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Formal Presentation of Problem

The hypotheses we ate interested in testing are of the following two forms:

Form 1: Subtest scores in Group I will have higher positive intercorrelations with each other than
with the other subtest scores (Group II).

Form 2: Subtest scores in Group I will positively correlate more highly with subtest scotes in
Group II than with the other subtest scores (Group III).

There is no standard approach to analyze hypotheses of this type. A variation of Mielke and Berry's
MultiResponse Blocked Permutation Procedure (Mielke & Berry, 2001) was developed to handle this case.

To define these hypotheses more concisely, the following notation will hold throughout the paper.

a. The correlation between subtest i and subtest j will be written pj;, the sample correlation will be written
rjj. Likewise, the squared distance between subtest i and subest j will be written d;; .
b. Intercorrelation is defined as the average of the two-way correlations. Therefore, if pjji is the

intercorrelation between subtests T;, T;, Tk, then pjk =%(pij +Pjk +Pik)-

c. In the hypotheses of Form 1 analyzed, there are always three subtests in Group I. The subsequent
explanations will use this information for ease in notation, but can easily be generalized.

d. The number of subtests included in a given hypothesis will be denoted by P.

Overview of Permutation Testing

In order to motivate our method, a basic understanding of permutation procedures is necessaty.
The next two sections give a very brief introduction. For a more detailed desctiption, see Mielke
& Berry (2001).

Suppose we wish to test the hypotheses

Ho py=u2
VS.
Ha: py <uz,

where we observed a response from two known groups. The observed data are of the
form shown in Figure 1.

If normal theory applied, a straightforward t-test could be computed to assess whether the

sample mean from Group 1 is significantly lower than the sample mean of Group 2. If the

assumption of normality is not valid, however, a permutation test may be mote appropriate.

Since normality is not assumed in a permutation test, the null hypothesis is that both populations have the
same distribution.



Thus the hypotheses being tested are now

H," Fi(y)=F(y)
VS,

H." Fi(y)#F2(y),

where F;(y) is the distribution of y for group 7. Note that the original null hypothesis is a subset
of this one. It will be useful later to recognize that the above hypotheses are equivalent to testing

H,": FZ (= FX* )
Vs,

H;Z FX (Z) #* FZ* (Z) .

where Fy is the joint distribution of the observation vector y and y* is any

permutation of the yjj .

Figure 1.
SUBJECT GROUP Y
1 1 Y,
2 1 Y
d 1 Vs
a1 1 yln1
ﬂ1+1 2 21
Il1+2 2 2
nt+3 2 Y,
ny+ ng 2 y2n2
The test statistic is
1 ny 1 nz
U=y th"Az 2Y1k
i=1 k=1

=y¥1.-Y2 -

The main idea of a permutation test is that all observations are "exchangeable" under the null hypothesis, since
the distribution of Group 1 is the same as the distribution of Group 2. Thus it shouldn't matter which
observations came from a given group if the null hypothesis is true. We want to determine whether the data we
observed has a difference in means that is extreme with respect to all permutations of the data. This would
indicate a deviation from the null hypothesis, and we would reject.

A permutation simply implies 2 reordering of the observed responses into the two groups. One possible
permutation of the above data is shown in Figure 2. Subject m+3 was originally a member of Group 2, and is
patt of Group 1. Note that Group 1 will always have n; obsetvations, and Group 2 will always have n;

. . C . (ng+np)!
observations. The number of permutations resulting in distinct values of Uis —(—1—,—2—’)—- .
ni'ny.
Define U =Y1.—Yo. without permutation. The proportion of permutations with test statistic values as extreme ot
more extreme than U, is the exact p-value (Mielke and Berzy, 2001). Using this testing procedure, we will

make a Type I error (100xa)% of the time regardless of the distribution of the data.
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It is impottant to note that by rejecting H,' we are really only concluding that Fy(y)# Fy» (y) for some y*

This does not necessarily mean that pq <pp. However, keep in mind that we rejected H,' because y1.—Y2.
was large negative. This fact makes it likely that pq <py is the reason for Fy(y)# Fyx(y)-

Figure 2.
SUBJECT GROUP Y
1 1 Y
n+3 1 Y,
3 1 Yis
0y 1 Vi
g+ 2 Yo
m+2 2 Y
2 2 Yia
ny+ny 2 Yom,

MultiResponse Blocked Permutation Procedure

Suppose now that each subject gives multiple response measures. In our case, these responses are P subtest
scores collected on each subject. This is illustrated in Figure 3, where N is the number of subjects, and Ti, the
nt subject's scote for the it subtest.

To test whether the first three subtest scores are higher in magnitude than the remaining scotes, it makes sense

. 1 . .
to test the hypothesis Hg ‘%(”Tl +UT, THT, )=P——(;,1T4 +..+pT, ) Where uT, s the mean of subtest I agamnst

the greater than alternative. Again, since we ate formulating a permutation procedure, the hypothesis we would
actually test is

Ho': Fr()=Fp+(9)

VS.

H.: Fr()#Fp (),

for any permutation T* of the test scotes within a subject. H,' does not mean the subtest scores
are independent, but does imply they have the same marginal distributions and equal joint moments including
correlations. It will be important to note this implies that there is no subject by subtest interaction.

A test statistic that could used to test Hy' is defined as

N 1 P_
V=%(T1.+T2,+T3.)—(P_3) .241}. ,
1=

where T, is the sample mean of subtest 1 scores across subjects.

When He: %(uTl +UT, HHT, )= 51—3(;1—& +..tpT, ), is false, V will be large in absolute value. Again, we can

really only conclude that Fp(t)# Fr=(t) for some T*. Since we would reject only when the test statistic

= = .= 1 P . . N
%(Tl. +To. +T3,)—(—P-—?) 3 T;. is large negative, howevet, it 1s probable that a rejection will be due to our
—V)i=4

hypothesis of interest, Ho.
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Figure 3.

5 . Group 1 Group 11

SUBJECT
'] T T, Ty Ty Ts o Tp
1 Tn Tn Ts Ta Ts .. Tpt
2 Tz Tz Ts2 Ta Tsa - Tp2
3 Tis Tz Tss T Tss .. Tes
N T1N TZN T3N T4N TsN v TpN

The permutation procedure is executed in the same manner as before, except that there are now N blocks
(subjects) to permute independently. The number of possible permutations per subject that result in 2 unique

N
1 1
—(P__P;—)'?j , 50 the number of total permutations is (_(FP?’—)@) . For a given permutation, the test statistic

is computed and a p-value is computed as the proportion of test statistics morte extreme than the one observed.

Vais

MultiResponse Constrained Permutation Procedure

Form 1. As you'll recall, we are interested in testing whether the three subtest scores in Group I will have
higher positive intercorrelations with each other than with the other P-3 subtest scores (Group I).
We translated this into the following statistical hypotheses:

3 P
Ho: Y(p12+p23+P13) = N '21 Z4Pij
i=1j=
VvS.

3 P
Hy V4(p12+p23+913)> Vou _Zl Z4pij ,
i=1)=

However, as in the first permutation test discussed, our formal hypothesis needs to be something of
the form,

Ho': Fr()=Fr=(t)

H,": Fr()#Fr+(V),

for any permutation T* of the test scores within a subject. Again, Ho' does not imply that the subtest
scores are independent. The assumptions of identical distribution, equal correlations (and other
higher order moments) and hence no subtest by subject interaction are implied, however.

The test statistic we will use to test Hy' 1s
3 P
Wy =15(r2+123 +r13)_1/24i§1j§:ij ,

where r;; is the sample correlation coefficient between subtests i and j.

There can be a problem with using all possible permutations of the subtests in this setup. There is
nothing wrong with the level of significance. It is still a size o test, but consider the possibility that
subtests 4, 5, and 6 are highly correlated with each other and not with other tests. Under all possible
permutations subtest 4, 5. and 6 will be exchangeable with subtests 1, 2, and 3. These types of



Form 2.

permutation could lead to a larger value of W; than the observed value and might hinder a rejection of
H,' in a situation that we should have rejected.

Since this type of situation was assumed by the researcher to be present in the problem of interest, we
decided to make the following change to H,'. It can be stated as

Ho': Fp(t)=Fr=(t)
V8.

H: Fr()=Fr(0),

for any permutation T* that leaves two of the subtests 1, 2, and 3 in Group I. In other words, Hy'
states that exchanging any one of subtests 1, 2, or 3, for any one of the other eight tests results in the
same joint distribution. This again implies we have equal correlations and no interaction between

subtests and subjects. There are [3=(p —3)+1IN permutations of this type that result in unique test

statistic values.

Here we are interested in testing whether subtest scores in Group I are more highly correlated with
subtest scotes in Group II than with those in Group IIL We translated this into the following
statistical hypotheses:

1 01 PitP2 1 b1 P
pj=——2X XPik

Ha: ij
p1p2 i=1j=p1+l p1p3 i::lj:p] +1

Vs.

1 P1 P1ip2 1 b P
Yeii>——2X XPik
P1P2 i=1j=p;+1 P1P3 i=1j=p;+1

H.:

Our formal hypothesis in this case is

H": Fr()=Fr=()
VS.

H: Fr()#F-0),

for any permutation T that leaves the first p1 subtests in Group I where the are. H,' assumes all
subtests in Group II and III are identically distributed, not necessarily independent but with equal
cotrelations amongst one anothet. It also implies that any given subtest in Group I will have the same
correlation with all subtests in Group 1T and III. This also prohibits most types of subject by subtest
interaction.

The test statistic we used 1s

1 D1 P1fp2 1 p P
Wy=——3 X5~ 2 Xk
P1P2 i=1j=p;+1 P1P3 i=1j=p,+1

N
There are [(Pp— 2p1 ):l permutations that result in unique test statistic values. The p-value is

calculated as usual.

Notes on Execution of Procedure

1)

For ease of calculation, a measure equivalent to the sample correlation was used. It

saved computation time to use the average squared distance between the standardized data in place of
sample cortelation, as the former can be calculated on each observation, while the sample correlation
is only defined for multiple observations. Also in section VI we mention a bootstrap procedute.
Having these distances on each subject allowed us to perform 2 bootstrap t which is more robust than
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VII.

the usual bootstrap. The proof of the equivalence of the sample correlation and the average of
squared distances between standardized data can be found in Section VIL.

2) The total number of permutations is large. For example, the Form 1 hypotheses had p1=3, p»=8, and
N=18. The total number of permutations that resulted in a unique test statistic was
therefore [3x 8+1]18 = 2518 —1.455x10%° . Thus to actually implement these MRCP procedures, 2
Monte Catlo simulation was used. Four tuns using different random seeds, each with 1,000,000
permutations, resulted in neatly identical p-values. The average of these four p-values was reported.

Validity

Recall that the MRCP is assuming no interaction between subject and groups. A bootstrap procedure was also
computed in case this assumption was not met. For all hypotheses tested on the researcher’s data, the results
were in agreement with those of the petmutation test. Thus we can be faitly certain that the effect of
interaction between subject and subtest on correlation structute, if present, was not large enough to have an
effect on the analysis.

Proof of Equivalence of Sample Cortelation and Squared Distance of Standardized Values

The sample correlation is defined as

1a — — n _
POACTEY V) 30 -%)
=1 , where s, =1=1 .

S.Sy n

rxy =

X: —X .=V
=% g 22T
S

x y
1&8x-%)(y;-Y L
Note that 1, =;Z;(—'s——)(_y_’s_”=%2wizi
1= X y i=1

denote the standardized values.

Let W, =

Let d,, =(W; —2,)?. Then using the fact that W=0,Z=0,s,, =1,and 5, =1, we have
- 1o
dwz =_zdwizi
n =
1
==Y (w;-z)’
ni
12 2 & 12
==Y w;’ _—Zwizi"'_zziz
n o niq niq

24
n

7
=2-=3 Wiz
i
=2-2r,,
Since a one-to-one function exists between Iy and d,,,a test statistic using d,, in place of I,, ina

permutation test will give equivalent p-values.
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