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Abstract

We consider the calculation of power functions in classical multivari-
ate analysis. In this context, power can be expressed in terms of tail
probabilities of certain noncentral distributions. The necessary noncen-
tral distribution theory was developed between the 1940s and 1970s by a
number of authors. However, tractable methods for calculating the rele-
vant probabilities have been lacking. In this paper we present simple yet
extremely accurate saddlepoint approximations to power functions associ-
ated with the following classical test statistics: the likelihood ratio statistic
for testing the general linear hypothesis in MANOVA; the likelihood ratio
statistic for testing block independence; and Bartlett’s modified likelihood
ratio statistic for testing equality of covariance matrices.

KEY WORDS: Block independence, Covariance equality, General linear hy-
pothesis, Hypergeometric functions, Laplace approximation, Power function,
Saddlepoint approximation

1 Introduction.

In this paper we present simple yet extremely accurate saddlepoint approxi-
mations to the power functions of three well-known test statistics in classical
multivariate analysis: the likelihood ratio statistic, denoted Agrm, for testing
the general linear model; the likelihood ratio statistic, denoted Agj, for test-
ing block independence; and Bartlett’s M statistic, denoted Agcn, for testing
equality of covariance matrices across populations. See §2.1 for further details.

The noncentral distribution theory for these statistics, which is mathemat-
ically sophisticated, has been developed in a sequence of papers by Anderson,

James, Constantine, Pillai, Sugiura, Muirhead and many others from the 1940s



onwards. These developments made use of new tools, especially zonal poly-
nomials (James, 1960; 1961) and hypergeometric functions of matrix argument
(Herz, 1955). The monograph by Muirhead (1982) is an excellent starting point;
see also Anderson (1984).

Despite impressive achievements, the multivariate noncentral distribution
theory has unfortunately had relatively little practical impact due to the practi-
cal difficulty in computing the theoretical expressions that specify the relevant
noncentral distributions. We shall use saddlepoint methods to determine these
distributions. Saddlepoint methods have already been successfully employed to
calculate null distributions of statistics which fall in the Box class (first intro-
duced by Box, 1949). The Box class is characterized as consisting of statistics
whose null moment generating function (MGF) can be expressed as a ratio of
products of gamma functions. A prominent member of this class is the like-
lihood ratio test statistic for the general linear hypothesis, Agry, whose null
distribution has been approximated in Srivastava and Yao (1989) and Butler,
Huzurbazar and Booth (1992). For further details of these and other applica-
tions in the Box class see Butler, Booth and Huzurbazar (1993) and Booth,
Butler, Huzurbazar and Wood (1995) for saddlepoint approximations based on
the normal distribution, and see Jensen (1991, 1995) for saddlepoint approxi-
mations based on the gamma distribution. The statistics Ag; and Agcy are
also in the Box class.

Our approach in the non-null case involves two steps: replacing the relevant
hypergeometric function of matrix argument in the noncentral MGF (see §2.2)
with a Laplace approximation (see §2.3), followed by the application of saddle-
point methods to this approximate MGF as in the null case (see §2.4 and §2.5).
This two step approach is referred to as a sequential saddlepoint approximation.
The Laplace approximations to the matrix argument hypergeometric functions
1F1 and 5 Fy, and the sequential saddlepoint approximation to the noncentral

distribution of Agrm, were first presented in Butler and Wood (2002).



We now summarize the main contributions of this paper: numerical results,
presented in Tables 1-3, demonstrating the high accuracy of the sequential sad-
dlepoint approximation for the three statistics considered; comparison with al-
ternative approximations due to Sugiura and Fujikoshi (1969), Sugiura (1973a)
and Muller et al. (1992); and details of how to implement the sequential sad-
dlepoint approach, which are given in the Appendix.

The accuracy of the approximations in all three instances is exceptional. For
example, in practical settings of the general linear hypothesis with small and
moderately large noncentrality eigenvalues, the relative errors of the noncentral
saddlepoint probabilities are typically less that 1% for all percentiles of the
distribution. This accuracy is retained in high dimensions; see Butler and Wood

(2004) for central limit results in which dimension increases.

2 Computational Details of the Approximations

We now explain how to calculate our approximations to the non-null distribution

of the three test statistics considered in this paper.

2.1 The Test Statistics
2.1.1 The Likelihood Ratio Statistic in MANOVA

Consider the general linear model Y = X B + E where the rows of E are i.i.d.
N,(0,%), X (N X ¢q) is a known full rank matrix of covariates, B (¢ x p) is a
matrix of unknown parameters, E (N X p) is the “error” matrix and Y (N x p)
is the observation matrix. We assume that ¥ is an unknown covariance matrix
of full rank. The general linear hypothesis Hgrm can be expressed as Hgrwm :
CB = 0,,,, where C' (m X ¢) is a suitable rank m matrix of known constants,
and 0, is the m x p matrix of zeros.

The likelihood ratio statistic Agrm for testing the null hypothesis Hgrw,



may be written AgLm = [SSerr|/|S Shypo+ S Serr|, where |.| denotes determinant.
Under the model described above, the following results hold: SShypo and SSerr
are independent; SSe has a p-dimensional central Wishart distribution with
n = N — ¢ degrees of freedom and shape matrix 3, denoted as Wishart,(n, ¥);
and SShypo has a p-dimensional non-central Wishart distribution with m degrees
of freedom, shape matrix ¥, and non-centrality matrix Q = X ~*M{ M;, where
m X p matrix M; is described in §10.2 of Muirhead (1982). The hypothesis
Hgim holds if and only if My = 0y, .

2.1.2 The Likelihood Ratio Statistic for Block Independence

Consider a random sample z1,...,xn of vectors from a multivariate normal
population N, (i, X). Suppose that the observation vector splits into two com-
ponents of dimensions p; and ps, with p; < ps and p; + p2 = p. Suppose that

the two components correspond to the block representation = (u7, u2)? and
Y= [Z,-j]i7j:1,2 where p; is of dimension p;, and X;; is of dimension p; X pj.

The null hypothesis of block independence (BI) may be specified as
Hpr: Y1 (=31) = Opy,p,  With Xq1,393 and p unrestricted,

where 0p, p, is the p; X p» matrix of zeros.

Let A denote the sample covariance matrix based on z1,...,zxy with n =
N — 1 degrees of freedom. Specify A in block form as A = [A;;]; j=1,2 where
A;; is p; x pj. Then it can be shown (see Muirhead, 1982, §11.2) that the
likelihood ratio test for block independence rejects the null hypothesis Hg;
for small values of Agr = |A|/(]A11]|A22]). It turns out that the noncentral
distribution of Ags (i.e. the distribution of Agr when 315 # 0p, p,) is determined
by the quantities n, p1, p2 and P = diag{p1,...,pp, } where p1,...,pp, are the

eigenvalues of Zﬁl Yia 2521 Yo1.



2.1.3 Bartlett’s M Statistic for Testing Equality of Covariances

Let z1,..,zn, be a random sample from a N,(u1,X1) population, and let
Y1, .., YN, be a random sample from a Np(p2,X2) population. The null hy-

pothesis of equal covariance matrices (ECM) may be written
Hpcm: X1 =3%=3%, with ¥, pu; and po unrestricted.

The Bartlett M test (or the modified likelihood ratio test) rejects Hgcm for small

values of Agcm = |A1\"1/”|A2|”2/"/|A1 + As| where n; = N; — 1, n = ny + na,

Ny Ny
Ay=3 (o= D)= DT, A =3y~ D —9)

and T and g are the respective sample means. See Muirhead (1982).
The non-central distribution of Agcy (i.e. the distribution of Agcy when
Y1 # X,) is determined by the quantities p, ny,ny and A = diag {01,...,6,}

where 91,...,0, are the eigenvalues of 21251.

2.2 Moment Generating Functions

In what follows,

Ip(a) = Wp(pfl)/‘lHF {a-3@G-1)}

i=1

is the multivariate gamma function, and I'1(a) = I'(a) = [;° 2% 'e %dx is the
usual (scalar) gamma function; see e.g. Muirhead (1982, §2.1.2). The quantities
1F1(a;0; X) and 2F)(a,b;c; X) below are hypergeometric functions of matrix
argument.

(i) A compact expression for the non-null MGF of In Agrm, due originally to

Constantine (1963), is given in Theorem 10.5.1 of Muirhead (1982) as

Mapm (s) = B (e Aemm)
D (49T {3 (n+m)}
Ly (%) Ly {% (n+m)+ 5}

1Fi{s;d (n+m)+s-10}.



(ii) The log likelihood ratio statistic for testing block independence has non-null

MGF (see Sugiura and Fujikoshi, 1969; Muirhead, 1982, Theorem 11.2.6)

MBI (8) =F (65 lnABI)

Ty (3) Doy {5 (n—p2) + 5}
Ly (3 +5)Tp {3 (n—p2)}

(iii) The log Bartlett M-statistic, In Agcn, for testing equality of covariance ma-

|n/2

Iy = P2 0B (3,353 + 5 P2).

trices has non-null MGF (see Sugiura, 1969; Muirhead, 1982, Theorem 8.2.11)

Mgcn(s) =  (e91Azen)

p
Tp (5) Ty (3) T {5 (14 2

=)}
AM™ R {5,550 (14 22)52 (14 2);1, - A}

2.3 Laplace Approximations to {F; and > F}

The following Laplace approximations to 1 F; and o F} were given in Butler and
Wood (2002), to which we refer the reader for a more detailed account.

The calibrated approximations 1 £} (a;b; X) and o Fy (a, b; ¢; X) both have ex-
plicit form. The approximation N (a; b; X) is given by

p A\ @ ~ \ b—a
~ _ i 1—9; s
1By (a; by X) = b0 P+ /AR 12 T {(—Z) <b i) e’“yl}

i=1

where X = diag (z1,...,zp),

b p PN ~ ~
(1= ) (1 — A 2a
Rl,lzﬂn{y5]+< i) yy)} and g =

b—a b_Iz+ (?Ei—b)2+4a$z‘

i=1j=i

for i = 1,...,p. The approximation »F; (a,b;¢; X) is given by

p A\ @ ~ o\ C—a
; B . 1@
2P (a,b; ¢ X) = e PTD/AR /2 11 { <&> (_yz) (1- fﬂzﬁz)b}

’ a cC—a
i=1

where X = diag (z1,...,2p), S; = x;9:(1 — 9;)/(1 — x395),

p p PPN ~ ~
i (L—0)(1 =95 b
oy = [T {22 4 C22U20) - P s,

c—a alc—a

i=1j=i



and, putting 7, = z;(b — a) — ¢,

0 = 2a/< 72 — dax;(c —b) —T,-) )

These approximations are calibrated so that they achieve equality at X = 0,
ie. 1ﬁ1(a;b; 0p) = 1Fi1(a;b;0,) =1 and gﬁl(a,b;c; 0,) = 2Fi1(a, b;¢;0,) = 1; for

this reason we often refer to 1ﬁ 1 and gﬁ’ 1 as calibrated Laplace approximations.

2.4 The Lugananni and Rice Approximation

Given a random variable X with MGF M (s) and cumulant generating function
K(s) = InM(s), the Lugananni and Rice (1980) approximation to the tail

probability Pr (X > y) is given by
Pr(X>y)=1-0() +o(r)(ut—r?)

where ® and ¢ are the cumulative distribution function and density, respec-
tively, of a standard normal random variable; r = sgn(é)\/m and
u = é\/KT(SA), where sgn(8) = +1 or 0 depending on whether § is positive,
negative or zero; and § is the solution to the saddlepoint equation K'(§) = y.
In the above, K’ and K" are the first and second derivative, respectively, of the
cumulant generating function K. The Lugananni and Rice approximation is
known to be extremely accurate in a wide variety of settings, and this is shown

to be the case for the statistics considered in this paper.

2.5 Summary of the Approximations
Our approximation to the non-null distribution of Agpy consists of the following

two-stage approach.

Stage I: Use the calibrated Laplace approximation ¥ given in §2.3 to approx-

imate 1 F1 in Mgrm(s) and call the approximate MGF Maim ().



Stage II: Use the Lugananni and Rice tail probability approximation, but
replace K by K(s) = In Mqrm(s).

All that changes for the two statistics Agr and Agcy is that we approximate
oF with the calibrated Laplace approximation 2ﬁ' | in their respective MGFs.

In each of the three cases, K(s) is an explicit function of s which results in
nearly all of the required calculations as explicit computations. The hardest and
only non-explicit computation is solving the (approximate) saddlepoint equa-
tion K'(8) = y. It is straightforward to solve this equation numerically using
analytical differentiation to calculate K’ ; see the appendix. It is also convenient
to use one numerical derivative to calculate K” from K’ thus simplifying the
programming considerably but also maintaining sufficient computational accu-

racy.

3 Numerical Results

Consider a balanced 1-way MANOVA design in p dimensions with I levels and J
repetitions. We wish to test a hypothesis of the form C'B = 0,,, corresponding
to the standard null hypothesis in a one-way MANOVA, e.g. the level effects
{a; : i =1,..., I}, constrained to add to the zero vector, are all zero. This test
leads to m = I — 1 degrees of freedom for hypothesis and n = I(J — 1) degrees

of freedom for error. The noncentrality matrix in Wilks’ test is given by
I
Q=7 ") wal =T
i=1

and increases with J where €5 is that portion which is fixed.

The accuracy of the sequential saddlepoint is shown in Table 1 for vari-
ous settings of the balanced one-way MANOVA. It displays percentages that
measure saddlepoint accuracy in terms of how close the entries are to the true
percentages listed in the top row. The first, second and fourth examples con-

sider power approximation for local alternatives. In these three examples the



largest percentage absolute relative error is 1.5%. The third example is a re-
peat of the second example with the eigenvalues of €2; multiplied by 4. The
largest relative error is now 3.7%. In those examples shown as well as others,
the greatest accuracy was achieved with more local power computations dealing
with smaller entries in €2;. In power computations with even larger eigenvalues
than those shown for example 3 and also considered in higher dimensions, sad-
dlepoint accuracy was consistently maintained under 6% relative error. Table
entries for the saddlepoint approximation were determined in the following way.
Empirical quantiles for the noncentral distribution of In Aqrm associated with
the probabilities in the top row were determined by simulating 10% independent
values of In Agrm. Then sequential saddlepoint approximations were evaluated
at these empirical percentiles so that Table 1 shows the accuracy of the saddle-
point approximations were the empirical percentiles regarded as exact.

Table 1 also shows the same sort of computations to determine the compara-
ble accuracy for other power approximations discussed in the literature. These
include the noncentral x? expansions of Sugiura and Fujikoshi (1969) with error
O (n*S) for local power computations, the noncentral F' approximation intro-
duced in Muller and Peterson (1984) and numerically evaluated in Muller et
al. (1992), and the expansions of Sugiura (1973a) with error O(n~3/?). These
approximations provide modestly good approximations with local power compu-
tations but deteriorate quickly as the noncentrality eigenvalues increase. Each
of these computations, and particularly those of Sugiura and Fujikoshi (1969),
were exceedingly difficult to program and ran much slower than the sequen-
tial saddlepoint method. None of these methods can replicate the consistent
accuracy of the sequential saddlepoint method across the range of examples
considered. The expansions of Kulp and Nagarsenkar (1984) are not shown but

were found to be very inaccurate.



1 5 10 30 50 70 90 95 99

(p,n,m) (I,J) Q=JN

(3,24,7) (8,4) Q1 = diag($,1,3)

Seq. Sad. 1011 4.992 9.979 29.94 49.93 69.98 89.95 9496 98.99
o(n=?) x* 1.385 5.525 1048 30.16 49.95 69.91 89.90 9494 98.98
Noncent. F 9920 4.878  9.740 29.31 49.07 69.12 89.43 94.65 98.90

O(n=3/?) 0000 .0000 .0000 .0134 .591  7.290 79.60 153.7 296.0

10* Simulations  1.310  3.940 10.46 31.61 4830 70.83 89.74 94.45 99.36

(7,56,7) (8,8) Q1 =diag {$(3)%}

Seq. Sad. 1.010  5.003 10.00 29.98 49.99 70.01 89.99 9501 99.01
O(n™?) x? 4434 7.679 1135 28.76 4850 69.13 89.88 95.02 99.03
Noncent. F 6482 3.539  7.436 24.55 4344  64.00 86.70 93.00 98.45

O(n=3/?) 0000 .0020 .1867 .7944 5.612 24.90 103.8 158.0 229.1

(7,24,7) (8,4) Q1 = diag {1(1)7}

Seq. Sad. 9633 4.883  9.762  29.62  49.67 69.78 89.89 94.95 99.00
O(n?) x? -60.4 -102. -82.8 -.896 49.30 79.36 96.04 98.46 99.80
Noncent. F 1655 1213 2919  12.29 27.24 46.84 7511 85.14 95.79
(16,84, 11) (12,8) 2 ={5(0,3(5).3(3).3(3).21)}

Seq. Sad. 9851 4.982  9.957 29.94 49.94 69.97 90.00 95.01 99.00
o(n®) x? 2.087 6.561 11.39 30.18 49.42 69.25 89.62 94.80 98.96
Noncent. F 5616 3.195 6.788 23.06 41.52 62.13 85.64 92.33 98.24
(50,150, 49) (50, 4) &= {74 554 84D}

Seq. Sad. 9954 5.001  9.998 29.96 50.03 70.02 89.96 94.97 98.98
o(n™3) x? 7444 4194  8.819 28.64 49.54 70.66 9125 96.05 99.45
Noncent. F 7276 3.919 8117  26.07 4542  65.87 87.76  93.64 98.62

Table 1. One-way MANOVA. Approximations for the noncentral CDF of
In Agr.m in the general linear MANOVA hypothesis. The various methods are sequen-
tial saddlepoint approximations (Seq. Sad. ), the O(n™?) expansions of Sugiura and
Fujikoshi (1969), the noncentral F' approximations of Muller and Peterson (1984), the
O(n~%/?) expansion of Sugiura (1973a), and Monte Carlo estimation with 10,000 rep-
etitions. The table entries are the CDF approximations evaluated at the simulated
empirical percentiles and should be compared with the true percentiles in the top row.

10



(p1,p2,m) 1 5 10 30 50 70 90 95 99

(2,3,10) P =diag{.1, .2}

Seq. Sad.  .9877 4.995 10.03 30.06 50.04 70.02 90.04 95.02 98.99
O(n=%/2) 0006 1.637 9.332 57.07 9191 112.7 121.1 120.0 115.4
O(n™®) 1453 9449 18.62 4742 68.56 84.52 96.12 98.28 99.70

(5,7, 20) P = diag {.05 (.05) .25}

Seq. Sad.  1.003 4.992 9.972 30.04 50.03 70.08 89.98 95.01 99.00

O(n~*/?) 0000 .0000 .0000 .0005 1.065 1028 93.19 186.1 402.6
O(n™3) 3455 1564 27.52 59.68 79.20 91.72 98.63 99.54 99.96

(10, 13, 40) P = diag {.1(.1).9, .95}
Seq. Sad. 9790 4.953 9.957 29.91 49.95 69.99 90.03 9501 99.00
(25, 28, 70) P =diag{2(.1),2(.2),3(.3),....3(.7),2(.8),2(.9),2(.95)}

Seq. Sad.  .9903 5.004 9.990 29.96 49.97 69.99 90.05 95.01 98.99

Table 2. Sequential saddlepoint approximation to the CDF of the noncentral
distribution for In Ag;. The table entries are interpreted in the same manner as those
in Table 1.

In order to compare these analytical methods with Monte Carlo estimation,
rejection sampling was used with 10,000 repetitions to estimate the power as

shown for the first example. If F (z) is the empirical CDF, then
VI0Y{(F o F7)(p) — p} = B(p),

a Brownian bridge for p € [0,1]. The error structure of the simulation is essen-
tially determined by the Brownian bridge which is independent of F'; thus the
other four examples in Table 1, and those in Tables 2 and 3, lead to comparable
results.

Table 2 displays sequential saddlepoint approximations for the noncentral
CDF of In Agy and has a similar structure and interpretation as Table 1. The en-
tries are the sequential saddlepoint approximation evaluated at empirical quan-

tiles for the listed percentage levels computed from simulations of 108 values of

11



Agr. We see remarkable accuracy with the largest percentage relative error as

2.1%.

(p,n1,n2) 1 5 10 30 50 70 90 95 99
(3,5,8) A = diag {.9, .95,.975}
Lug. & Rice 1.002 4964 9.950 29.92 49.93 69.98 90.01 94.97 98.99
x2 to O (n*3/ 2) 8234 4.435 9.169 28.78 48.86 69.22 89.73 94.83 98.96
(3,5,8) A = diag{.2,.5,.7}
Lug. & Rice 1.022  5.033 10.04 29.81 49.95 69.60 89.86 94.95 99.00
x2 to O (n*3/2) 4049 3.113  6.921 2347 41.75 61.90 85.41 9226 98.31
(8,15, 20) A = diag {.8 (.025) .975}
Lug. & Rice 9793 4.981 9.978 29.91 49.87 69.89 89.98 94.99  99.02
x%to O (n*B/ 2) 6594 3.833 8121 26.63 46.39 67.10 88.73 9429 98.86
(16,22, 27) A = diag {.80 (.0125) .9875}
Lug. & Rice 9753 4964  9.970  29.96 50.05 70.03 89.98 95.00 99.00
x% to O (n*3/2) 1731 1.436  3.605 15.97 33.00 54.39 81.59 89.96 97.67
(16, 50, 60) A = diag {.05 (.05) .80}
Lug. & Rice 1.117  5.400 10.66 31.08 51.08 70.82 90.34 95.18 99.06
(32,120, 125) A = I, ® diag {.05 (.05) .80}
Lug. & Rice 1.170 5.654 11.00 31.81 51.89 7147 90.69 9541 99.08

Table 3. Sequential saddlepoint approximation to the CDF of the noncentral
distribution for In Agcm. The table entries are interpreted in the same manner as
those in Table 1.

Table 2 compares these saddlepoint approximations to two other approxi-
mations for the cases in which p; = 2, 5. Sugiura and Fujikoshi (1969) suggest a
O (n*?’/ 2) expansion based on the central limit tendency of InAgy which is de-
noted as O (n=3/2) . Lee (1971), Muirhead (1972), and Sugiura (1973b) proposed
a O (n™3) expansion under local alternatives in which P — 0 which is denoted
as O (n*3) . None of these alternative approximations show the capability of
delivering the consistent accuracy seen with the saddlepoint approximation.

In Table 3 several examples involving the statistic In Agcn are provided. The

12



first, third and fourth examples are more local power computations in which it
maintains extremely high accuracy; this accuracy becomes only slightly worse
in the remaining examples where power is no longer local.

For the local power examples, Table 3 also shows the results of an expansion
denoted as “x2 to O (n’B/ 2) .7 This approximation was suggested by Sugiura
(1974 eqn. (3.5)) as a local expansion about the null hypothesis in which A—I =
O(n~%/%) and which has a leading term that is noncentral y2. Another O (n=3/2)
expansion for fixed A that was also suggested by Sugiura (1974, eqn. (3.9)) is
not shown since it was not competitive with the previous one.

Appendix
The expression needed to solve the saddlepoint equation in the case of Wilks’

statistic is

P

K& =) {¢[3+s-30-D]-v [ +s-30-D]}+v ()

i=1

where ¢ (z) =dInT (z) /dz and
V(s)——ln F (a b‘——lﬂ)
s 141 y Yy T g .

Here and also below we use ¢ = s and b = (n+m) /2 + s to simplify the
expressions. Derivative 57 is computed using implicit differentiation and, after

substantial simplification, yields

g O=9) =g\ [ (5 15 93
a b—a a b—a ) Os

+ Q_J_ﬂ %_@i:&j
a b—a ) Os a?

with
07y;/0s = 2{b—xi—|—\/@fafa(xi—kb)/\/%}/(bfxi—k\/a)z

13



and ¢; = (z; — b)? + 4az;. The computation of K”(s) is best performed using a

numerical derivative of K'(s).
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