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Abstract

The matrix generalized inverse Gaussian distribution (MGIG) is shown to arise as
a conditional distribution of components of a Wishart distribution. In the special
scalar case, the characterization refers to members of the class of generalized inverse
Gaussian distributions (GIGs) and includes the inverse Gaussian distribution among

others.

Keywords and phrases. Generalized hyperbolic distribution, generalized inverse
Gaussian distribution, inverse Gaussian distribution, matrix generalized hyperbolic

distribution, matrix generalized inverse Gaussian distribution
AMS 1991 subject classifications. Primary: 62H05,62E10; Secondary: 62H10,62E15

Running title: GENERALIZED INVERSE GAUSSIANS



1 Introduction

The matrix generalized inverse Gaussian (MGIG) distribution was introduced in
Barndorfl-Nielsen et.al.(1982) as a distribution over the space of symmetric (p X p)
positive definite matrices {W : W > 0}. Suppose ® and ¥ are symmetric non-

negative definite matrices (® > 0,¥ > 0) and A € R. Then the MGIG,(®, T, \)

density is
1 1
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where the norming constant can be expressed in terms of a matrix Bessel function of

the second kind, By in Herz(1955, sec.5), as
aﬂ@ﬂ@ﬂ:2WH®PBAG&@>

The domain of variation for parameters ® and ¥ with a fixed value of A is

\

{©>0,0 >0} if A>1p
{8>0,¥>0} if —p-1)<A<ip (p=2). (2)

{2>0,¢>0} if A<—-1(p—1)
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Convergence of the density for any A € £ when ® > 0, ¥ > 0 is noted by Herz(1955,
p.506). For the setting in which & = 0, the density is Wishart and requires A > %p
for integrability. When ¥ = 0, the density is inverted Wishart requiring A < 2(1 — p)

for integrability.



The special scalar case p = 1 is the generalized inverse Gaussian distribution
GIG(¢,1, ) extensively studied by Jprgensen(1982). Its density has the form in (1)

with norming constant

(S5

0 (8,9, = 255 (1) (9/9) (3

where K is the standard notation of Abramowitz & Stegun(1972) for the modified

Bessel function of the third kind. Its domain of variation for parameters is:

{$>0,%>0} if A>0
{¢>0,4>0} if A=0 (4)
{$>0,9 >0} if A<0O,

which is not exactly (2) when evaluated at p = 1.

We show how members of both of these classes of distributions are characterized as
conditional distributions of components of a Wishart distribution. More specifically,
if

Wew Way

W =
Wye Wy

is Wishart, then the conditional distribution of W,, given Wy, is either MGIG or
GIG as specified in Theorems 1 and 2 and Corollaries 1-3. These characterizations
also arise when based on the normal variates that underlie the Wishart distribu-
tion. Three important special cases of GIG(¢,%,A) admit to characterization when
Was is a scalar. The first of these is the inverse Gaussian(¢,®) or GIG(¢, %, —3)
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distribution. Chhikara & Folks(1989), Seshadri(1993), and Johnson, Kotz & Balakr-
ishnan(1994, chap.15) give extensive discussion of this distribution. The other two
characterized are the positive hyperbolic(¢, %) or GIG(¢,%,1) distribution, and the
hyperbola or GIG(¢,%,0) distribution, both studied in Barndorfi-Nielsen(1978) and
Barndorfl-Nielsen & Bleesild(1980).

The marginal distribution of W, is shown to have a variance-mean mixture dis-
tribution as described in Barndorff-Nielsen, Kent & Sgrensen(1982). When W, is
either a row or column vector, its distribution is a generalized hyperbolic distribu-
tion (Barndorff-Nielsen,1978); if it is a matrix then we introduce its distribution as a
matrix generalized hyperbolic distribution.

The conditional distribution of W, given W, when W is either inverted Wishart
or MGIG(®,¥, \) with & # 0 is generally not in the MGIG class of distributions but

forms a new class containing the MGIG class.

2 Matrix Generalized Inverse Gaussian

Suppose W has a Wishart,,(V,%) distribution on the space of (p + ¢) x (p + )

symmetric positive definite (W > 0) matrices with density

_1 L(N—p—g— R
FOW) = b(p -+ ¢, N S W70 Detr (<257 W ) wso (5)



where b(p + ¢, N) is the norming constant, £ > 0 and symmetric, and N > p+ ¢ and

real-valued. Partition W and ¥ conformably as

Wee Wy Yoz Yg
W = Y, == !
Wye Wy Yyw gy

where W, and X, are (p X p), Wy, and 2, are (p X q), ete.

Theorem 1 . If W is Wishart,.o(N,%) with N > p+ q and real-valued, and & > 0,
then the conditional distribution of W, given Wy 1s MGIG,[Wyy X7t Wy, 821 L(N—

yy.z TT.Y? 2

q)] where Sy = Syy — BypLigs Dgy and Siggy = Sgp — Yoy Ly Lyz-

Proof. Start with the density of W and compute the marginal density of (W, W,,)

as follows. Use the block inverse of ¥ as

—1 -1 -1
_ Exm.y _Exx 2:ﬂf"y Eyy.x
N 1 __
- 3
-1 -1 -1
_Eyy.xzymzzx 2yy.:):

and the identity |W| = [Wys| X |Wyysl, where Wy = Wy — Wy WA W,y to write

the density in (5) as

1 LN
FOV) = b+ g, N) [ ([Wes| [Wyy.o)> 777470 (6)
1
etr [—5 (E;‘;waz + E;yl,mWyy) -+ E;;Exyzgjylxwyx 1W>0-

The integration of this expression dW,, over {Wy, : W > 0} with (W,,, Wy,) fixed

is the same as the integration dW,, , over {Wy,, > 0} with (Wy,, Wy, ) fixed. Upon



substitution Wy, = Wyy.o + Wy W 'W,, into (6) we get

f(Wee,Wey) = b(p+¢q,N) |2|‘%N |'Wm|%(N—p—q—1)

1
etr [—— (852, Weo + Sl Woa Wl Wiy ) + T35, 551 WW]

9 zTY Yy z Y.z

LiN—p—g— 1 _
S W BT et (mo )
yy.z

The integral is b(g, N — p)~* ]Eyy.xI%(N—p ) and the result follows when we condition
upon Wy, as fixed. B

All members of the MGIG, (®,¥, ) family of distributions do not have this
Wishart characterization. To admit to such characterization, parameter A must be
restricted to A > 1p in order to fulfill the requirement of a full rank Wishart distribu-
tion, N > p+ ¢g. Matrix ¥ must be of full rank p. Finally, along with this, the rank of
® can be completely arbitrary in the range {0, ..., p}; this follows by taking q as the
rank of ® and finding a (p x ¢) matrix Wy of rank g such that ® = W, X! W,,.
Thus we have that the MGIG, (@, ¥, \) distributions with A > -;—p, full rank ¥, and
arbitrary rank ® are characterized.

The settings of negative powers for A and non-full rank ¥ are characterized by

inverting Wy,

Corollary 1 . The conditional distribution of W} given Wy, is

MGIG,[SL  WeyS7t Wy, —E(N — q)].

zzT.Y)? yy.z 2

Proof. . Transform Wi, — W using the Jacobian [W2|"?*) . m
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This provides a characterization of the MGIG,(®, ¥, A) distribution with A < —2p,
® of full rank p, and ¥ of arbitrary rank ¢ € {0, ...,p}. We summarize the subclass
of the MGIG,(®, ¥, \) family that can be characterized as conditional distributions

involving Wishart components in the first two lines:

W\ Way ~ MGIG,(®,¥,)) Vaxo,Yeso if A>1p
WillWey — ~ MGIG,(®,T,)) Vaso¥eso if A< —1p (7)
XTX | XTY ~ MGIG,(®,¥,)) VesoVyso if A € {0,£3,+1,...}

The characterizations of MGIG, in the last line are derived from a different ap-
proach using the multivariate normal variables that underlie the Wishart distribution
used in the first two lines. The use of such normal variates gives additional char-
acterizations when A € {0, +2,..,t3(p— 1)} and thus allows for the relaxation of
the constraint N > p + ¢ in Theorem 1. The restriction to half-integer values of A,
however, is an unavoidable consequence of the dimensionality of the normals involved.
The following result connects the MGIG,(®, ¥, A) distribution to multivariate normal

variables.

Theorem 2 . Suppose X andY are (N xp) and (N X q) respectively and the N rows
of (X,Y) are i.i.d. Npqy(0,%). If N > p, then the conditional distribution of X*X
given XTY is MGIG,[XTYS2} YTX, %=1 YN — q)]. The conditional distribution

yy.5 Ty 2

of (XTX)™! given XTY is MGIG,[25},, XTY S L YTX, —L(N — q)].



Proof. . The conditional distribution of X7Y given X is N, (X Tx Yt gy, By @
XT X)) where the first entry is the (p x ¢) mean and the second entry is the covariance
of vec(XTY), the stacked columns of XTY. The conditional dependence on X is
through XTX and, since the conditional distribution of X given X7 X is uniform
over {X : XTX is ﬁxed}, the conditional distribution of X7V given XTX is the
same normal distribution. The marginal distribution of XTX is Wishart, (N, 5.4)
when N > p, so the joint density of XTY and X7X can be written down. This
appears in Appendix A where the conditional distribution of X7X given XTY is
shown to be MGIG. R

The MGIG settings in the last row of (7) are characterized by Theorem 2. For
fixed p, choose ¢ > p and choose N > p such that %(N — q) is any value of A €

{0,£1,+1,..}.

3 Generalized Inverse Gaussian

The GIG(¢,1, ) distribution occurs in the scalar case with p = 1 where wg, and z7z
are scalars and wg, and z7Y are (1 X ¢) vectors. We catalog the characterizations of

distributions from this class in terms of Wishart and normal components.

Corollary 2 . In the Wishart setting of Theorem 1 with p = 1, the conditional
distribution of Wy, given Wy 18 GIG[wwa;;xwyx,Z_l (N - q)] The following

zT.Y? 2

subclass of GIG(¢p,v,A) admits to characterization:
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Woo|Woy ~ GIG($,%,)) Vg0, ys0 i A2 3

Wog [Way  ~ GIG(¢,%,A) Vs, Yyso if A< —3.
The X = 1 case is the positive hyperbolic distribution and the A\ = —% case is the
inverse Gaussian distribution.

In'the normal setting of Theorem 2 with ¢ as (N x1) and Y as (N X q), the
conditional distribution of Tz given 2TY vis GIG[xTYE;;xYTx,E;;‘y, (N - q)} :
This characterizes the entire subclass with half integer values for A :

eTz|zTY ~ GIG(¢,9,)) for e {}1,..} and ¢ >0, >0
Tz|2TY ~ GIG(¢,%,0) for A=0 and ¢ >0, >0

zT2|zTY ~ GIG(¢,%,)) for A€ {—-3%,—1,..} and ¢>0,9 >0.

The list includes the inverse Gaussian (A = —3), hyperbola (A = 0), and hyperbolic

(A =1) distributions.

Simple geometrical interpretations for each of the special distributions result from

Corollary 2 by taking N = 1.

Corollary 3 . Suppose z,y1,ya,and ys are i.i.d. N(0,0?) variates. Then in R* R?,

and R4,
z?| Ty ~  hyperbola or GIG[o~%(zy1)?,072,0]
z?| zy1, zys ~ inverse Gaussian or GIGlo%2®(y? +y3),07 %, —1]

72| zy1, Tys, tys ~ positive hyperbolic or GIG[o=2, 0 %2%(y? + v3 + v3), 1].



The conditioning here is along hyperbolic curves. In R? as in the first row,
Bleesild(1979) conditions upon a different set of hyperbolic curves in the same context

of a bivariate normal to get the generalized hyperbolic distribution.

4 Generalized Hyperbolic

The marginal density of Wy, can be expressed in terms of the norming constant for

the MGIG distribution and is a matrix generalized hyperbolic distribution.
Corollary 4 . If N > q then the marginal density of W, on %P is

-1
: 1
f (ny)=2'%’°(N+q)”_i_p(p+2q_l){H 5 N-i—l—J)]} [Seal # Sl ()

1
etr (5154, 55, Wy ) @ (W 5L W,e, 51 (N—q)),

z®.Y? 2

a density we shall call @ matriz generalized hyperbolic distribution. When p = 1, the

density of row vector wyy on NI is given as

N\t _ 1 1
f (wwy) = 2—%(N+Q) o _qu—‘ ( 2 ) Ex“‘?N Izyy.xl_é

R PO o=

1inN— )
1 1(N—g
(wzyZyy waEm,y) .

1 .
The transformed vector vyy = Weyiylz has a g-dimensional generalized hyperbolic

distribution as in Barndorff-Nielsen, Kent & Sprensen(1982).



Proof. The density of Wy, follows from the computations in Appendix A when
norming constants are retained.

The density for wy, follows from (3). The transformed variable v, relates to
the generalized hyperbolic density in equation (2.5) of Barndorf-Nielsen, Kent, &
Sgrensen by taking in their notation: r = ¢; 4 = 0; v = #¥z ~ Gamma(}N, $5;1) so

that A = 2N, 8> =0and x* = B}; B = Eggzxyzgfx; and A = I,. The assumption
of §2 = 0 presumes that the limiting value of K)(z) as z | 0 is used in their (2.5)
with the form

111519&&(95) =2t (A >0).

In addition, use o = £? 4+ BABT = L7} + X 18,0 ) DYt =00 W
The density in (8) is a normal variance-mean mixture distribution as discussed in
Barndorfi-Nielsen, Kent & Sgrensen. It is the marginal distribution of XY when

XTY| XTX ~ Npo(XT X872 50y, Dy e ® X T X) and the mixing distribution is XTX ~

Wishart,(N, Xzz).

5 Generalizing MGIG

W ~ MGpr+q (®, T, \) then the conditional distribution of We, given Wy is not
in the MGIG class when ®,,; # 0 or ®,, # 0 as, for example, when W is inverted

Wishart.

10



Theorem 3 Suppose W ~ MGIGyy, (®,V, ). Then the conditional density of (p X p)
block Wy given (p x q) block Wy, is
FWeelWey) o< [Wosl F7 et [ 77,0, ()
1
et { ~ W (8w + Woy Uy W)

0y (B + Wy W oWl Wy — 2 W, Uy A — 2p)

with proportionality in Wy, and all matriz blocks for ® and ¥ conformable with W.

Proof. See Appendix B. &
When @,, =0 = ®,,, then this is proportional to the

MGIG, (Bus + Way Uy Wys, Uop, A — 1q) density.

A Appendix Proof of Theorem 2:

Denote Wy, = XTY and Wy, = XTX. Since Woy|[Wee ~Npy(Wer B0t B0y, Sy e @ W)

and Wy, ~ Wishart,(V, X5 ), the joint density of Wy, We, is

L 1
F(Way, Was) Ier;q etr {_guT (Byye ® Wzm)_l u}

T
where u = vec (Wyy — Wy X2 Esy) - Using Lemma 2.2.3(iii) of Muirhead(1982), write

T (e ® Woaa) b = tr {2*1 (Woay = Wea T2 Say)” Wik (Way — szggzxy)}
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so the joint density can be expressed as

LN — p—gm 1
FWoys Wez) e W V775 et (= [822 4 32250, 2,082 W

T yy.z

L N
et { 5 (Way Sl W Wi ) + S5 Woa D22y

Fixing W, and noting that X} = 57! 4+ Z1%, 51 5,51 then W, Wy, ~

Ty z yy.z

MGIG [Way B3t Wye, 552, 2 (N — g)] -

B Appendix Proof of Theorem 3:

The proof is similar to that of Theorem 1 so we focus on those aspects that are
different. We need to integrate the density of W in (1) over {Wyy > 0} but first we

write

ctr (—58W ) = otr [~2 (oW, + 0, Wik + @0 W W | (10)

and reexpress W' in terms of Wy, .. Use

Weow = Wes + Weo Woy Wiy Wea W
to reexpress W', in (10) so that
etr (-—LI)W‘1> = eir (—30oW )
2 - 2 " e
e

etr [—%W_l (@yy + Wyme_xl@xacW;gIny - 2WyzW;$1®xy>:| )

Using this expression, write the integration of (1) as

12



1 1
F0or, Woy) o6 W30 et {5 (W2 (a4 Wy Wi o) 4 W]}

P 1
/Wyy.:t >0 |Wyy~$| 2otet) et {—§Wyy'x\1}yy}

etr {_lpv—l (@.yy + Wye W Oue W Way — 2Wy e W} q%y) } AWyy.o-

2 yy.x

The integral is the norming constant of MGIG which gives the expression in (9).
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