrix form the matrix X is simply 1y, a column vector whose elements are all
equal to one, Z = diag(I,,,...,I,,) is a block diagonal matrix whose ith block is I,, and A
is In. Here I, denotes the r x r identity matrix. Under the model in (1), E[Y] = X3 and
Var[Y] =V = 02ZAZ" + 62Iy. In this paper, we focus on constructing confidence intervals
for the variance component o2, o2 and the ratio p = 02 /(02 + 02). In the special case of a one-
way random effects model, o2 is the between-groups variance component and p is the intraclass
correlation coefficient. Our proposed methods follow the fiducial generalized confidence interval
(FGPQ) procedures discussed in Hannig et al. (2006) and the generalizations of the fiducial method
given in Hannig (2006).

The paper is organized as follows. Section 2 provides a brief review of published confidence
interval procedures for 02, 02 and p. In Section 3 we outline the fiducial method for obtaining

o)
confidence intervals for general situations. We then apply this method to derive fiducial confidence



intervals for o2, a? and p. Our procedure is applicable to the two component mixed model given in
(1). We compare our proposed procedures with competing methods described in Section 2 using a
simulation study. Details of the simulation study are described in Section 4 along with a discussion
of the simulation results. Tables containing numerical results from the simulation study are given
in the Appendix. In Section 5 we consider some data examples using previously published data and
illustrate how our proposed procedures are applied. Asymptotic exactness of the proposed fiducial
intervals is proved in Section 6. Finally, we conclude with summary discussions in Section 7.

2 Discussion of Published Confidence Intervals for Two Compo-
nent Mixed Models

This section provides an overview of various published confidence intervals for 03, ag, and p =
02 /(02 + 02) in a two-component mixed model. First we discuss the unbalanced one-way random
effects model.

One-way unbalanced random effects model

Here we consider the unbalanced one-way random effects model, see Equation (2), which is a special
case of (1). The standard ANOVA table for this model is shown in Table 1 where the following
notation is used.

N ZTLZ: Yij — (.J’_ n? a - L
Yie = %, Y..= Zl_lj\[zz*’ SS| = an(yl* _ Y**)Q,
=1
& — a N — Yiani
58y = lel (Yij —Yi)’, N = 27% and ng = T{L\]
=1 )= i=

Table 1: ANOVA for the One-way Unbalanced Random Effects Model.

Source DF MS EMS
Among groups a—1 S?2=551/(a—1) 61 =02+ ngo?
Within groups N —a S3=5S/(N —a) 6y =o02
Total N-1

When n; are all equal, the one-way random effects model is said to be balanced. In this case we
write n; = n. It follows that, in the balanced case ng = n, and SS1/61 and SS3/6, are independent
chi-squared random variables with a —1 and N —a degrees of freedom, respectively. It is well known
that, in the balanced one-way random effects model, exact confidence intervals are available for o2,
02 /% and p. An exact confidence interval for the between group variance o2 is not available even in
the balanced case. Approximate confidence intervals for o2 include the well-known Tukey-Williams



(Tukey (1951), Williams (1962)) methods and a host of other methods including the method based
on Satterthwaite’s (1946) approximation. See Burdick and Graybill (1992) for details.

In the case of an unbalanced design, SS; and SS; are still independent and 5SS,/ ag still has a
chi-squared distribution with N — a degrees of freedom, but SS;/6; does not have a chi-squared
distribution unless 02 = 0 (Burdick and Graybill, 1992).

2.1 Confidence intervals for ¢2 in an unbalanced one-way random effects model

Several methods are available in the literature for constructing approximate confidence intervals for
o2 in the unbalanced one-way random effects model. Five different confidence interval procedures

for o2 that have previously appeared in the literature are discussed below.

Burdick-Graybill (BG) confidence interval

In an unbalanced design, SS;/0; has a chis-squared distribution if and only if 02 = 0. If it is
known that o2 is close to zero, then treating SS;/6; as a chi-squared random variable may be
appropriate. Using this idea, Burdick and Graybill (1992) developed an approximate confidence
interval for o2 based on the reasoning that SS;/6; has, approximately, a chi-squared distribution
with @ — 1 degrees of freedom when o2 is close to zero. They obtained this approximate confidence
interval by appropriately modifying the corresponding confidence interval in balanced case. The
resulting approximate two-sided (1 — «)100% confidence interval is given by

2 Q2 _ 2 Q2
[max<51 5 WL,O), m(s %+ m)]

no no
where

Vi, = G3St + H3S3 + G1257S3, Vy = HiS} + G3S5 + H1257 S5,

1 1
Gil=l-e———\ Gy=1—
Fl—cx/2;a—1,oo Fl—cx/Q;N—a,oo
1 1
H=—" 1, Hy=— 1,
Fa/2;a—1,oo Fa/2;N—a,oo

2
(Fl—a/Z;a—l,N—a - 1) - G%Ff_a/za_LN—a - H22
Fl—oz/?;a—l,N—a
2
(1 - Fa/2;a—1,N—a) - H%F§/2;a_1,N—a - G%

Fa/Q;a—l,N—a

12 = )

Hyip =

and Fy.y, v, represents the a-quantile of the F-distribution with v; and vo degrees of freedom. Since
this procedure is based on the assumption that o2 is close to zero, it might result in very liberal
intervals when o2 is far from zero (Burdick and Graybill, 1992).



Thomas-Hultquist (TH) confidence interval

Thomas and Hultquist (1978) derived an approximate pivotal quantity for 6, that can be used for
constructing confidence intervals for o2 in the unbalanced one-way random effects model. This
quantity is SS3/03 where

gy R ? 5 02 ~ a
SS3 ; (Y“ " ;Yﬁ> , O3 =0+ = and 7 2?21(1/?%)

We define S7 = SS3/(a — 1). Note that SS3 is the unweighted sum of squares of the treatment
means and 7 denotes the harmonic mean of n; values. Thomas and Hultquist (1978) showed that
the moment generating function of S.S3/603 approaches that of a chi-squared random variable with
a — 1 degrees of freedom as all n; approach a constant value or infinity, or if the ratio n = o2 /0?2
approaches infinity. Furthermore, SS3 is independent of S.Ss. Therefore, (5S3/63)/(SS2/62) has an
approximate F,_1 y_q distribution. Using these facts and modifying the Tukey-Williams confidence
interval formula for o2 developed for the balanced case, Thomas and Hultquist (1978) proposed
the following approximate two-sided (1 — a)100% confidence interval for o2

ﬁSSd - (CL - 1)522F1—a/2;a—1,N—a ﬁSSS - (CL - 1)S§Fa/2;a—1,N—a

) ~ 3 ) (3)

nxlfa/2;afl nXa/Z;afl
where Xi;v represents the a-quantile of the chi-squared distribution with v degrees of freedom.
Results of their simulation study indicated that SS3/603 is not well approximated by a chi-squared
random variable when 1 < 0.25 and the design is extremely unbalanced. In these cases, the
confidence interval in (3) can be quite liberal.

Burdick-Eickman (BE) confidence interval

Williams (1962) constructed an interval for o2 in the balanced one-way random effects model by
solving for the intersection of exact (1 — «)100% confidence intervals on o2 + no? and the ratio
7. Burdick and Eickman (1986) followed this strategy and combined approximate intervals for
05 and n. The approximate (1 — «)100% confidence interval for 3 they used is based on the
Thomas-Hultquist (1978) approximation, and is given by

555 SSs ]

2 72
lea/2;a71 Xa/Z;afl

(4)

The approximate (1 — «)100% confidence interval on 7 they used is the one developed by Burdick
et al. (1986). This interval is [Lgas, Upnr| where

I 0 S3 1
BM — Inax N — - s
522F17a/2;a71,N7a min (n17 ce 7na)

U 0 S3 1
BM — Inax s — .
522Fa/2;a—1,N—a max (nl, NN ,na)



The interval in (5) has a confidence coefficient at least as great as 1 —a. By finding the intersection
region of (4) and (5), Burdick and Eickman arrived at an approximate two-sided (1 — «)100%
confidence interval for o2. This interval is

1+nLpy X%,Q/Q;a,l’ L +nUsm Xi/2;a71.

The confidence coefficient of the interval in (6) is at least 1 — .

Hartung-Knapp (HK) confidence interval
In the unbalanced one-way random effects model Wald (1940) showed that the quantity 5S4 defined

by
— 2
- < Z‘,l_l w; Y ik
S8y = wi | Yie — 55—
3o (T T

where w; = n;/(1+nn;) is a pivotal quantity for n = 02 /o2. Specifically, SS,/a? follows chi-squared
distribution with ¢ — 1 degrees of freedom. Furthermore, SS4 and S.Ss are independent. Therefore,
letting S2 = SSy/(a — 1), it follows that

and an exact confidence interval for n may be obtained from an interval for R(n). Wald (1940)
showed that SS9y is a strictly monotonic decreasing function in 7, so the bounds of a 100(1 — a)%
confidence interval for 7 are given as the unique solutions to the equations

R(n) = Flfa/Q;afl,Nfav (7)
R(U) - Fa/2;a71,N7a-

Hartung and Knapp (2000) considered the solutions, 1z, ny, to equations (7) and used these to
construct an approximate two-sided (1 — a)100% confidence interval for o2. Their interval is given
by

(S50, Sz,

where

0  otherwise

, nr if 0 <np < R(0) , nu if 0 < ny < R(0)
L = and 1y = . :
0 otherwise

It is important to note that the four interval procedures discussed above apply only for the
one-way random model. They do not apply to the general two-component mixed model in (1).



2.2 Confidence intervals for 02 in a two variance components mixed model

Arendacka (2005) proposed a method that is applicable in some instances of the model in (1). We
describe her method next. Before doing so, we review some well known results concerning minimal
sufficient statistics for the mixed model in (1).

Let H be a N x (N — p) matrix such that HH? = Iy — X(XTX)"X” and H'H = Iy_,.
Using the fact that Y ~ N(XB,02Ix +02ZAZT), it follows that

HTY ~ N(0,02Iy_, +02G) (8)

where G = H'ZAZTH. Let \; >,...,> \g > 0 be the distinct eigenvalues of G having multi-
plicities r1,...,7q, respectively. Let P = [Py,...,P4] be a (N —p) x (N — p) orthogonal matrix
such that PTGP = diag(\ lr;Fl, cel )\dlfd). where P; corresponding to \; is of size (N — p) x r;.
Define

Vi=YTHP,PTH'Y, i=1,...,d (9)

Olsen et al. (1976) showed that (V4, ..., V) is minimal sufficient for (02, 02) under (8). Furthermore,
Vi 2 .

= ———5 ~ X, =1,...,d, 10

\io2 + o2 X 0 (10)

and U;s’ are mutually independent.
Note that, when \q is zero, a pure error estimate of o2 is given by Vy/rg. An exact 100(1— )%
confidence interval for o2 exists and is given by

Va Va

)

(11)

2 2
Xl—a/?;rd Xa/Z;rd

We refer to the interval in (11) as EXACT (EX) confidence interval for 02. When \g > 0
a pure error estimate of o2 is not available. In particular, an exact confidence interval for o2 is

unavailable.

Arendacka (Ar) confidence interval

Arendacka (2005) considered the special case of Ay = 0 and constructed a confidence interval for o2
using generalized test variables and generalized p-values. For a discussion of generalized p-values,
see Weerahandi (1991). Arendackd showed that the quantity T defined by

-1
’UZ‘Ud
T= U, ——— 12

;( ¢ Ud-l-/\iUg[Ud)’ ( )
is a generalized test variable, where (v1,...,vq) is a realization of (Vi,..., Vy). She further defined
the function

o d—1 ol

2\ 3
TFT(Ul,...,Ud,O'a)—/O <1—FW (;W>>fUd(u)du,
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where W = Zf;ll Ui and fy,(u) is the p.d.f. of Uy. She showed that
Lpa <ol <Upa (13)
is a generalized confidence interval for o2, where L4 and Up 4 are obtained by solving the equations

mr(vi,...,vq, Lpa) = /2, and
mr(vy,...,v3,Uga) =1 —a/2.

In particular, [Lpa, Up4] has coverage probability approximately (1 — «). It is worth noting that
Arendackd’s method is closely related to the generalized pivotal quantity for o2 derived in Iyer
et al. (2004) in an unbalanced one-way random model with heterogeneous variances.

Arendackd (2005) also considered three other test variables based on the results in Zhou and
Mathew (1994). Her simulation study showed that all the test variables perform equally well in
terms of empirical coverages. But when comparing the average lengths of the intervals, the test
variable 7" in (12) performed better overall than the other three test variables. Thus we use the
interval in (13) for comparing with our proposed fiducial method.

2

2.3 Confidence intervals for o

in a two variance components mixed model

As mentioned earlier, an exact confidence interval for 052 is available when Ay = 0, i.e., a pure error
estimate of o2 is available. However, for the case A\gq > 0, to our knowledge, no confidence interval
procedure has been proposed in the literature for 052 . Here we propose a fiducial interval estimate
for Gg that appears to have satisfactory coverage properties. The fiducial approach is discussed in
Section 3.

2.4 Confidence intervals for p in a two variance components mixed model

In many applications the quantity p = 2 /(02 +02) is of interest. For example, in plant and animal
breeding, p represents the proportion of the total variance that is explainable by additive genetic
effects. It is often referred to as the heritability of the trait under study. Burch and Iyer (1997)
proposed a class of confidence intervals for p under the general two-component mixed effects linear
model in (1). We describe their method below.



Burch and Iyer (BI) confidence intervals for p

Burch and Iyer (1997) proposed a method to construct an exact confidence interval on p based on
a class of pivotal quantities Rg, k =1,...,d — 1, given by

d V:
E 1+p)\—1 /Zr

Ry, = (14)
k Vi
z:: /\ _ 1 Zrﬂ
d
They observed that Ry, ~ F' | > 4, > rj | foreach k =1,...,d—1. The pivotal quantity in (14)
i=k+1  j=1

is a monotone decreasing function of p. Therefore, a confidence interval for p can be obtained by
numerically inverting suitable probability limits for the pivotal quantity Ry. An exact (1 —«)100%
confidence region for p is given by the set

i} 1+p(A 71)/ Z r’
€ [07 1) : Fa/2 A < Fl—a/2 )

k
Z:) /]; rj

where F, /5 and F|_, /5 are the 100(«/2)—percentile and 100(1 — «/2)—percentile of the F' distri-

bution having numerator and denominator degrees of freedom equal to Zgzk 417 and 25:1 rj,
respectively. Let L denote the infimum of this set and U the supremum. Then [L, U] is a confi-
dence interval for p with confidence coefficient equal to (1 — «). Note that there are d — 1 possible
versions of the pivotal quantity Ry and consequently d — 1 possible confidence intervals. Burch
and Iyer (1997) showed that a confidence interval for p obtained from the pivotal quantity Ry is
locally unbiased if the numerator degrees of freedom for Ry is equal to the denominator degrees of
freedom, i.e., Zf-l:k ari= Z§:1 rj. When such a k does not exist, they suggest using a k for which

the numerator degrees of freedom, Z?:k 417, and the denominator degrees of freedom Z?Zl rj,
are as close to each other as possible. We refer to the resulting interval as BI confidence interval.
We will compare our proposed fiducial interval for p with the BI intervals.

3 Fiducial Intervals for o2, o2 and p

It is worth noting that generalized confidence intervals such as those proposed by Arendacka (2005)
are closely related to fiducial intervals. This connection between generalized inference and fiducial
inference is discussed in detail by Hannig et al. (2006). They also provide a recipe for constructing
fiducial intervals when X has a continuous distribution. Hannig (2006) generalizes this to arbitrary
distributions. We use the term weak fiducial inference to emphasize the fact that the version of



fiducial inference discussed in Hannig et al. (2006) and Hannig (2006) is a generalization of R. A.
Fisher’s fiducial argument.

In this section we describe fiducial interval (FI) procedures for 02, 02 and p that are applicable
under the general two-component mixed model in (1). The intervals we propose are obtained using
the fiducial method described in Hannig et al. (2006) and Hannig (2006). We first briefly describe
weak fiducial inference.

3.1 The Fiducial approach

Let X be a (possibly discrete) random vector with a distribution indexed by a (possibly vector)
parameter £ € =. Hannig (2006) defines a weak fiducial distribution for £ as follows. Assume that
X has a structural representation given by

X =GU¢)

where U is a uniform (0, 1) random variable and G is a jointly measurable function of U and . Let
R(zx,u) be a set-valued function defined by

R(z,u) ={{:x=G(u,&)}

The set {£ : & = G(u, &)} may be empty, may consist of a single element, or, when the distribution of
X is not continuous, may consist of more than one element (possibly uncountably many elements).
The function R(X,U) may be viewed as an inverse of the function G. Here G defines u as an
implicit function of £ and x is regarded as fixed. Finally, for any measurable set S, let V' (S) denote
a random variable with support S, where S is the closure of S. Hannig (2006) defined a weak
fiducial distribution of £ as a conditional distribution of V(R(x, U*)) given R(x,U*) # (). Here x is
the observed value of X and U* is an independent copy of U. Note, without loss of generality, that
U could be taken as any random variable or random vector whose distribution is free of unknown
parameters, since any such distribution can be generated starting from a uniform [0, 1] variate.

In the next subsection we apply the fiducial method to construct a confidence interval for o2

o

3.2 A Fiducial confidence interval for o2

We first derive a weak fiducial distribution for 02 and use it to construct confidence intervals for
it. We begin with the statistics Q; = V;/ry, i = 1,...,d where V;,r; are defined in (9). Observe
that they are minimal sufficient for {02, 02} under the model in (8). When d = 2, the relationship
between (02, 02) and (Q1,Q2) is invertible. This makes fiducial inference for the case d = 2 quite
straightforward and is not considered here. Hereafter we assume d > 2 which is the more general
and challenging case. We rewrite the expressions in (10) as follows.

(Mog +02) Uy Qs = (Moog +02) Uz Qu = (Aaog +02) Ua.

1 T2 Td

Q1= (15)

Observe that (15) provide a structural representation for the observable random vector Q@ =
(Q1,...,Qq) in terms of the random vector U = (Uy,...,Uy) whose distribution is completely

10



known. We denote realized values of ); and U; by ¢; and u;, respectively, for ¢ = 1,...,d. Solving
the first two equations in (15) for 02 and o? gives

2 1 <7“1Q1 7‘2@2) R : 1 <_>\27‘1Q1 N )\17"2@2) ‘

ol = —
()\1 — )\2) U1 Usy Al — )\2) U, Us

Therefore the system of equations in (15) is consistent if and only if the values of 02 and o2 in
(16) also satisfy the remaining equations in (15). This requirement leads to the following set of
constraints that must be satisfied by q and u, the realized values of @ and U, respectively.

uj (qul(kj—)q) _7“2Q2()\j_A1)> for j=3,...,d.
ri(A1 = Az) U1 2

The set-valued function R(q,U*) in the fiducial recipe is the set of all 02, 02, with \;02 + 2 > 0,
i=1,...,d for which the equations

(16)

a; =

o= Qoo
T

are satisfied. The set R(q,U™) is nonempty if and only if

U* qul()\' — )\2) 7’2(]2()\‘ — )\1)
J J — J for j=3,....,d 17
o (M ) forg =3 an

and, when (17) holds, the set R(q,U™) consists of the single element

1 (7’1(]1 B ?”qu) 1 (_ AaT1q1 n >\1T’ZQ2>
M=) \UF U3 )7 (M=) Uy Uz '

4 =

This leads us to define the random variables W1, ..., W, as follows.
1 g 7’2Q2>
Wi = - 5
=) < ur U3
1 Aar1qa /\17“2Q2)
W, = — + , and
D < Uy Us
W — Uy rgi(Aj —A2)  rage(A — A1) i3 J
Tt o v ) e
The fiducial distribution of (02,02) is then the same as the conditional distribution of (W7, Ws)

given W3 = q3,...,Wy = q4- Routine calculation shows that the joint density of Wy,..., Wy is
given by
L ra

(A — A2)(r1q1) 2 (12g2) 2
d T s L 2
2ot (H?ﬂ I (51)> (Mws +wz)? T (gwy +wz) 7

d
1 r1q1 T2G2 riw;
Xexp |—= + +
P [ 2 (Alwl +w2  Awi + w2 Zz; Aiwr + we
oo d
r2 a2
XH ) ri,HI{)\iw +wa>0}+
=3 (w1 +we)2 iy o

Jw (wi, ..., wq)

11



The fiducial distribution of (o2 has therefore the density

a7 E)

2): fW(w17w27Q37"'7Qd)

fW]_,WQ(wl’ .
J [ (W, wh, gz, 4a) dw] du

It follows that the fiducial distribution of o2 is given by

): ffW(wl,U]Q,qg,.--,Qd)d'lUQ

le(’lUl .
I o (Wi wh, gs, - qa) dwy duy

Observe that the fiducial distribution of o2 is not unique. A different choice of the two equations
used for solving for o2 and o2 in (15) will result in different joint density for Wi, Wy, ... W, and a
different fiducial distribution for ¢2. The nonuniqueness comes from the fact we are condltlomng
on a set of measure zero since P(R(q, U*)) = 0. This is related to the well known Borel’s paradox
described, for example in Casella and Berger (2002), Section 4.9.3. We partially resolve this by
averaging over all ( ) possibilities for choosing the two equations used for solving o2 and o2 to
derive the joint density of Wi, Wa, ..., Wy. Following this approach we get

wa) = Y (i — A\ (i) % (rjq) 3

Jw (w1, w2, ... = o7 . " o
i (9255 % (T T () Qawn +we) ¥ gy +we) T+
1 riq; riqj TR W
Xexp [—= +
P17 Aiwt +wa  Ajwy + wa k?ézk# Aewy + wy
Tk Tk d
2w
X H —k k rk HI{/\ ;w1 +wz >0}
k#i, k#j (Akwl + w2) i=1
The resulting fiducial distribution of (02, ¢2) has the density given by
fwiws (w1, w2) = C - g(wr, wa) (18)

where

d Tiqi d
i — Aj)qiq; exp(—3 Yimy Nowi +w
g(wi, wz) = Z( ( L= < 1+ 2 H {Asw1+we >0}

= (Nawr + wa)(Njwr + ws) T2, (vwy + w)

0 e’} 0 e’}
-1 :/ / g(w1, we)dwadwy —|—/ / g(w1, we)dwadw .
—o0 J—Ajw1 0 —)\d'wl

It follows that the fiducial distribution of o2 is given by

and

C ffilwl g(wy,wy) dwy if wy <0

for (w1) = {

c ff\dwl g(w1,w2) dwy  otherwise.

12



Let R,z - be the 100y— percentile of the fiducial distribution of 2. Then a two-sided (1—a)100%
fiducial conﬁdence interval for o2 is given by

[max(O, Rog,a/2>7 maX(O7 RO’%,I—OL/Z)] :

3.3 A Fiducial confidence interval for o2
A fiducial distribution for 02 can be easily derived from the joint fiducial distribution of (02, o2)

in (18) and is given by

¢ ffug/)\d g(wy, we) dwy if wy <0 and Ag >0
fwn(w2) =4 C fj@/)\l g(wr,w2) dwy  if wy >0

0 otherwise.

Where C and g(wy,ws) are the same as C' and g(wq,ws) in (18), respectively.
Let R,2 - be the 100y— percentﬂe of the fiducial distribution of o2. Then a two-sided (1—a)100%
fiducial conﬁdence interval for o2 is given by

[max((), RJ?,@/Q)? rnax(O, Rag,l—a/2)] .

3.4 A Fiducial confidence interval for p

A fiducial distribution for p can be easily derived from the joint fiducial distribution of (¢2,52) in
(18). In fact, we obtain the fiducial density for p as the density of X = W; /(W) + Wa) given by

xT

1
Cf g(z,y)dy if <—>\—and)\d>0

1—=z d

fx(x) = C [ g(x,y)dy if x >—i

1—x )\1
0 otherwise
where
gy = [ (Xi = Aj)aig (1— z)Zam)2)y|
; (= Day+ ) (N = Day+9) ) \ T2, (s — Day +9)7
d
1 (1 —2)rig
o ( 2; =1 xy+y> HI{“ S 0p
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and
1/(1=Aa) 0 oo (0 1 o0 :
L oo 9@, y)dyde + [ 7 g(z,y)dyda + [i,q ) Jo 9(z ) dydz, if A > 1
I gy dyda + [y J5T 9@, y) dyde, i Ay =1
-1 — fll/(l_Ad) f?oo g(z,y)dy dx + fioo fOOO g(z,y)dydx + flo/o(kM) fooo g(z,y)dyde, if0< A <1
RO g y) dyde + [ 5 glw,y) dyda, i M =1

JOTD O gleyydyda+ [y Jo7 9le,y)dyde, A > Land 0< A < 1.

Let R, be the 100v-percentile of the fiducial distribution of p. Then a two-sided (1 —a)100%
fiducial confidence interval for p is given by

[max (0, min(R,, /2, 1)), max(0, min(R,, 1 _q/2,1))] - (19)

In the next section we describe the details of a simulation study we conducted to compare the
proposed fiducial intervals for 02, 02 and p with previously proposed methods.

4 Simulation Study and Discussion

The coverage probability of a confidence interval on o2 depends on the design (e.g. number of within
group measurements, ni, ..., n,) as well as the values of 02 and ag. The degree of imbalance of the
design, in the case of a one-way random effects model, has been quantified by Ahrens and Pincus
(1981) using the measure ® defined as

a an

@ lia/m) N

Note that 0 < & < 1 and that ® equals one if and only if n; are all equal. The smaller the
value of @ is, the larger is the degree of imbalance. For our simulation study we selected seven
different unbalanced patterns shown in Table 2. Patterns 1, 2 and 5 were also considered in Hartung
and Knapp (2000). Pattern 4 was also considered in Arendacka (2005). We added the additional
patterns 3, 6, and 7 to study the performance of confidence intervals in small sample situations.
Without loss of generality, we assumed that g = 0. The values selected for (02, 02) are (0.1, 10),
(0.5,10), (1,10), (0.5,2), (1,1), (2,0.5), (5,0.2), and (10,0.1), where the settings (0.1, 10) , (0.5, 2),
(1,1), (2,0.5), (5,0.2) were used by Arendacka (2005). Three more settings were added to our
study to better investigate the performance of confidence intervals under extremely large and small
values of the ratio o2 /o2.

For each setting of sample sizes n; and values of (02,02), 3000 independent data sets were
generated and two-sided 95% confidence intervals for o2 were computed for each method. The
methods compared were (a) BG interval, (b) TH interval, (c) BE interval, (d) HK interval, (e)
Ar interval, and (f) FI interval. The criteria for judging the performance of the methods are (i)
the empirical coverage probabilities and (ii) the average lengths of the confidence intervals. The
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Table 2: Unbalanced Patterns Used in the Simulation Study.

Pattern (0] a n;
1 0068 6 11111100
2 0.130 6 22222100
3 0.187 3 2560
4 0410 5 444848
5 0.700 6 51015202530
6 0807 4 2246
7 0.957 6 66881010

normal approximation to the binomial distribution suggests that, when the true coverage probability
is 95%(90%), then there is less than a 2.5% chance that the empirical coverage based on 3000
simulations will be less than 94.2%(88.9%) and a 2.5% chance that it will exceed 95.8%(91.1%).
Therefore, values for the empirical coverages within the binomial confidence limits may be deemed
to maintain the declared coverage levels.

The results of our simulation study are shown in Appendix. The results show that BG procedure
is very liberal when the ratio n = 02 /02 is large. The TH procedure is liberal for small values
of n and very unbalanced designs. This finding agrees with the findings of Burdick and Eickman
(1986). The BE procedure is conservative and its behavior for large n is similar to that of the
TH procedure. The HK procedure becomes more conservative as the value of n becomes large.
The Ar procedure appears to always maintain the stated confidence coefficient. The FI interval is
conservative when the ratio 7 is less than 1, but maintains the stated confidence coefficient when 7
is greater than or equal to 1.

Comparing average interval lengths, we observe that all the intervals behave very similarly
except the BG interval and the FI interval. Although the BG interval has small average lengths,
it does not adequately maintain the stated coverage probabilities when 7 is large. Therefore the
BG interval is not recommended. When compared with procedures other than the BG procedure,
the FI interval always has the smallest average lengths and standard deviations, even when it is
conservative. The average lengths of FI intervals are 10% to 25% smaller than the average lengths
of other intervals, except BG interval.

Based on the above results, we recommend the FI intervals for o2 as the most suitable choice
for practical applications.

5 Examples

As noted earlier, a fiducial interval for 02, o2 and p is available in the general mixed model (1)

with two variance components. In this section we give two examples both of which arise from
animal breeding studies. The first example uses a model that might be referred to as a sire model.
The degrees of freedom for error is positive and the eigenvalue A\; is zero in this example. The
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second example uses a model that may be referred to as a full animal model. All eigenvalues
Aj,J =1,...,d, are positive and hence there are no degrees of freedom available for error.

5.1 Sire model

This data set was used in Harville and Fenech (1985) and Burch (1996). The data consist of the
birth weight of male lambs which were obtained from five distinct population lines (two control
lines and three selection lines). Sixty-two observations were made on progeny of twenty-three rams
and each lamb came from a different dam. The age of each dam was recorded as belonging to one of
three categories: 1-2 years, 2-3 years, and over 3 years. The fixed effects in this case are population
line and age of dam. The random effects are the ram’s (additive) genetic effects (within lines) and
error (which includes environmental effects).
The mixed linear model we consider is

Y;jkl = M+al +ﬁj +’7k(]) +€ijk‘l7 1= 17 "'737 .] = 17 "'757 k= 17 "'7237

where Yjjp; is the birthweight of the /" lamb of the k* ram in the j* population line from a
dam belonging to the i** age category. Assume that the ram’s genetic effects Yi(j) are distributed
independently as N(0,02) and the errors g are distributed as N(0,02) independently of each
other and of the ram’s genetic effects. The quantity p is the general mean, «; are fixed effects due
to the age group of the dam, and 3; are fixed effects due to the different population lines. The
relationship matrix A is Isg.

The number of distinct eigenvalues of G = H' ZAZTH is d = 18. The eigenvalues range in
magnitude from A1 = 5.087479 to A\ig = 0. The eigenvalue A1g = 0 with multiplicity r1g = 37,
Ag = 2.0 with multiplicity rg§ = 2, and all remaining eigenvalues have a multiplicity of one. The
method of moments (MOM) estimates of 02 and o2 are 0.7676 and 2.7631, respectively. The
corresponding estimate of p is 0.2174. We refer to this estimate as MOM estimate of p. The REML
estimates of 02 and o2 are 0.5171 and 2.9616, respectively. The corresponding estimate of p is
0.1486. We refer to this estimate as REML estimate of p.

The ANOVA table for this data set is shown in Table 3. Figure 1 shows a plot of the fiducial
density of o2.

Table 3: ANOVA Table for the Lamb Birth-weight Data.

Source df SS MS EMS
Population 4 17.8687 4.4672 02+1.72903+Q(population)
Age 2 20345 1.0172 o2+Q(age)
Ram(Population) 18  80.2978 4.4610 o2+ 2.211902
Residual 37 102.2341 2.7631 o?

13
Note: The terms Q(age) and Q(population) are known functions of the fixed effects parameters.
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Figure 1: Fiducial density plot for o2 for the lamb birth-weight data.

Table 4: Nominally 90% and 95% Confidence Intervals on o2 for the Lamb Birth-weight Data.

Method 90% 95%
Ar (0,3557) (0, 4.346)
FI  (0,2.150) (0, 2.688)

Table 5: Empirical Coverages and Average Lengths (£ Standard Deviation) of Nominally 90% and 95%
Two-sided Confidence Intervals on o2 for the lamb birth-weight Data Using MOM Estimates and REML
Estimates of 02 and o2 as their True Values, respectively (based on 5000 simulations).

90% 95%
Method
MOM REML MOM REML
Ar 0.899 0.898 0.948 0.946
2.7794+1.355 2.461+1.341 3.469+£1.655 3.08941.614
FI1 0.903 0.907 0.953 0.959

2.228+1.075 1.921+£1.024 2.782+1.298 2.418+1.220
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Note that the support of the fiducial density for o2, 03 and p might be a proper superset of their
natural boundaries. When calculating fiducial confidence intervals, we replace negative confidence
bounds with 0 and when a confidence bound for p happens to be bigger than 1 we replace it with 1.
Table 4 shows the Ar and the FI confidence intervals for o2 with 90% and 95% nominal confidence
coefficients. Simulated empirical coverages associated with the nominally 90% and 95% confidence
intervals for o2, along with their average lengths, using MOM and REML estimates of o2 and o2
as their true values, respectively, are shown in Table 5. The results show that the FI method gives
shorter confidence intervals for this data set. Comparing the average lengths of the intervals, the
F1I confidence interval has smaller average lengths, despite being more conservative than the Ar
confidence interval. In summary, the FI procedure performs better than the Ar method for this
lamb birth-weight data set.

0.5

0.4

0.3

0.1

0.0

Figure 2: Fiducial density plot for o2 for the lamb birth-weight data.

Table 6: Nominally 90% and 95% Confidence Intervals on o2 for the Lamb Birth-weight Data.

Method 90% 95%
EX  (1.959, 4.246) (1.836, 4.625)
FI  (2.135,4.633) (1.996, 5.023)

Figure 2 shows a plot of the fiducial density of o2. The support of this density is (0,00).
Table 6 shows the EX and the FI confidence intervals for o2 with 90% and 95% nominal confidence
coefficients. Table 7 shows simulated empirical coverages associated with the nominally 90% and
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Table 7: Empirical Coverages and Average Lengths (+ Standard Deviation) of Nominally 90% and 95%
Two-sided Confidence Intervals on o2 for the Lamb Birth-weight Data Using MOM Estimates and REML
Estimates of 02 and o2 as their True Values, respectively (based on 5000 simulations).

90% 95%
Method
MOM REML MOM REML
EX 0.899 0.892 0.949 0.949
2.300£0.541 2.450+0.573 2.802+0.654 2.978+0.68%
F1 0.900 0.902 0.948 0.949

2.237£0.472  2.3494+0.488 2.713+0.571 2.847+0.590

95% confidence intervals for o2, along with their average lengths, using MOM and REML estimates
of 02 and o2 as their true values, respectively. The results show that the fiducial interval has smaller
average length, although FI method gives a slightly wider confidence interval for this data set.
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Figure 3: Fiducial density plot for p for the lamb birth-weight data.

Figure 3 shows a plot of the fiducial density of p for this data set. Note that the range of p
is (1/(1 — A1), 1),i.e.,(—0.2446,1). Observe that there does not exist an unbiased BI confidence
interval for p. In this case, we take k = 17 in the BI procedure which gives us the pivotal quantity
having the closest “balance” between the numerator and the denominator degrees of freedom where
r1g = 37 and Zzlil r; = 18.
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Table 8: Nominally 90% and 95% Confidence Intervals on p for the Lamb Birth-weight Data.

Method 90% 95%
BI (0, 0.592) (0, 0.643)
FI (0, 0.451) (0, 0.512)

Table 9: Empirical Coverages and Average Lengths (£ Standard Deviation) of the Nominally 90% and 95%
Two-sided Confidence Intervals on p for the Lamb Birth-weight Data Using MOM Estimates and REML
Estimates of 02,02 and p as their True Values, respectively (based on 5000 simulations).

90% 95%
Method
MOM REML MOM REML
BI 0.900 0.900 0.951 0.951
0.471+£0.125 0.4364+0.145 0.53840.128 0.5014-0.146
FI1 0.909 0.919 0.962 0.965

0.428+0.121 0.389+0.133 0.495£0.123 0.451+0.135

Table 8 shows the FI confidence interval and the BI confidence interval for p with 90% and 95%
nominal confidence coeflicients. Table 9 shows empirical coverages corresponding to these intervals
along with their average lengths. These simulations are conducted with the MOM and REML
estimates of o2, 052 and p, respectively, as their true values. The results show that the FI method
gives a shorter confidence interval for p in this data set. Comparing the average lengths of the
intervals, the FI confidence interval has a smaller average length although it is more conservative
than the BI confidence interval. In summary, the FI procedure performs better than the BI
method for this lamb birth-weight data set.

5.2 Full animal model

This data was used in Burch (1996) and Burch and Iyer (1997). Data were obtained on one hundred
and seventy-one yearling bulls from a Red Angus seed stock in Montana. A trait of interest was the
loin eye (i.e., ribeye) muscle area measured in square inches. Ultrasound techniques were used to
obtain these measurements. The fixed effect was age of dam, which belongs to one of five categories:
2 years, 3 years, 4 years, 5-9 years, and 10 or more years. The random effects are animal’s (additive)
genetic effect and error. The mixed linear model being considered can be represented by

Y =XB+ Zu+e¢,

where Y is a 171 x 1 vector of observable random variables, X is a 171 x 5 design matrix, 3 is a
5 x 1 vector of unknown parameters, Z = I171, and u and € are vectors of unobservable random
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variables of size 171 x 1. The relationship matrix A was determined using a recursive method given
in Henderson (1976). This means Var(u) = o2 A.

The number of distinct eigenvalues of G = H' ZAZTH is d = 165. Eigenvalues range in
magnitude from A\ = 8.5692472 to A1g5 = 0.5656916. Except for Ajg5 = 0.6718750 having r195 = 2,
all eigenvalues have a multiplicity of one. The REML estimates of o2 and o2 are 0.2994 and
2.6539, respectively. The corresponding estimate of p is 0.1014. We refer to this estimate as REML
estimate of p.

0.6

0.4
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Figure 4: Fiducial density plot for o2 for the loin-eye data.

Table 10: Nominally 90% and 95% Confidence Intervals on o2 for the Loin-eye Data.

Method 90% 95%
FI (0, 3.000) (0, 3.750)

Figure 4 is a plot of the fiducial density of 2. The support of this density is (—o0,00).
Table 10 shows the FI confidence intervals for o2 with both 90% and 95% mnominal confidence
coefficients. Table 11 shows simulated empirical coverages corresponding to the nominally 90% and
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Table 11: Simulated Empirical Coverages for the Nominally 90% and 95% Two-sided Confidence Intervals
on o2 for the Loin-eye Data Using REML Estimates of 02 and o2 as their True Values (based on 2000
simulations).

Method 90%  95%
FI 0.935 0.975
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Figure 5: Fiducial density plot for o2 for the loin-eye data.

95% confidence intervals on o2 using REML estimates of 02 and o2 as their true values.

The fiducial density plot of o2 is shown in Figure 5. The range of 02 is (—o0, 00). Table 12 shows
the FI confidence intervals for o2 with 90% and 95% nominal confidence coefficients. Table 13 shows
simulated empirical coverages corresponding to the nominally 90% and 95% confidence intervals on

Table 12: Nominally 90% and 95% Confidence Intervals on o2 for the Loin-eye Data.

Method 90% 95%
FI _ (0.625 3.341) (0.100, 3.513)
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Table 13: Simulated Empirical Coverages for the Nominally 90% and 95% Two-sided Confidence Intervals
on o2 for the Loin-eye Data Using REML Estimates of 02 and o2 as their True Values (based on 2000
simulations).

Method 90%  95%
FI 0.923 0.959
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Figure 6: Fiducial density plot for p for the loin-eye data.

2

2 using REML estimates of 02 and o2 as their true values.

Figure 6 shows the plot of the fiducial density for p for this data set. The support of this density

N

Le., {p :p€(—0.1321,1) U (1, 2.3025)}. The BI pivotal quantity that results in an unbiased con-

g

is

fidence interval corresponds to k = 83. In this case, Y00 7 = 2]1-2584 r; = 83. We will use this
unbiased confidence interval as the BI confidence interval in the following discussion. It is interest-
ing to note that the BI confidence interval covers the entire parameter space. Inverting the pivotal
quantity in (14) results in a confidence interval whose endpoints fall outside of the parameter space.
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Harville and Fenech (1985) attribute this to lack of sufficient information in the data about the
parameter of interest in such cases.

Table 14 shows the FI confidence interval and the BI confidence interval for p with 90% and 95%
nominal confidence coefficients. Table 15 shows the empirical coverages of these interval procedures
for p using REML estimates of 02, 02 and p as their true values, respectively. The results show
that the FI method leads to a shorter confidence interval for p in this data set. Comparing the
empirical coverages, the FI confidence interval is more conservative than the BI confidence interval.

In summary, the FI method performs better than the BI method for this loin-eye data set.

Table 14: Nominally 90% and 95% Confidence Intervals on p for the Loin-eye Data.

Method 90% 95%
BI (0, 1.000) (0, 1.000)
FI  (0,0.824) (0,0.972)

Table 15: Empirical Coverages of the Nominally 90% and 95% Two-sided Confidence Intervals on p for the
Loin-eye Data Using REML Estimates of 02, 02 and p as their True Values (based on 2000 simulations).

Method 90%  95%
BI 0.900 0.951
F1 0.939 0.977

6 Asymptotic exactness of fiducial intervals

2

When deriving the FI procedure we considered the following structural equations for o2 and o?2.

0, = ()\103 +082)U1’ Q, = ()\2024-052)[]2"”’ 0, = ()\dai —i—U?)Ud
(] T2 Td

Here A; is an eigenvalue of G in (8), 7; its multiplicity and U; are independent random variables
with y2-distribution on r; degrees of freedom, respectively, for i = 1,...d. The fiducial distribution
based on this structural equation was then derived to be a constant multiple of

1 \d rigi
(/\z' - )‘j)Qiqj (exp(2 Zi:l Aiwl?l-wz )>

g(wr, wa) = L
; (Aiwr +w2) (Ajwr + w2) T, (Niwr + wg) 7

d
I Zonvwnswss0p- - (20)
=1

Hannig (2006) has proved that this fiducial distribution leads to asymptotically correct frequentist
inference if d = 3 and r; — co. His method can be easily generalized to any d fixed. However, this
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is not sufficient for many applications, where we have a large number of different eigenvalues with
multiplicities that are relatively small, such as the loin-eye data set discussed above. We now prove
that under some natural conditions related to the Fisher’s information the fiducial distribution
leads to asymptotically correct frequentist inference even when d — oo.

Theorem 1. Denote n = Ed rj and assume that the limits

j=1
d k
1 )\-T‘j
lim — — 2 —my for k=0,1,2

are such that the matrix
> (mo m1>
mi1 Mo
1s positive definite. Then the frequentist coverage probability of the (1 — «) equal tailed fiducial
interval based on the joint fiducial distribution of (02,02) approaches the stated value as n — oo.

Proof. We will use the ideas contained in the proof of Theorem 1 of Hannig (2006). Define the
random vectors

d d
S _ 7iQi Z AiriQi
=1 ()\ida —|—O’§)2’ i—1 ()\103 +O‘§)2 ’
d 7 d )\'T'
t — (A YA .
Z \io2 + 02’ 1_21 Nio2 + U?)

. (2
= «

We will show that (S —t)//n converges in distribution to a normal random vector.
To this end assume without loss of generality that r; = 1 for all ¢, possibly repeating some
eigenvalues several times. We can then write

_t_<z)\a +a2’lzxa )

where U; are i.i.d. chi-squared random variables with one degree of freedom. To prove the conver-
gence we will use the Cramer-Wold device. Fix a,b and denote

B (a+ bAj)?
C—Jma 7()\0_ 2)2.

By our assumptions ¢/n — 0. Next, we verify the Lindeberg-Feller condition

(a+ bX;)? " (a+bN)) (a4 bX)*(U; — 1)?
1 E
nl—>ngoz n(\; 02 + 02 ’ Z n(\jo2 + 02) c n(\jo2 + 02)?

7j=1
< lim E |:C(Ui — 12 (a®*mg + 2abm; + b m2)2 < c(U; —1)?
=0.
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Thus we conclude (S — t)/\/n LoH= (Hi,Hy) ~ N(0,2%). By Skorokhod’s representation
theorem (Billingsley, 1995) this convergence can be taken a.s. The a.s. convergence is assumed in
the rest of the proof.

We will now investigate the distribution of \/n(R42 ,2) — (02 02)). The density of this random
variable is a constant multiple of 7(z1, z2) = g(o2 + 21/\/ﬁ 2+ zg/\f) where ¢ is deﬁned in (20).
For future reference denote this constant C,,, i.e., the den31ty is C;olr(z1,22). Set w1 = 02 +21/\/n
and wy = 02 + z3/y/n and consider

1
logr(z1,22) = -3 Zrl (Aqu_i_w + log(Ajwy + w2)>
=1
d\ ™ (A = Aj)digy
1 L e : 21
tlog (2) ; ()\iwl + wg)()\j’w1 + 'IUQ) ( )

Applying Taylor series to each term of the the first sum in (21) we get

d d
loo(\: — _,1)/2 Tiqi _ T
;m <)\w1+w2 + log( w1+w2)) n 21; (A\io2 +02)2  \o2 4 o2
d
AiTigi AT ~1.2 Tigi ri
ZQZ( N2 +0B)?  No2io2) T A Z; (Mo +02)3 2002 + 02)2

1 a AiTiqi AiT 1.2 d Arigi A2r;
nosaE Z ( NOZ T 02 202 + ag)2> s 2; <(>\¢a§ + o023 2o + 03)2)

+Z” ( +10g()\ o2 + o2 )> + 0as(1).

(22)

As noted above, the first two terms on the right hand side of (22) converge a.s. as n — 00 to
—z1H1 — 29 Hs. By Slutsky’s theorem the next three terms converge a.s. to z%mo +2z129m —|—z§m2.

Similarly set
d\™ (A — Aj)aiq
Ln — ? )/ 414]
(2) 2 Dot + B et 707

and notice

ANiwi + wg)()\jwl + wg)

A Ni — \j)aigj
log ( ) Z( ( 1)1 —log(Ln) — 0 a.s.
i<j

Define
exp (; Zle T <)\ q+ 2 + log(A\io? + o2 )) — iHTE_1H>

27an« /det(25-1)
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and notice that

h(z1,22) = lim K,r(z1,29)

n—oo

1
= Kexp {—4 (z%mg + 2z12z9m1 + z%mg —221Hy — 2z2H2)} a.s.

Here the constant K is chosen so that h(z1, z2) integrates to one. Notice that conditionally on H,
h(z1, 2z2) is a density of a multivariate normal distribution N(X~'H,2%~!). We also notice that
unconditionally ¥~'H ~ N(0,2%71).
Recall that the density of v/n(R 2 ,2) — (02,02)) is C;;'7(21, 22). Furthermore, the functions
det(2X 1) K, r(v25 7122 + ©~1H) are dominated by C(1+ 22 4 23)~! for C large enough. Thus
the Lebesgue dominated convergence theorem, the fact that densities integrate to one, and Fatou’s
lemma imply that K,C, — 1. We conclude that the density C, 'r(21, 22) converges to the density
of N(X~1H,2%71).
This verifies the crucial assumption 1.2 of Hannig (2006). Also, the equal tailed region satisfies
the assumption 1.3 of Hannig (2006). The rest of the proof is identical to the proof of Theorem 1
in Hannig (2006). O

Remark 1. Tt is worth noting that the Fisher information matrix F for (02, 02) based on Q;, i =
., d, is the 2 by 2 matrix whose (j, k) element is given by

DEC A

=1

1
for j,k = 1,2. Hence the conditions of the theorem is a statement of the requirement that —F
n

converge to a positive definite matrix as n — oo.

7 Closing Remarks

In this paper, we proposed confidence interval procedures for 02, o2 and p in a two component mixed
effects linear model using the fiducial approach. A simulation study was carried out to compare
the proposed confidence interval for o2 with five other confidence intervals from the literature, the
proposed confidence interval for o2 with exact confidence interval, and the proposed confidence
interval for p with the method due to Burch and Iyer (1997). The results of a simulation study
show that the proposed fiducial intervals for o2 are satisfactory in terms of coverage probability.
Although they are conservative for small values of the variance ratio n = o2 /02, they have the
smallest average interval lengths among all confidence intervals. Two examples in the context
of animal breeding applications are given to illustrate the use of the proposed procedures. The
results confirm that the fiducial intervals can be recommended for practical use over the methods
previously discussed in the literature.

Fiducial methods have a rich history beginning from the 1930s. While these methods failed to
become part of mainstream statistics, recently there has been a resurgence of these methods either
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under the label of fiducial inference or as generalized inference. Details of connections between
fiducial inference and generalized inference may be found in Hannig et. al (2006). An important
point to note is that, because the fiducial method is very generally applicable, the methods discussed
in this paper, in principle, can be straightforwardly extended to more complex mixed linear models
with multiple variance components. However, computational details need to be sorted out. This is
ongoing research.
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A Numerical Results from the Simulation Study

2
«

Table 16: Empirical Coverages of Nominally 95% Two-sided Confidence Intervals on o

(02, 0%)

Design Method
(0.1,10) (0.5,10) (1,10) (0.5,2) (1,1) (2,0.5) (5,0.2) (10,0.1)

1 BG 0.949 0.947 0949 0945 0.926 0.907  0.896 0.895
TH 0.937 0936 0941 0.945 0.947 0.950 0.951 0.950
BE 0.985 0984 0981 0979 0.959 0.952  0.951 0.950
HK 0.950 0.949  0.951 0954 0.956 0.958  0.960 0.958
Ar 0.947 0.944 0954 0947 0.949 0.951  0.950 0.956
FI 0.986 0.982  0.987 0988 0.982 0.944  0.948 0.949
2 BG 0.949 0947 0946 0938 0917 0.905 0.898 0.898
TH 0.937 0.938 0943 0.948 0.948 0.950 0.952 0.950
BE 0.986 0982 0978 0971 0.954 0.951  0.952 0.950
HK 0.951 0.951 0.954 0.957 0.957 0.958  0.960 0.957
Ar 0.947 0.950  0.950 0.947 0.953 0.947  0.954 0.954
FI 0.985 0.985  0.987 0.986 0.957 0.946 0.951 0.947
3 BG 0.948 0.952 0949 0.940 0.937 0934 0.931 0.928
TH 0.931 0.940 0941 0943 0.951 0.953  0.950 0.948
BE 0.991 0983 0976 0966 0.955 0.953  0.950 0.948
HK 0.949 0.949 0954 0959 0.950 0.958  0.954 0.950
Ar 0.948 0.953  0.950 0.951 0.953 0.946  0.949 0.944
FI 0.988 0.981 0.986 0.985 0.980 0.961  0.958 0.954
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Table 17: Empirical Coverages of Nominally 95% Two-sided Confidence Intervals on 2 (continued)

(02, 02)

Design Method
(0.1,10) (0.5,10) (1,10) (0.5,2) (1,1) (2,0.5) (5,0.2) (10,0.1)

4 BG 0.952 0.949 0940 0.938 0.926 0.921  0.922 0.922
TH 0.938 0.943  0.945 0947 0.952 0.951  0.956 0.954
BE 0.991 0.981 0971 0962 0954 0.951  0.956 0.954
HK 0.950 0.960  0.958 0.958 0.958 0.958  0.958 0.957
Ar 0.950 0.952  0.947 0947 0.952 0.950  0.950 0.952
FI 0.987 0.987 0986 0.985 0.950 0.949  0.947 0.948
5 BG 0.951 0949 0943 0941 0936 0.932  0.929 0.935
TH 0.931 0.945 0948 0.953 0.949 0.950 0.952 0.952
BE 0.990 0982 0975 0965 0.951 0.950  0.952 0.952
HK 0.955 0.953  0.958 0.958 0.957 0.959  0.960 0.958
Ar 0.952 0.949 0947 0946 0.947 0.947 0.954 0.953
FI 0.990 0976  0.965 0.950 0.946 0.946  0.946 0.950
6 BG 0.947 0.949 0948 0949 0.948 0.943 0.944 0.938
TH 0.944 0.949 0951 0955 0.960 0.953  0.953 0.947
BE 0.977 0976 0971 0969 0.964 0.953 0.953 0.947
HK 0.947 0.958 0961 0974 0971 0972 0.974 0.973
Ar 0.955 0.947 0944 0.953 0.950 0.947  0.951 0.945
FI 0.990 0.989 0.991 0.989 0.976 0.955  0.947 0.950
7 BG 0.950 0.951 0.950 0.954 0948 0.952 0.948 0.948
TH 0.947 0.953 0954 0.955 0.952 0.954 0.951 0.950
BE 0.975 0.969  0.965 0.960 0.952 0.954 0.951 0.950
HK 0.954 0.955 0961 0962 0.963 0.963 0.966 0.962
Ar 0.951 0.948  0.953 0.951 0.950 0.953  0.951 0.949
FI 0.973 0.971 0.966 0.953 0949 0.957  0.957 0.947
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QVPF6'T9  LTTF0OTE 06 FLTI FGFTL  SEFOG  LTIFGGT 86 F8CI V'L FT 0T 4
CVGF6'LL  9LTF66E  LITFLIT FOFI6  0SF99  L9IFTTIE  OFIFILT 6 TIFSET 1y
Q9GFL6L  LSTFIOF  TTIFILT 99F¢6  6FFL9  €9IF0TE  SEIFYIT  0TIFLET SH
€GEFT'SL  LLTFL6E  OTIFGIT L9FE6 06T  S9IFLIC  9E€IFCLT  LIIF6ET Ad
€GGFI'RL  LLTFLG6E  OTIFGIT LOFE6  0GFL9  SIIFGIE  LEIF69T QTITFYET HL
C60FF'SL  CTVEFI6E  6CIFCIT FLFYS  9FF6G  9EIFELI T0IF62CT  L'LF96 g i
€'86CFV96C T OSTFO6FT €LOFPTI TLEFSCE 6'SCFI6C 106 FG66 LTS FI'L8  T0L FGEL 4
0'COFFS'86E  SC6TFG 96T 0TSTFC TS ESFFSLY L OVF6LE LTPIFIOST T 9SIF6TIIT  9GOTFGE6 1y
TTOEFTEOY L TOTFGS 66T CESFTE] T8FFESY G68F08E TESIFFIET LOSIFRTIIT €O0TIFRE6 SH
€'T6EFR8RE  0'66TFC 96T 0°€RFCES T 6V FI6F TOVFLSE G CPIFOTIET G OSIFICIT 9 ETTFSC6 A
€'T6EFR8RE  0'66TFC 96T T'€8FI'ES T 6FFO6F TOVFISE T CPIFVIET T OSIF6TIIT 9 ETTFECH HL
6°LGPFL8SE  TOTCFET6T T'E6FI'TIS CTSFC9IF GFEF0TE €TOTFRS6  L'€8 FO08 099 F9€9 od ¢
6TEFO6F  9CIFSTE  89F90T GE€FIS  OFFYS  6FIFG0T  €CIFI0e  9TIFOOIT IE|
TCEF09S  OSIFRSE  08FFIl  TGFSL T'SFI'L  €02F99C  €8IFGEC  691FTIC Iy
QGEFLIC  QLIF6'SC  6LFGTT  €GF6L  TSFTL T'0F69¢  98IFLEC  OLIFIIC SMH
QGEF6'9S  QLIFESE  6LFGTT  TSFOS  0SFEL  TOTF9LE  €8IFLTE  89IFCTT Aqd
QGEF6'9S  QLIFESE  6LFGTT  TSF6L  0SFIL  G0TF69C  98IF6E€  TLIFIVIC HL
867 FS9G TFCFISC  00IF0TT  9GF0L TFF9S  TFIFI6T 6 TTIFT9T TOTFLET g 4
TTIEFS8Y  091F¢SE €L FOTIT  9GF6L  T9F98  GGCFSVE  06EF62E  9TCFOIE €|
PGEFE9S  QQIFI6C 98 FOET 89F66  GSFCIT  99eFFLY  T9EFOFF  TEEFCTV Iy
6'GEFT LG TSIFF6C LS FLET OLFIOT  98FETIT  698F9LY  GGEFETy S E€EFOT SH
0°9EFT LG T'STFS'SE 98 FLET S9FI0T  T8FOTT  698FE6F  0GEFVIF  €CeFLE Aad
0°98FT LS T'SIFLSC LS TFOET 89IFO0T €8FETIT  CLEFSLY  9GEFSTF  OFEFICh HL
QOSFI'LE  CVCFPSe  VOIF9CT GOFES  6GFI8  ¥TECFITIE  €I¢FLSE  96IF09C g I
(T°0'01) (z0'g) (¢02) (1°1) (¢‘c0) (01°1T) (01°6°0) (01°T°0)
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LIEFR6Y  VSIF6TE €9FC0l  SeFSS  GgFLe 9LFROI  LGFTS  9FFI9 4
TOSFOLS  TSIFFSE €LFSTIT  TFPFF9  8CFCF  GSFECT  S9FV6  VGFIL 1y
7 9EFS LG T'SIFC6C GLF6TIT  CTVFS9  6CFFF  SSFRCT  69FL6  GGFEL SH
TGEF6'SS  9LIFOSE CLFOTT  OFFE9  LTFCV  98FGCl  89F96  £GFTL ad
TGEF6'SS  9LIFOST CTLFOTT  OFFE9  LTFCV  98FPel  89FG6  €GFIL HIL
QCEF09S  QLIF6LT CLFOTIT  OFFE9  LTFeHy  FSFICl  99F¢6  T'GFS9 g L
L'88 FE90T OGFFRTS T6IF0EC TTIFSFL 90TF6CTT €8EF6LY FFEFVEy TIEFI6E 4
TEITFCCET  €9SF6'89 TTeFe6C FSIFIST E€FIFFOT TEGF9SE  €LFFI0S 9 TFFECH Iy
O'GTIFCOPT  T'8GFSTL GGCFOTIE 6GIFI6T OFIFEIT 09SF6T9 90SFTTS T IFFOSH MH
T'EITFORET  TGCF6'L9 6'€CFC6C TCIFYST LEIF6CT GEeGFI09 VLIFFFTS 9ErFOLY ad
TEITFYRET  €GSF089 6'€CFI6C TCIFFST LEIF6CT GESF66S T LVFCTS LEVFOLY HL
6'0CTFERET  L'8GFGL9 T'GTFLSE TGIFLLT LTIFLVL E€OVFVES VOVFE IV  LOSFLOF g 9
T'SCFLEY  6C€IFLIC 9GF88  0E€FLV  STFLC  O0SFrL  GE€FIC  TTFCE 4
T96FC LS  6LIFESE TLFSIT  §E€F09  TIFLE TLFTOT  TSF69  SE€FI¥ 1y
VCEFP9S  GLIFGRE €LFOTIL 6E€FI9  PCFLE  89F00I  TGF69  SEFCT SH
QVEFIGE  9LIF6LE E€LFGTIT  SEFI9  FTFE  OLFIOL  €SFIL  6EFLT ad
QTEFIGE  9LIF6LE E€LFGTIT  SEF09  FTFLE  89F66  CSFOL  6EFIT HL
€'ReFLGE  66IFFSE 08FSTIT  TFF6SC  €TFGE  09F88  IFF6G  9CFCeE ng g
(1°0°01) (z0c) (¢0'2) (1°7) (¢‘c0) (01°T) (01'°0) (0T'T°0)

PO uSseq

(z0°70)
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