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EXACT PROBABILITIES FOR FIRST-ORDER AND
SECOND-ORDER INTERACTIONS IN 2 x 2 x 2

CONTINGENCY TABLES

[Abstract])
A FORTRAN program to calculate exact probabilities
for first- and second-order interactions in
2 X2 X2 contingency tables with fixed marginals is
presented. Computational speed and accuracy are
assured with the use of an arbitrary constant for
the initial table and recursively defined values

for all subsequent tables.



EXACT PROBABILITIES FOR FIRST-ORDER AND
SECOND-ORDER INTERACTIONS IN 2 x 2 x 2

CONTINGENCY TABLES

It is occasionally necessary to test the independence
among three ciassification variables, each of which consists
of two mutually exclusive classes, i.e., a 2x2x2
contingency table. Mielke, Berry, and Zelterman (1994)
provide an algorithm for the exact global probability value
obtained from an examination of all possible permutations of
the eight cell frequencies, conditioned on the realized
marginals, of a 2x2x2 table{ An alternative approach
which is not as computationally intensive and, quite
possibly more fruitful, is to examine the first- and
second-order interactions in a 2 x 2 x2 table, when the
realized marginals are fixed. This approach was first
proposed by Bartlett (1935) and has been discussed by
Darroch (1962, 1974), Haber (1983, 1984), Odoroff (1970),
Plackett (1962), Pomar (1984), Simpson (1951), and Zachs and
Solomon (1976). In this paper an aigorithﬁ and associated
FORTRAN program (EIZZZ) are described which compute the
exact probabilities of the three first-order (two-variable)
interactions and the one second-order (three-variable)

interaction.



Program

The logic on which program EI222 is based was first
developed by Quetelet (1849) to calculate binomial
probability values. Beginning with a small arbitrary
initial value, a simple recursion procedure generates
relative frequency values for all possible 2 x 2 x 2
contingency tables, given the realized marginal frequency
totals. The desired exact probability value is obtained by
summing the relative frequency values equal to or less than
the observed relative frequency value and dividing the
resultant sum by the unrestricted relative frequency total.

Consider a sample of n independent observations

arranged in a 2 x2 X 2 contingency table. Let n;;, denote

the observed cell frequency of the ith row, jth column, and

kth slice, and let p;; denote the corresponding cell
probability (i = 1,2; j =1,2; k = 1,2). Also let ks

i ke D5, N; , N5, N 4, and n__ indicate the observed
marginal frequency totals of the 2 x2 x 2 contingency table
and let the corresponding marginals over p;;. be indicated
bY D jkr Pikr Pij.r Pi..+ Py, Py, and p__, respectively
(i1, = 1,2; 7 =1,2; k =1,2). Since the categories are
mutually exclusive and exhaustive, n. . =nand p_ = 1.

The null hypotheses for the three first-order

interactions are



Hoy2 P11P.22 = D.12P.oys
Ho? Py1.1P2.2 = D1.2Pa.as

and

Hos: Dy, Dpp. = Py, Doy,

(Bartlett, 1935). Program EI222 utilizes the exact
probability routine presented in Berry and Mielke (1985) and
also in Mielke and Berry (1992) for the three first-order
interaction probabilities, since each is only an analysis of
a 2 x2 contingency table collapsed over rows, columns, and
slices, respectively, from the original 2 x 2 x 2 table.

The null hypothesis for the second-order interaction is
Hos? D113 P12s P13 Pazy = Pr13 P12y Paig Pazs

(Bartlett, 1935; Haber, 1984, O'Neill, 1982). For
simplicity, set x = m,,,, a=n,, b=n,,, c = n, ,
A=n ,B=0n,,C=mn_,, and n=n_ . The point

probability (P) of any x is given by

P(x|a,b,c,A,B,C,n) =
Al (n-A)! B! (n-B)! C! (n-C)t/

[(n!)2x! (a-x)1(b-x)!(c~x)1 (A-b-c+x) !

(B-a-c+x) ! (C~a-b+x) ! (n-A-B-C+a+b+c-x)1!] .



If H(k), given a, b, ¢, A, B, C, and n, is a recursively
defined positive function, then solving the recursive

relation H(k+1) = H(k)-g(k) yields

g(k) = (a-k) (b-k) (c-k) (n—A—B-—C+a+b+c-k)
(k+1) (A-b-c+k+1) (B-a-c+k+1) (C-a-b+k+1) '

which may be employed to enumerate the complete distribution

of P(kla,b,c,A,B,C,n), v < k < w, where

<
0

max (0, b+c-A4, a+c-B, a+b-0C) ,

g
]

min (a, b, ¢, n-A-B-C+a+b+c) ,
and where H(v) is set initially to some small value, e.g.,
1072°°.  The total (T) over the completely enumerated

distribution may be found by

T=Y HK .

k=v

The exact second-order interaction probability (P) value is

found by

P=Y I.HK/T
k=v



where

1, if H(k) s H(x),

0, otherwise.

Example

Table 1 contains a 2 x2 x 2 contingency table, based on
n = 76 Responses to a question (Yes, No) classified by
Gender (Female, Male)'in two elementafy school Grades

(First, Fourth).

Insert Table 1 about here

The first-order interaction probabilities associated with
the data in Table 1 are 0.8134 (Grade by Gender over
Response), 0.2496 (Gender by Response over Grade), and
0.4830 (Grade by Response over Gender). The second—oraer
interaction probability is 0.9036x1073. The global
probability of a table this extreme or more extreme than the

observed table is 0.4453Xx107* (Mielke, Berry, & Zelterman,

1994) .

Program Language

Program EI222 is written in FORTRAN-77 in double

precision. Comment lines provide for input/output



specification and documentation. Input into program EI222
consists of the eight observed cell frequencies in the

2 x 2 x2 contingency table. Output consists of the observed
cell frequencies, the three exac£ first-order interaction
probability values with their associated 2 x 2 contingency
tables, and the exact second-order interaction probability

value.

Availability
A listing of program EI222 is available from Kenneth J.
Berry, Department of Sociology, Colorado State University,
Fort Collins, CO 80523, or by e-mail from Internet address:

berry@lamar.colostate.edu.
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Table 1

Cross-Classification of Responses, Categorized by Gender and

Elementary School Grade

Gender
Females 4 | Males
Grade Ye; No ' Yes No
First 10 4 2 16
Fourth 6 11 15 12




