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Abstract

We consider modeling a deterministic computer response as a realization from a stochastic
heteroskedastic process (SHP), which incorporates a spatially-correlated volatility process into
the traditional spatially-correlated Gaussian process (GP) model. Unconditionally, the SHP
is a stationary non-Gaussian process, with stationary GP as a special case. Conditional on a
latent process, the SHP is a non-stationary GP. The sample paths of this process offer more
modeling flexibility than those produced by a traditional GP, and can better reflect prediction
uncertainty. GP prediction error variances depend only on the locations of inputs, while SHP
can reflect local inhomogeneities in a response surface through prediction error variances that
depend on both input locations and output responses. We use maximum likelihood for inference,
which is complicated by the high dimensionality of the latent process. Accordingly, we develop
an importance sampling method for likelihood computation and use a low-rank kriging approx-
imation to reconstruct the latent process. Responses at unobserved locations can be predicted
using empirical best predictors or by empirical best linear unbiased predictors. Prediction error
variances are also obtained. In examples with simulated and real computer experiment data,

the SHP model is superior to traditional GP models.

Keywords: Adaptive sampling; Gaussian process; Stochastic heteroskedastic process (SHP); La-

tent process; Spatial covariance function; Uncertainty analysis



1 Introduction

Running complex computer simulations has been an influential and vital tool in many scientific
areas for exploring complicated physical phenomena. Some good reviews of modeling, design and
analysis of computer experiments can be found in Santer et al. (2003), Chen et al. (2003) and Fang
et al. (2006). We briefly review some key ideas here. In a typical computer experiment, a high-
dimensional vector € R? is used as input to a computer code, yielding an output y(z). The output
y is deterministic; i.e., running the code with the same inputs & necessarily gives the same outputs.
Because most codes are expensive to execute, one of the major goals of computer experiments is to
seek an approximation model (metamodel) that gives outputs close to those produced by the true
code but is faster to run. A statistical approach to the problem is to model the response y(x) as
a realization from a stochastic process and to construct a predictor appropriate for that process.
For example, a stationary Gaussian process (GP) leads to kriging, or empirical best linear unbiased
prediction (BLUP), which is a popular metamodeling technique in computer experiments (Sacks
et al. (1989)). A closely-related approach is Bayesian prediction of the deterministic function under
a GP model, which has also been studied extensively during the past several years (Currin et al.
(1991)).

The stationary GP is popular in computer experiments because it is straightforward to fit and
can produce prediction intervals. The stationarity assumption can be a severe restriction, however,
especially for functions whose smoothness varies considerably over the input space. In computer
experiments, some outputs do have inhomogeneous features. For example, the subsonic flow is
quite different from supersonic flow in the application of computational fluid dynamics (Gramacy
et al. (2004)). Using a stationary GP will oversmooth in some regions while undersmoothing in
others.

To overcome this limitation of stationary GP, both regression and nonstationary GP techniques
have been developed. Multivariate adaptive regression splines (MARS) have been used in the
metamodeling of computer experiments by Jin et al. (2000) and Simpson et al. (2001a). The
number of knots and locations for the splines are adaptively determined from the data to account
for inhomogeneity. Artificial neural networks (ANN) are another approach for flexible modeling of
the output from computer experiments (Chen and Varadarajan (1997) and Simpson et al. (2001b)).
The MARS and ANN approaches have implicit covariance functions, and both have large numbers
of coefficients with no clear interpretation.

Nonstationary GP models have been widely studied in the fields of statistics and geostatistics



(Higdon et al. (1999), Fuentes and Smith (2001), Gelfand et al. (2003), Sampson and Guttorp
(1992) and Nychka et al. (2002)). Most of these nonstationary models work well in low-dimensional
(R2,R3) physical experiments. Xiong et al. (2007) incorporates a nonstationary covariance function
in modeling high-dimensional computer experiments. The nonstationary covariance function is
formulated through a non-linear map with sparse parameterization, but the total number of model
parameters may still be large in complicated cases. Gramacy et al. (2004) developed a tree-based
Gaussian method to model nonstationarity in a response surface, by fitting individual GP models
within subregions. The computational cost is reduced by this method, but discontinuities across
subregions cannot be avoided.

In order to capture inhomogeneous features in computer experiment data, we adapt the idea of
heteroskedasticity modeling from time series stochastic volatility (SV) models; see Shephard (1996)
for a review. In a typical SV model, y; = €, exp(h/2), where {¢;} is independent and identically
distributed (iid) N(0,1), and {h;} is a correlated, latent process. Taylor (1986) assumes an AR(1)
model for the latent process. The SV model is parsimonious and interpretable. The conditional
variance of y; given hy is €™, so that the correlated latent process h; captures volatility clustering
effects. In his study of heteroskedasticity for spatial lattice data, Yan (2007) adapts the SV idea
by introducing a spatial stochastic volatility (SSV) component into the widely-used conditional
autoregressive (CAR) model.

Palacios and Steele (2006) extended the SV idea to a spatial context in which time ¢ is replaced
by a continuous (non-lattice) multi-dimensional index @, and where the uncorrelated noise {¢;} is
replaced by a random field Z. In a standard GP model for spatial data, the random field Z is used
to capture the small-scale variation in the deterministic computer experiment outputs. Palacios
and Steele (2006) use a spatial stochastic volatility component in a GP model to capture non-
Gaussian features in geospatial data, particularly outliers. We extend the model parameterization
used by Palacios and Steele (2006) and model a deterministic computer response as a realization
from a stochastic heteroskedastic process (SHP). Unconditionally, the SHP is a stationary non-
Gaussian process, with stationary GP as a special case. Conditional on a latent process, the SHP
is a non-stationary GP. The sample paths of this process offer more modeling flexibility than those
produced by a traditional GP, and can better reflect prediction uncertainty. GP prediction error
variances depend only on the locations of inputs, while SHP can reflect local inhomogeneities in a
response surface through prediction error variances that depend on both input locations and output
responses. We use maximum likelihood for inference, which is complicated by the high dimension-

ality of the latent process. Accordingly, we develop an importance sampling method for likelihood



computation and use low-rank kriging approximation to reconstruct the latent process. Responses
at unobserved locations can be predicted using empirical best predictors (EBP) or by empirical best
linear unbiased predictors (EBLUP). For more details on the properties of SHP and the implemen-
tation of the estimation methods, refer to Huang et al. (2008). This paper is organized as follows.
In Section 2, we review GP models and introduce the SHP model and its properties. In Section 3,
we outline the importance sampling method for likelihood calculations with the SHP model, and
introduce a low-rank kriging approximation for the latent process. We also discuss the empirical
BLUP and empirical BP for prediction. In Section 4, we illustrate the effectiveness of the SHP
model and the proposed estimation method through a 2-d mathematical test function and through
4-d and 7-d computer experiment examples. The SHP is shown to be a flexible metamodeling
approach in computer experiments that improves prediction accuracy and provides better quantifi-
cation of prediction uncertainty than standard alternatives. Specifically, SHP-guided sampling of
new inputs is more efficient at reducing prediction uncertainty than alternatives. Conclusions and

further discussion are given in Section 5.

2 Spatial models

2.1 Gaussian process model

The standard GP model for computer simulation experiments (Sacks et al. (1989)) has the form
y(@)=g(@) B+oZ(x), o>0, (1)

where g(z) = [91(z), ..., gp(x)]T are known regression functions, 8 = (31,...,8,)T is a vector of
unknown regression coefficients, and Z(x) is a stationary Gaussian stochastic process with mean
zero, variance one and correlation function p,.

Together with o2, the correlation function p, characterizes the distributional properties of the
spatially correlated error process Z(x). A major issue in modeling Z is the selection of correla-
tion function. One popular choice of the correlation function used in computer experiments is the
separable Gaussian correlation function, which has the form p,(x, ') = exp(— Zizl bk|TE — 24]?),
where ¢y, is the unknown correlation parameter for the k& covariate and xy, x are the kth compo-
nents of sample points @, x’. In this case, the generated sample path is infinitely differentiable in
mean square (Santer et al. (2003)).

Given observed data, (z1,y(x1)),..., (xn, y(xy,)), we want to predict y(-) at an untried input

T

. Let Yy = [y(wl)vvy(wn)] y Tz = [pz(w07w1)7”‘7p2(a:07wn)]T7 RZ = [pz(mha:j)]z]:la G =



[g(x1),...,g(x,)]T and B = (GTR;'G)"'GTR; 'y, the generalized least squares estimator. Then
the best linear unbiased predictor (BLUP) for y(x) is

j(xo) = g(xo)" B+ r." R (y — GTB), (2)
with mean square prediction error
var(j(o)) = o {1 = 7R, + (glwo) — GTR: ') (GTRIIG) ™ (g(wo) — GTR ')} (3)

The BLUP interpolates all the observed data points, which is an advantage of GP in modeling
deterministic computer code outputs. The empirical best linear unbiased predictor (EBLUP) for
y(xo) is then

j(xo) = g(z0)" B+ IR (y - G'B), (4)
where 7, and R, are obtained by plugging in estimates, such as those obtained by maximum

likelihood, for the unknown parameters ¢q, ..., ¢q.

2.2 Stochastic heteroskedastic process model

One approach to modeling nonstationarity is through scaling (Banerjee et al. (2003)). If Z(x)
is a stationary process with mean zero, variance one, and correlation function p, and o(x) is a
pre-specified deterministic function, then W(x) = o(x)Z(x) is a nonstationary, heteroskedastic
process. Alternatively, if o(x) is a random process, then W (x) is conditionally heteroskedastic, but
has a probabilistic structure that is characterized by a small number of distributional parameters
instead of by an infinite-dimensional function. This is the motivation for the definition of the

stochastic heteroskedastic process, or SHP, given as follows:

y(@) =g(@) B+ W),
W(x) =oexp <%(az)> Z(x), o>0, 71>0, (5)

where a(x) and Z(x) are two independent stationary Gaussian processes with mean zero, variance
one and correlation functions p, and p, respectively. In the remainder of this paper, we take pq
and p, to be isotropic correlation functions with range parameters ¢! and ¢, ! respectively. The
overall trend is g(x)?3 and W (x) represents local variation. The latent process a(z) is used to
model local inhomogeneities, in the sense that large, positive values of «(-) in a neighborhood of
x allow for large changes of the response y(-) in that neighborhood. Palacios and Steele (2006)

consider model (5) for geospatial modeling, with p, = p..



The y process has mean g(z)? 3, variance o2 exp(72/2) and kurtosis 3e™. Since the kurtosis
is greater than 3, the y process has tails heavier than those of a normal distribution. Using the
independence of the o and Z processes, it is easy to show that W is isotropic with unconditional

correlation given by

(@) =exp (7 + 17palla =) polla o)), ()

Figure 1 shows realizations from GP and SHP models, where ¢, and ¢, are Matérn correlation
functions with smoothness parameter v = 2.5. The figure shows the versatility of the SHP model.
The SHP can produce realizations similar to those from GP for certain model parameter values, e.g.,
small values of ¢, and 72, as shown in panel (c). Furthermore, the SHP model can also produce
inhomogeneous realizations for large values of ¢, or 72 (panel (d)). While the unconditional
correlation functions for GP and SHP in panels (a) and (b) are nearly identical, the realizations are
remarkably different. The realization from the GP has a relatively uniform degree of smoothness
over the whole input domain. In contrast, the realization from the SHP model has some local
inhomogeneities. The local variation in the response surface becomes more obvious with increasing
¢o and 72. The smoothness of the SHP realization varies over different parts of the region, which
is due largely to the inhomogeneity of the conditional covariance, given the latent process a:

o) = oexp (T4 (e - o'l exp (122 ")

Equations (6) and (7) indicate that W process is conditionally heteroskedastic and unconditionally

stationary.

3 Estimation and prediction

3.1 Likelihood calculation

Due to the presence of the latent process a in the SHP model, there are no closed-form expressions
for the likelihood function, and we consider simulation-based alternatives for its computation. We
focus on importance sampling methods, which have proven successful in related time series models
(Danielsson and Richard (1993), Durbin and Koopmans (1997), Davis and Rodriguez-Yam (2005)).
Let y := (y1,...,yn) denote the vector of observations and a := (ajq, ..., ;) the vector of latent

process values at input values x1,...,x,. Let @ := (6, ¢,) denote the model parameters where
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Figure 1: Simulated realizations from four processes. Panel (a): GP with ¢ = 6.4. Panel (b): SHP
with ¢, = 8.5 and ¢, = 4.4. Panel (c): SHP with ¢, = 1 and ¢, = 3.3. Panel (d): SHP with

0o = 12 and ¢, = 11. All correlation functions are Matérn with v = 2.5. All a processes use one

common noise sequence, and all Z processes use another noise sequence.



0 = (02,72,¢.,8). The joint density of (y, a) for the SHP model is given by

ply,ald) = plyla,0)p(aléa)
— Pyl O)|FalFexp (—jaT R e ) (20) ©

n

where Ro = [pa (|2 — x;|)]; ;,=;, which only depends on ¢q.

It follows that the likelihood of the observed data is given by the n-fold integral

Litpiy) = / Py, cfop)dox = / p(ylox, 0)p(ldo)der. (9)

In this paper, we use importance sampling as implemented in Davis and Rodriguez-Yam (2005)
(see also Durbin and Koopmans (1997)) to approximate the likelihood function given in (9). We
first obtain a density p,(a|y, ) as an approximation to p(a|y, ) and then use p,(a|y, 1) as an
importance density.

The construction of the importance density involves a Taylor series expansion of log p(aly, )
in a neighborhood of the posterior mode of p(ay, ). Refer to Huang et al. (2008) for details

of constructing the importance density. Let a* be the mode of p(y, a|t). Then the importance

density is
pa(ely, ) =N (o, (K" + R (10)
and
K= 47722(3 + diag{c}),
B = diag {exp (—%) } diag{y — g"B}R; 'diag(y — 9" B}diag {exp (—%)} ,
c= [exp (—%)]T diag{y — g" B} R 'diag{y — g" B} [exp (—%)} : (11)

Using p,(a|y, 1) as an importance density function to implement Monte Carlo integration, the

integral in (9) can be rewritten as

) = [Pl Oplaléa) o — B | PWla 0)p(aléa)
L) = [P ey ) E[ Palely. D) } (12)

If o, ..., a™) are drawn from p,(cy,), then (12) can be approximated by

N . .
1 p(yla?, 0)p(a|¢.)
L(sy) ~ — : : (13)
N ; Pa(aD]y, 1)
To compute this approximation, we first simulate one set of common random draws u®, ..., u®)

to be used in every evaluation of the likelihood. Then, for a given value of v, we generate (9 from



u® for i =1,..., N and use these to evaluate (13). It is standard practice to use common random
numbers in computing a likelihood with an importance sampler, since this smooths the estimated
likelihood surface, reducing Monte Carlo error in the approximation and facilitating convergence
of the numerical optimizer.

In order to calculate the importance density (10), we need to find the posterior mode a* by
maximizing (8). Since the dimensionality of a is the same as the number of observations, it can be
difficult to find a* especially for a large data set. To reduce the dimensionality in this optimization
procedure, we adopt the low-rank kriging method (for details, refer to Ruppert et al. (2003)) to
approximate the latent vector a.. Let kq,...,k; be a set of knot locations. The knots are chosen
from the observed locations, and evenly spread over the input domain. The simulation study shows

that 10 — 12 knots work effectively in this low-rank approximation. Then « is approximated by
oa=Bw, w~N (O,Q_l) , (14)

where B = [po([|zs — kjl)]1<i<n,1<j<s and Q = [pa (||k; — K|)]1<;,57<s. We substitute (14) into (8)

and maximize the likelihood with respect to w to get w . Then o™ is approximated by Bw.

3.2 Estimation for o2

In simulations not reported here, we find that the likelihood tends to be flat for a wide range of
large o2 values. Unlike the GP case, the parameter o2 cannot be profiled out of the SHP likelihood
in (9), and it is numerically difficult to estimate o2 as part of the overall optimization. We propose

an alternative method starting with the sample variance:
1
P —— A 2
5T on(n — 1) ijzk:(y(wﬂ y(xr))”,

which has expectation

2nn—1

U ex 2
B(s?) = 22 ST T2 NSNS (s — )
i k

under the SHP model. Rearranging this expression, we have

s nln—1)exp(—r2/2)B(s)
T oS, sy (T — ) (15)

Rather than maximize the likelihood jointly with respect to all parameters, we fix o2 at the sam-

ple variance and maximize (13) only with respect to (72, ¢, ¢.,3) to get estimates (72, <;§a, <;§Z, B)



Then, by substituting F(s?) with s? and plugging other parameter estimates into (15), an approx-
imately unbiased estimator for o2 is given by

9 n(n — 1) exp(—72/2)s?
52 =

Con? =30 2 by ([l — well)

(16)

3.3 Estimation of function of volatility

If vp were known, a function f(-) of the latent process « at observed locations can be estimated as

the conditional expectation E[f(a)|y, %], given by

Elf(a)ly, 4] = / f(@)p(aly, $)da
[

(a)p(yley, O)p(a|dy)da
S p(yla, 0)p(a|da)dex
Eu[f(a)p(yla, 0)p(a|a)/palcly, )]
Ea[p(yle, 0)p(alda) /pa(aly, ¥)]

(17)

We are specifically interested in estimating « and exp(7a/2). Once the estimates of parameters '1:0
are obtained, we sample oV, ..., a®™) from oy, @L) and approximate the conditional expectation
in equation (17) by Monte Carlo integration.

Consider an unobserved location xg. Given ¢,, the joint distribution of (a(xg), &) is multivari-
ate normal. The mean of p(a(xo)|a, ¢o) is 7L (o) R, o, where 7o (x0) = [pa(||[Zo—21]]), - - -, pa(||To—
x,|)]T and R, is the n x n correlation matrix for a.. It is easy to show that Ela(zo)|y, ] =
rl(zo)R, ' E[a|y,]. Plugging in estimates of a and ¢,, an empirical best predictor (EBP) of
a(xo) is given by

(o) = 74 (o) R, éx. (18)

3.4 Prediction of y process

For multivariate normal, it is well known that if all parameters are known, then the BP (best
predictor in terms of minimum mean square prediction error) is the same as the BLUP (best
linear unbiased predictor). The SHP model is unconditionally non-Gaussian and conditionally
heteroskedastic Gaussian given the latent process a. If all parameters and the latent process are

known, then the BP and BLUP are not the same under the SHP model.
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Best Predictor

Given the latent process «, the joint distribution of y(x(o) and the observation vector y is het-

eroskedastic Gaussian. The conditional covariances of (y(x(),y) are given by

Cov(y(xo), ylth, a(mo), @) = o exp(ra(ao)/2)r:(wo)" diag {exp(ra/2)},
Var(yl,a) = o?diag {exp(ta/2)} R.diag {exp(Ta/2)},
Var(y(zo)[9p, a(@0)) = o exp(ra(wo)), (19)
where 7 () = [p-(|xo — x1])), ..., p-(]|To — x,||)]T. It follows that the mean and variance of the

conditional distribution p(y(xo)|y, ¥, a(xo), o) are

E(y(a:o)|y,1/:,a,a(ac0)) = B
+exp < ) (x0)T R, 'diag {exp ( %)} (y — GTB),(20)
Var(y(@o)ly, 1, a(®0)) = o exp(ra(ao))(1 —72(w0)" R 'r.(20)). (21)

We then compute

E(y(zo)ly,¥) = E[E(y(zo)|ly, ¥, a, a(z0)) |y, ¥

= g(xo)'B
e )

Since the joint distribution of (a(x(), &) is normal, we get
Ta(xg) To  T2vg

2 8
where p1g = 7o (20)T Ry v and vy = 17, (x0)T R, 'r, () are the mean and variance of p(a(zo) |, ¢a)-

Y, 14 (y—G"B). (22)

Plugging (23) into (22), we obtain the best predictor of y(x¢).
For Var(y(xo)|y, ), we have that

Var(y(zo)|y, ) = E[Var(y(zo)ly, o(zo), ¥)|y, ¢] + Var (E [y(zo)ly, o, alxo), ¥] [y, ), (24)

where

2’[)
B Var(y(eo)sa(en). 0y 9] = 0 |exp (o + 750 ) (1= (o) s v o)

Y, tb} (25)

11



and

Var (B y(@o)ly, o a(@0), 9] |y, %)
= Elewp (o + T2 ratan)” B ding fexp(—ra/2)} (v~ 6T B)w — &7 B)'

xdiag {exp(—Ta/2)} R7 'r.(zo)ly, ﬂ — (Ely(mo)ly, ¥] — g(w0)"8)" . (26)

Since (22) and (24) are functions of o, we can obtain the empirical best predictor (EBP) and its
estimated prediction error variance by plugging in estimated model parameters and evaluating the

posterior means of the a functions by Monte Carlo approximation through (17).

Best Linear Unbiased Predictor

An alternative to the BP is the BLUP given unconditional distribution. The advantage of the
BLUP is that it is easy to compute from equation (2). Of course, the BLUP would coincide with
the best predictor if the joint distribution were Gaussian with unconditional covariance given by

(6). For more details, refer to Huang et al. (2008).

4 Empirical Results

In this section, we use a two-dimensional test function and four-dimensional and seven-dimensional
computer experiment examples to illustrate the prediction accuracy of the SHP model compared
with the Gaussian process (GP) model. Out-of-sample root mean square prediction error (RMSE)

is used as the criterion to assess model performance.

4.1 Two-dimensional test function

We consider f(z) = 10x7 exp(—z% — x3), a rescaled version (x10) of the function used in Gramacy

et al. (2004) to evaluate the treed GP fitting procedure. The function is evaluated on a uniform
21 x 21 grid of points on [—2,6] x [-2,6]. The surface is plotted in Figure 2(a).

To compare the model accuracy of SHP with GP, a training data set of size 20 was chosen
from the grid points. We used Latin hypercube sampling (LHS) to place 12 points in the quadrant
[—2,2] x [-2,2] and 8 points in other areas. The sampling was implemented through the R package
tgp (Gramacy (2007)). After fitting the 20 points with a GP model and a SHP model (using
isotropic Gaussian covariance functions for the GP and for o and Z in the SHP), we predicted the

other 421 grid points and computed the RMSE. This process of sampling, fitting, and predicting

12



was repeated 100 times. Summary statistics for the 100 RMSEs for each method are given in
the first row of Table 1. The SHP model with BP given by (20) has smaller RMSE in 75 of the
100 trials, and its average RMSE is about 19% smaller than that of GP. We give an example of
fitted surfaces in Figure 2(b) and (c). The plots show that the SHP model is able to catch peaks
better than the GP model. In this example, the latent process o does a good job of capturing the
inhomogeneous features of the function.

The GP model is popular for metamodeling in computer experiments not only because it can
fit complex functional forms, but also because it provides a measure of prediction uncertainty
given by the prediction error variance. Adaptive sampling can then be conducted by selecting new
inputs with probabilities proportional to their prediction error variances. The SHP model can also
be used for adaptive sampling, using the empirical version of its prediction error variance (24).
We compare the effectiveness of these prediction uncertainty measures in terms of out-of-sample
prediction RMSE in adaptive sampling.

We fit each of the 100 initial tgp data sets of size 20 with the SHP model and quantify the
prediction error variances. Another 20 points are adaptively selected from the grid with probabil-
ities proportional to SHP model prediction error variances. This sampling without replacement is
implemented by the R function sample (Team (2005)). Once we update the sample size to 40, we
fit the 40 points with SHP and GP models, compute the RMSE at the remaining 401 grid points
for each model, and select an additional 20 points with probabilities proportional to the updated
SHP prediction error variances. We fit the 60 points with SHP and GP again and compute their
RMSE at the remaining 381 grid points. These results are displayed in rows 3 and 5 of Table
1. The whole process was repeated using GP model prediction error variances in increasing the
sample from 20 to 40 and then to 60. These results are displayed in rows 2 and 4 of Table 1. The
table shows that regardless of the way the points are adaptively sampled, the SHP dominates the
GP in every case by producing smaller average RMSEs. Further, the SHP does an excellent job of
guiding the selection of new points in adaptive sampling. SHP adaptive sampling produces smaller
average RMSEs regardless of whether predictions are computed from GP or SHP. Ranking the
combinations of adaptive sampling strategy and prediction method by average RMSE (at sample
size 40 or 60), the best is SHP sampling with SHP prediction, followed by SHP sampling with GP
prediction, and GP sampling with SHP prediction. The worst combination is GP sampling with
GP prediction.

The plots in Figure 3 and Figure 4 illustrate how GP and SHP, respectively, generate adaptive

samples. Figure 3(a) is the image plot of true absolute errors |y — ¢| for the GP model based on

13



Table 1: Summary statistics for 100 replicates of out-of-sample RMSEs for GP and SHP(EBP),
with different sample sizes and sampling strategies. The final column indicates the percentage of

GP/SHP RMSE ratios that are greater than 1 (favoring SHP) out of 100 replicates.

sampling sample  average average percent
strategy size GP RMSE SHP RMSE >1
20 tgp 20 0.513 0.418 75
20 tgp +20 GP 40 0.371 0.221 83
20 tgp +20 SHP 40 0.165 0.114 66
20 tgp +20 GP +20 GP 60 0.274 0.172 80
20 tgp +20 SHP +20 SHP 60 0.075 0.060 57

one set of 20 inputs, and Figure 3(b) is the image plot of the GP prediction error variances, which
are fairly uniform away from initial sample locations. Accordingly, GP adaptive sampling selects
20 new inputs in a fairly uniform way across the previously unsampled part of the input space.
This pattern is repeated in the second row of plots, Figures 3(c) and (d), as the sample is extended
from 40 to 60 via GP adaptive sampling.

Similarly, Figure 4(a) is the image plot of true absolute errors |y — g| for the SHP model based
on one set of 20 inputs, and Figure 4(b) is the image plot of the SHP prediction error variances.
In contrast with Figure 3(b), these prediction error variances are far from uniform away from
initial sample locations, and instead have hot spots of high uncertainty. Accordingly, SHP adaptive
sampling selects 20 new inputs intensively in the hot spots. This pattern is repeated in the second
row of plots, Figures 4(c) and (d), as the sample is extended from 40 to 60 via SHP adaptive
sampling. In this example, with clear inhomogeneity in the surface, the SHP not only produces

better predictors but also provides a much better adaptive sampling scheme.

4.2 Four-dimensional computer simulation experiment

To illustrate the potential of SHP in metamodeling, we consider an example of a computer sim-
ulation experiment given in Qian et al. (2006). The data consist of the outputs from computer
simulations for a heat exchanger used in electronic cooling applications. The response y of inter-
est is the steady heat transfer rate depending on four inputs: the mass flow rate of entry air 7,

the temperature of entry air 7j,, the temperature of heat source T, and solid material thermal
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true GP fitted SHP fitted

Figure 2: (a) True response surface. (b) GP-fitted surface based on 20 inputs. (c) SHP-fitted

surface based on 20 inputs.

conductivity k. There are two types of simulations used in their study: an approximate simulation
(AS) and a detailed simulation (DS). The training data consist of AS data for 64 input points
and DS data for 22 out of these 64 input points. The testing data consist of 14 set-aside input
points with both AS and DS data. Following their notation, y, represents the AS outputs and y,
represents the DS outputs.

To explore the relationship between the design factors and heat transfer rate, Qian et al. (2006)
proposed a two-step approach to build a surrogate model that can produce predictions close to
the DS data. The first step uses the 64 AS training data to build a “base surrogate model” given
in (27), and the second step adjusts the fitted model in step one with the 22 DS training data to

create the “final surrogate model” given in (28):

d
ya(m) = Bao + Zﬁah$h + Ea($)7 (27)
h—1
ya(x) = 0(x)ya() + 6(x). (28)

Here, €¢,(x) is a stationary GP with zero mean and separable Gaussian covariance function, é(x)
is a stationary GP with unknown constant mean and separable Gaussian covariance function, and
O(x) =6y + Z;-lzl 6;x;. For more modeling and engineering details, see Qian et al. (2006).

We use the same 64 AS training data to build base surrogate models with anisotropic GP (re-
producing Qian et al.’s separable model), isotropic GP, and SHP. We compare the three approaches

using leave-one-out cross-validation. The cross validation score for the SHP model with EBP is
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Figure 3: (a) Image plot of absolute error |y — y| from GP predictions using 20 initial sample
points given by the open circles. (b) Image plot of GP prediction error variance based on the 20
initial locations (open circles). Solid dots are the 20 locations adaptively sampled using GP. (c)
Image plot of absolute error from GP predictions based on 40 points in (b). (d) Image plot of GP
prediction error variance based on the 40 input locations (open circles) in (c). Solid dots are the

next 20 locations adaptively sampled using GP.
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Figure 4: (a) Image plot of absolute error |y — ¢| from the SHP model using 20 initial sample
points given by the open circles. (b) Image plot of SHP prediction error variance based on the 20
initial locations (open circles). Solid dots are the 20 locations adaptively sampled using SHP. (c)
Image plot of absolute error from SHP model based on 40 points in (b). (d) Image plot of SHP
prediction error variance based on the 40 input locations (open circles) in (c¢). Solid dots are the

next 20 locations adaptively sampled using SHP.

17



0.311, versus 0.509 for the isotropic GP model and 0.642 for the separable GP model used by Qian
et al. (2006). The poorer performance of the separable model in this case is due to the three addi-
tional parameters in the separable GP, resulting in increased variation in estimation and prediction
with this small data set. It is worth noting that the cross validation score for SHP model with
EBLUP is 0.427, which is also better than either GP model.

We now turn to the modeling of the DS data. Qian et al. (2006) use the 22 input points with
both AS and DS training data to fit model (28), with 0 as a GP with separable Gaussian covariance
function. For @ in the set of 14 set-aside locations, they predict §(x) using EBLUPs from this fitted
model, predict y,(x) from the separable GP fitted to the 64 AS training data, and predict y,,(x)
by plugging their estimates and predictions into (28).

To facilitate comparisons, we use Qian et al.’s final surrogate model for DS predictions, including
their estimate of 0(-) and their predicted values of d(x). The only difference in our DS predictions
is that we plug in SHP-predicted values of y,(x) instead of GP-predicted values.

The proposed SHP model provides significant improvement in terms of prediction accuracy for
both the 14 AS and the 14 DS set-aside values. For AS, the RMSE based on SHP is 2.073 versus
2.588 for Qian et al. For DS, the RMSE based on SHP-predicted inputs is 3.133, versus 3.795 for
Qian et al.

Using the SHP model to fit AS data improves the prediction accuracy for DS data. This example
illustrates the potential of SHP modeling in application of multi-level computer experiments and
model validation. The SHP model can be used not only to model lower-level outputs but also to
model the bias term among different level outputs or the bias between computer code output and
physical data in model validation. We did not use SHP to model the bias term in this example
because there are only 22 DS data in a 4-dimensional space. For a very small data set evenly

distributed over the input domain, the GP model can do a comparable job to the SHP model.

4.3 SIR model: Seven-dimensional computer simulation experiment

An SIR (Susceptible-Infected-Recovered) model describes the time dynamics of a contagious disease
through a system of ordinary differential equations, with one equation for susceptible individuals
S(t), one for infected I(t), and one for recovered R(t). We use one example from Estep and Neckels
(2006) to investigate the behavior of an SIR model that allows for birth, death due to natural

causes, death due to disease, and the possibility that the offspring of the resistant class may inherit
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the resistance. This SIR model is described by

S=rn(1=)(S+ I+ (1-pr)R) —dnS —rSI,
I =riST — (d, +dr)I — agrl,

R=pgrra(l— %)R —dnR+agl,

S(0) = So,1(0) = Io, R(0) = Ro,

where S, I, R denote time derivatives, N = S(t) + I(t) + R(t) is the population size, and & =
(ag,Tn, k,pR,dn,71,d;)T are the input parameters recovery rate, natural growth rate, carrying
capacity, probability of inheriting resistance, natural death rate, contraction rate, and death rate
from disease. The domains for each input parameter are specified in Table 7.3.1 of Estep and Neckels
(2006). Responses of interest for the SIR could be some functional of S, I, R. We considered three
responses: the average number of infected individuals, the average number of susceptible individuals

and the average number of resistant individuals over a time interval [0, T:

1 e
= T/o S(s,x)ds, q(x)2 = T/o I(s,x)ds, / R(s,x)

We model the three quantities of interest individually but report only on results for ¢2 with 7" = 10
as in Estep and Neckels (2006). Similar results are obtained for g1 and ¢3 and reported in Wang
(2008). Note that these responses are not expensive to compute, so exact results can be obtained
and compared to predictions based on models fitted to samples of inputs.

Using the generalized Green’s function and a variational analysis, Estep and Neckels (2006)
compute not only the quantity of interest but also the derivatives at sampled input points. This
derivative information is used in Estep and Neckels (2006) to create what they refer to as the
“higher-order parameter sampling” method, or HOPS, to approximate the quantity of interest at
untried locations. We compare stochastic modeling using GP and SHP to the HOPS method.

We first used Latin hypercube sampling to select 70 data points at random from the input
domain, which is standardized to [0,1]”. We then fit using HOPS, GP and SHP and predicted
values of ¢2 at 1000 points uniformly distributed in the input domain. These predictions were
compared to the true values of the quantities for those 1000 points. The process of sampling,
fitting, and predicting was repeated 100 times. The first two rows of Table 2 show the summary
statistics for the 100 replicates of the RMSE ratios of HOPS/SHP and GP/SHP. SHP is often much
better and never much worse than either of the competing methods.

It is also of interest to investigate the performance of predictors locally, for sub-domains in

the parameter space. In the SIR setting, a potential sub-domain of interest might be a “good
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Table 2: Summary statistics of 100 replicates of RMSE ratios for HOPS/SHP and GP/SHP for ¢2

on the entire input domain and on two sub-domains.

min 25" median mean 75" max percentage

slobal HOPS/SHP 0.985 1.374 1.551  1.556 1.743 2.313 99
GP/SHP 0.868 1.042 1.118 1.135 1.209 1.504 83

good GP/SHP 0.375 0937 1.116 1.122 1.303 1.736 67
bad GP/SHP 0.521 1.045 1.348 1.392 1.569 4.116 79

population” with high recovery rate, high natural growth rate and high probability of inheriting re-
sistance, but low natural death rate, low contraction rate and low death rate from disease. Another
sub-domain of interest might be a “bad” population with low recovery rate, low natural growth
rate and low probability of inheriting resistance, but high natural death rate, high contraction rate
and high death rate from disease. Among the 1000 test data values, there are 11 in the good
sub-domain and 9 in the bad sub-domain. For the 100 repeated training data sets, the ratios of
RMSEs for GP/SHP for ¢2 in the good and bad sub-domains are summarized in the last two rows
of Table 2. In this example, the SHP predictions outperform GP not only globally but also locally.

An important problem in science and engineering is the determination of the effect of variation
in input parameters on the uncertainty of output. This kind of uncertainty analysis is a major
objective in Estep and Neckels (2006). In particular, Estep and Neckels (2006) use a 64-point HOPS
to approximate the distribution of ¢2 when the input parameters are independently distributed as
uniform on their respective ranges. The exact cumulative distribution function (cdf) for the quantity
of interest was approximated with a massive Monte-Carlo simulation of 30,000 points. We used
LHS to select 64 points from the SIR model (input and output), fitted the 64 data points with
HOPS, SHP and GP, and then predicted the responses ¢2 at the 30,000 randomly selected inputs
as (fQ Compared to the MC30000 distribution, the two-sample Kolmogorov-Smirnov (K-S) test
statistics I}Llealéqug(u) — F(u)| for HOPS, GP, and SHP are 0.057, 0.053 and 0.044, respectively.
The SHP model outperforms GP and HOPS, indicating the potential of stochastic modeling in the

uncertainty analysis.
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5 Conclusions

In this paper, we have investigated a new class of models for metamodeling in computer experiments.
The deterministic computer response is modeled as a realization from a SHP, which has a rich
class of sample paths and correlation functions. For certain parameterizations, the SHP produces
Gaussian-like sample paths, but the sample paths of this process allow for local inhomogeneities,
unlike those produced by a traditional GP model. Using test functions and computer experiment
examples, we have shown that the SHP model is more capable of capturing the peaks and valleys of
response surfaces, providing better prediction accuracy and quantification of prediction uncertainty
than the GP model. Moreover, the SHP methodology provides information on local volatility in
the input space, so that more data points can be placed around sensitive areas. This gives one
possible approach to adaptive sampling in computer experiments.

Not surprisingly, the increased flexibility of SHP comes at the price of increased computational
cost compared to GP. There is, however, a trade-off between computational cost and model accu-
racy. Even though the computational cost of SHP is higher than GP, this cost is still negligible
compared with that of running expensive computer codes.

In this paper, we use the isotropic covariance function for o and Z processes in the SHP model.
The separable covariance function is commonly used in GP models to allow different correlations for
different design factors. By letting the covariance function of the Z process be separable, the SHP
model can be easily extended to a separable SHP model. The SHP model is broadly applicable to
spatial data (Palacios and Steele (2006), Huang et al. (2008)). Further, by adding a measurement
error to (5), the SHP model can be extended in the context of non-parametric regression. These

topics will be explored elsewhere.
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