Theoretical properties of propensity weighting for survey

nonresponse through local polynomial regression

Damiao N. da Silva * Jean D. Opsomer |

August 28, 2008

Abstract

Propensity weighting is a procedure to adjust for unit nonresponse in surveys. A form of
implementing this procedure consists of dividing the sampling weights by estimates of the prob-
abilities that the sampled units respond to the survey. Typically, these estimates are obtained
by fitting parametric models, such as logistic regression and probit analysis. The resulting ad-
justed estimators may become biased when the specified parametric models are incorrect. To
avoid misspecifying such a model, we consider the nonparametric estimation of the response
probabilities by local polynomial regression. We describe theoretical and practical properties of
the proposed approach.
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1 INTRODUCTION

Propensity weighting is a procedure that is often applied in sampling surveys to compensate for
unit nonresponse. Under this type of nonresponse, complete data collection is accomplished at only
a part of the units selected to the sample, which are termed as the respondents. The propensity
weighting procedure operates by increasing the sampling weights of the respondents in the sample
using estimates of the probabilities that they responded to the survey. These probabilities are
also referred as response propensities in virtue of their analogy with the propensity score theory
of Rosenbaum and Rubin (1983) for observational studies, incorporated into survey nonresponse
problems by David et al. (1983).

General descriptions of propensity weighting to adjust classical survey estimators for nonre-
sponse can be seen, for example, in Nargundkar and Joshi (1975), Cassel et al. (1983) and Groves
et al. (2002). Traditionally, the way the procedure is implemented estimates the response proba-
bilities with parametric regression curves, such as logistic, probit or exponential models. See Alho
(1990), Folsom (1991), Ekholm and Laaksonen (1991) and Iannacchione et al. (1991) for earlier
references. A recent theoretical account of the statistical properties of the procedure is given in Kim
and Kim (2007). These parametric models are readily fitted as generalized linear models. However,
an important and sometimes overlooked part of this procedure is the specification of the form of the
link function to relate the response propensities and a linear predictor of the auxiliary information.
If this function, which we shall refer to as the response propensity function, is misspecified, the
resulting adjusted estimators of the population quantities are likely to be biased.

Another approach to estimate the response propensities is through nonparametric methods.
The main motivation to use such methods is that the parametric form for the response propensity
function need not to be specified. In this sense, these methods offer an appealing alternative to
having to choose a suitable link function, as raised by Laaksonen (2006), or when a parametric model
is difficult to specify a priori. In this context, Giommi (1984) proposed using kernel smoothing,
in the form of the Nadaraya—Watson estimator, to estimate the response probabilities. Da Silva
and Opsomer (2006) established the consistency of Giommi’s estimator for the population mean
and derived rates for the asymptotic bias and the variance. Theoretical properties of a Jackknife
variance estimator were also studied.

Extensions for the results in Da Silva and Opsomer (2006) were studied by Da Silva and Op-
somer (2008) with the estimation the response propensities by local polynomial regression. This
nonparametric technique (see Wand and Jones (1995), for instance) improves the local approxima-
tion to the unknown propensity function, resulting in better practical and theoretical properties
compared to kernel smoothing.

In this report, we give detailed derivations for the results stated in Da Silva and Opsomer (2008).

In Section 2, we introduce the weighting procedure and the estimation of the response propensities.



The theoretical statistical properties of the adjusted estimators are discussed in Section 3. Finally,
in the Appendix, we state the assumptions needed and give proofs for the main results in the paper

and also for the required lemmas.

2 WEIGHTING BY LOCAL POLYNOMIAL REGRESSION

Consider a population of N, units, denoted by U, = {1,2,...,N,}. Suppose that a probabilistic
sample s, is drawn from U,, according to some probabilistic sampling design p(s,). Let n, be
the size of s, and m; = m;, = Pr{i € s,} = >, .;c, P(s,) be the inclusion probability of unit
i, for all ¢ € U,. It is of interest to estimate the population mean of a study variable y, namely
un, = N1 > icu, Yi» where y; denotes the value of y for the i-th unit of U,. We assume that the
values z; of an auxiliary variable z are fully observed throughout the sample.

When the sample contains unit nonresponse, then we only observe the values of the study
variables for the units in a subset r, C s,. To account for the information lost in the estimation
of the parameters of interest, it becomes necessary to model the response process. To define this
response model, let R; be an indicator variable assuming the value one, if the unit ¢ respond to the
survey, and the value zero, otherwise, for all 7 € s,. We assume that, given the sample is fixed, the

response indicators are independent Bernouilli random variables with
Pr{R;=1|i € sy, y, x} = ¢(x;) = ¢, forallie€ s, (1)

where the exact form of ¢(-) is unspecified, but it is assumed to be a smooth function of x; with
o(+) € (0,1]. As a consequence of the analogy between the response probabilities ¢; in (1) and the
the propensity scores of the Rosenbaum and Rubin (1983), we shall refer to the function ¢(-) as
the response propensity function.

The relationship in (1) defines a nonresponse process said to be ignorable, in the sense that
the response propensities are independent of the values of any study variable, conditional on the
covariate x. The theory developed here, therefore, does not intend to handle non—ignorable response
mechanisms. Another important aspect of condition (1) is that the ¢; are allowed to vary, depending
on the auxiliary variable only through the value z;. Thus, (1) defines a form of missing—at—random
nonresponse model according to the taxonomy given in Little and Rubin (2002).

If all response propensities were conceptually known, then resulting weighting adjustments could
be obtained by applying a two-phase estimation approach. For instance, two possible estimators of

the population mean gy, would be given by

_ 1 1,1
Yrov = N > e iR (2)
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and

yratmi)ufzﬂ'w(b Yi z/zﬂ' ¢ 1RZ7 (3)

iCsy i€sy

which are forms of adjustments for the Horvitz—Thompson and the Hajek estimators to compensate
for the unit nonresponse. The same ideas can be used to obtain propensity weighting adjustments
for the generalized regression estimator for estimation in the presence of nonresponse (Cassel,
Sérndal, and Wretman 1983).

Estimators (2) and (3) are unbiased and nearly unbiased for yy, respectively under the quasi-
randomization approach of Oh and Scheuren (1983), where the statistical properties are evaluated
using the joint distribution of the sampling design and the response model. However, the response
propensities are usually unknown in practice and we need to replace the ¢; in (2) and (3) by
estimates ai; satisfying 0 < ;#EZ < 1. The resulting propensity weighting estimators are therefore

Yngr = “’EE:7T_1¢ yilti (4)
Vics,
and
et = o0 ke | Y R ®
i€sy i€sy
The latter formula has the advantages of being location—scale invariant, because the summation of
its adjusted weights 7, gb R/,

population size N, to be known.

ics, A; !R; is equal to one, and that it does not require the

In order to implement the propensity weighting estimators (4) and (5), it is necessary to estimate
the response propensities &5\1 The procedure we consider here is local polynomial regression, which
can be described as follows: Let K(-) be a continuous and positive kernel function and h, be its

bandwidth. Define the N, x (k4 1) matrix
1 (xp—ax) - (21 —x)F
Xyi=| : : : 5
L (o, —2) o0 (on, =)t

the N, x N, matrix

1 i — T; )
WUi:diag{hK<xjh x) : 1§J§Nu}-

and population vector of response indicators Ry = (Ry, Ra, ..., Ry,)". The vector Ry would be
known if, instead of the sample s,,, a census was considered from the population U,. In this case,
the local polynomial regression estimator of degree k of ¢; = ¢(x;), based on the whole population,

would be given by the fit

dui = er (Xp; WyiXys) "' X4, WeRy, (6)



where e; denotes the j-th column of the identity matrix of order k 4 1 and it is assumed that
X1, WyiXy; is non-singular.

Since the values of the response indicators are only observed for those units selected into the
sample, the population fit (6) is unfeasible. However, defining X; as the n, x (k+1) matrix formed

with the rows of Xy; corresponding to the units j € s,

1 Ti — X;
W, = di K= —2):j¢es,
lag{ﬂjhy < hy > ]65}

and Ry = (R; : j € s,)’, then a sample-based local polynomial regression estimator of degree k of

¢; = ¢(z;) is given by

07 = e'T5; 'ty (7)
where
PO ~ 1
(Tsi>tsi) = <{Tsi,pq}p7q:1 , (tsi,p)’;—i_%) = (XWX, X ;W R,)

and it is assumed that T, is invertible. An special case of (7) is obtained by considering k = 0,
which implies in the fit of a constant locally. This procedure corresponds to the kernel regression
response propensity estimator studied in detail by Da Silva and Opsomer (2006). Other potential
special cases from (7) are the local linear, the local quadratic and the local cubic response propensity
estimators, which result from the local fit of polynomials of degree one, two and three, respectively.
In practice, when ’i‘si happens to be singular, a simple procedure to insure that (/ﬁ\f is well
defined is choosing a bandwidth large enough to guarantee at least £+ 1 values of R; in the window
[x; — hy,z; + hy], for all ¢ € s,. If this window does not contain enough responses indicators and
the bandwidth has to remain fixed, another approach has to be considered. To this purpose, we
adopt here the adjustment made by Breidt and Opsomer (2000) and define the sample-based local

polynomial regression estimator of degree k of ¢; = ¢(x;) by
(E(:J;i, k,h,) = el (’TS, + diag {;}) 1/t\si, 1€ S,. (8)

v

where ¢; is some small positive constant. The smaller order terms 61 /N, added to the main diagonal
of '/fsi are sufficient to make the resulting adjusted matrix invertible. As a consequence, gg(:cz, k,hy)
will be well defined, for all ¢ € s,,. However, another technical difficulty to use a(xz, k,h,) into a
propensity weighting adjustment arises because the response propensity estimator (8) can indeed
become arbitrarily close to zero. To tackle this problem, we bound ngb(xl, k, h,) away from zero by

considering the estimator
6s = max {@(ws, k, b)), 62 (Nyhy) "'}, (9)

for some constant do > 0. This idea is related to the adjustment made by Da Silva and Opsomer

(2006) regarding the local constant response probability estimator.



3 ASYMPTOTIC PROPERTIES

In this section, we present the properties of the propensity weighting estimators (4) and (5) under
estimation of the response propensities by the local polynomial estimator (9). The assumptions,
lemmas and outlines of the proofs for the following results are given in the Appendix. We consider
an asymptotic framework by which the population U, is embedded into the increasing sequence
of populations {U, : N, < N,41}32,. From each U,, a sample s, of size n, (n, > n,_1) is
selected according to a sampling design p,(-). This framework is commonly adopted in asymptotic
studies of survey estimators. See, for instance, Isaki and Fuller (1982), for an early reference. For
what follows, we define x, = (x1,22,...,2y,)" and let Px be the joint probability distribution of
(x1,X2,...). The results should be interpreted as statements with probability one regarding the
possible sequences of values for the auxiliary variable x in the population. Although the statements
depend on the distribution of x values, they reflect inferences for the finite population because the
results are valid for almost any sequence of U,.

As a population—based approximation for ¢; = ¢(x;), we shall consider in the derivation of most

results in this section the population fit by local polynomial regression
¢i = (zi k. h,) = e'Bi = e)'T; 'ti, i€ U, (10)
where

(Tirts) = ({Tpad iy )it ) = B (ToinBai) = (X WoiXui, X Woichy)

the matrices Xg; and Wyy; are as in (6) and ¢y = (¢(z1), ¢(x2),...,¢d(xn,)) . Also, as a conse-
quence of the Taylor expansion for qu_ ! given in Lemma 5, we will use a limiting approximation

for (4) based on the decomposition

_ _ _ 1
Ungw = Ungy = dugy + Erg T 0<N2h2>, (11)

vy
where
i - .d- .- b 1571 (1. 67 e/ Tt — TuB:). e /‘R-
Yo Yndr Crdy —Nyzﬂ'i b; 0, eI (tsi siBi), €iw ) Yili,
€Sy

€y is the remainder term in a Taylor expansion and the smaller order term O(N, 2h; %) hold
uniformly over all samples and all response indicators.

Next, it follows the statistical properties of the estimator Yndo
Theorem 1. Assume the assumptions (A1)-(A4), (B1)-(B3) and (C1)-(C5) hold. Consider the
estimation of the population mean Yy, by the propensity weighting estimator Yo defined in (4),



and suppose the response propensities are estimated by the local polynomial regression estimator of
degree k, ggi, given in (9). Let

mp,,zfz iR, (12)

'LESU

where
Ot =07 = 67 T (B — TuBi),
ts; and ’/I\‘Si are given in (7) and éi, Bi, T; are defined in (10). Then,
_ _ 2 1
E [(yn&/ - yT(’L/P\I/) }X”:| =0 n?,h,% ? (13)
with Px—probability one, and the bias and variance of Ui satisfy

0] (h’,f+(3/2)> + O (n i ) k even,
O (hEH1) + O<m) .k odd,

B, = B, -ov x| = (14)

and

Var [gjmzy ‘ xy} = 0 (nylhy) : (15)

with Px—probability one.

Remark 1. Theorem 1 builds a limiting approximation for the local polynomial response propen-
sity estimator Yni given by the random variable Yniw in (12). The approximation consists of
adjusting the sampling inclusion probabilities with the weights 12; ! The first component in the
formula defining these weights is asymptotically equivalent to the inverse of true response propen-
sities ¢; 1 However, since the following term in 12;; ! is not small enough to be discarded, approx-
imating the properties of YUndw by plugging in estimates qAﬁz in the properties of g4, of (2) might
lead to invalid asymptotic inferences. One imediate consequence of this comment is that the simple

approach of plugging in an estimate of ¢; in

i (1— és)
Var [Jrey | %] = Var [§r] + N2 lezs 2@% Yis

where the first component in the right—hand side is the design variance of the Horvitz—Thompson

estimator, may not yield a satisfactory variance estimator.

Remark 2. Results (13) and (14) imply that the propensity weighting estimator Undo using a

response propensity estimator based on local polynomial regression, is asymptotically unbiased for



the population mean gy, under the joint distribution of the sampling design and the response model
(1). This result follows directly from assumption (C4), because both terms in the right-hand side
of (14) converges to zero, as v — 0o, with Px—probability one. Combining this result with (15),
then we obtain that

~ _ 1
Yndr = UN, +0Op <\/W) ; (16)

with Px—probability one, when the bandwidth satisfies

__1
O (n,*™ ), keven,

hy = 1 (17)
O(n,*" ), kodd.

Hence, without assuming a parametric form for the response propensity function ¢(-), Yndw is also
consistent for the population mean, with respect to the sampling design and the response model.
As a price paid, however, the rate of convergence here is of order v/n,h,,, therefore slower than the
usual rate \/n,.

Remark 3. Two theoretical properties also given in Theorem 1 are the asymptotic rates by which
the bias and variance of the limiting approximation for Y,g, converge to zero. Fixing the order of
the polynomial fit, the bandwidth that minimizes the asympotic mean square error satisfies (17).
When the order of the local polynomial estimator is even, the rate for the leading term in the

+3/ 2, as opposed to the usual rate 252 of local polynomial regression

asymptotic bias is at most hl]f
estimation at a single z value. This result is a direct extension of the one given in Da Silva and
Opsomer (2006) for the kernel regression case. It is a consequence of the fact the leading bias term
is an average of the population values of study variable y; and the local polynomial estimates of the
response propensity function obtained for all interior and boundary x; values. The disagreement
betweeen the rates follows from the chosen framework for the y; values in (A4), where it is assumed
only that those values have a finite fourth population moment. However, by strengthening this

assumption to uniform boundedness, the obtained rate will be the same as the usual one.

Corollary 1. Assume the conditions of Theorem 1 hold. Suppose that the sampling design and the

response model are such that, conditional on x,,

Yoy — YN, — B
Ty ;2 £ N(0,1) a.s. Px, asv — oo,
[Var(gw{j)\l/ ‘ m”)]

where By, is defined in (14). If additionally

lim (n,,hV)Var(gjmzy |x,) € (0,00) a.s. Px,

V—00



then, conditional on x,,
9.5, 9N, — B
dv 1';2 £ N(0,1) a.s. Px,
[Var(gﬂ{b\u‘ mV):|

as v — OQ.

Remark 4. Corollary 1 states a Central Limit Theorem result for Yo Hence, apart from being
consistent as discussed in Remark 2, this estimator has a sampling distribution asymptotically
normal. This result follows from the assumption that the linearized random variable Yniv satisfies
the conditions of the Central Limit Theorem, under the joint distribution of the sampling design

and the response model.

We now discuss the properties of the ratio—based version of propensity weighting estimator

given in (5). Note that since

NV S M Ry — v,

_ _ 1€Sy
Y oy YN, = — ———
e N Y T R
iGSV
then standard ratio estimation theory can be used to derive asymptotic results for g ~ . There
rat,mov

is no difference between the asymptotic rates for the approximate bias and variance of y, , ndv and
the rates given in Theorem 1 for the Yndo However, an explicit expression for the asymptotic bias

Yyatndu is given by

ZU &7 ' dilyi — Un, )
. — elUy
Blas( ) = S gﬁflqs-

yrat,mgu
€Uy,

which shows that the weaker is the population correlation between the values of ‘Z;i_l(ﬁi and the

values of y;, the bigger will be the reduction if bias of y as compared to the bias of Ui The

ratﬂrqb?zz

asymptotic variance of y _ . ndy CAN be approximated by

Var(ymtmzy }Xl,) = Var (J\}Yy Z W;IQZZIRZ‘(yZ‘ —Un,) ’x,,) ,
i€sy
which, as remarked by Da Silva (2003) for the zero order local polynomial case, has a complex
analytical expression. This expression, however, has the same form of the corresponding expression
of the Yri estimator, with the exception is that the residuals y; — ¥y, replace the y; values,
leading therefore to a generally smaller asymptotic variance. An asymptotic approximation for the

distribution of y_, = is given next.
b

¢



Theorem 2. Assume the conditions of Theorem 1 hold. Suppose the population mean is to be

estimated by the propensity weighted estimator g, , -y of (5) and the response propensities are

estimated by the local polynomial regression estimator of degree k, QASZ-, defined in (8). Let
_ 1 —17-1 _
emz,, = F Z Uy ¢Z (yz - y)Ri,
Yies,

where the weights 1@_1 are given in Theorem 1. Suppose that, conditional on x,,,

S _ E 5~
Crgy (ewy | fl/IQ) 5 N(0,1) a.s. Px, asv— oo,
[Var(émzy ‘ wu)}

and

lim (nth)Var(éﬂ$V |x,) € (0,00) a.s. Px.

V—00

Then, conditional on x,,,

g AV - gNl/ - B t,
rat,me 17; L N(0,1) a.s. Px,
[Var(émzy‘ CBV)}

as v — 00, where Brqi, = O(h’,j“), if k is odd, and Bra, = O(hlﬁ+(3/2)), if k is even.

A APPENDIX

A.1 Assumptions

We now state the assumptions needed to derive our main results. A detailed discussion of these
assumptions is provided in Da Silva (2003). Consider the asymptotic framework of Section 3. Let
I,= (LI, ,1Iy,) bethe sample inclusion indicator vector for the v-th population. Suppressing

the v for ease of notation, let m; = Pr(I; = 1), and let

k
Ajlf" Jr = Bd <H5:1(Ijz - 77]2)) (18)
denote higher moments for the sample inclusion indicators I, Ij,,--- ,I; with respect to the
sampling design. We assume that there are positive constants A1, A9, ..., Ag such that:

(A1) M < Nynjlm < Xg < o0, Vie Uy,
(A2) N, n, — m, for some 0 < 7 < 1, as v — oc;
(A3) For distinct ji, jo, - ,jk € Uy, where k =2,3,--- |8,

-1 k
[ngzl(N —(+ 1)] nz A3 , if k is even,
| D] < N ~1 k2

[HH(N . 1)] ny? Ay, if k is odd

10



(A4) limy oo N1 D5y i = p € (—00,00) and Nyt 370 [yil* < A, for all v > 1.

Let R, = (R1,Ra, -+, Ry,)" denote the response indicator vector for the v-th population. In
addition to the assumptions on the sampling design and the population distribution of the variable

Y, we will also need the following assumptions on the response mechanism:

(Bl) R17R27 T aRN

v

are independent random variables;
(B2) Pr{R; =1|1,,y,,@,} = Pr{R; = 1|@,} = ¢, Vi € Uy;

(B3) ¢i = ¢(x;), Vi € Uy, where ¢(-) is a (k + 2)-th continuously differentiable function with
X6 < ¢(+) < 1. The first derivative ¢/(-) has a finite number of sign changes.

Regarding the distribution of the x; and the kernel estimator, we assume that:

(C1) For all v > 1, 21,29, -+ ,xn, are realizations of random variables X1, Xs,---, X, indepen-

v v

dent and identically distributed with distribution Fx(z) = [*_ fx(t)dt, where fx(-) is a
continuous and positive probability density function on a compact set [ax, bx]|. Without loss

of generality, we shall take [ax,bx] = [0, 1];

(C2) The kernel function K () is a bounded and continuous probability density, which is symmetric

around zero and supported on [-1,1];
(@3) [ |2/FHE (2)dz < oo

(C4) For all v > 1, {h,} is a sequence of bandwidths satisfying 0 < h, < 1, h, — 0, n,h? — oo

and N,h, /log N, — 0o, as v — o0;

(C5) The first derivative f%(-) is continuously differentiable and contains a finite number of sign

changes on supp(fx). The first derivative K’'(-) has a finite number of sign changes on

supp(K);

(C6) With Py —probability one, the matrix N,,Ti_1 is non—singular for all ¢ € U, and all v > 1.

A.2 Proof of Theorems in Section 3

Proof of Theorem 1: From (12) and the decomposition (11), we have that
ymZu = gﬂ'({)u B dﬂ'(;;l/’

Hence, (13)—(15) follow from Lemma 6, by noting that

Bl 52) Pl < 2 (Bl %] + 0 (5) |

v'v

11



‘E[ym@/_yNV Xl’” < |E[g7r<;~51/_gNV Xl’” + ‘E[Jﬂ'éu‘x’/”

and
Var[g.5, |x] < Var[g;, |x] + E[&; [x] +

B[e;, %] + 2{Var[g.g, | ]B[2;, %]} +
2{Var[4,5, | ]E[2;, %]} + 2{B[@2;, [x]B[;, %]}

A.3 Lemmas

Lemma 1. Assume that assumptions (C1)-(C5) hold. Consider py(K, x) fD z)dz, where
Dy p, = {t: (z+ ht) € supp(fx)} Nsupp(K). Then, for all £ =0,1,...,k+ 2,

sup K( . x)(Xj—:r)e — E,(z,0)| — 0, asv — o0,
xesupp(fx) Nyhy, jeu hy,

with Px—probability one, where

Ey(x,0) = fx(@)ue(K, @)y, + fi (@) e (K, 2)hy "+ o(hy, ™).

Proof of Lemma 1: This lemma corresponds to a slight generalization of some results in Opsomer
(1995) who used the theory developed by Pollard (1984) to establish uniform convergence of kernel-
based averages to their corresponding population moments. The idea of the proof is as follows:
first fix £=0,1,--- ,k+2. Then, applying Lemma A.4 of Opsomer (1995, p. 114) and assumptions
(C1), (C2), C(4) and (C5), the conditions of Theorem 37 (Pollard 1984, p. 34) are verified. This

implies that, as v — o0,

1 Tj—x 1 t—=z
sup K( 1 )(:n—x)ﬁ—/ K( )(t—m)zfx(t)dt — 0,
Nyhy, jgl;u T ! ho Jsupp(£x) hy

zesupp(fx)

over all possible sequences {x, },>1 with Px—probability one. Because the kernel function K (-) has
finite moments, by (C3), and f%(-) is bounded on supp(fx), by (C5), standard kernel regression
arguments give directly that

1 i <t —x
hw Jsupp(£x) ha

uniformly for all € supp(fx). Hence, the result follows.

> (t — ) fx (t)dt — B, (x,0) = o(h5T),

O (Lemma 1)

12



Lemma 2. Assume that assumptions (C1)-(C5) hold. Consider the population fit ¢; = (x4, k, hy),
i € Uy, defined in (10). Hence, for alli € U, there exists positive bounded terms c1(x;), ca(x;) and

c3(x;), such that if x; in an interior point of supp(fx)

3 — () cr(zi)hi 2 + o (hET2), K is even
i — o(x;) =
co(zi)hi T + o (REFY), K is odd

and if x; in a boundary point of supp(fx)
(Z)i — qﬁ(xl) = 03(xi)hﬁ+1 +o0 (hﬁ+1> y

where all the smaller order terms hold uniformly in i € U,, a.s Px.

Proof of Lemma 2: This lemma summarizes the rates by which the bias of <;~$Z as a population—
based estimator of ¢(x;) converges to zero, as v goes to infinity. These results can be derived
following almost exaxtly the same steps as those in the the proof of Theorem 4.1 and the Remark 7
in Ruppert and Wand (1994), by adopting the extended definition of the kernel moments p(K, ),
given in Lemma 1. One difference here is the uniform convergence in ¢ € U, of the smaller order
terms, which follows from Lemma 1. For simplicity, we omitted in the notation for ¢i(z;), ca(z;)
and cg(x;) their analytic expressions as well as their dependence on the kernel function K(-), the
derivatives of the response propensity function ¢(-), the density fx(-) and its first derivative f4(-).

O (Lemma 2)

Lemma 3. Assume that assumptions (C1) and (C4) hold. Then, with Py —probability one,

i) Forp € [0,00) fized,

Z I{thu <zj <z+h,} < 00,
Y jeu,

lim su
VHOOp 14 h’

uniformly in x;

i) lim sup 5rt—
vily

V—00 7

2 Aiwefon]ua-h.a)y < 0%
eU,

v

U 1
i11) hmsupm > I{z]-e(hwl—hu]} < 0.
V—00 j€U,

iv) there exists v*, independent of x, such that whenever v > v*,

D Lyai<ny 2k + 1

Jjely

13



Proof of Lemma 3: Parts (i)-(iii) are given by (ii)—(iv) of Lemma 3.2 in Da Silva (2003). For
part (iv), see Lemma 2(ii) in Breidt and Opsomer (2000). O

Lemma 4. Suppose the assumptions of Theorem 1 hold. Consider the matrices 'f‘si = {Tsi,pq} and
T; = {Tuipg} and the vectors to = {tsip}, ti = {tip} and B; = {B;,} given in (7) and (10). Then,
with Px —probability one,

i) the N,j_lTZ-,pq and Nl,_lti,p are uniformly bounded in i € U, for allp,q=1,--- k+1;

1
X”} =0 (néhﬁ) ’

i1) the fsapq and %\sim satisfy

=~ 8
T . _ T
max E S5%,Pq ,Pq
1<p,q<k+1 N,

%\sip - ti V) 8
X,|, max E||———
1<p<k+1 N,

uniformly in i € Uy;

i11) the random variable el’Ti_l(fsi — ’T‘siBi) satisfies

~ ~ 1
E{ 'T; (b — ToiBi) LR y} = 1
max el T (t JLiR;] | x O i (19)
and
175 = 4 1
{Ielgi(E { [ellTi (tsi — Tssz)] ‘XV} =0 (n?,h%) . (20)

Proof of Lemma 4: (i) This corresponds to Lemma 2(iii) in Breidt and Opsomer (2000). (ii)

Since, conditional on x,,

8
1 ~ 8 1 <wj—$z'> o (L=,
—(Tsipg — Tipg) = s K =—) (xj —a;)PTe
NS( s1,pq 21"]) N§h18/ ]g[;u h, J ? 7
and that
8
1 ~ 8 1 (:EJCC,L) -1 (IjRj?qubj>
NS) t .7 - t'7 — N8.L8 K T (x - x)p - )
NSB( Si,p lp) N§h§ jGZUU h, J v M

the prescribed order for their expected values is obtained by the same method applied in the proof
of Lemma 3.4 of Da Silva (2003). (iii) Let X/, . denote the j—th row of Xg;. From (7) and (10),

s1,7
 B[LR(LR; — mi0;) | %]
8i,J T

1 ~ 1 xj — Xy
el t ] - g 2K (M

1~ 1 Tj— T E[LR(I; — ) | x,]
E[(Tsi—Tz‘)IiRiB@"X”} " Noh, EU:K< ]hz, Z>X3i’j B j7Tj - ’
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and evaluating the moments in these two expressions with respect to the quasi-randomization

model, we can write

E{[el’T (tsi — TsiB; IR]\x,,} = E{ell[NuTi_l]Mj[(

1 - - —~
te — tz‘) — (Tsz - T@)Bz] IZR’L ‘ XU}

K (0 b1 = ) — (1 — 7)) s
_ N(h) (ell[N,,T;l]el) Ti Qi [( 7Tz¢;?‘ ( 7Tz)¢z] n

vty 3

1 ARV ! —1

o2 KT ) Treule N X )e,

vity JeU, j#i v j
where €, ; = ¢; — X;”B = ¢(z;) — Zl;i%(xj — ;)97 !B, ,. Since the m;, ¢; and ®; are terms
uniformly bounded in ¢ € U,, by (Al), (B3) and Lemma 2, the [N,,Ti_l]pq and B;, terms are

continuous functions of the uniformly bounded T; ), and tg; ,, by (i), with denominators bounded

away from zero, by Lemma 3(iv), and because of the compactness of f, (), by (C1),

max |A]
K(O) N, i#jel, i I{\m~—m-|<hy}
E{ T By — TaiBy); V} <o | &Y v | iAEL T Azj—wil<he}
mox |B o2 T (i — TuB) L] | x )—O Ny minm \ 2 M
€Uy v

Hence, (19) follows by noting that the second term in the right-hand side is, by (A1)—(A3) and
Lemma 3(i), of order at most n,, ! uniformly in i € U,,, with Px—probability one.
To establish (20), apply the C, inequality (Sen and Singer 1993, pp. 21) to show that

k+1
~ 1 ~
E{[ ’T (tSZ_TSiBi)]4’XV} < {Z’N T 4E|:N4( szp_ti:p>4‘xy] + <21)
kt1 k+1 1
Z Z HNVTi |4E [N4< si,pq Ti,pq)4 | XV] Biq}’
p=1¢q=1

for all i € U,, where ¢, = [(k + 1)(k + 2)]3. Now, by the same reasoning as in (iii), the [N,,Ti_l]lp
and B; , are uniformly bounded terms in ¢ € U,.. Hence, the result follows by applying (ii) and the
Liapounov’s inequality to conclude that the fourth moments in the right-hand side of (21) are of

order [O (n;4h;4)] 1/2 uniformly in i € U,, with Px—probability one. O

Lemma 5. Suppose the assumptions of Theorem 1 hold. Then, with Px —probability one, for all
v>1

i) the reciprocal of &; is uniformly bounded in i € U,;

i1) the partial derivatives of 5;1 of orders one up to four, when evaluated at ’f‘si =T, ?si =t;,

01 =0 and d5 = 0, are uniformly bounded in i € U,;

i11) E[Q/Z)\;4 ]x,,] is uniformly bounded in i € U,;

15



iv) the reciprocal of (ﬁ satisfies

S PPN 1
¢i 1_ gbz I ¢z 261,Ti l(tsi - Tssz) + € + ) (W) ) (22)

uniformly in © € U,, where the ¢;, are random variables such that

1
E [ =0 :
B e [0 <n2h2)

Proof of Lemma 5:

(i) This is a consequence of Lemma 2, because when v — oo, qgi_l converges with Py —probability
one to ¢(z;)~t € [1,\5'], by (B3), for all i € U,,.

(ii) This result follows from Lemma 3(iv) and Lemma 4(i) because the designated derivatives of
57;_ I are continuous functions of the <Z~>Z and of the NV, lTi,pq and N, lti,pq.

(iii) Let g1(a) = a=* and note that for all a in the support set of i, d2/(Nyh,) < a <1 for all
i € Uy, as a result of the adjustment in (9). Hence, with Py —probability one, 5;4 is a continuous
function of ¢; that is bounded by Njhy /65 = O (nphy), by (A2), for all i € U,. As ¢; is a function
of the sample weighted means N;lfsi,pq and Ny_ltAsi,p, p,gq=1,---  k+ 1, then applying Lemma
4(ii) it follows that {ggz_ 1.4 € U, is fixed},>; satisfies the conditions of Theorem 5.4.4 (with
r=8,n=1and p = 4) of Fuller (1996, pp. 247) uniformly in i € U,, with Px —probability one.
Therefore, the result follows.

(iv) The reciprocal of the local polynomial regression estimator (9) can be written as
-1

5.1 = {mx |ef (T + g (5/8)) B 80/ ()] | = 2B,

~ ~ /
where a; = ((VGC Ts) tl., (51,(52) . Following closely Sarndal et al. (1992, pp. 205-206), a Taylor

expansion of go around a; = ((vecT;)’,t/,0,0) gives

R . k+1 k+1 a$_1 R k+1 8@3_1
ot = o+ X (BT + ] () ¢
p=1 g=1 OT5i pq la;=ain p=1 Otsipla=aio
91 5 0 )
¢Z <1 _ O> —|— ¢Z < 2 — 0> + 6iy, (23)
661 a;=a;g Nl/ 652 a;=a,g Ny hl/

where ¢€;, is the remainder term. The derivatives in (23) are obtained as follows: applying Theorem
10.8.10 of Graybill (1983, pp. 357-358),
9o
9T si pq

= 52 (T ding (01/N,}) Ay (Tt + ding (31/N,1) Bt

where the (k+1) x (k+1) Ap, matrix has a value one in positions (p, ¢) and (¢, p) and a value zero
otherwise. By direct differentiation,
0; "
8?51',;0

_ a2 (. : -1
— ¢Z 61 Tsz + dlag {61/NV} eP
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and, by similar steps to those in the proof of Theorem 10.8.10 of Graybill (1983),

9ot 1~ A _ 172
ggl = F@ 2e) [(Tsi + diag {51/N1,}) } tsi.
Finally,
-1
062 ' Nyh,
Evaluating those derivatives at a;, we obtain that
N ) _ kHlkAl R
‘bz‘_l = ¢i—1 + ‘251'_2 Z Zelsz‘_lquBi (Tsi,pq - Ti,pq)
p=1q=1

k+1

- ~ 1 1

-2 -1

$;72) eiT ey (taip —tip) + 0<N2> + O<N2h2) + €,
p:l vy

v

= o'+ 6T (T - Ti) By — 62T (B —t) +

(v2) + 0 (mm) +
ol — €iv
N} Nk, '
1 el (t A 1
= d)z - (bz QellTi ! (tm_Tssz) + O <]V2h2> —+ €y
vty

We next demonstrate that the second moment of the ¢;, is of order O(n;zh; 2) uniformly in ¢ € U,
with Py —probability one. This property will be established by showing the sequence {efy =
fu(@i)}u>1, with i € U, fixed, satisfies the five conditions of Theorem 5.4.3 of Fuller (1996, pp.
244-245), for almost all realizations of {@,}. The first condition follows (with & = 2, s = 4 and
a, = O((n,hy)~1/?)) from Lemma 4(ii). Now, since by the C, inequality (Sen and Singer 1993, pp.
21)

E[f,@)% %] < 4 [E[5 %] + 6% + 6°E[D} %] + 0<N81hs)] (24)

for all i € U,, where D; = elsz'_l tei — TsiBi), applying (iii), Lemma 4(iii) and (C4) it follows
then that (24) is uniformly bounded in i € U, a. s. Px and the second condition is verified (with
9 = 1). The remaining conditions are also satisfied by (i) and (ii). Theferore, as f,(a;) and its first
three derivatives with respect to the components of a; are equal to zero when they are evaluated

at a; = a;, the result follows.
]

Lemma 6. Suppose the assumptions of Theorem 1 hold. Consider the population fit gzgi, given in

(10), and the random variables Ui Jm;w and €rgys JivEN N (11). Then, with Px—probability one,

XV] _ O<h§+(3/2)), k even, (25)

E|9.5, —Un,
[ dv T I O (k) k odd,
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Var |55, | x| = 0<1> (26)

ny

(Bld g, 1] B2, [x]) = 0 () @)

and

Ble, %) = 0 (a2 ) 25)

Proof of Lemma 6: The bias of 3 v satisfies

_ _ 1 i
E yTr~1/_yNu Xy = ‘Z <_1)y
' |: ¢ i| NV icU, d)’L
- 1 , 121 4 ~ ) 1/2
< [;gbnw ] [N;jy] [NGXU: (i = 0:) ] :
Writing
1 2hy,
2 (Gi=6) = g D (9= 90) Tom o (@) +
YieU, VI ieu,

Hence, (25) follows from Lemma 5(i) and (A5).
To prove (26), note first that

y i P
Verlog [ < _N”%é‘b?”] [52%}5(@) ] {Z y] ’
2

max B |] [‘m‘ax djz(?z,] Z |yl +

/75’LEU:/ yxivy i’ #ielUy, Qsquzl ]EU
- -1
. oi(1 = ¢4)
N, min 7; max E y?
| i€l icl, ¢z _]EU

and, by (A1)-(A3), [N, minsep, ;] and maxy ziep, T 7y |Ay| are O(nyt). Since all the other
terms are O(1) a.s. Px, by Lemma 2, (A5) and (B3), then the variance of § 5, has the prescribed

order.
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Now, taking D; = e;'T; ( TSZB ), we have that

- D I; R
‘E(dﬂdgu ‘ XV)‘ = Z Vi 12
Yieu, Z¢
. - |E[Dil;R; | x,]
< | [m 7 ] w, 2l
v Y jeu,

< 0(1)0 <ny1hu) ow =0 <nu1hv>’

a.s. Px, by (Al), (A2), (A5) and Lemmas 2 and 4(iii). By similar arguments,
E[D?|x,]

—1
? JEU

max =572
I
i'#ieU, ¢z (ﬁi, JEUV

1 1 1 1
< - —
E(Eigw |x,) = E <]$2 Z T2y LR,

a.s. Px and (iii) is established.
xy> + (29)
Y ieUy

1 -1 -
mz Z Uy 17rl.,leiei/yiyi/lﬂi/RiRi/ X

YV ieU, i'#icU,

[/;%;%V ] [ (B[D? | x.JE [} mn“l T

Finally, note that

The first term on the right—hand side of (29) is bounded by

-1
1 1 1
(N,, min TI'i) ?é%i{E (6 | %) I E y; =0 <nl,) @) <n12,h12,> O (1)

Y ieU,

a.s. Px, by assumptions (A1), (A2), (A5) and Lemma 5. Similarly, the following term is dominated
by

-1
. 172 1
(i i, ), 1) B @ 1) i 5ok

YT (71222) o)

a.s. Px. Thus,

1
E(Eigw\xl,) = O(n . ) a.s. Px
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and (28) follows. That concludes the proof of the Lemma. O
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