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Abstract

The mark-resight method for estimating the size of a closed popu-
lation can in many circumstances be a less expensive and less invasive
alternative to traditional mark-recapture. Despite its potential advan-
tages, one major drawback of traditional mark-resight methodology is
that the number of marked individuals in the population available for
resighting needs to be known exactly. In real field studies, this can
be quite difficult to accomplish. Here we develop a Bayesian model
for estimating abundance when sighting data are acquired from dis-
tinct sampling occasions without replacement, but the exact number
of marked individuals is unknown. By first augmenting the data with
some fixed number of individuals comprising a marked “super popu-
lation,” the problem may then be reformulated in terms of estimat-
ing the proportion of this marked super population that was actually
available for resighting. This then allows the data for the marked pop-
ulation available for resighting to be modeled as random realizations
from a binomial logit-normal distribution. We demonstrate the use
of our model to estimate the New Zealand robin (Petroica australis)
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population size in a region of Fiordland National Park, New Zealand.
We then evaluate the performance of the proposed model relative to
other estimators via a series of simulation experiments. We generally
found our model to have advantages over other models when sample
sizes are smaller with individually heterogeneous resighting probabil-
ities. Due to limited budgets and the inherent variability between
individuals, this is a common occurrence in mark-resight population
studies. WinBUGS and R code to carry out these analyses is available
from http://www.stat.colostate.edu/~jah/software.

1 Introduction

For estimating closed population abundance, N , mark-resight methodology
(Neal et al., 1993; White and Shenk, 2001) can often be a less expensive
and less invasive alternative to traditional mark-recapture (Otis et al., 1978;
Minta and Mangel, 1989). The primary advantage of this approach is that
animals only need to be physically captured and marked once. After the
initial investment in marking animals, subsequent sighting data from both
marked and unmarked individuals are used to estimate N . Mark-resight can
therefore be appealing to researchers because funds are often limited and
capture is generally the most expensive aspect of mark-recapture studies.
Not only can the financial cost of mark-recapture be daunting for long-term
population monitoring, but capture is also the most hazardous aspect for
the animals. Mark-resight can substantially reduce stress to animals because
they can be observed at a distance with minimal disturbance after the initial
capture.

Despite the possible advantages, one major drawback of mark-resight
methods is that the number of marked individuals available for resighting
usually needs to be known exactly. This can often be quite difficult to ac-
complish in the field (McClintock et al., 2008a). Arnason, Schwarz and Ger-
rard (1991) developed a model for estimating abundance for sighting data
when an unknown number of marked individuals were present in the popu-
lation of interest, but this model has found little application due to several
key limitations (McClintock et al., 2008a). McClintock et al. (2008a) intro-
duced a model, the zero-truncated Poisson-log normal estimator (ZPNE),
that addressed these limitations, but they identified several conditions when
the distributional assumptions of their model began to break down. In par-
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ticular, they found their estimator to be biased when applied to small sample
data generated without replacement under logit-normal distributed sighting
probabilities. If sampling is without replacement (i.e., any single individual
may only be sighted once per distinct sampling occasion) and the number of
marked individuals in the population available for resighting is known exactly,
McClintock et al. (2008b) found advantages in the use of their logit-normal
mixed effects estimator when compared to other estimators. Under such
sampling conditions, the logit-normal model would be preferred to ZPNE.
However, if the number of marked individuals is not known exactly, then
the logit-normal likelihood is of unknown index and the model cannot be
implemented.

Royle, Dorazio and Link (2007) proposed a data augmentation method
to facilitate Bayesian analysis of multinomial capture-recapture models with
unknown population size. This is often the case with mark-capture models
(Otis et al., 1978) because the number of individuals in the population that
were never encountered is unknown, but interest is in estimating the total
population size. Bayesian analyses in these situations have been difficult be-
cause the dimension of the parameter space is not fixed and is a function of
the unknown N . Royle, Dorazio and Link (2007) proposed augmenting the
data with individuals that were never encountered but comprise part of some
“super population” of M individuals, N of which make up the actual popu-
lation size with unknown probability ψ. They demonstrate that a Bayesian
analysis can be applied with appropriate M > N , and suggest that M be
large enough so that mass of N is not concentrated near M . Here, we propose
to modify this approach and investigate the utility of data augmentation as
a method of estimating abundance with mark-resight data when sampling
is without replacement and the number of marked individuals is unknown.
After developing our Bayesian binomial logit-normal mixed effects (BBLNE)
model in the next section, we implement the model in Section 3 to esti-
mate the New Zealand robin (Petroica australis) population size in a region
of Fiordland National Park, New Zealand. In Section 4, we compare the
performance of our model to ZPNE under a variety of simulated sampling
conditions. We conclude with a discussion of the implications of our work
for abundance estimation in mark-resight studies.
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2 The Binomial Logit-Normal Mixed Effects

Model

2.1 Background

Mark-resight methodology requires some number of individuals to be labeled
with field-readable marks prior to the collection of sighting data. For some
closed interval(s) of time (i.e., the population is closed to birth, death, im-
migration and emigration) during which abundance is of interest, sighting
data for both marked and unmarked individuals are collected. Using the ter-
minology of the robust design (Kendall, Pollock and Brownie, 1995), closed
interval j, j = {1, . . . , J}, is referred to as the jth “primary” sampling in-
terval which is comprised of kj ≥ 2 “secondary” sampling occasions. When
sampling is without replacement, then individuals may be seen at most once
within each of the kj distinct secondary sampling occasions. If individually
identifiable marks are used, the data consist of resightings, δsij = {0, 1},
for marked individual s on secondary occasion i of primary interval j and
the total number of unmarked individual sightings, Uij . Across all kj oc-
casions within the jth primary interval, marked individual s is resighted
∑kj

i=1 δsij = ysj = {0, 1, . . . , kj} times, and Uj =
∑kj

i=1 Uij .
If nij , the number of marked individuals available for resighting during

primary interval j, is known, then the data are completely observable and
the logit-normal mixed effects model of McClintock et al. (2008b) is appro-
priate. Their model assumes: 1) geographic and demographic closure within
each primary sampling interval; 2) sampling without replacement within sec-
ondary sampling occasions; 3) no loss of marks within primary intervals; 4)
no errors in distinguishing marked and unmarked animals; and 5) a random
sample of marked individuals, such that resighting probabilities for marked
individuals are representative of unmarked individuals. Generally, this last
assumption can be reasonably satisfied by using a different method for the
selection of marked individuals (e.g., helicopter capture) than is used for the
collection of sighting data (e.g., ground surveys on foot). The most gen-
eral form of the logit-normal estimator assumes δsij is a Bernoulli random
variable with success probability psij. For simplicity, if one were to ignore
temporal variation in sighting probabilities between secondary sampling oc-
casions by constraining psij = psj (i = 1, . . . , kj), this general model becomes
the binomial logit-normal mixed effects (BLNE) model. Assuming individ-
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ually identifiable marks, the ysj are then modeled as independent binomial
logit-normal random variables with individual resighting probabilities psj .
For each primary occasion j, these resighting probabilities are parameterized
in terms of a fixed time effect βj and a random individual heterogeneity effect
with mean zero and unknown variance σ2

j . The ysj therefore have conditional
expectation

E (ysj|σj , Zsj, βj) = kjpsj =
kj

1 + exp (−(σjZsj + βj))
,

where Zsj ∼ N(0, 1). This formulation allows parameterizations ignoring
individual sighting heterogeneity (σj = 0) and incorporation of individual or
temporal covariate information on σj and βj .

McClintock et al. (2008b) proposed a numerical maximum likelihood
method to estimate the parameters in the BLNE model. If marks are in-
dividually identifiable, the BLNE model can estimate overdispersion due to
individual sighting probability heterogeneity or lack of independence between
animals (e.g., clustering). Also, if nj is not known exactly, then the index
of the marked individual binomial likelihood of BLNE is unknown, and the
model cannot be used.

When the number of marks is unknown, then ysj = 0 is no longer ob-
servable for the marked population and only n∗

j individuals resighted at least
once during primary interval j are known to be marked and available for
resighting, where n∗

j ≤ nj . When sampling is with or without replacement,
the zero-truncated Poisson-log normal (ZPNE) model of McClintock et al.
(2008a) may be used when there are an unknown number of individually
identifiable marks. McClintock et al. (2008a) used maximum likelihood to
estimate the parameters. While the ZPNE model generally performed well
when sampling was either with or without replacement, McClintock et al.
(2008a) found that the ZPNE model performed less than nominally with
simulated small-sample data generated under logit-normal resighting proba-
bilities. Under these conditions, they found the model to slightly overesti-
mate abundance and its variance in the absence of individual heterogeneity
and to underestimate abundance and its variance in the presence of moder-
ate to high individual heterogeneity. To address these shortcomings, we now
develop a reformulation of BLNE for an unknown number of marks using
data augmentation and Bayesian analysis methods.
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2.2 Bayesian Binomial Logit-Normal Mixed Effects Model

To modify the binomial logit-normal mixed effects (BLNE) model for an
unknown number of marks, we extend the data augmentation approach of
Royle, Dorazio and Link (2007). Without loss of generality, we focus on a sin-
gle primary interval, J = 1, such that the data consist of ys = {1, 2, . . . , k} re-
sightings across all k secondary resighting occasions for s = 1, . . . , n∗ marked
individuals known to be in the population (because they were observed) and
the total number of unmarked individual sightings U across all k secondary
occasions. If one were to augment the marked resighting data with M − n∗

individuals with ys = 0, where M is some known “super population” of
marked individuals, then the problem can instead be formulated in terms
of the probability ψ that any of the M marked individuals is available for
resighting. This requires the introduction of a partially observed, binary la-
tent variable qs, s = 1, . . . ,M , which indicates whether an individual in the
marked super population is available for resighting, where

∑M

s=1 qs = n. For
the n∗ marked individuals (all with ys > 0), it is known that qs = 1, but qs is
unknown for the other M − n∗ individuals with ys = 0. This approach sug-
gests a Bayesian binomial logit-normal mixed effects (BBLNE) model, where
[ys | qs, ps] ∼ Binomial(k, qsps) for s = 1, . . . ,M . This binomial specification
for ys has success probability qsps because the M − n individuals that are
not available for resighting have zero probability of being sighted. Thus the
conditional complete-data likelihood is given by

p(y|q,p, k) =
M
∏

s=1

p(ys|k, qs, ps),

where y = (y1, . . . , yM) and q and p are defined similarly. The partially
observed qs may then be modeled as independent [qs | ψ] ∼ Bernoulli(ψ)
for s = 1, . . . ,M . Because in mark-resight studies essentially nothing is
known a priori about resighting probabilities, below we propose relatively
non-informative proper priors that constrain the parameters to be within
their allowable ranges of support. The posterior distribution for the individ-
ual sighting heterogeneity model is given by p(q,p, N, ψ, β, σ2 | y, U,M, k).
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2.3 Parameter estimation for the heterogeneity and

non-heterogeneity models

Since the posterior distribution for the parameters is not available in closed
form, we develop a Markov chain Monte Carlo procedure (e.g., Givens and
Hoeting, 2005) for parameter estimation. We develop the algorithms for both
the no-heterogeneity and individual heterogeneity models below.

For the no individual sighting heterogeneity model with σ2 = 0 and
ps = p, a simple and efficient Gibbs sampler may be implemented using
the univariate conditional densities of ψ, qs, and p to sample from their joint
posterior distribution. We adopt Uniform(0, 1) priors on ψ and p. At the tth
iteration of the Gibbs sampler, we update the parameters from the univariate
conditional densities

[

ψ(t) | q(t−1)
s

]

∼ Beta

(

1 +
M
∑

s=1

q(t−1)
s , 1 +M −

M
∑

s=1

q(t−1)
s

)

, (1)

[

q(t)
s | ys = 0, µ(t)

]

∼ Bernoulli(µ(t)),

and

[

p(t) | ys, q
(t)
s

]

∼ Beta

(

1 +

M
∑

s=1

ysq
(t)
s , 1 + k

M
∑

s=1

q(t)
s −

M
∑

s=1

ysq
(t)
s

)

,

where

µ(t) = Prob(q(t)
s = 1 | ys = 0, p(t−1), ψ(t)) =

(1 − p(t−1))kψ(t)

(1 − p(t−1))kψ(t) + (1 − ψ(t))
.

For each draw t from this distribution, N (t) may be derived using a modified
Horvitz-Thompson (Horvitz and Thompson, 1952) estimator:

N (t) =
U

kp(t)
+

M
∑

s=1

q(t)
s . (2)

Although derivingN in this manner renders our approach as not fully Bayesian,
we chose to do so from a practical standpoint. A full Bayesian specification
for N makes the univariate conditional densities for β and q intractable and,
therefore, very difficult to sample from. The Horvitz-Thompson estimator is
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unbiased (Thompson, 1992), and its use here greatly simplifies the problem.
In Section 4 we examine the utility and performance of this simplification as
a practical means for estimating N .

The more complex individual sighting heterogeneity model with σ2 > 0,
pi 6= pj for all i, j ∈ {1, . . . ,M} requires a more complicated Metropolis-
within-Gibbs hybrid MCMC algorithm. Here we adopt the logit-normal
transformation where log (ps/(1 − ps)) = θs and [θs | β, σ

2] ∼ N(β, σ2). We
assume hyperpriors β ∼ N(0, τ) and σ2 ∼ Gamma(a, b). At the tth iteration

of the Gibbs sampler,
[

β(t) | θ(t), (σ2)
(t−1)

, τ
]

is given by

N





(

M

(σ2)(t−1)
+

1

τ

)

∑M

s=1 θ
(t)
s

(σ2)(t−1)
,

(

M

(σ2)(t−1)
+

1

τ

)

−1


 ,

where τ , a, and b are fixed constants. The conditional distribution
[

ψ(t) | q
(t−1)
s

]

is given in (1) and
[

q
(t)
s | ys = 0, µ

(t)
s

]

∼ Bernoulli(µ
(t)
s ) with

µ(t)
s = Prob(q(t)

s = 1 | ys = 0, p(t−1)
s , ψ(t)) =

(1 − p
(t−1)
s )kψ

(1 − p
(t−1)
s )kψ(t) + (1 − ψ(t))

.

The univariate conditional densities p(σ2 | θ, β, a, b) ∝
∏M

s=1 p(θs | β, σ
2)p(σ2 |

a, b) and p(θs | ys, qs, θs, β, σ
2) ∝ p(ys | qs, θs)p(θs | β, σ

2) are not of standard

form. For θ
(t)
s = log

(

p
(t)
s /
(

1 − p
(t)
s

))

, we adopt a uniform random walk

Metropolis-Hastings (MH) step where the proposal distribution is given by

θ∗s = θ
(t−1)
s + ǫ∗, with ǫ∗ ∼ Unif(−c, c) where c is chosen by the user.

To facilitate acceptable mixing and convergence for σ2, we use the trans-
formation ξ = log (σ2) and propose a multiple-try MH step (Givens and Hoet-
ing, 2005) with normal random walk proposal ξ∗ = ξ(t−1)+ǫ∗ and ǫ∗ ∼ N(0, d)
where d is chosen by the user. For the multiple-try component of the algo-
rithm, we weight the r generated candidates by their importance sampling
weight,

w
(

σ2(t−1)
, σ2∗

)

= p
(

σ2∗ | θ, β, a, b
)

| J(ξ∗) | g
(

σ2(t−1)
| σ2∗

)

λ
(

σ2(t−1)
, σ2∗

)

,

where J(ξ∗) is the Jacobian for the transformation from ξ to σ2, g
(

σ2(t−1)
| σ2∗

)

is the proposal density, and the weighting function

λ
(

σ2(t−1)
, σ2∗

)

=
[

g
(

σ2∗ | σ2(t−1)
)

g
(

σ2(t−1)
| σ2∗

)]

−1

.
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We then select a single proposal σ2
j

∗

from the r candidates with probability

proportional to wi

(

σ2(t−1)
, σ2

i

∗

)

, sample r − 1 random variables σ2
i

∗∗

(i =

1, . . . , r−1) from g
(

σ2
i

∗∗

| σ2
j

∗
)

, and set σ2
r

∗∗

= σ2(t−1)
. Thus, the generalized

MH ratio for acceptance of σ2
j

∗

is given by

Rg =

∑r

i=1w
(

σ2(t−1)
, σ2

i

∗

)

∑r

i=1w
(

σ2
j

∗

, σ2
i

∗∗
) .

For each draw from p(q, θ, N, ψ, β, σ2 | y, U,M, k), N (t) is again derived as
in equation (2), but with p(t) = logit−1

(

β(t)
)

.

3 Example: New Zealand Robin

3.1 Example Methods

The New Zealand Department of Conservation conducted a pilot study on
New Zealand robin (Petroica australis) populations in Fiordland National
Park to assess whether or not mark-resight methodology may be a suitable
method for monitoring endangered populations of a closely related species
inhabiting the Chatham Islands (McClintock et al., 2008b). Between Septem-
ber 2003 and March 2005, robins were captured and banded on two 100 ha
study areas (Knobs Flat and Walker Creek). Resighting data were then col-
lected during March 2005 on both sites. For the original analysis of these
data (McClintock et al., 2008b), the number of marked birds available for
resighting was specified by selecting a “marked” subset from the unknown
number of banded birds in the population. This subset included all banded
individuals that were seen during a survey immediately prior to the onset of
resighting occasions. The unmarked data therefore could include previously
banded birds not included in the marked subset. This situation is not ideal,
particularly for very rare or elusive species, because every banded observa-
tion can contain important information for an analysis. Further, this method
for selecting the known number of marked individuals could potentially vio-
late an assumption of the model because the “marked” population probably
consisted of individuals with higher sightabilities. This would result in un-
derestimation of abundance. An additional complication is the potential for
this selection process to result in undetected individual heterogeneity and,
hence, underestimates of uncertainty as well.
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In light of these potential issues with the original data, we demonstrate
the use of BBLNE using the Knobs Flat study area. Between September
2003 and March 2005, 80 banded birds were released into the population.
Of these, 23 banded birds were observed and thus designated as “marked”
during the survey immediately prior to the collection of the resighting data.
Across k = 7 secondary resighting occasions (without replacement), the 23
individuals in the marked subset were resighted ys = 1 to 6 times with
respective frequencies 7, 4, 5, 1, 5, and 1. For the unbanded and banded birds
not included in the marked subset, U = 45. These data yield N̂ = 39 (95%
CI 34−45) using the BLNE model incorporating individual heterogeneity in
Program MARK (White and Burnham, 1999). We suspect both the point
estimate and level of uncertainty to be underestimated using this approach.
We stress that the potential problem here lies not in the modeling framework
itself, but in the appropriateness of the data for the model. If the number of
marked individuals is unknown, the data then consist of n∗ = 23 individuals
with the same frequencies for ys because all members of the marked subset
were resighted. Further, because none of the banded birds not included in
the marked subset were resighted, U = 45 for these data as well. If we then
augment these data with M − n∗ = 80 − 23 = 57 marked individuals with
ys = 0, the data for BBLNE are completely specified.

We fit the BBLNE model under both the simple no individual heterogene-
ity and the more complicated heterogeneity regimes. For the no heterogeneity
model, we initiated four independent random start Markov chains using the
Gibbs sampler outlined in Section 2, with each chain consisting of 100,000
samples after a burn-in of 20,000. The starting values for the parameters
were randomly drawn from their respective prior distributions. Mixing and
convergence diagnostics included calculation of the Gelman-Rubin statistic,
sample path plots, autocorrelation plots, and pair-wise correlations of pa-
rameters (Gelman, 1996). After obtaining sufficient evidence of convergence
for these shorter chains, we then ran a single random start Markov chain
of 200,000 samples after a burn-in of 20,000 for summarizing the posterior
distribution.

We followed a similar procedure for the heterogeneity model after spec-
ifying values for the hyperparameters (τ , a, and b) and random walk steps
(c and d). We found the algorithm to be sensitive to values for τ , a, and b.
If τ was specified too large with a and b too low, the Gibbs step for β too
often drew extreme values that resulted in many unreasonably large values
for N . We therefore fixed τ = 0.25 and a = b = 0.5 to make the probability
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of draws from the upper and lower extremes of β (and therefore p) less likely
under the prior distribution. This is a reasonable prior set-up for the robin
problem as we do not expect resighting probabilities to be very near 0 or 1.
To achieve adequate acceptance, mixing, and convergence rates we specified
c = 2 and d = 0.15, with each multiple-try MH proposal step consisting of
r = 4 candidates. Chain diagnostics were examined as described above, but
we also examined the influence of our prior specifications on the marginal
posterior distributions of σ2 and β.

To aid in determining whether the data support the hypothesis of indi-
vidual heterogeneity, we compared the two BBLNE models using the De-
viance Information Criterion (Spiegelhalter et al., 2002). Because all indi-
viduals have the same p when there is no heterogeneity, the standard DIC =
2D̂ave(y)−D

θ̂
(y) was used for this model, where D̂ave(y) = 1/L

∑L

i=1D(y, θi),

D
θ̂
(y) = D(y, θ̂), D(y, θ) = −2 log p(y | θ), and L is the chain length. For

the heterogeneity model, an approximate DIC was calculated as DIC∗ =
2D̂ave(y) − D

θ̂∗(y), where D
θ̂∗(y) = D(y, θ̂∗) = −2 log p(y | θ̂∗). For θ̂∗,

posterior medians were used for N̂ and n̂ (because of their right-skewed dis-
tributions), and posterior means were used for ψ̂ and p̂s. For the latent
qs = 1, n̂− n∗ individuals were randomly sampled from the M − n∗ marked
individuals in the super population with probability weights proportional to
p̂s. This sampling process was repeated 1000 times, and the average of the
DIC* values was used for model comparisons. For comparative purposes,
we also evaluated the results from the BBLNE model with greater support
(based on minimum-DIC) relative to those obtained from a maximum like-
lihood analysis with ZPNE using Program MARK. Model selection between
the heterogeneity and no heterogeneity ZPNE models was performed using
Akaike’s Information Criterion adjusted for small sample sizes (AICc) (Burn-
ham and Anderson, 2002), the default criterion in Program MARK. We note
that DIC and AICc cannot be compared as a means for model selection
between BBLNE and ZPNE.

3.2 Example Results and Discussion

For the no heterogeneity BBLNE, diagnostics of the four independent chains
indicated satisfactory mixing and convergence. The univariate Gelman-
Rubin statistic was less than 1.00001 for N , p, ψ, and n. Serial autocor-
relations fell to zero within a lag of five iterations for all parameters. For the

11



Table 1: Comparison of BBLNE, ZPNE, and BLNE estimates (and 95% in-
tervals) of abundance (N), number of marked individuals (n), and individual
heterogeneity (σ2). Estimates for σ2 are on the logit scale for BBLNE and
BLNE or on the log scale for ZPNE. Model selection criteria between param-
eterizations with and without individual heterogeneity were DIC for BBLNE
or AICc for ZPNE and BLNE. BLNE assumes a known number of marked
individuals (n = 23). We note that these model selection criteria cannot be
used for comparisons between BBLNE, ZPNE, and BLNE.

Model N̂ n̂ σ̂2 DIC/AICc

BBLNE No Het. 40 (37 − 46) 24 (23− 26) NA 101.7
BBLNE With Het. 44 (37 − 59) 26 (23− 33) 0.99 (0.17 − 2.74) 88.6

ZPNE No Het. 42 (35 − 50) 25 (24− 26) NA 92.9
ZPNE With Het. 42 (34 − 51) 25 (24− 27) 0.06 (0.01 − 0.71) 95.3

BLNE No Het. 39 (35 − 44) NA NA 226.9
BLNE With Het. 39 (34 − 45) NA 0.43 (0.13 − 1.39) 226.5

heterogeneity BBLNE, the diagnostics suggested adequate mixing and con-
vergence for the four independent chains. The Gelman-Rubin statistic was
less than 1.0008 for N , β, σ2, ψ, and n. Serial autocorrelations fell off rapidly
for all parameters except σ2, for which autocorrelations remained around 0.3
after a lag of 100 iterations. This behavior justified a longer chain of 200,000
samples for posterior inferences.

The estimated marginal posterior distributions from the final chain of
200,000 draws for the no heterogeneity BBLNE (Figure 1) had median abun-
dance estimate N̂ = 40 with a 95% posterior interval (PI) of 37 − 46 (Table
1). For the number of marked individuals available for resighting, the median
was n̂ = 24 with a 95% PI of 23− 26. Means for p̂ and ψ̂ were 0.39 (95% PI
0.31− 0.47) and 0.30 (95% PI 0.21− 0.41), respectively. The calculated DIC
for this model was 101.7.

For the heterogeneity BBLNE, the estimated marginal posterior distri-
butions (Figure 2) had median N̂ = 44 (95% PI 37 − 59) and n̂ = 26 (95%
PI 23− 33). Means for p̂ = logit−1(β̂) and ψ̂ were 0.36 (95% PI 0.23− 0.49)
and 0.33 (95% PI 0.22 − 0.47), respectively. Individual heterogeneity was
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Figure 1: Estimated marginal posterior distributions for abundance (N),
resighting probability (p), proportion of marked super population available
for resighting (ψ), and the number of marked individuals in the population
available for resighting (n) when ignoring individual heterogeneity for a New
Zealand robin population in Fiordland National Park, New Zealand.
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non-negligible with median σ̂2 = 0.99 (95% PI 0.17 − 2.74). Plots of the
estimated posterior densities for β, p, and σ2 against their respective prior
distributions indicate little influence of the priors despite the sensitivity of our
algorithm to particularly non-informative specifications for p(β) and p(σ2)
(Figure 2). The estimated DIC = 88.6 was considerably smaller than for
the no heterogeneity model. For the analysis of these data using ZPNE in
Program MARK, the no heterogeneity model had N̂ = 42 (95% CI 35− 50),
and the heterogeneity model had N̂ = 42 (95% CI 34 − 51) (Table 1). In
this case, AICc favored the no heterogeneity model (AICc = 92.9) over the
heterogeneity model (AICc = 95.3).

These results provide some degree of validation to our suspicion that the
original method of selecting the known “marked” subset for an analysis using
BLNE (McClintock et al., 2008b) may have been inappropriate. When more
realistically assuming an unknown number of marked individuals, both ZPNE
and BBLNE produced larger estimates of N and its uncertainty. Based on
the BBLNE model including heterogeneity, there were an estimated n̂ −
n∗ = 3 marked individuals in this population that were never detected. This
is indicative of the potential to overestimate resighting probabilities when
selecting a marked population based on sightability, and this would result in
BLNE underestimating N .

It is also important to model individual heterogeneity to avoid underes-
timation of N and its uncertainty (Otis et al., 1978; Neal et al., 1993). This
was demonstrated by the relatively large differences between the two BBLNE
models for these data, from which we found strong evidence of individual het-
erogeneity. Comparing the DIC-supported BBLNE heterogeneity model with
the AICc-supported ZPNE model excluding heterogeneity, the point estimate
for N for the latter was lower with considerably greater precision. This is
consistent with our suspicion that ZPNE may underestimate N and its uncer-
tainty when used for relatively small data sets with heterogeneous resighting
probabilities when sampling is without replacement. However, because this
single example provides no information on the expected relative performance
of BBLNE relative to ZPNE under these conditions, we report on a series of
simulation experiments in the next section.
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Figure 2: Estimated marginal posterior distributions for abundance (N),
resighting probability on the logit scale (β), individual heterogeneity (σ2),
proportion of marked super population available for resighting (ψ), resighting
probability (p), and the number of marked individuals in the population
available for resighting (n) when including individual heterogeneity for a
New Zealand robin population in Fiordland National Park, New Zealand.
Prior distributions are included for β, σ2, and p.
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4 Simulation Experiments

4.1 Simulation Methods

We performed three series of simulation experiments, one with generated
“small” sample data (n = 25, N = 40, p = 0.30) emulating that of the robin
example, one with “medium” sample data (n = 50, N = 250, p = 0.40), and
one with “large” sample data (n = 75, N = 500, p = 0.85). The number of
resighting occasions, k, was set to 7 for all experiments. For each series, three
sighting probability scenarios were simulated: 1) no individual heterogeneity
(σ2 = 0); 2) moderate individual heterogeneity (σ2 = 0.75); and 3) high
individual heterogeneity (σ2 = 1.75) . For scenarios without heterogeneity,
sighting data were generated as realizations of binomial random variables,
where ys ∼ Binomial(k, p) (s = 1, . . . , N). For the scenarios with hetero-
geneity, the data were generated as ys ∼ Binomial(k, ps) (s = 1, . . . , N),
where ps = logit−1(θs), θs ∼ N(β, σ2), and β = log(p/(1 − p)). For all data
sets, U =

∑N

s=n+1 ys. With σ2 = 0.75 or 1.75, these input parameters exhibit
moderate to severe individual heterogeneity on the inverse logit scale. For
each population within the three sample size classes, we generated 500 simu-
lated data sets with an unknown number of marked individuals by excluding
the unobservable ys = 0 from the data.

We analyzed each simulated data set using both BBLNE and ZPNE. For
BBLNE, each data set was augmented with M −n∗ marked individuals with
ys = 0, where M = 50 for the small sample data, M = 80 for the medium
sample data, and M = 125 for the large sample data. For the data without
individual heterogeneity, the no heterogeneity parameterizations of BBLNE
and ZPNE were used. For the data with heterogeneity, the heterogeneity
parameterizations of BBLNE and ZPNE were used. For BBLNE, we used
the same prior specifications and MCMC algorithm as in the robin example.
For each simulated data set, a chain of 100,000 samples was drawn (after a
burn-in of 20,000), and the median, standard deviation (as an estimate of
SE), and 95% posterior interval for N were calculated from its estimated
marginal posterior distribution. For ZPNE, maximum likelihood estimates
of N were obtained using the NLMIXED procedure in SAS 9.1 (SAS Insti-
tute, 2002). We compared the average performance of BBLNE and ZPNE
as estimators of N based primarily on bias/SE = E(N̂ − N)/SE(N̂), per-
cent posterior (BBLNE) or confidence (ZPNE) interval coverage of N , per-
cent posterior or confidence interval length % IL = 100(Upper − Lower)/N ,
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root mean squared error

(

RMSE =

√

E(N̂ −N)2 + var(N̂)

)

, and the es-

timated ratio of the theoretical SE = 1/500
∑500

i=1 ŜE(N̂i) to the empirical

SE =

√

1/499
∑500

i=1

(

N̂i −
¯̂
N
)2

(Burnham et al., 1987).

4.2 Simulation Results and Discussion

As expected, we generally found BBLNE to outperform ZPNE with small
sample sizes generated from a binomial logit-normal distribution (Table 2).
Despite having very similar percent coverages of N , BBLNE tended to be
less positively biased and more precise than ZPNE when there was no het-
erogeneity in the data. In this case, BBLNE tended to slightly underestimate
the empirical variance (SE ratio = 0.9) while ZPNE tended to overestimate
this quantity (SE ratio = 1.1). As expected, ZPNE exhibited a negative bias
as an estimator of N and its uncertainty when heterogeneity was present in
the data, particularly when the heterogeneity was extreme. Confidence inter-
vals for ZPNE only included N in 61% of these simulations. Although better
than for ZPNE, coverage for BBLNE was slightly less than the nominal 95%
with small sample sizes because it tended to underestimate the uncertainty
about N or exhibited a small negative bias in the presence of individual
heterogeneity.

With the medium and large sample data when there was no individual
heterogeneity, BBLNE was generally consistent and exhibited greater effi-
ciency than ZPNE (Table 2). With medium sample sizes and moderate
heterogeneity, BBLNE and ZPNE performed similarly, with ZPNE exhibit-
ing a slight negative bias with greater efficiency compared to BBLNE. This
tendency was reversed with large sample sizes and moderate to high het-
erogeneity, when BBLNE exhibited a larger bias and greater precision than
ZPNE. For these scenarios, coverage for BBLNE was near nominal, and cov-
erage for ZPNE was exceptionally high because it tended to overestimate the
uncertainty about N . However, with large sample data and severe hetero-
geneity, both models performed quite similarly overall.

Surprisingly, ZPNE performed very similarly for all of the large sam-
ple simulations. Examination of the estimated heterogeneity parameter for
ZPNE indicates that very little Poisson overdispersion was detectable in these
data. In other words, despite moderate to severe heterogeneity on the in-
verse logit scale, these large sample zero-truncated binomial logit-normal
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Table 2: Comparison of BBLNE and ZPNE average bias divided by standard
error (Bias/SE), percent interval coverage (Cover), percent interval length (%
IL), root mean squared error (RMSE), and the theoretical to empirical SE
ratio for abundance estimates from a series of simulation experiments con-
sisting of small, medium, and large sample sizes. Each sample size series
included a scenario without individual heterogeneity, with moderate individ-
ual heterogeneity, and with high individual heterogeneity.

No Ind. Het. Mod. Ind. Het. High Ind. Het.

BBLNE ZPNE BBLNE ZPNE BBLNE ZPNE

Small Sample

Bias/SE 0.2 0.6 −0.7 −0.5 −0.9 −1.5
Cover 89 89 89 82 88 61
% IL 37 47 41 38 44 34

RMSE 3.9 6.1 5.2 4.7 6.2 6.6
SE Ratio 0.9 1.1 1.0 0.9 1.0 0.8

Medium Sample

Bias/SE 0.1 0.5 0.1 −0.3 0.0 −1.1
Cover 95 98 94 92 97 74
% IL 24 34 45 31 57 29

RMSE 15.2 25.8 29.3 21.7 36.8 29.7
SE Ratio 0.9 1.3 1.2 1.0 1.3 1.0

Large Sample

Bias/SE 0.0 0.0 −0.2 0.1 −0.4 −0.1
Cover 94 100 94 100 92 100
% IL 6 17 9 17 14 18

RMSE 7.8 22.1 11.6 22.6 20.8 22.9
SE Ratio 1.0 2.7 1.0 1.9 1.1 1.5
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data generally fit the standard zero-truncated Poisson distribution with no
overdispersion. (McClintock et al., 2008a) also found ZPNE to be robust to
data generated from a binomial logit-normal distribution except when sam-
ple sizes were particularly small with heterogeneous resighting probabilties.
In addition, we found ZPNE to perform poorly with moderate sample sizes
under severe heterogeneity. Relative to BBLNE, it appears the potential for
bias and inefficiency using the zero-truncated Poisson distribution to model
small- to medium-sized binomial logit-normal data may be overcome with
large sample (and more Poisson-like) data because ZPNE does not need to
invest in additional parameters to estimate the number of marked individu-
als.

5 Conclusions

When sampling is without replacement, we found BBLNE to have advan-
tages over ZPNE when sample sizes are smaller and individual heterogeneity
is more severe. For simplicity, we focused on modeling the resighting data as
binomial logit-normal by ignoring temporal variation between secondary sam-
pling occasions. As with the most general logit-normal model of McClintock
et al. (2008b), BBLNE may be relatively easily extended to allow variation
in resighting probabilities between secondary occasions and J > 1 primary
intervals by modeling δsij ∼ Bernoulli(psij), where psij = logit−1(θsij) and
θsij ∼ N(βij , σ

2
j ) (s = 1, . . . , n∗

j , i = 1, . . . , kj, j = 1, . . . , J). The univariate
conditional densities for all parameters could then be adjusted accordingly.
Although not explored here, our framework also allows the incorporation of
relevant covariate information about the resighting probability parameters
(β and σ2) to more efficiently describe the detection process.

Despite our algorithm’s sensitivity to particularly non-informative priors
on β and σ2, we found suitable specifications with little influence on posterior
inferences. This was further demonstrated in our large sample simulations,
where the prior distributions had very little mass in the region of the actual
parameter values. However, there remain several potential refinements to our
methods that we can identify. Although not explored here, a more sophisti-
cated approach may involve specifying a joint prior on β and σ2 (and possibly
τ). We envision such a prior reducing the negative autocorrelation induced
between τ and σ2 via the univariate conditional distribution for β. As an
alternative to our derived Horvitz-Thompson estimator for N , a complete
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Bayesian specification for the model could be explored further, but we found
our approach to perform quite well as a practical solution. Instead of using
DIC, the different parameterizations for BBLNE could be implemented using
reversible jump MCMC methods (Givens and Hoeting, 2005) as a means of
model selection and multimodel inference. However, this approach quickly
becomes a technical challenge and beyond the intended scope of this work.
Another area not explored here is the potential to implement our model
in a maximum likelihood framework using an E-M algorithm (Givens and
Hoeting, 2005).

The New Zealand robin data we analyzed using BBLNE were originally
used as an illustrative example in McClintock et al. (2008b) with little con-
cern for the validity of these data for their model. However, had that analysis
been intended to inform management or policy decisions, we believe it gener-
ally better to admit and model uncertainty than to make risky assumptions.
Prior to the recent introduction of ZPNE, such assumptions were generally
necessary to estimate abundance from sighting data with an unknown num-
ber of marked individuals. One advantage of ZPNE is that it can be used
when sampling is with or without replacement, and this distinction can some-
times be difficult to control (via design) or ascertain in the field. Another
advantage is that ZPNE is easily implemented using the freeware package
Program MARK (White and Burnham, 1999). However, with BBLNE, a
model is now available that can be more consistent and efficient than ZPNE
when sampling is without replacement, particularly with small sample sizes
exhibiting heterogeneous resighting probabilities. Due to limited budgets
and the inherent variability between individuals, this is a common occur-
rence in mark-resight population studies. For practitioners familiar with the
software, code to implement BBLNE in both WinBUGS and R is available
at http://www.stat.colostate.edu/~jah/software.
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