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Abstract

We show that the Adaptive Coherence Estimator (ACE) is a uniformly most powerful (UMP)
invariant detection statistic. This statistic is relevant to a scenario appearing in adaptive array
processing, in which there are auxiliary, signal-free, training-data vectors that can be used
to form a sample covariance estimate for clutter and interference suppression. The result is
based on earlier work by Bose and Steinhardt, who found a two dimensional maximal invariant
when test and training data share the same noise covariance. Their 2-D maximal invariant is
given by Kelly’s Generalized Likelihood Ratio Test (GLRT) statistic and the Adaptive Matched
Filter (AMF). We extend the maximal-invariant framework to the problem for which ACE is a
GLRT: the test data shares the same covariance structure as the training data, but the relative
power level is not constrained. In this case, the maximal invariant statistic collapses to a one-
dimensional scalar, which is also the ACE statistic. Furthermore, we show that the probability
density function for ACE possesses the property of "total positivity,” which establishes that it
has monotone likelihood ratio. Thus a threshold test on ACE is UMP-invariant. This means
that it has a claim to optimality, having the largest detection probability out of the class
of detectors that are also invariant to affine transformations on the data matrix that leave
the hypotheses unchanged. This requires an additional invariance not imposed by Bose and
Steinhardt: invariance to relative scaling of test and training data. ACE is invariant, and
CFAR, with respect to such scaling, whereas Kelly’s GLRT and the AMF are invariant, and

CFAR, only with respect to common scaling.

I. INTRODUCTION

In this paper we will examine the optimality of the ACE (Adaptive Coherence Estimator)

statistic when used as a threshold detection test:

1S 1y|2
(¥T8~19)(y'S~1y)

The purpose of this statistic is to detect the presence of a signal vector (or steering/replica

b= (1)

vector) v in a measurement test vector y, by comparing the statistic with a threshold 7 [1].
The detection must be performed in the presence of noise, clutter, and interference. Training
data vectors are used to construct a sample covariance S that approximates the true covariance

R. This statistic is an empirical version of the CFAR matched subspace detector, which is the
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optimal statistical if the noise covariance matrix is known exactly to within an unknown scaling
level [2], [3], [4].

When the covariance must in fact be estimated from training data, an ad hoc adaptive statistic
is then formed by substituting the sample covariance S for an exact covariance R in the detection
statistic formula. The training data is presumed to be signal-free, with the same noise covariance
as the test data. The class of detectors that rely on this data model have been particularly useful
in radar systems, wherein data vectors from range cells in the vicinity of a range cell of interest
are nominally target free, and can be used reliably to estimate the covariance of the clutter that
is corrupting the test-cell data [5], [6], [7], [8], [9].

Here we are interested in the examination of the adaptive detection problem from first prin-
ciples: given a test data vector y and a training data matrix X, what is the optimal detection
procedure? ACE was shown to be a GLRT for the adaptive detection problem in [10]. However
this is not a strict optimality result, the GLRT merely being the maximum likelihood (ML)
approximation to the optimal Neyman-Pearson likelihood ratio test. A true optimality result is
provided by the formalism of Uniformly Most Powerful (UMP) invariant tests. A test is UMP-
invariant when, for a given probability of false alarm, it has the largest probability of detection
(is most powerful) out of all tests that are invariant to a group of transformations on the data
matrix. The structure of the transformation group is chosen to characterize the scenario in which
the detection statistic will be applied.

A key concept in the theory of UMP-invariant tests is that of the maximal invariant statis-
tic [11], [2]. This is a reduced function of the data (similar to a sufficient statistic) that is
insensitive to data transformations of a given form, but still sensitive to other transformations
on the data. We want the statistic to be invariant when the data is subjected to a transformation
group of interest (one that does not change the assumptions of the two hypotheses), but to vary
when the data is subjected to other transformations. Equivalently, this means that the statistic
is not only invariant to transformations within the group, but also that if the statistic is the
same for any two data sets, then these data sets must be related by a transformation within the

group of interest. The key consequence of this is that any function of the data that is invariant
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to the transformation depends on the data only through the maximal invariant (this is Theorem
1 in Chapter 6 of [11]).

In this paper we show that a threshold test on ACE is UMP-invariant. This result requires the
statistic to have two properties: (1) The statistic B must be a maximal invariant with respect
to a compelling transformation on the data matrix. (2) Its likelihood ratio must be a monotone
function of B . Then a threshold test on the likelihood ratio can be replaced a simple threshold test
on 3. By the Karlin-Rubin Theorem (see [2], or Theorem 1 in Chapter 5 of [12]), this threshold
test is most powerful out of all invariant tests, uniformly over all possible signal-to-ratios (SNRs),
making it uniformly-most-powerful invariant.

To establish that ACE is UMP-invariant, we build upon the earlier work of Bose and Stein-
hardt. In [13], they considered the adaptive detection scenario in which there is homogeneity
between test and training data. By homogeneity we mean that the training data vectors have the
same statistical distribution as the noise in the data being tested. They obtained the interesting
result that a two-dimensional statistic, closely related to ACE, is the maximal invariant. The
2-D statistic is composed of Kelly’s GLRT [14] and the Adaptive Matched Filter (AMF) [15],
[16]. This is a powerful result, but it is not quite sufficient to construct a simple threshold test,
which requires data reduction down to a single scalar. Furthermore, in [17], Bose and Steinhardt
showed that for this homogeneous adaptive detection problem, a UMP-invariant test cannot even
exist. This is because the level-curves of the the 2-D likelihood surface vary with signal-to-noise
ratio (SNR), meaning the decision region must change with SNR.

However, by requiring invariance to a more general transformation that permits scaling between
test and training data, the two-dimensional maximal invariant of Bose and Steinhardt collapses to
a one-dimensional invariant, the ACE statistic. The two scalar statistics of Bose and Steinhardt
are not invariant to such scaling; however their ratio is invariant. This ratio is equivalent to
ACE. We show in this paper that ACE is also a maximal invariant. This is the key observation
we made in [18], and a key observation of this paper.

Our motivation for allowing scaling between test and training data comes from [10]. There it

was shown that the ACE statistic is a GLRT when there is an additional scaling parameter o,
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representing the scaling of the test-data noise covariance relative to the training data covariance.
When ML estimates of ¢ under the two hypotheses are substituted into the likelihood ratio, the
ratio reduces to the ACE statistic, rather than the GLRT of Kelly.

The question arises: why would one want to accomodate such scaling? The answer is that
it adds robustness to deviations of the data from the assumed statistical model. The Adaptive
Matched Fiter is more sensitive to scaling of the test vector than it is to scaling of any single
training-data vector. So the extra scaling invariance of ACE makes it robust in models that allow
for unknown fluctuatons in data power, as for example in radar clutter [19]. Another compelling
fact is that the non-adaptive version of ACE, the CFAR Matched Subspace Detector [2], [3]
is CFAR over all elliptically contoured (Gaussian and non-Gaussian) distributions [4]. There
are other scenarios, outside of adaptive radar, wherein scaling inhomogeneity might arise. This
might occur, for example, in a wireless communications system with fades over multiple sources
of interference.

The cost of this robustness is a performance loss of about 2 dB when the data is in fact
homogeneous and there is large training data support. The difference in performance of ACE
relative to Kelly’s GLRT and the AMF is discussed in more detail in [4]. When the training
data support is low, there is in fact a performance gain for moderate SNR, though a performance
loss persists at high SNR. Of course, when scaling inhomogeneity is present, Kelly’s GLRT and
the AMF cease to be CFAR, which defeats them and renders moot any attempts to compare
detection performance at a constant false alarm rate.

We have found the proof that ACE possesses monotone likelihood ratio to be more difficult
than we first anticipated. We prove it by relating monotone likelihood ratio to the property of
"total positivity.” The literature on totally-positive kernel functions makes extensive use of a
basic composition formula, due to Polya and Szego (see [20]). We use this composition formula
repeatedly, to build up the property of total positivity for ACE from that of its conditional
probability density function. With the property of total positivity, ACE then has monotone
likelihood ratio, and a threshold test on ACE is UMP-invariant. This is the result needed to

complete the line of reasoning we first presented in [18].
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II. MAXIMAL INVARIANCE IN THE PROBLEM OF KNOWN COVARIANCE (NON-ADAPTIVE)
A. The Matched Subspace Detector (Matched Filter)

The general problem addressed here is the detection of a narrow-band signal (or target re-
sponse) 1) in a measurement y ~ CNy[u1), R] in proper Gaussian noise with covariance structure
R. The target-absent and target-present hypotheses are then parameterized by Hy : p = 0 and
Hy : p # 0. Both signal and measurement vectors are N-dimensional, y,7 € CN, corresponding
to, for example, data from N doppler/array-element channels in space-time adaptive processing,.

In this section we introduce the relevant invariance issues in the simpler context of the non-
adaptive problem, wherein the noise covariance is presumed to be known a priori. We use it to
pre-whiten the noise in the test data vector: z = _%g. Then z ~ CNy [;@, I], where ¢ = R_%y.

To simplify matters, we assume that a unitary transformation has been applied to z to rotate

the signal vector ¢ into the direction of the first standard basis vector:

U, - H,ULJ , )

LVe'o

where UIQ = 0. Here (¢) is a one-dimensional signal subspace, and (U_) is its corresponding
(N — 1)-dimensional orthogonal subspace.

For generality, we also treat the more general case of multi-dimensional signal subspaces,
wherein the rank-1 signal vector 1 is replaced by a signal mode matrix H: 1 = Hf, where 6 con-
tains unknown coefficients. Then the whitened data vector is distributed as z ~ CNy [,uRféHQ, I,
and the signal subspace is then spanned by the p columns of G = R~:H. The columns of H are
chosen to accomodate various types of signal uncertainty, such as arrival angle or environmen-

tal/channel uncertainty. We apply a unitary rotation matrix so that the the signal subspace is

then spanned by the first p standard basis vectors. That is, we construct
Ug = G(GTG)_%,UL} : (3)

where UEG = 0. Here (G) is a p-dimensional signal subspace, and (U ) is its corresponding

(N — p)-dimensional orthogonal subspace.
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We can then write the test vector as
ULz— z2=|" |, (4)

where the subscripts 1 and 2 indicate the signal and signal-free subspaces, respectively: z; ~
CNyn [,u(GTG)%Q, Il and z5 ~ CNy[0,I]. As in [13], we seek a transformation on the data that we
wish the test statistic to be invariant to, one that preserves (1) the Gaussianity of its distribution,
(2) the known covariance matrix R, and (3) the mean under the two hypotheses (i.e., the mean
of z should be the zero vector under Hy and a vector in the signal subspace under H;). Such a
transformation leaves the parameter sets that define the two hypotheses unchanged.

To preserve Gaussianity, we consider affine transformations of the form g(z) = Az+b. Preserv-
ing the mean under Hy forces b to lie in the signal subspace. Assuming the rotation of Eqn. 3 has
been applied, this means that b € CP should be in the span of the first p standard basis vectors:
be(e...e,), where e =[10--- 0]t, etc. But preserving a zero mean under Hy forces b to be
the zero vector, b = 0. Also, keeping the mean in (e, ...e,) requires A to have the upper block

triangular form
A Bf
A= ) (5)
0 T

where A'is px p, Bis px (N —p) and T'is (N — p) x (N — p). Finally, forcing the covariance

of z to remain identity requires A = U; and I’ = Us both to be unitary, leading to

Y0 ©)

B

9(z) =
0 U,

A mazimal invariant m is then a reduced-dimension function of the data z that is invariant
(insensitive) to transformations of the form g(-), but still varies under (is sensitive to) any other
type of transformation.

Lemma 1: The maximal invariant to the transformation of Equation 6 is two-dimensional,
consisting of the two scalar quadratic forms m1 = ||z1||* and ma = ||z,|%.

Proof: That these scalars are invariant to g(-) in Eqn. 6 is a simple consequence of unitarity:

for m; we have, m| = gJ{UJ{Ulgl = gJ{;l = my; the argument is identical for mo. Showing that
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they are a maximal invariant is more tricky. Consider the statement that if z undergoes any
transformation to z’ that is not in the form of g(-), then (m},m}) # (m1,m2) (i.e. the maximal
invariant varies). A logically equivalent statement (the contrapositive) is that if z undergoes any
transformation such that (m/, m}) = (mq,m2), then the transformation must be expressible in

the form of g(-). We can construct the following product of unitary matrices:

/
1

= [ Jaiz

kS

where Ulng’l = U];gl = 0. Suppose m) = mq; then we have

Tz = 21 =2 (8)

In an identical matter, a unitary matrix Ty can also be constructed such that if mi = mao,
zh = Tazy. Substituting these matrices for U; and Usg, we are able to construct a transformation
in the form of Eqn. 6. M

The first scalar, ||z,]|?, is the Matched Subspace Detector of [2], [3]. In the case of a rank-1
signal, it simplifies to the form of a matched filter, and in the multi-rank cases it is equivalent

to a projection of z onto (G) = <R7%H>:

TR 1y
212 = m%n, p=1;
4P = yROHERUH)THR Y - [Pezl? 20, p> 1. 9)

B. The CFAR MSD

Now we consider a slightly less constrained detection problem, in which the noise covariance is
assumed to be known only to within a scaling constant, i.e. it is ¢?R, where R is known and o
(an additional nuisance parameter) is not. In this case the transformation matrix of Equation 6

does not need to preserve the scale of the covariance, and generalizes to

I

—~
—_
o

~

gy(2) =~
0 U,
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In this case, m; = [|z;]|2 and mg = ||2,]|? are no longer invariant to transformations of the form
2 = g4(2). In fact, m}{ = v*mq and m} = y?ma. However, their ratio, mg = ml s invariant

to this transformation, and furthermore it is a mazimal invariant. As we show below, the ratio

=1 = T3 g a beta-distributed statistic that is the non-adaptive precursor to ACE. It

m1+mo 1+mg
too is a maximal invariant.

m3
14+ms

Proposition 1: The statistic § = is a maximal invariant statistic with respect the tran-
formation g, (-) of Eqn. 10.

Proof: Since 3 is a monotone (and 1-1) function of ms, it suffices to show that mg is a maximal
invariant. This requires showing that given any pair of data vectors z’ and z such that m} = ms,
then there exists a transformation g, (-) of the form of Equation 10, such that 2’ = g-(z). Suppose
m4 = mg. Then

m;  m mi'1 mb 9

7/:7% :720’ (11)
mqy ma mi me9

where ¢ is an unknown (positive) scaling constant. So we have

I3l = mi = cPma = [lezy?
23] = mh = c*ma = [lez, . (12)

Then from that fact that (mq,ms) is a maximal invariant with respect to g(-) of Equation 6
(Lemma 1), we know that there exists a transformation in the form of g(-) such that 2’ = g(cz) =
cg(z). And by setting v = ¢ in Equation 10, we then know that there exists a transformation in
the form of g,(-) such that 2’ = g,(z). W

2
The statistic mg = H?H2 is a ratio of chi-squared statistics, and is thus F-distributed. It is
Z2

the CFAR (Constant False Alarm Rate) MSD of [2], [3]. The statistic 3 is its beta-distributed

version:

F _ ms _ mi (13)
1+ F 1+ms ml—{—mg'

R e

m2

In the cases of rank-1 and multi-rank signals, 3 is given by

IRy
(R-19)(y'R1y)
y RTTHHRT'H)'H'R™ 'y |Pgz|?

B = = >n, p>1 14
SRy R <7 1)

g

Zzn, p=1
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These compare to a threshold the cosine-squared of the angle between the measurement y and the
signal subspace (¢) or (G). These cosines are invariant to transformations that leave this angle
unaffected, which can be viewed geometrically as transformations that leave z on the surface of

a cone.

III. MAXIMAL INVARIANCE IN THE ADAPTIVE PROBLEM
A. Development of the Transformation Group

In the adaptive problem the covariance matrix R is not assumed to be known a priori, meaning
it must be estimated. We assume K training data vectors z;...zy are recorded. They are
presumed to share the same noise statistics as the noise in the test data: z; ~ CNy[0,R]. We
construct a joint test and training data matrix as follows: [y|X] = [y|z;|---|zx] € CNx(K+1),

Without loss of generality, we again make the simplifying assumption that a unitary transfor-
mation has been applied to the data to rotate the signal subspace into the subspace of the first p
standard basis vectors. This unitary matrix will have the same form as that of Equation 3, but
with H replacing G = R :H (note that in the adaptive problem, H is known but R is not). In
the derivations that follow, we assume that this transformation has been made, and define the
symbols y and X to be the test and training data in this coordinate system. We then have

UhX — X - |2 T | eavun, (15
Yy X2
where the subscripts 1 and 2 indicate resolutions of the data onto the signal and signal-free
subspaces.

When some prior knowledge about the covariance structure can be reasonably exploited, for
example Toeplitz structure, or low-rank interference plus white noise, the GLRT approach to find-
ing a detection statistic generally becomes intractable. For this reason, Bose and Steinhardt [13]
considered the adaptive detection problem from the point of view of maximal invariance. They
characterized transformations G(-) of the joint test and training data matrix, [y|X] that leave un-
changed the structural form of the covariance, and preserve the parameter regions that describe

the hypotheses Hy and H;. Specifically, they required preservation of (1) Gaussianity, leading
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to consideration of affine transformations, (2) the covariance structure, and (3) the mean (i.e.,
the mean of z should be a vector in the signal subspace under H;, and the zero vector under Hy;
zero-mean data should remain so.) Such transformations leave the detection problem invariant
(see [12], Chapter 4).

When no structure on the unknown covariance R is to be enforced, we simply require that
the covariance remain positive-definite, and remain the same in both test and training data [13].
By concatenating the columns of the data matrix [y|X] to form vec([y|X]), the unknown joint

covariance of the test and training data may be written as
cov(vec([y|X])) = R @ L1, (16)

where ® indicates the Kronecker product. We thus require invariance to transformations of the
joint test and training data matrix which preserve positive-definiteness, and which ensure that
all the transformed test and training data vectors still share the same covariance.

For rank-1 signals, Bose and Steinhardt showed that an affine transformation satisfies these

properties if and only if it has the following form (see the Appendix of [13]):

T T

a 8 Y1 1 0

G(lylX]) = ; (17)
0o r Y, X 0 U

where, in a notational compromise, z; denotes a row vector. The pre-multiplying matrix pre-
serves the structure of the mean and the positive-definiteness of the covariance of the columns
of [y|X]; thus, I is full rank. The post-multiplying matrix is unitary to preserve the i.i.d. (inde-
pendent, identically distributed) nature of the noise in the data vectors; thus, U is unitary. The
post-multiplying matrix has its first row equal to e; to preserve zero mean in all data vectors
but the test vector.

For multi-rank signal subspaces, this transformation group generalizes to

A Bf y, X1 1 of
G([yIX]) = - ; (18)
o T Yy X5 0 U

where both A and I' are full-rank and U is again unitary. This is actually a special case of

the transformation in [21], wherein Bose and Steinhardt considered the signal to be spread in
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both the row and column space of the data matrix. We will denote the pre-multiplying and

post-multiplying matrices by A and U:

A Bf 1 of

A= ;o U= . (19)
0 T 0 U

The pre-multiplying matrix A leaves the signal in the signal subspace spanned by the first p

standard basis vectors, e; .. .¢€,.

B. A 2-D Mazimal Invariant for the Homogeneous Detection Problem

For the case of rank-1 signals, Bose and Steinhardt showed that the following scalars form a

two-dimensional maximal invariant with respect to G(-):

1 — 2, X (XoX]) 1y, |12
iy = (20)
x, (I - XE(X2X£)_1X2> a!

e = yl(XaX) g, (21)

where the hat notation is used to indicate that these are adaptive statistics. Interestingly, these
are a 1-1 function of the statistics given by the AMF and Kelly’s GLRT [13], as we will soon
show. The AMF is obtained by simply substituting the sample covariance matrix S = XX for

the known covariance R in the standard matched filter [15], [16]:

5 piS 1y|?
Pis-1y

Kelly’s statistic is obtained as a GLRT by inserting maximum-likelihood estimates for the com-

= 1. (22)

plex signal amplitude g and the covariance matrix R into the likelihood ratio [14]:
R e T .Y
YIS (1 +yfS—1y) 141y + g’

~

To establish the one-to-one map between (71, m2) and (r2, k2) requires some manipulations

(23)

involving inverses for partitioned matrices. For generality, we will treat the case of multi-
dimensional signal subspaces, and identify the multi-rank generalizations of M1 and me, required

for our subsequent analysis of ACE. First we partition the sample covariance matrix as follows:

S xxt_ X, X XX} | su S 24
X,XI XoX| So1 Sao
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in order to prove the following lemma.

Lemma 2: Let Yo=Y — 51282_21g2 be the error vector associated with estimating Y, from Y
using the sample estimate S12S5; for the linear minimum mean-square-error filter. Denote the
sample error covariance by S112 = Sq11 — 81282_21821. Then the quadratic form QTS_lg can be

—1

decomposed as QTS_lg = gbsmgm + gJ;SQ_;gZ.

Proof: The block-Cholesky decomposition of the sample covariance and its inverse are given

by
g_ S11 Si2 _ I S12S,5 Si12 O I 0 (25)
So1 Sa 0 I 0 Sx SyySa1 I
I 0 S, 0 I —S12S5;)
g1 — 11.2 12922 ' (26)
85580 I 0 Sy 0 I

Let W denote the block upper-triangular filtering matrix, and Q denote the block diagonal

pre-whitening matrix:

1
I —S12S5) S 0
W — 12999 . Q= 11.2 ' (27)
0 I 0 S

N
[N
N[

Then the quadratic form may be written as

_ Y Y
sy = [y wi|wiafQw | | =4, si]Qlq| 2
Yy Yy
-1 -1
Qbsll.zﬂm + ygsﬂ Yy u (28)
Let us now label these two quadratric forms m; and Mo,
. -1 A -1

m1 = ﬂ.2811-2g1.2’ m2 = Q£S22 Yy (29)

and consider whether they are affected by the transformation G(-) in Eqn. 18.
Lemma 3: The 2-D pair (1, mge) = (QJ{.QSIII.QQM,%SQ_;QQ) is invariant to the transformation
G(-) of Eqn. 18, for multi-rank signal subspaces.

Proof: To prove this, we identify the sum as

Tho = My + e = y'S ™1y, (30)
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and show that (1, 7he) is invariant. That 7y = Mg — 7he is invariant then follows trivially. We
again refer to the pre and post multiplying matrices, as A and U, as defined in Equation 19. The
test vector and training data matrix are transformed as y’ = Ay and X' = AXY. Then my is

invariant by a straightforward calculation:

-1
iy = 'Sy = ylAl (AxuXTAT) T Ay

~1 ~1
— yhAfA (XXT) AT Ay =yt (XXT) g =i,
Similarly, for 7s we have y,, = I'y, and X5 = I'X,U. This gives

-1
iy = yisi'y, — Tt (TX.UUMXIT?) Ty,

-1 —1
= P (GX]) T Ty, =yl (XaXE) gy = W

In the case of a dimension-1 signal subspace (p = 1), m; and my in Eqn. 29 simplify to the
2-D maximal invariant identified by Bose and Steinhardt. Note that for a rank-1 signal, the
steering vector in our rotated coordinate system is given by ¢ = ¢; = [1 0---0]T. Then by
using Eqn. 26, my in Eqn. 22 is given by Eqn. 29. Furthermore, Lemma 2 identifies the sum of

m1 and o as gTsflg, meaning that Eqn. 23 may now be obtained as follows:

A~

-5 syl my my

= = = . 31
YT ST yisTy)  THySTy T g oy

Bose and Steinhardt showed that (71, 72) are not only an invariant of G(-), but a maximal
invariant. This means that any two data matrices [y, X] and [y’, X'] that yield the same value
for the pair (721, m2) are related by a linear transformation in the form of Eqn. 18. This result
is extendable to the general multi-rank signal case, which we now state as Lemma 4.

Lemma 4: The pair (mq,m2) of Eqn. 29 is a 2-D maximal invariant for the transformation
of Eqn. 18, in the general case of multi-dimensional signal subspaces. Proof: This is shown in

Appendix A.

C. ACE: a 1-D Mazimal Invariant for an Inhomogeneous Detection Problem

The adaptive analogue to the hypothesis testing problem of Section II-B is one in which the

test and training data are required to have the same covariance structure, but not the same
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scaling:
o’R ‘ 0
cov(vec([g\XD) = (32)
0 ‘ R®Ig
Accordingly, we can require invariance to the more general transformation:
A Bf y, Xi v of
G, (lyIX]) = (33)
0o T Y, X2 0 U

This is identical to the transformation of Equation 18, except for the introduction of the scaling

7, whose only effect is to scale the test vector y by ~, and to accordingly scale its covariance by

7

Again, the statistics 71 and 9 are no longer invariant to G~ (+): M} = 2y and b = 2.

However, their ratio, mg = Z; 18 an invariant, and furthermore it is a maximal invariant to this

transformation. The ratio B = 1-Tn31 3 is the ACE statistic, and is also a maximal invariant. This
brings us to our first key result.
Theorem 1: The ACE statistic § = 1?7%3 is a mazimal invariant with respect to G, (). Proof:

Since B is a monotone function of mg it suffices to show that g is a maximal invariant, which
is proved in the same way that Proposition 1 was proved from Lemma 1 in Section II-B. 1

The adaptive statistics B and mg are related as follows:

~ A

™ P opo E s (34)
my 1-03 1+F 1+mg  mip+mg
Then in the cases of rank-1 and multi-rank signal, the maximal invariant ACE is given by
; TSyl
B (%Tsjly)(g;s_lg) zn p=1;
fq-1 Q-1 —-1Eytq-1 3|2
p o USROS MRS [Pt )

where G = S"2H and zZ= Sfég.

IV. ACE HAS MONOTONE LIKELIHOOD RATIO
A. The Statistical Distribution of ACE

We consider the distribution in the general multi-rank case, where the signal subspace has

dimension p to accomodate uncertain signal waveforms. We begin with a result in [22], [4],
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which is that the ”"F” version of ACE has a stochastic representation in terms of five statistically

independent random variables,
2

. , (36)

ho
P =iy

+h3

where n and hgz are Gaussian distributed, and g%, h3 and h? are chi-squared distributed. More
specifically, n and g2 model the random realizations of the test-data vector y, and are distributed
as n ~ CNp[g(HTR_lH)*%HTR_lHQ, L] and ¢g* ~ x%_,[0]. The random variables hi, h3 and
hs account for the random realizations of the training-data matrix X, and are distributed as
h? ~ x%_nial0], ho? ~ X%(—N—i—p—i—l[o]’ and hg ~ CN,[0,I,]. In all derivations we assume
the distributions are obtained from complex Gaussian random variables, wherein N degrees of
freedom refers to a random variable generated from N proper complex normal random variables
of unity variance, or equivalently from 2N real random variables of one-half variance.

The determination of the density function for Fis simplified by conditioning on the beta-

distributed random variable b = ~ Bk-N+14p,N—p (an approach used by Kelly in his

h3
study of ) [14]). Letting L = K — N + 1, the density of b is a beta density with L +p and N —p
degrees of freedom:
bL+p_1(1 _ b)N—p—l

The coefficient B(L+p, N —p) = % is a beta function, where I'(-) is a gamma function.

f(b) = , 0<b<l. (37)

Then it can be shown [23], [24], [4] that conditioned on the beta-distributed random variable

b, Fin Equation 36 has a non-central F distribution:

. 1
F|bNFp’L[Oéb} m, (38)

where the parameter o = /ﬂgTR*lQ, 1 = H0, is the non-centrality parameter. In the case of
sensor array detection, it is the output signal-to-noise ratio (SNR) of the array. The arguments
p and L are the numerator and denominator degrees of freedom, respectively.

It is well known that the non-central F density can be written as a mixture density, an infinite

sum of central F densities, weighted by Poisson coefficents [11]:

fqr x; ;u ZP m /J fq-l—mr(x 0) (39)
m=0
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2\ym 2
(H )' e H ,
m!

where the non-centrality parameter p? appears in the Poisson coefficient P(m, p?) =
and foqm,(2;0) is a central F density with ¢ + m numerator and r denominator degrees of

freedom. Conditioned on the parameter b, the density of F is then given by

. P(m,a-b) (1- b)p+mﬁp+m*1
f(F|b;a) = 40
(£] X:OB(Lp—I—m )1+ (1 — b)F]Ltptm’ (40)
Making the change of variable 3 = 1+—F’ we have
. i grtm=1(1 _ g)L-1 (1 — p)p+m
1) = - P,y ? AT (D) (41)

= B(p+m,L) [1— bp|Ltptm’
Note that each term in this infinite series contains a beta density with p +m and L degrees of
freedom.

By integrating over the marginal density of b, the non-central density of ACE in its B form

may be written as an integral:

A~

f(Bia) = (

_ / i m " b ﬁp+m—1(1 - B)L—l (1 - b)p+m bL+p_1(1 - b)N—p—ldb(42)
m=0

\

B(p+m,L) [1—bp|Ltrtm B(L+p,N —p)

o™ ﬂp—}—m—l(l o B)L_l 1 bL+p—|—m—1(1 . b)N+m71
- Z B(L+p.N-p) B(p+m,L) /0 [1— bf|Ltp+m

e 2%db. (43)

Under the Hy hypothesis (o« = 0), only the first term of the summation remains, and the

density is given by

f(53;0)

>
I
h
2
&H
=
SN
o

/13P—1<1—B>L—1 (1—bp bt —pNt )

B(p,L)  [1—bp]k+r B(L+p,N —p)
Ap— NL— — N-1
_ 1 ﬁp 1(1 o B)L 1 . /1 bL+p 1(1A_ b) ..
B(L+p.N-p)  B(p,L) o [1—bBLtr

(45)

There is an interesting connection between the dependence of the distribution on the output
signal-to-noise ratio a and invariance theory. Space constraints do not permit a full discussion of
it here, but the transformation group G,(-) on the data matrix [y|X] induces a transformation
group G,(-) that acts on the parameters (uy,R,0?). The distribution of the statistic that is

a maximal invariant with respect to G,(-) (i.e., B) will then depend on the parameter which
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is a maximal invariant with respect to G(+) (this is Theorem 3 in Chapter 6 of [11]). In this
case, @ = ,uQQTR_ly = p20"THTR1H/ is the maximal invariant with respect to the induced
transformation éy(-), and the distribution of B thus depends on a.

To summarize, Eqns. 42 and 44 are representations for the density of ﬁ for @« > 0 and for
a = 0. These can be used to obtain numerical approximations for the densities, as shown in
Figure 1, for various SNRs. The corresponding log-likelihood ratios are shown in Figure 2. Plots
such as these suggest that the conjecture that ACE has monotone likelihood ratio [18] might be
true.

We wish to prove that this is true, for all possible values of N, p, K, a > 0, and 0 < B <1.In
order to show this, our intent from this point forward is to show that the density of B possesses the
property of "total positivity,” to be defined below, and from this conclude that 3 has monotone

likelihood ratio.

B. Total Positivity

Consider the likelihood ratio, which we denote by )\(B , Q)

~

A(B;a) = fBie) = 2, (46)

f(5;0)

A threshold test on the likelihood ratio can be replaced by a threshold test on the statistic B if

the likelihood ratio is a monotone function of ﬁ This condition can be expressed as

f(B:lSOé) S f(ffo;a)
f(B150)  f(Bo3;0)

, forall 1>08 >0 >0 and o> 0. (47)

This is equivalent to positivity of the determinant of the matrix

_ [fw:o;m f(@o;a)] | (48)
f(B1;0) f(Bra)
To establish the positivity of the determinant of F, we will refer to a more general concept,
termed ”total positivity” by Karlin [20].
Definition 1 (Total Positivity, STP,) A kernel function of two variables f(x, ) is defined to

be "totally positive” of order n (abbreviated TP,,) if given n? values of the function evaluated at

the ordered points zg...x,—1 and . ..60,_1, the n x n matrix F, whose (7, j) element is given
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by F; j = f(z;,0;), has a non-negative determinant:
|F[| > 0. (49)

When the inequality is strict, this condition is called ”strictly totally positive,” and abbreviated
STP,,.

So to show that the likelihood ratio is monotone, it is sufficient to interpret f (B, «) as a kernel
function of two variables, and to show that it is strictly totally positive of order 2, or STP,. We

wish to show that

f( ﬂo,ao f(Bo; 1)

Il = ’ f(Bia0) f(Brian)

’>0; 1>061>08>0, a;>ay=0. (50)

To show this we will make repeated use of a basic composition formula, originally due to Polya
and Szego (see p.17 of [20], also [25], [26]). This formula can be stated generally in terms of
n-dimensional integrals over order-n kernels. For simplicity, we will only state and prove it here
for the order-2 case that is of interest to us.

Integral Composition. Suppose h(0, «) is the composition of two kernels g and f: h(0,a) =

J 9(8.z)f(z,a)dz. Then the corresponding determinant for k is given by an integral of determi-

‘ //H ,z) g(bo,y H’fwao f(z, 1)
z) g0ny) ||| fly.0)  fly, 1)

nants:

h(6o, cg)  h(0o, 1)

HI =
IH] Hh(@l,ao) h(01, 1)

’ dzdy.  (51)
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This can be shown by direct expansion of the determinants as follows:

// Hg(e()vx) g 907 H ‘ f z, aO f(xaal)
a2y g(@l,ﬂf) g 917 ya Oéo f(yaal)

- / / (900, 2)9(01.4) — 9(B1. 2)g(B0, 1)) [F (. 00) f (4, 1) — £z, o) (1, x0)] dcly

‘dxdy

- / / (960, 2) (. a0) - 9(01.9) f (4, 1) — g(60,9) (g, o) - g(61, 2)  (x, a0)] drdy
+ / / (960 9) £ (. 0) - 9(61.2) f (. 1) — g(60,2) f(z, 1) - g(61.4) [y, a0)] drdy
<y

- / / (960, 2) (2. 0) - 9(61.9) £ (4 01) — (60, v) (y: o) - g(B1 2)  (x, a0)] drdy

- / 90, 2) f(z, a0)dz / 9(01.9) (4> a1)dy — / 9(00.9) (0, a1)dy | 90, 2)f(x. a0)dz
= h(@o,ao)h(Ql,al) — h(@o,al)h(Hl,ao). (52)

We will use the fact that the formula also holds if the composition is a sum rather than an
integral.

Sum Composition. Suppose h(0,a) =, g(0,x;) f(x;, «). Then we have,

H h(0o,a0) (6o, 1)
h(elaa(]) h(elaal

‘ H (60, z1)  g(6o. ) HH (x1,00)  fla. 1)
(O1,21) 901, 2m) || || f(Zm,0)  f(2m, 1)

’ . (53)

This is shown in same manner as the integral composition formula (note that the determinants
are zero when | = m).

From these formulas it can easily be seen that the property of total positivity is preserved
under such compositions. The following lemma makes this precise.

Lemma 5 (Preservation of Total Positivity) If h(6,«) = [ ¢(0.z)f(z,a)dz, and f and g are
both STPs, then h is STPsy. Proof: This can be seen directly from Equation 51. The property
of STP,y for f and g insures strict positivity of the integrand, which insures strict positivity of
the integral, and thus STPs for h. STPs is also preserved for sum compositions of Equation 53,
provided the number of terms in the sum exceeds one (note again that the determinants are zero

when | = m).
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C. Total Positivity of ACE

Lemma 5 may be applied repeatedly to show that the density f (B, a) is STPy for positive a.
Lemma 6: The density f (B, «) is an STP9 kernel with respect to B and a, for positive a.
Equivalently, the likelihood ratio is monotone for positive SNRs:

[Brian) _ [ (Boin)
f(Biia0)  f(Bo; o)

Proof: Referring to Eqn. 42, we make the change of variables £ = ab, and rewrite it as the

, 1>061>080>0; a1 >ay>0. (54)

integral composition of two kernels, G(3,¢&; o) = f(3|b; a)‘b:.f/a and H(§, o) = f(b)‘bzg/a:

:/OOOG(Baf,a)H(ﬁ,Oz)dﬁ, a>0 (55)
The kernels are given by
00 +m 1 l@)L*l (1 _ %)p+m .
ﬁ 6, Z—:0 p+ m, L) (1 — gB)L-i—p-i-mP(mv g)a (56)
(Q)L+ 11— Q)prﬂ
H(f, a) - : > X[O,a) (g)v (57)

where P(m,§) = ,e ~¢ is a Poisson coefficient and X[0,0)(§) is an indicator function (one on
[0, ), zero elsewhere).

Furthermore, G(3,&; o) may be written as the sum composition of two kernels Q(ﬁ, m; &, )

and P(m,§):

G(B,&a) = Y Q(B.m;& a)P(m,f);
m=0

N G Ut ¥

Q(ﬁam; fa Oé) = B(p+m, L) ( _ §§)L+p+m. (58)

The strategy for the remainder of the proof is as follows, with the details contained in Lem-
mas 7 through 10 in Appendix B: (1) Show by direct calculation that the kernels Q(B, m; &, ),
P(m,¢), and H (&, «) are totally positive (STP2) (Lemmas 7, 8, and 10). (2) Use the summation
composition formula and Lemma 5 to show that G(8,¢; ) is totally positive (Lemma 9). (3)
Use the integral composition formula to show that f (B, a) is totally positive. W

A continuity argument in Appendix C extends this result to the case ag = 0. Then we have

the following theorem, which is a key theoretical result of this paper:
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Theorem 2: The likelihood ratio for ACE is monotone:

f(B};al) - f(@E);Oél)
F(Br:0)  f(Bo;0)

Theorem 1 shows ACE to be a maximal invariant, and Theorem 2 shows its likelihood ratio to

1>01>08>0;, a1 >0. (59)

be monotone. Together they establish ACE as a UMP-invariant statistic for threshold detection.
The following theorem makes this precise.

Theorem 3: A threshold test on ﬁ is UMP-invariant out of all tests that are invariant to the
transformation group G (-) of Eqn. 33. Proof: Because (3 is a maximal invariant, any test that is
invariant to G,(-) depends on the data matrix only through . By the Neyman-Pearson lemma,
a threshold test on the likelihood ratio of 3 is then Most Powerful (MP) out of all tests that are
invariant to G(-). That is, a Neyman-Pearson likelihood ratio test is a MP-invariant detector
for a given value of output-SNR «. Because ﬁ has monotone likelihood ratio, the Karlin-Rubin
Theorem [11] then makes a direct threshold test on B uniformly most powerful, that is, MP for

alla. W

V. CONCLUSIONS

We have extended the transformation group of Bose and Steinhardt to accommodate the
problem for which the ACE is a GLRT, that is, where the covariance of the primary test vector
can be scaled relative to that of the training data. With this extension, we have proved that
ACE is a maximal invariant with respect to transformations that include such scaling.

With the additional property of total positivity, we have shown that ACE has monotone
likelihood ratio, and thus that a threshold test on it is UMP-invariant. This provides a precise
statement of the class of tests for which ACE has optimal detection performance. The structure
of the transformation group gives additional insight into the scenario for which ACE can be
expected to be advantageous, namely one in which there is a lack of scaling homogeneity between

the test-data and training-data.
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VII. APPENDIX
A. The Maximal Invariant for the Homogeneous Detection Problem

Proof of Lemma 4 We must show that if we are given two data matrices [y, X] and [y, X'] such
that 7y = 7] and 7hg = 7, we can construct a transformation in the form of Eqn. 18 relating
the two data matrices. The proof is a variation on the method presented by Raghavan, Pulsone,
and McLaughlin in Appendix B of [8].

_1 .
Introduce the vectors z; 5 = Syy%y, , and z; = Sy,’y,, which are adaptively pre-whitened by

=

the appropriate components of the covariance matrix. Then m, = gbgm and mo = ggg? Re-
ferring to the block-Cholesky factorization of S™1 in Eqn. 26, consider the block upper-triangular
filtering matrix W, and block diagonal pre-whitening matrix Q defined in Eqn. 27. Then we

have
Z1.2 Y12 Yy
=Q = QW = QWy. (60)
Z2 Yy Yy
The condition ) = my implies that the vectors z} 5 and z; 5 are equal in magnitude and
related by a unitary transformation: 2} , = T1.2z; . Similarly, 2}, and z, must also be related by

a unitary transformation: z5, = Taz,. Defining a new block-diagonal unitary matrix T formed

from T2 and Ts, we can express this as

2 T 0 z z

£1.2 _ 1.2 £1.2 -7 1.2 or

2y 0 T 29 2
Q’W'_’ =TQWy (61)
—y =WQT'TQWy. (62)

Note that the matrices W=, Q'~!, T, Q, and W are all upper block triangular, and therefore

so is their product. So g’ and y are related by a block upper-triangular transformation in the
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form of the pre-multiplying matrix of Eqn. 19. We denote the matrix by A’ = W/=1Q " 'TQW:
Yy =WlQ'TQWy = A'y. (63)

Now consider the training-data matrices X and X’, transformed the same as their associated

test-data vectors in Eqn. 61:

Z =QWX'; Z=TQWX. (64)
From Eqns. 26 and 27, we have
st = wiQiQw; —s=w'Q'Q"'wi!
— QWSWIiQf =1 (65)

So QW block diagonalizes the sample covariance S. (This can be verified directly by multiplying
the matrices out.) Up to this point, this proof has followed that of [8], except that in [8] (y,S)
is transformed, rather than (y, X).

As a consequence we have that the rows of Z and Z’ are orthonormal:

/Al TQWXX'WIQITI = TQWSWQIT! = TTf =1

777 = QWXX'TWIiQl=QWswWiQi=L (66)

Therefore we can extend Z and Z’ to full unitary matrices V and V':

Lol [2] Lol - o) [ ol

This gives Z'V'T = ZVT = [I|0], and thus
7' =ZV'V' = 72U (68)

where U’ = VIV’ is also a unitary matrix. Now substituting in Eqn. 64 to write these matrices

in terms of the original training-data matrices, we have

QW'X = TQWXU

— X' =WlQT'TQWXU' = A'XU'. (69)
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Combining Eqgns. 63 and 69, we have

y = Ay X' =AXU, (70)
of

1
= X]=Ax] | . (71)
0 U

where A’ is block upper-triangular, and U’ is unitary. Thus the Lemma is proved: given data

matrices that produce the same value for the pair (7hi,7z2), these data matrices are related by

a linear transformation of the form of Eqn. 18. N

B. Total Positivity for Positive SNRs, o > 0

Lemma 7: The kernel P(m, &) of Eqn. 56 is STPy with respect to m and &.

Proof: We want to show that

P(mlagl) > P(mlag())

P(mOagl) P(mO,fO) for my > my, gl > 50- (72)

Let 6 = m1 — mg > 0. Using the Pochammer notation to indicate a ratio of gamma functions,

(x)s = Fgfg)&), the ratio can be written as

P(mlvé—) _ 55
P(mo.€)  (mo— 1)’ (73)

which shows the ratio to be monotone increasing in & for all my > mg. B
Lemma 8: The kernel Q(B,m;f, a) of Eqn. 58 is STPy with respect to B and m.
Proof: Equivalently, we show that the derivative of the ratio Q(B, mi; €, o)/ Q(B,mo; & a) is

positive. The ratio is given by

R A e\ °
Q(B,m1;¢,a) ﬁ<175) (p+mo+L)s

- = - 74
Q(B, moi €, ) "5 ) prmoks (74)
and the derivative with respect to B is given by
4 (Qmsea) _ (8 pomsns )
dB Q(Ba mo;gu Oé) (1 _ £/8>5+1 (p+m0>5 ’

A~

0<é<a, 0<fB<1. W (76)
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Lemma 9: The kernel G(B, Ga)=> ", Q(B, m; &, a)P(m, &) of Eqn. 56 is STP2 with respect
to B and &. Proof: Both P and @ are STP4 by Lemmas 7 and 8. Then the summation composition
formula and Lemma 5 ensures that the composition G is STP,. R

Lemma 10: The kernel H (€, ) of Eqn. 57 is STP9 with respect to § and «, for £ < a.

Proof: The determinant that defines total positivity, H(&o, o) H (€1, 00) — H (&g, 1) H (€1, ),

is zero for & > &y > ap. It is non-negative for & > agp > &y, being given by

H (&, c0)H(&1,00) 2 0. (77)

It is strictly positive for £y < &1 < «g, which can be seen by considering the derivative of the

ratio H (&1, «)/H (&, @) with respect to a. The ratio is given by

H(&,Oé) B <Q>L+p1 <a€1>Np1
HE o) \& P— ! (78)

with a positive derivative given by

Ltp—1 — &)N-2
ia (M) _ <5_1> YN kS AP TP B

H (&, @) €o (a—&)Nr
fo<&i<a N (79)
Proof of Lemma 6: The lemma states that the density f( B;a fo ﬁ & a)H(E, a)df is an

STP, kernel with respect to 8 and a, for positive . From Lemmas 9 and 10, we know that G is
STPy and that H is STPs for £ < a. Then by the integral composition formula and Lemma 5,
f (B ;) is STPg, with the additional observation that the integrand is non-negative, and strictly

positive for ¢ <a. W

C. Total Positivity for Non-Negative SNRs, o > 0

In order to prove Theorem 2, we need to extend Lemma 6 to zero SNR, ag = 0.
Proof of Theorem 2: An inequality for ag = 0 can be established from the continuity of f (B Q)
with respect to a. We first show the soft inequality

f(Brsan) S f(Bo; 1)

= =~ . A
f(B1;0) — f(Bo3;0) (4) (80)
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We prove this by contradiction. Suppose Proposition A is not true (~ A). This would imply

£(Bo; 0)f (Brs a1) = f(Bos 1) f(Br;0) = v < 05

— [(B50;0)f(Br; 1) = f(Bos 1) f(Br; 8) + € = v, where (81)

€= |(B0:0) — £(Bo:0)] F(Bisen) — | £(B1:0) = F(B1:9)| F(Bos an). (82)
Due to continuity of f(8;a), there exists a & such that |e| < |v|, which would imply that

f(ﬁ};al) < f(ffg;al)‘
f(Br;0)  f(Bo;9)

(So ~ A — B, or equivalently ~ B — A.) Proposition B would contradict Lemma 6, so A must

(B) (83)

be true.
To show that the inequality is strict, we again prove by contradiction, supposing that it would
be possible to have equality:

f(B};al) _ f(B9;a1)_ (©) (84)
f(B1;0)  f(Bo;0)

From Lemma 6, we have
f(ﬁAljoq/?) < f(B(Pal/Z)‘
f(Br; 1) f(Bo; 1)
Multiplying the left and right sides of Equation 84 by the associated sides of this inequality, we

(85)

would have

f(Br;a1/2) f(Br; 1) < F(Bo; 1/2) f(Bo; 1)

= - - - . (86)
f(Br;e0)  f(B130) f(Bosea)  f(Bo;0)
And after cancellation we would have
f(Br;a1/2) - f(/3’o;oz1/2)’ (87)

f(6150) £ (6o 0)
which would contradict the soft inequality of Equation 80 (C' —~ A, or equivalently A —~ C).
So we cannot have equality, and the inequality of Equation 80 must in fact be strict, and the

Theorem is proven. |
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Fig. 1. Probability density functions of B Under H; the SNR'’s are 0, 4, 8 and 12 dB; data dimension is

N = 10, signal dimension is p = 1, and training-data support is K = 15.
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Fig. 2. Log-Likelihood ratios for B, for the densities in Figure 1. Under H; the SNR’s are 0, 4, 8 and 12
dB; N =10,p=1, and K = 15.



