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Summary. Discrete-parameter time-series models for financial data have received,
and continue to receive, a great deal of attention in the literature. Stochastic volatil-
ity models, ARCH and GARCH models and their many generalizations, designed to
account for the so-called stylized features of financial time series, have been under
development and refinement now for some thirty years. At the same time there has
been a rapidly developing interest in continuous-time models, largely as a result of
the very successful application of stochastic differential equation models to prob-
lems in finance, exemplified by the derivation of the Black-Scholes-Merton (BSM)
option-pricing formula and its generalizations. In this overview we start with the
BSM option-pricing model in which the asset price is represented by geometric
Brownian motion. We then discuss the limitations of the model and survey the var-
ious models which have been proposed to provide more realistic representations of
empirically observed asset prices. In particular, the observed non-Gaussian distri-
butions of log returns and the appearance of sharp changes in log asset prices which
are not consistent with Brownian motion paths have led to an upsurge of interest in
Lévy processes and their applications to financial modelling.

1. Introduction

For approximately thirty years now, discrete-time models (including stochastic
volatility, ARCH, GARCH and their many generalizations) have been devel-
oped to reflect the so-called stylized features of financial time series. These
properties, which include tail heaviness, volatility clustering and serial depen-
dence without correlation, cannot be captured with traditional linear time se-
ries models. If Sn denotes the price of a stock or other financial asset at time
n, n = 0, 1, 2, . . ., then the series of log returns, {log Sn − log Sn−1, n ∈ IN},
is typically represented by either a discrete-time stochastic volatility model
or a GARCH process. These models have been studied intensively since their
introduction and a variety of parameter estimation techniques have been de-
veloped. For an excellent review and comparison of these models see Shephard
(1996). For a more recent account of GARCH processes see the article of Lind-
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ner (2008) in the current volume, and for stochastic volatility models see the
article of Davis and Mikosch (2008). Apart from the need to develop models
which capture the distinctive features of financial time series, much of the
motivation for developing these models derives from the key role played by
volatility in the pricing of options and the need to understand, quantify and
forecast its evolution in time.

In mathematical finance, most of the theoretical developments in the pric-
ing of contingent claims (or options) have been made in a continuous-time
framework, thanks to the power of Itô calculus, Girsanov’s theorem, martin-
gale methods, and other tools associated with the analysis of stochastic dif-
ferential equations. In fact these developments, which permit the analysis of
quite complicated (‘exotic’) options, have also been a powerful stimulus for the
popularization and development of stochastic calculus itself. The celebrated
work of Black and Scholes (1973) and Merton (1973) was based on a geometric
Brownian motion model for the asset price S(t) at time t (see (1.1) below).
Their results, besides winning the Nobel Economics Prize for Merton and Sc-
holes in 1997 (unfortunately Black died before the award was made), inspired
an explosion of interest, not only in the pricing of more complicated financial
derivatives, but also in the development of new continuous-time models which,
like the discrete-time ARCH, GARCH and stochastic volatility models, better
reflect the observed properties of financial time series. This development has
resulted in a variety of models which are the subject of the articles in this
section of the Handbook.

In addition to their central role in option-pricing, time series models with
continuous time parameter are particularly well-suited to modelling irregu-
larly spaced data (see e.g. Jones (1985)). Lévy-driven continuous-time au-
toregressive moving average (CARMA) models play a role in continuous time
analogous to that of ARMA models in discrete time, allowing a very flexible
range of autocorrelations and marginal distributions, suitable in particular
for the modelling of volatility as a continuous-time stationary series (see the
article by Brockwell (2008) in this volume).

The use of continuous-time models in finance goes back to Bachelier (1900),
who used Brownian motion to represent the prices {S(t), t ≥ 0} of a stock
in the Paris Bourse. This model had the unfortunate feature of permitting
negative stock prices, a shortcoming which was eliminated in the geometric
Brownian motion model of Samuelson (1965), according to which S(t) satisfies
the Itô equation,

dS(t) = μS(t) dt + σS(t) dW (t) with S(0) > 0. (1.1)

In this equation {W (t), t ≥ 0} is standard Brownian motion defined on a
complete probability space (Ω,F , P ) with filtration {Ft} where Ft is the sub-
σ-algebra of F generated by {W (s), 0 ≤ s ≤ t} and the null sets of F . The
solution of (1.1) satisfies

S(t) = S(0) exp
[
(μ − σ2/2)t + σW (t)

]
, (1.2)
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so that the log asset price in this model is Brownian motion and the log return
over the time-interval (t, t + Δ) is

log
S(t + Δ)

S(t)
= (μ − 1

2
σ2)Δ + σ(W (t + Δ) − W (t)).

For disjoint intervals of length Δ the log returns are therefore independent
normally distributed random variables with mean (μ − σ2/2)Δ and variance
σ2Δ. The normality of the log returns is a conclusion which can easily be
checked against observed returns, and it is found that the deviations are sub-
stantial for time intervals of the order of a day or less, becoming less apparent
as Δ increases. This is one of the reasons for developing the models described
in later sections.

The parameter σ2 in (1.1) is called the volatility parameter and its signif-
icance for option pricing was clearly demonstrated in the pricing by Black,
Scholes and Merton of a European call option. Such an option, if sold at time
0, gives the buyer the right, but not the obligation, to buy one unit of the
stock (with market price satisfying (1.1)) at the strike time T for the strike
price K. At time T the option has the cash value h(S(t)) = max(S(T )−K, 0)
since the option will be exercised only if S(T ) > K, in which case the holder
of the option can buy the stock at the price K and resell it instantly for S(T ).
However it is not clear at time 0, since S(T ) is random, what price the buyer
should pay for this privilege. Assuming (i) the existence of a risk-free asset
with price process,

B(t) = B(0) exp(rt), r > 0, (1.3)

(ii) the ability to buy and sell arbitrary (positive or negative) amounts of the
stock and the risk-free asset continuously with no transaction costs, and (iii)
an arbitrage-free market (i.e., a market in which it is impossible to make a non-
negative profit which is strictly positive with probability greater than zero),
Black, Scholes and Merton showed that there is a unique fair price for the
option in the sense that both higher and lower prices introduce demonstra-
ble arbitrage opportunities. Details of the derivation can be found in most
books dealing with mathematical finance (e.g. Campbell, Lo amd McKin-
lay (1996), Mikosch (1998), Steele (2001), Shreve (2003), Björk (2004) and
Klebaner (2005)). In the following paragraphs we give a sketch of two ar-
guments, following Mikosch (1998), leading to this fair price for the Black-
Scholes-Merton (henceforth BSM) model.

In the first argument, we attempt to construct a self-financing portfolio,
consisting at time t of at shares of the stock and bt shares of the risk-free
asset, where at and bt are random variables measurable with respect to Ft.
We require the value of this portfolio at time t, namely

V (t) = atS(t) + btB(t), (1.4)

to satisfy the self-financing condition,



4 Peter J. Brockwell

dV (t) = at dS(t) + bt dB(t), (1.5)

and to match the value of the option at time T , i.e.,

V (T ) = h(S(T )) = max(S(T ) − K, 0). (1.6)

If such an investment strategy, {(at, bt), 0 ≤ t ≤ T } can be found, then V (0)
must be the fair value of the option at the purchase time t = 0. A higher price
for the option would allow the seller to pocket the difference δ and invest the
amount V (0) in such a way as to match the value of the option at time T . Then
at time T , if S(T ) < K the option will not be exercised and the portfolio and
the option will both have value zero. If S(T ) > K the seller sells the portfolio
for S(T ) − K, then buys one stock for S(T ) and receives K for it from the
holder of the option. Since there is no loss involved in this transaction, the
seller is left with a net profit of δ. The seller of the option therefore makes
a non-negative profit which is strictly positive with non-zero probability, in
violation of the no arbitrage assumption. Similarly a lower price than V (0)
would create an arbitrage opportunity for the buyer. In order to determine
V (t), at and bt we look for a smooth function v(t, x), t ∈ [0, T ], x > 0, such
that

V (t) = v(t, S(t)), t ∈ [0, T ], (1.7)

satisfies the conditions (1.5) and (1.6). Equating the expressions for V (t) −
V (0) obtained by applying Itô calculus to (1.5) and (1.7), we find that at =
∂v
∂x (t, S(t)), where the function v must satisfy the partial differential equation,

∂v

∂t
+

1
2
σ2x2 ∂2v

∂x2
+ r

∂v

∂x
= rv, (1.8)

with boundary condition,

v(T, x) = h(x) = max(x − K, 0), (1.9)

which, with (1.8), uniquely determines the function v and hence V (t), at and
bt = (V (t) − atS(t))/B(t) for each t ∈ [0, T ]. Thus we have arrived at an
investment strategy {(at, bt), 0 ≤ t ≤ T } which satisfies (1.5) and (1.6) and
which, under the assumed idealized trading conditions, can be implemented
in practice. Since at time T this portfolio has the same value as the option,
V (0) must be the fair value of the option at time t = 0; otherwise an arbitrage
opportunity would arise. The option is said to be hedged by the investment
strategy {(at, bt)}. A key feature of this solution (apparent from (1.8) and
(1.9)) is that both the strategy and the fair price of the option are independent
of μ, depending on S only through the volatility parameter σ2.

A particularly elegant and powerful way of arriving at the solution of (1.8)
and (1.9) is to use a second argument, based on the fact that for the BSM
model there is a unique probability measure Q which is equivalent to the
original probability measure P (i.e., it has exactly the same null sets) and
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which, when substituted for P in the probability space on which the stock
prices are defined, causes the discounted price process {e−rtS(t)} to become
a martingale, i.e., to satisfy the condition,

EQ(e−rtS(t)|Fs) = e−rsS(s) for all s ≤ t, (1.10)

where EQ denotes expectation with respect to the new probability measure
Q. The probability measure Q is called the equivalent martingale measure or
EMM. It is unique for the BSM model, but for other models the questions of
its existence and uniqueness become serious issues.

The martingale-based argument leading to the BSM pricing formula is as
follows. Itô’s formula applied to the discounted price process,

S̃(t) := e−rtS(t),

gives
dS̃(t)
S̃(t)

= (μ − r)dt + σdW (t) = σdW̃ (t), (1.11)

where W̃ (t) := (μ − r)t/σ + W (t). The solution of (1.11) satisfies

S̃(t) = S̃(0)eσW̃ (t)−σ2t/2,

which is an {Ft}-martingale if {W̃ (t), 0 ≤ t ≤ T } is standard Brownian motion
adapted to {Ft}. However by Girsanov’s theorem this is the case under the
probability measure Q whose Radon-Nikodym derivative with respect to P is

dQ

dP
= exp

(
−μ − r

σ
W (T ) − (μ − r)2

2σ2
T

)
. (1.12)

Assuming the existence of a portfolio (1.4) which satisfies the self-financing
condition (1.5) and the boundary condition (1.6), the discounted portfolio
value is

Ṽ (t) = e−rtV (t). (1.13)

Applying Itô’s formula to this expression we obtain

dṼ (t) = −rṼ (t)dt + e−rtdV (t) = at dS̃(t),

and hence, from (1.11),

Ṽ (t) = Ṽ (0) +
∫ t

0

asdS̃(s) = V (0) + σ

∫ t

0

asS̃(s)dW̃ (s). (1.14)

Since atS̃(t) ∈ Ft for each t ∈ [0, T ] and, under the probability measure Q,
W̃ is Brownian motion adapted to {Ft}, we conclude that Ṽ is an {Ft}-
martingale. Hence
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Ṽ (t) = EQ[Ṽ (T )|Ft], t ∈ [0, T ],

and
V (t) = ertṼ (t) = EQ[e−r(T−t)h(S(T ))|Ft], (1.15)

where h(S(T )) is the value of the option at time T . For the European call
option h(S(T )) = max(S(T ) − K, 0) and a straightforward calculation using
(1.15) gives, in the notation of (1.7),

v(t, x) = xΦ(z1) − Ke−r(T−t)Φ(z2), (1.16)

where Φ is the standard normal cumulative distribution function,

z1 =
log(x/K) + (r + σ2/2)(T − t)

σ
√

T − t
and z2 = z1 − σ

√
T − t.

The quantity m = (μ−r)/σ which appears in the Radon-Nikodym deriva-
tive dQ/dP is called the market price of risk and represents the excess, in
units of σ, of the instantaneous rate of return μ of the risky asset S over that
of the risk-free asset B. If m = 0 then Q = P and the model is said to be
risk-neutral.

Although the model (1.1) has many shortcomings as a representation of
asset prices, the remarkable achievement of Black, Scholes and Merton in us-
ing it to derive a unique arbitrage-free option price has inspired enormous
interest and progress in the field of financial mathematics. As a result of their
pioneering work, research in continuous-time financial models has blossomed,
with much of it directed at the construction, estimation and analysis of more
realistic continuous-time models for the evolution of stock prices, and the pric-
ing of options based on such models. In the following sections we summarize
the limitations of the BSM model and briefly discuss some of the models which
have been developed to provide more realistic representations of the empirical
data and to permit the analysis of more complicated contingent claims.

2. Shortcomings of the BSM Model

Under the model (1.1) the sample-paths of the log asset prices are those
of Brownian motion. As already indicated, this implies that, for each fixed
Δ > 0, the log returns {log S((n + 1)Δ) − log S(nΔ), n = 0, 1, 2, . . .} are in-
dependent and identically distributed Gaussian random variables. However
inspection of empirical log asset prices, especially at time intervals Δ of one
day or less, reveals significant negative skewness of the distribution of these
increments and kurtosis which is significantly higher than the value 3, ap-
propriate for normally distributed random variables. In order to reflect these
observations we need to consider models for which the marginal distribution
of the increments are non-Gaussian.

Moreover, although the observed increments typically exhibit no significant
sample correlations, their squares and absolute values usually have autocorre-
lation functions which are significantly different from zero, indicating the need
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for models in which the increments are not independent as expected under
the BSM model.

The observed increments appear also not to be identically distributed.
Their estimated variances change with time in an apparently random man-
ner. Assuming the validity of the BSM model it is possible to estimate the
parameter σ2 per trading day on day n by computing the sum of squares

σ̂2
n :=

N∑
i=1

(
log Sn

(
i

N

)
− log Sn

(
i − 1
N

))2

, (2.1)

where the summands are the squared increments of the log price over intervals
obtained by breaking the day into intervals of length 1/N days with N large.
The sequence σ̂2

n is known as the realized volatility per day. It is found in
practice to vary significantly from one day to the next. The sequence {σ̂2

n} of
realized volatilities exhibits clustering, i.e., periods of low values interrupted
by bursts of large values, and has the appearance of a positively correlated
stationary sequence, reinforcing the view that volatility is not constant as
in the BSM model and suggesting the need for a model in which volatility
is stochastic. Such observations are precisely those which led to the develop-
ment in discrete time of stochastic volatility, ARCH and GARCH models, and
suggest the need for analogous models with continuous time parameter.

If we were to assume the validity of the BSM model for stock prices and
also to adopt the widely-held view that in real-world markets there is no ar-
bitrage, then the quoted price of stock options should be exactly as computed
in Section 1. This argument provides us with a consistency check on the BSM
model. Given the time to maturity T − t, the strike price K and the quoted
price Q(t) for a European call option at time t, then from the risk-free inter-
est rate r and the price at time t of the stock, equation (1.16) can be used to
calculate the implied volatility, σ2

t (K, T ) at time t. If the BSM model is ap-
propriate the implied volatility should be independent of K and T , however
it is found in practice to depend on both. If we plot σt(·, T ) for fixed t and T
the graph usually has the appearance of a smile, the so-called volatility smile.
The non-constancy of implied volatility is another indicator of the need to
improve on the BSM model.

Finally, if we compare daily stock prices with daily values of simulated
Brownian motion having the corresponding estimated drift and volatility pa-
rameters, we find that the stock prices exhibit occasional jumps which are
much larger than the daily increments of the Brownian paths. This suggests
that a good model for stock prices and log stock prices should allow for the
possibility of jumps.

3. A general framework for option pricing

The martingale argument of Section 1 was extended by Harrison and Pliska
(1981), to the much more general model in which the processes {S(t)} and
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{B(t)} are semimartingales and the claim at time T , instead of having the
form h(S(T )), is a non-negative random variable X ∈ FT with EX < ∞,
where {Ft, 0 ≤ t ≤ T } is the filtration generated by {(S(t), B(t))} and
the P -null sets of F . This allows for path-dependent claim functions such
as maxt∈[0,T ] S(t). In this more general setting however the existence and
uniqueness of an equivalent martingale measure is not always guaranteed and
pricing on the basis of no arbitrage is not always possible. In the definition
(1.5) of a self-financing strategy {(at, bt)} the processes {at} and {bt} are re-
quired to be predictable processes such that the integrated form of (1.5) is
well-defined. The self-financing condition is then equivalent to the condition
that the discounted price process, {V (t)/B(t)}, has the representation,

V (t)
B(t)

= V (0) +
∫ t

0

audZ(u), (3.1)

where Z(t) is the discounted stock price S(t)/B(t).
For the remainder of this section we shall assume that there is (at least one)

EMM Q, i.e., a probability measure on F with the same null-sets as P under
which Z(t) is a martingale. Under this assumption the model presents no
arbitrage possibility. This result is often called the first fundamental theorem
of asset pricing. With a weaker definition of arbitrage than the one we have
given, the converse also holds (see Delbaen and Schachermayer (1994)).

Let L(Z) be the class of predictable processes H such that the pro-

cess {
√∫ t

0 H2
ud[Z, Z](u)} is locally integrable under Q, where [Z, Z] is the

quadratic variation process of Z.
An admissible strategy is defined to be a predictable self-financing strategy

such that a ∈ L(Z) and {V (t)/B(t)} is a non-negative Q-martingale.
A claim X at time T is said to be attainable if there is an admissible strat-

egy {(at, bt)} such that V (T ) = X . This means that there is an admissible
strategy which replicates the value of the claim at time T and for which the
corresponding discounted price process V (t)/B(t) is a Q-martingale. Conse-
quently, in order to avoid arbitrage, the fair value of the option at time t < T
must then be

V (t) = B(t)EQ(X/B(T )|Ft). (3.2)

The following result enables us to identify the attainable claims. If X is an
integrable claim (i.e., if EQ(X/B(T )) < ∞), then X is attainable if and only
if the process M(t) := EQ(X/B(T )|Ft) has the representation,

M(t) = M(0) +
∫ t

0

H(u)dZ(u), for some H ∈ L(Z). (3.3)

The model is said to be complete if every integrable claim X is attainable.
But this is the same as saying that the discounted price process Z(t) has the
predictable representation property, i.e., that every martingale has a repre-
sentation (3.3) for some H ∈ L(Z). A necessary and sufficient condition for
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this is that the equivalent martingale measure Q is unique. This is sometimes
called the second fundamental theorem of asset pricing.

4. Some non-Gaussian models for asset prices

The preceding section provides a very general framework for the arbitrage-
free pricing of a contingent claim X based on a single stock and a money-
market account when there exists a unique equivalent martingale measure Q.
The fair price at time zero, when the option is purchased, is, from (3.2),

V (0) = B(0)EQ(X/B(T )). (4.1)

The expectation in (4.1) cannot generally be calculated analytically, in spite of
the elegant solution for the BSM model, however it does permit the estimation
of V (0) by Monte-Carlo simulation once the process {(S(t), B(t))} has been
specified. In this section we consider some of the models which have been
proposed for {S(t)}, in order to address the limitations of the BSM model
listed in Section 2.

The first of these is the diffusion model obtained by replacing the constant
parameters μ, σ and r in (1.1) and (1.3) by functions μ(t, S(t)), σ(t, S(t))
and r(t, S(t)). In this case the first argument used in Section 1 leads to the
partial differential equation (1.8) and terminal condition (1.9) with μ, σ and
r replaced by the corresponding functions of t and x. The fair value of the
option is obtained as before from the solution v(t, x) of this partial differen-
tial equation, and the weights at and bt of the self-financing portfolio which
replicates h(X(T )) can be expressed in terms of v and its derivatives. This
family of diffusion models for the stock price S allows for a much greater vari-
ety of marginal distributions than the Gaussian marginals of the BSM model,
however the sample paths of S are still continuous.

In order to account for the occasional sharp changes observed in the
sample-paths of asset prices and at the same time to allow for observed log
returns which are not Gaussian, a natural step is to replace the exponent in
(1.2) by a Lévy process L, i.e., a process with homogeneous independent in-
crements, continuous in probability, with càdlàg sample-paths and L(0) = 0.
This leads to the so-called exponential Lévy model,

S(t) = S(0) exp(L(t)),

whose log returns over time intervals of length 1 have the distribution of L(1),
which can be any infinitely divisible distribution. The simplest examples of
Lévy processes are Brownian motion, which has continuous sample paths, and
the Poisson process, which increases only by jumps of size one. In general a
Lévy process can be expressed as the sum of a Brownian motion with drift and
an independent pure-jump process. Pure jump Lévy processes and exponential
Lévy processes are discussed in detail in the article by Eberlein (2008) in this
volume, where examples of Lévy processes which have been found especially
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useful in financial modelling are also given. For more extensive treatments of
Lévy processes, see the books of Applebaum (2004), Bertoin (1996), Protter
(2004) and Sato (1999). Except in the Brownian motion and Poisson process
cases, the exponential Lévy model is incomplete. There are many equivalent
martingale measures and there is no unique arbitrage-based (or risk-neutral)
price for an option. The problem of choosing an EMM in this situation, com-
puting the corresponding price of a European option and matching it to prices
quoted in the market is discussed in Schoutens (2003). A general account of
option pricing, covering the general situation in which there is no unique EMM
is contained in the article by Kallsen (2008) in this volume.

Lévy processes also play a key role in the stochastic volatility model of
Barndorff-Nielsen and Shephard (2001a, 2001b) in which the volatility σ2 is
a stationary Ornstein–Uhlenbeck (O-U) process driven by a non-decreasing
Lévy process L, i.e.,

σ2(t) =
∫ t

−∞
e−λ(t−y)dL(λy), (4.2)

where λ > 0. The log asset price G(t) = lnP (t) satisfies an equation of the
form

dGt = (μ − 1
2
σ2(t))dt + σ(t) dW (t) + ρdL(λt), (4.3)

where W is a Brownian motion independent of the Lévy process and ρ is a
non-positive real parameter which accounts for the so-called leverage effect.
The autocorrelation function of the process σ2 is ρ(h) = exp(−λ|h|), h ∈ IR,
with λ > 0, but this class of functions can be extended by specifying the
volatility to be a superposition of O-U processes as in Barndorff–Nielsen
(2001), or a Lévy-driven CARMA (continuous-time ARMA) process as in
Brockwell (2004). The BNS model defined by (4.2) and (4.3) is incomplete.
There is a family of equivalent martingale measures, the structure of which
was studied by Nicolato and Venardos (2003) who argue that it is sufficient
to consider the subset of EMM’s under which the log returns continue to be
described by a BNS model. For such an EMM Q they show how to compute
EQ(e−r(T−t)h(X(T ))|Ft) for a European contract with claim h(X(T )). Using
gamma and inverse gamma Ornstein-Uhlenbeck processes and estimating pa-
rameters by minimizing the mean-squared error between model and market
option prices they find that both models perform well when applied to Eu-
ropean call options on the S&P500 index, giving good matches between the
observed and fitted volatility smiles. The book of Schoutens (2003) discusses
option pricing also for a class of stochastic volatility models in which the
stock price is the exponential of a stochastically time-changed Lévy process.
Simulation methods and the pricing of exotic options are also discussed.

In view of the wide use of discrete-time ARCH and GARCH models for
asset prices, a great deal of research has been devoted to the development
of analogous continuous-time models. An early attempt to bridge the gap
between discrete-time GARCH models and continuous-time models resulted
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in the GARCH(1,1) diffusion approximation of Nelson (1990). An outline of
the argument used by Nelson is given by Lindner (2008) in this volume. See
also Drost and Werker (1996) and Duan (1997). As in the continuous-time
stochastic volatility models we model the logarithm of the asset price itself,
i.e., G(t) = log S(t), rather than its increments as in discrete time. Nelson’s
diffusion limit for the log asset price and squared volatility is the unique
solution {(G(t), σ2(t)), t ≥ 0} of the equations,

dG(t) = σ(t) dW (1)(t), dσ2(t) = θ(γ − σ2(t)) + ρσ2(t) dW (2)(t), (4.4)

with initial value (G(0), σ2(0)), where W (1) and W (2) are independent stan-
dard Brownian motions and ω, λ and θ are parameters (see Lindner (2008)
for details). This model for G differs fundamentally from the GARCH(1,1)
model in that it is driven by two independent processes instead of one and
the squared volatility evolves independently of W (1). The behaviour of this
diffusion limit is therefore rather different from that of a GARCH process (see
Lindner (2008)).

A different approach to constructing a continuous-time analogue of the
GARCH(1,1), the COGARCH(1,1) process, was taken by Klüppelberg et al.
(2004). The starting point was the explicit expression for the volatility of the
discrete-time GARCH(1,1) process which can be computed recursively from
the difference equations,

σ2
n = α0 + β1σ

2
n−1 + α1e

2
n−1σ

2
n−1, (4.5)

where α0 > 0, α1, β1 ≥ 0, α1 + β1 ≤ 1 and {et, t = 1, 2, . . .} is an iid se-
quence with mean 0 and variance 1. This expression is written as an integral
and the noise sequence replaced by the jumps of a Lévy process. Details of
the construction are contained in Lindner (2008). For GARCH(p, q) processes
of higher order, there is no analogue of the explicit expression for σ2

n, how-
ever the process {σ2

n} can be regarded as a “self-exciting” ARMA(q − 1, p)
process driven by the sequence {e2

n−1σ
2
n−1}. This can be clearly seen in equa-

tion (4.5) where p = q = 1. The COGARCH(p, q) process (with p ≤ q) is
obtained by replacing the self-exciting ARMA(q, p − 1) equation for σ2

n by a
corresponding self-exciting continuous-time ARMA(q, p − 1) equation driven
by a continuous time analogue of the sequence {e2

n−1σ
2
n−1}. Details can be

found in Brockwell et al. (2006) and Brockwell (2008). COGARCH processes
with a stationary volatility process have properties that are closely analo-
gous to those of discrete-time GARCH processes. In particular if G

(r)
t denotes

the increment G(t + r) − G(t) then, under conditions ensuring the finiteness
of E[G(r)

t ]4, G
(r)
t has zero mean, {G(1)

t+h), h = 0, 1, 2, . . .} is an uncorrelated
sequence and the corresponding sequence of squared increments has the au-
tocovariance function of an ARMA process, while the process {σ2

t } has the
autocovariance function of a continuous-time ARMA process.

The COGARCH(1,1) process with stationary volatility has been shown
to have many of the features of the discrete time GARCH(1,1) process. As



12 Peter J. Brockwell

shown in Klüppelberg et al. (2004, 2006), the COGARCH(1,1) process has
uncorrelated increments, while the autocorrelation functions of the volatil-
ity σ2 and of the squared increments of G decay exponentially. Further, the
COGARCH(1,1) process has heavy tails and volatility clusters at high lev-
els, see Klüppelberg et al. (2006) and Fasen et al. (2004). Cluster behaviour
can also be achieved in the stochastic volatility model of Barndorff-Nielsen
and Shephard if the driving Lévy process has regularly varying tails. For an
overview of extremes of stochastic volatility models, see Fasen et al. (2005).
The discrete-time EGARCH model of Nelson (1991) was introduced in order
to account for the observation that negative shocks have a greater effect on
volatility than positive ones. A continuous-time analogue of the EGARCH
model is the ECOGARCH model of Haug and Czado (2007).

A unifying and large family of processes which includes several of those
introduced in this section is the family of generalized Ornstein-Uhlenbeck
(GOU) processes (Lindner and Maller (2005), Maller, Müller and Szimayer
(2008)). A GOU process X is defined, in terms of a bivariate Lévy process
(ξ, η) by

Xt = m(1 − e−ξt) + e−ξt

∫ t

0

eξs−dηs + X0e
−ξs , t ≥ 0, (4.6)

where X0 is independent of {(ξt, ηt), t ≥ 0}. Among the processes in this family
are the stochastic volatility model of Barndorff-Nielsen and Shephard, the
COGARCH(1,1) process and the GARCH(1,1) limiting diffusion of Nelson.
For some of the applications of this family in option pricing, insurance and
risk theory see Maller et al. (2008). The extremal behaviour of stationary
GOU processes is treated in this volume by Fasen (2008).

5. Further models

The asset-price models considered in the preceding sections constitute a
small but important part of the multitude of continuous-time stochastic mod-
els currently of importance in mathematical finance. In this final section we
highlight a few of the important classes of models and problems, the details
of which cannot be included in this brief overview.

In order to account for dependence between the price processes of differ-
ent assets, multiple-asset models are required. Shreve (2004) considers option
pricing based on the model,

dSi(t) = αi(t)Si(t)dt + Si(t)
d∑

j=1

σij(t)dWj(t), i = 1, . . . , m,

where the vector [αi]i=1,...,m and the volatility matrix [σij ]i=1,...,m;j=1,...,d are
adapted processes and Wj , j = 1, . . . d, are independent standard Brow-
nian motions. Multivariate generalizations of the BNS model and of the
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COGARCH(p, q) model have also been developed by Stelzer (2007) and Pig-
orsch and Stelzer (2007) respectively.

Another large class of models for which there is an extensive literature are
those for bonds and interest rates. For an extensive treatment of these see the
book of Björk (2004) and the article by Björk (2008) in this volume. For a
Lévy based approach see also Eberlein and Rauble (1999).

The estimation of volatility itself from high frequency data presents many
challenging problems. In equation (2.1) we introduced the notion of realized
volatility and, in the context of the BSM model, this converges as N → ∞
to the parameter σ2 (per day). However in practice, factors such as within-
day variation, discreteness of the price structure and the presence of jumps,
complicate the choice of N and the interpretation of the realized volatility
as defined by (2.1). An extensive discussion of realized volatility is contained
in the article of Andersen (2008) in this volume. Realized volatility series
are generally found to exhibit very slowly decaying autocorrelation functions,
suggesting the use of long-memory models or continuous-time ARMA models
with an autoregressive root close to zero in order to represent them (see, e.g.
Todorov (2007)).

The general problem of parameter estimation for continuous-time mod-
els is complicated by the fact that observations are always made at discrete
times. When the continuous-time process is Markovian and the transition
probabilities can be computed it is possible to write down the likelihood of
the observations and hence to carry out estimation by maximum likelihood.
Except in very special cases however the transition probabilities have no sim-
ple explicit form and approximation of the likelihood or alternative methods
must be used. The papers of Mykland and Aı̈t-Sahalia (2008) and Phillips
and Yu (2008) in this volume address these problems. See also the paper of
Kelly et al.(2004).

Estimation for the BNS stochastic volatility model has been carried out
by Roberts et al. (2004) and Gander and Stephens (2007) using Markov chain
Monte-Carlo methods and estimation for COGARCH(1,1) models by Haug et
al. (2007) using method of moments estimation.

There still remain many intriguing and challenging problems for the mod-
elling of asset prices. The models described in this overview have provided
a great deal of insight into the dynamics of price movements and the crit-
ical role of market volatility. They have also been of practical value in the
pricing of options. Much remains to be discovered however, particularly with
regard to the intra-day price movements and the factors affecting them. For
the analysis of tick by tick (or ultra-high-frequency) data it is necessary to
take into account both the discrete times at which transactions occur and the
price changes at each transaction. The autoregressive conditional duration
(ACD) model of Engle and Russell (1998) was constructed for this purpose.
The analysis of high frequency data casts light on the trading mechanism
and the detailed operation (or microstructure) of the market and remains a
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particularly active area of research. The book of Tsay (2005) contains a clear
account, with applications, of such models.
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cesses for financial econometrics. In Lévy Processes - Theory and Applications
(ed. O.E. Barndorff-Nielsen, T. Mikosch and S. Resnick). 283–318, Birkhauser,
Boston.
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