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Abstract

The main goal of filtering is to obtain, recursively in time, good estimates of the state of a
stochastic dynamical system based on noisy partial observations of the same. In settings where
the signal/observation dynamics are significantly nonlinear or the noise intensities are high,
extended Kalman filter(EKF), which is essentially a first order approximation to an infinite
dimensional problem, can perform quite poorly: it may require very frequent re-initializations
and in some situations may even “blow up”. The theory of nonlinear filtering addresses these
difficulties by considering the evolution of the conditional distribution of the state of the system
given all the available observations, in the space of probability measures. We survey a variety of
numerical schemes that have been developed in the literature for approximating the conditional
distribution described by such stochastic evolution equations; with a special emphasis on an
important family of schemes known as the particle filters. A numerical study is presented to
illustrate that in settings where the signal/observation dynamics are non linear a suitably chosen
nonlinear scheme can drastically out perform the extended Kalman filter.
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1 Background.

One of the key goals of data assimilation is to obtain, recursively in time, good estimates of the
state of a stochastic dynamical system based on noisy partial observations of the same. The major
breakthrough in this classical problem of signal analysis was the landmark work of Kalman and
Bucy[14]. The power of Kalman filter, which can be gauged from the broad spectrum of disciplines
where it is used, lies in its elegant simplicity. Under the standard assumptions of linearity and
Gaussianity one has that the conditional distribution of the state of the system at time t, given
all the observations up until time t is Gaussian. By standard assumptions we mean that the state
process (also referred to as the signal), denoted by {Xt; t ≥ 0} is a linear stochastic dynamical
system driven by a Gaussian white noise (Ẇt); (X0,W ) is jointly Gaussian and the observations,
{Yt; t ≥ 0}, have a linear relationship with the state variable, up to a measurement error term which
is given by a Gaussian white noise (Ḃt) independent of (X0,W ). The conditional distribution gives
the best estimate of the statistical description of the state of the system (in the least square sense)
based on all measurements available up to the current time. Since the conditional distribution is
Gaussian, it is parametrized by only two sets of parameters: mean vector X̂t and the covariance
matrix Pt. Kalman filter gives a linear SDE (stochastic differential equation) for the mean and a
Ricatti type ODE (ordinary differential equation) for the variance. The ODE can be solved off-line
and the SDE being a linear one, has several efficient numerical algorithms for its approximation.

The first problem one encounters when one goes from theory to real situation applications of
filtering ideas is that very often the assumption of linearity is violated. For example, in typical
atmospheric data assimilation problems, the signal dynamics, which is given via a rather complex
system of equations from fluid mechanics, is very nonlinear. Furthermore, depending on how the
measurements are obtained, the observation process can also have a nonlinear relation with the
state process. Although the conditional distribution still captures the best statistical description
of the state given the observations, in a general nonlinear setting, it typically fails to be Gaus-
sian. Furthermore, excepting some special cases (cf. Beneš[1]), the evolution of the conditional
distribution cannot be captured by that of a finite set of parameters. The theory of nonlinear
filtering (cf. Kallianpur[13], Kushner[17], Liptser-Shiryaev[20]), addresses these difficulties by con-
sidering the evolution of the conditional distribution in the space of probability measures. These
stochastic evolutions descriptions for the nonlinear filter Πt (i.e. the conditional distribution), the
so called Zakai’s equation and Kushner-Stratonovich equation, are some of the key results in this
area. Before the advent of modern computing technology the implementation of the solution to
the general nonlinear filtering problem by numerical approximations of such infinite dimensional
stochastic evolution equations seemed impractical. Therefore, algorithms which used linear ap-
proximations to the signal-observation dynamics were studied, leading to the development of the
extended Kalman filter(EKF) (cf. [12]). In settings where the dynamics are significantly nonlinear
or the noise intensities are high, EKF, which is essentially a first order approximation to an infinite
dimensional problem, can perform quite poorly: it may require very frequent re-initializations and
in some situations may even “blow up” (see Section 5 for an example).

In view of these difficulties and tremendous computational resources available currently it be-
comes of great interest to revisit the general solution of the nonlinear filtering problem and examine
the feasibility and complexity/accuracy tradeoff for various numerical schemes for approximating
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the nonlinear filter. The goal of this survey is to present a variety of numerical schemes that have
been studied in the literature with a special emphasis on a very attractive class of approximation
methods, the so called particle filters.

2 Problem Formulation.

We will denote the state of the unobserved stochastic dynamical system at a time instant t by
X(t) and the (integrated) observations at time t by Y (t). Although the general formulation of the
nonlinear filtering problem requires very little structure, other than the Markov property, on the
stochastic processes (X,Y ) ; for the sake of specificity we will assume that X is a k dimensional
diffusion satisfying

dX(t) = f(X(t))dt + σ(X(t))dW (t), (2.1)

where W is a p dimensional standard Wiener process and f : Rk → Rk, σ : Rk →M(k× p) satisfy
appropriate regularity conditions. Here M(k × p) is the space of k × p matrices. The observation
process is a Rm valued continuous stochastic process given via the equation

Y (t) =
∫ t

0
g(X(s))ds + B(t), (2.2)

where g : Rk → Rm is a suitable function and B is a standard m dimensional Wiener process that is
independent of (X0, B). The goal of nonlinear filtering is the study of the conditional distribution
of X(t) given all the observations up until time instant t, i.e. {Y (s) : 0 ≤ s ≤ t}. This conditional
distribution, which is a (random) probability measure, is referred to as the nonlinear filter and will
be denoted by Π(t). The two main challenges in the computation of the nonlinear filter are:

(1) Online implementation and explosion of data. The main application of filtering is real
time tracking which means that filtering estimates need to be produced within a very short time
span. Furthermore, as time evolves more and more observations become available leading to serious
data storage issues. In view of these features it becomes critical that the filter be computed
recursively in time. Namely, the computation of the filter at time t + h should only require the
filter at time t and observations collected over [t, t + h) and not the whole observation history.

(2) Infinite dimensionality. The filtering problem is inherently infinite dimensional. Namely,
even if one is interested in just computing the posterior means and variances, one needs to work
with recursive equations for the whole conditional probability distribution.

Below we provide two infinite dimensional evolution equations for the nonlinear filter which
suggest a recursive way for computing the nonlinear filter. In practice, of course, these evolution
equations need to be discretized using suitable numerical approximation schemes.

2.1 Kallianpur-Striebel Formula.

In order to motivate this formula we consider a simple discrete time filtering problem where the
signal {Xn} is a R valued Markov chain with a transition density p(x, y). Also, let the observations
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be given by the equation: Yn = g∗(Xn) + ξn, where ξn is i.i.d. N(0,1) and g∗ is a continuous
function. In this problem, the filter, Πn (i.e. the conditional distribution of the signal at instant n
given the observations up to time n) admits a density denoted as fXn|Y1,···Yn

. Using the Bayes rule
one has that

fXn|Y1,···Yn
(x) =

fXn,Y1,···Yn(x, Y1, · · ·Yn)
fY1,···Yn(Y1, · · ·Yn)

,

where we have used the conventional notation for joint and conditional densities. The numerator
above can be rewritten as

∫
fXn−1,Xn,Y1,···Yn(x̃, x, Y1, · · ·Yn)dx̃. One can rewrite the denominator

similarly. Next, using the Markov property it is easily seen that

fXn−1,Xn,Y1,···Yn(x̃, x, Y1, · · ·Yn) = cfXn−1|Y1,···Yn−1
(x̃)fXn|Xn−1=x̃(x)fYn|Xn=x(Yn),

where c is a normalization factor depending only on Y1, · · ·Yn. After some simplifications, in
particular noting that fYn|Xn=x(Yn) = ce−(g∗(x)−Yn)2/2, one sees that for a suitable test function φ

∫
φ(x)Πn(dx) =

E{Π(n−1),Yn}
(
φ(X̃1)e−

1
2
(g∗(X̃1)−Yn)2

)

E{Π(n−1),Yn}
(
e−

1
2
(g∗(X̃1)−Yn)2

) .

Here {X̃n} is a Markov chain, independent of {Xn, ξn} with transition density p and initial condition
Πn−1. The above expectations are taken conditional on the observation Yn and the initial data
Πn−1.

Kallianpur-Streibel formula provides an extension of the above representation formula (which
is essentially obtained via Bayes rule and application of the Markov property) to the continuous
time framework. Consider now the filtering problem for the continuous time stochastic processes
(X(t), Y (t)) given by equations (2.1), (2.2). Then for suitable test functions φ : Rk → R, this
representation formula is as follows.

∫
φ(x)Π(t)(dx) =

E{Π(t−s),Yt−s,t}
[
φ(X̃(s))R(X̃0,s, Yt−s,t)

]

E{Π(t−s),Yt−s,t}R(X̃0,s, Yt−s,t)
, 0 ≤ s ≤ t (2.3)

where

R(X̃0,s, Yt−s,t) = exp
[∫ s

0
g′(X̃(u))duY (t− s + u)− 1

2

∫ s

0

∣∣∣g(X̃(u))
∣∣∣
2
du

]
,

X̃ is independent of X with the same transition law as X and initial distribution Π(t − s). The
notation Eπ,Yt−s,t denotes the expectation conditioned on the data Yt−s,t

.= {Y (t−s+u)−Y (t−s) :
0 ≤ u ≤ s} and π being the initial distribution of X̃. The above formula says that the optimal filter
Π(t) can be obtained recursively as follows. Having obtained the optimal filter at time instant t−s,
i.e. Π(t− s), the filter at time t can be obtained by evaluating the expectations in the numerator
and denominator in (2.3), in which the observation path Yt−s,t is treated as a fixed given trajectory.
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2.2 Zakai’s Equation.

An alternative approach to the computation of the nonlinear filter is by developing an evolution
equation for the numerator of the term on the right side of (2.3):

ρt(φ) .= E{Π(0),Y0,t}
(
φ(X̃(t))R(X̃0,t, Y0,t)

)
.

This leads to the well known stochastic integro-differential equation, called the Zakai’s equation.

dρt(φ) = ρt(Lφ)dt + ρt(gf)dYt, (2.4)

where L is the infinitesmal generator of the diffusion X. Under suitable regularity conditions one
can show that the random measure ρt admits a density u(t, x) (for Kalman filter this is a Gaussian
density, up to normalization), i.e. ρt(A) =

∫
A u(t, x)dx,A ⊂ Rk, which is the unique solution of the

following stochastic partial differential equation (SPDE):

du(t, x) = L∗u(t, x)dt + h(x)u(t, x)dY (t), (2.5)

where L∗ is the (formal) adjoint of L. The above SPDE gives a recursive way for evaluating
u(t, x) and there have been several works [3, 4, 21, 2] which have developed suitable time and
space discretization schemes for this SPDE in order to obtain numerical approximations for the
nonlinear filter. Note that all the needed information about the state at time t can be obtained
from u(t, x) via suitable integrations. For example the conditional expectation of φ(X(t)) given all
the observations up until t is given as

∫
φ(x)u(t, x)dx/

∫
u(t, x)dx.

2.3 Discrete Observations.

In typical applications, observations are available only at a discrete sequence of time instants.
We will assume here that the observations ave collected at time instants h, 2h, · · · . Denoting
Yn

.= Y (nh)− Y ((n− 1)h) we have

Yn =
∫ nh

(n−1)h
g(X(s))ds + W (nh)−W ((n− 1)h) ≈ g(X(nh))h + θξn,

where ξn
.= h−1/2(W (nh)−W ((n− 1)h)) is an i.i.d. sequence of standard Gaussian variables and

θ =
√

h. Denoting hg(x) by g∗(x) we can write a discrete analog of the observation equation (2.2):

Yn = g∗(X(nh)) + θξn, n ≥ 1. (2.6)

Alternatively, one can view (2.6) as the original underlying observation model and not a discrete
approximation to (2.2).

The nonlinear filter in this discrete observation setting is a sequence {Πn} of probability measure
valued random variables, where Πn is the conditional distribution of X(nh) given the observations
Y1, · · ·Yn. As noted earlier, the Kallianpur-Striebel formula in this setting simply reduces to a
Bayes formula of the form given as follows: For suitable test functions φ

∫
φ(x)Πn(dx) =

E{Π(n−1),Yn}
[
φ(X̃(h))R̃(X̃(h), Yn)

]

E{Π(n−1),Yn}R̃(X̃(h), Yn)
. (2.7)
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where

R̃(x, y) = exp
[
g∗(x) · y

θ2
− |g∗(x)|2

2θ2

]

and the process X̃ is a diffusion solving (2.1) with W replaced by a standard Brownian motion
W̃ that is independent of (W,B, X(0)) and X̃(0) is independent of all other processes and has
the distribution Πn−1. Once again the formula can be interpreted as a recursive algorithm for
computing the nonlinear filter, as follows. Having obtained the nonlinear filter at time instant
n− 1, the filter at instant n can be obtained by evaluating the above expectations where Yn is held
fixed and X̃ is independent of X with same transition law as X and initial distribution Πn−1. The
Zakai’s equation in the discrete observation set up reduces to a recursive relation of the following
form.

Πn(dx) = cR̃(x, Yn)
∫

G(x̃, dx)Πn−1(dx̃), (2.8)

where G(x̃, dx) = P(X(h) ∈ dx | X(0) = x̃) is the h-step transition kernel of the Markov diffusion
process X.

2.4 Two key steps of the recursion.

Equation (2.8) suggests a natural way to divide the computation of Πn from Πn−1 into two main
steps, given as follows.

Prediction step. This corresponds to computing the best estimate of the state at time nh given
all the observations Y1, · · ·Yn−1, but not Yn. Schematically this step can be represented as

Πn−1(dx) 7→ Π̂n(dx) =
∫

G(x̃, dx)Πn−1(dx̃). (2.9)

Here Π̂n represents the conditional distribution of X(nh) given Y1, · · ·Yn−1. The key ingredients
in computing Π̂n from Πn−1 are the computation of the kernel G(x̃, dx) and that of the (multi-
dimensional) integral on the right side of (2.9). Note that even in settings where the transition
kernel is explicitly known the computation of the integral when the state dimension is high is quite
nontrivial. Furthermore, for diffusion type models as considered in the current work, G(x̃, dx)
is given as the fundamental solution of the Fokker-Planck equation associated with the elliptic
operator L∗. Numerical solutions of such PDEs get prohibitively expensive as the state dimension
increases.
Filtering step. The second main step in the recursion (2.8) is the assimilation of the observation
at instant n, i.e. Yn, into the predictor Π̂n to obtain the best estimate of the distribution of X(nh)
given Y1, · · ·Yn, i.e. Πn. This step can be schematically expressed as

Π̂n(dx) 7→ Πn(dx) = cR̃(x, Yn)Π̂n(dx), (2.10)

where c is the normalization constant. The most expensive part in the filtering step is the com-
putation of the normalization factor c =

∫
R̃(x, Yn)Π̂n(dx). Once again, as the state dimension

increases, the computation of this multidimensional integral becomes significantly harder.
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3 Approximations to the Nonlinear Filter.

We will consider in this section a variety of approximation schemes for the optimal nonlinear filter.
A common feature of all these schemes is that each of them can be broadly divided into two steps:
(1) Approximation of the prediction step; (2) Approximation of the filtering step. One reason for
distinguishing between these two steps is that typically in a given application one would like to
“mix and match” to obtain an algorithm which uses one scheme for the prediction step and perhaps
some other scheme for the filtering step. For example, in typical data assimilation problems, where
observations are linear, one may wish to use a Kalman filter for the filtering step while a suitable
nonlinear scheme for the prediction step. We begin with the most commonly followed approach for
numerics of a nonlinear filtering problem namely the Extended Kalman Filter.

3.1 Extended Kalman Filter (cf. [12]).

The basic idea here is to linearize the dynamics and as a result approximate the conditional distri-
bution Πn by a normal distribution with parameters (mn, Pn). Given the approximation Π∗n−1 to
Πn−1 as a normal distribution with mean mn−1 and covariance Pn−1, the approximation Π∗n to Πn

is obtained as follows.

Approximating the prediction step. Let {x∗(t), t ≥ 0} be the trajectory about which lineariza-
tion is performed. Although there is a lot of flexibility in the choice of x∗, typically it is chosen as
the solution of the ODE ẋ(t) = f(x(t)) with initial condition mn−1. Letting ∆X(t) = X(t)−x∗(t),
the linearized signal dynamics is given as

∆Ẋ(t) = [
∂f

∂x
]x=x∗(t)∆X(t) + σ(x∗(t))dB(t).

The prediction step of the usual (continuous time) Kalman filter is then used with this modified
linearized dynamics to give the approximation Π̂∗n to Π̂n via a normal distribution with parameters
(m̂n, P̂n).

Approximating the filtering step. The linearized observation model is given as follows.

Yn − g∗(m̂n) = [
∂g∗

∂x
]x=m̂n(X(nh)− m̂n) + θξn.

The filtering step of the usual (discrete time) Kalman filter is used with this linearized observation
model to obtain Π∗n as a normal distribution with parameters (mn, Pn). The cycle can now be
repeated with n replaced by n + 1.

3.2 Moment Closing Algorithm (cf. [16, 5]).

The approach here is once again to approximate the nonlinear filter by a Gaussian distribution;
however instead of directly linearizing the dynamics one tries to match the moments of the of the
optimal filter with that of a Gaussian random variable. Given the approximation Π∗n−1 to Πn−1
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as a normal distribution with mean mn−1 and covariance Pn−1, the approximation Π∗n to Πn is
obtained as follows.

Approximation to the prediction step. Denote a Gaussian density with parameters (m,P ) by
N (m,P ). Choose δ ¿ h such that h/δ

.= κ is an integer. Define for i = 1, · · ·κ

ηi
.= ηi−1 + δf(ηi−1) +

√
δσ(ηi−1)γi

where {γi} is an i.i.d. sequence of standard normal vectors and η0 is normally distributed with
parameters (mn−1, Pn−1) and is independent of {γi}. We approximate the law of each ηi by a
Gaussian distribution with a density denoted by pi. The approximation Π∗n to Π̂n is then given
by pκ. The parameters of this density are determined as follows. Note that p0 = N (mn−1, Pn−1).
Suppose now that pi = N (m̃i, P̃i). Then

m̃i+1 ≈ E(ηi+1) ≈ m̃i + δ

∫

Rk

f(x)N (m̃i, P̃i)(x)dx

and denoting σσ∗ by a,

P̃i+1 ≈ V ar(ηi + δf(ηi)) + δE(a(ηi))

≈
∫

Rk

(
(x + f(x)δ − m̃i+1)(x + f(x)δ − m̃i+1)∗ + δa(x)

)
N (m̃i, P̃i)(x)dx.

The above integrals are approximated using a suitable numerical integration scheme such as Gaus-
sian Quadrature. Often a pre-computation can be done to simplify the work and reduce the
dimension of the space over which numerical integration is performed. In particular if σ is deter-
ministic and f has a linear relationship with a certain subset of variables then these variables can
be eliminated from the state space over which numerical integration is done.

Approximation to the filtering step. Given the approximation Π̂∗n as a Normal distribution
with parameters (m̂n, P̂n), the Gaussian approximation Π∗n ∼ N(mn, Pn) to Πn is obtained as
follows.

mn = c−1
n

∫

Rk

xIn(x)N (m̂n, P̂n)(x)dx,

Pn = c−1
n

∫

Rk

(x−mn)(x−mn)∗In(x)N (m̂n, P̂n)(x)dx,

where cn is the normalization constant
∫
Rk In(x)N (m̂n, P̂n)(x)dx and In(x) .= e−

1
2θ2 (Yn−g∗(x))′(Yn−g∗(x)).

The above integrations, once more, are approximated by a suitable numerical integration scheme
such as Gaussian Quadrature.

3.3 Markov Chain Approximation (cf. [17]).

It is well known that the Kalman filter suffers from serious divergence and instability problems
when the deviations from linearity in the signal/observation dynamics are significant or signal to
noise ratio is low. Furthermore, a Gaussian approximation to the nonlinear filter fails to capture
the multi-modal features of the true conditional distribution. An alternative approach to the
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approximation problem is to use the representation for the nonlinear filter given by the Kallianpur-
Striebel formula (2.7) and approximate the expectations in the numerator and denominator of its
right hand side in a suitable manner. As noted earlier, computing these expectations, which are
given in terms of the diffusion X̃, involves solving certain Fokker- Planck equations. So a natural
approach is to replace the process X̃ by a simpler process X∗ which well approximates X̃ and
is such that the corresponding expectations are easier to compute. This is the basic motivation
for the Markov chain approximation method which uses a finite state discrete time Markov Chain
X∗ as an approximation for X̃. Roughly speaking, this corresponds to taking a finite difference
approximation for the associated Fokker-Planck equation. The basic scheme is as follows. Recall
the h step transition kernel G introduced below (2.8). Suppose for this discussion that the state
space is a compact subset S of Rk. Let δ ¿ h and define Sδ

.= S ∩ δZk. Let Gδ be a transition
kernel on Sδ such that Gδ “approaches” G as δ → 0. We refer the reader to [18] for details on
construction of Gδ for jump-diffusion type models. Given an approximation Π∗n−1 of Πn−1 as a
discrete measure supported on Sδ, the two key steps of filtering are carried out as follows.

• Prediction step reduces to a matrix multiplication:

Π̂∗n(x) =
∑

x̃∈Sδ

Gδ(x̃, x)Π∗n−1(x̃), x ∈ Sδ.

• Filtering step is given as
Π∗n(x) = cR̃(x, Yn)Π̂∗n(x), x ∈ Sδ,

where c is a normalization constant. Compactness of the state space essentially amounts to using a
fixed grid for the numerical approximation to the associated Fokker-Planck equation. In practice,
however, one uses the information from the fitering results to dynamically move the grid in a
suitable manner. The method works very well in 2-3 dimensional signal models, however it becomes
computationally very expensive in higher dimensions.

4 Particle Filters.

In high dimensional problems particle filters (cf. [15, 7, 8, 11, 6]) are an attractive alternative
to numerical approximation of the Fokker-Planck equations by finite difference or finite element
methods. These methods have a long history; we refer the reader to [10] for an extensive treatment
of this area. The basic idea is to replace the expected values in (2.7) by suitable Monte-Carlo sample
averages. An appealing aspect of these algorithms is that unlike the Markov chain approximation
method or any other standard discretization scheme for Fokker-Planck equations, one does not
need to fix a grid to approximate the dynamics. Particle methods are very flexible and easy to
implement; also they are ideally suited for a parallel computing architecture. We will now give a
survey of a variety of particle filters that have been studied in the literature.

4.1 A basic form of particle filter.

The approximation Π∗n to Πn is given by a discrete probability measure supported on points
x

(n)
1 , · · ·x(n)

L and corresponding weights p
(n)
1 , · · · p(n)

L . Here L represents the number of particles
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that are used to approximate the distribution Πn. Given the approximation Π∗n−1 to Πn−1 by the
discrete probability measure {(x(n−1)

1 , p
(n−1)
1 ), · · · (x(n−1)

L , p
(n−1)
L )} the two key steps of the algorithm

are as follows.

Prediction step. Propagate each of the particles x
(n−1)
j 7→ x̂

(n)
j using the signal dynamics. This

requires simulating an approximate solution of the SDE (2.1) with initial condition x
(n−1)
j by some

discretization scheme. For example, in an Euler scheme one fixes a δ ¿ h such that h/δ
.= κ is an

integer and obtains, iteratively,

ηi
.= ηi−1 + f(ηi−1)δ +

√
δσ(ηi−1)γi

where {γi} is an i.i.d. sequence of standard normal vectors and η0 = x
(n−1)
j . The propagated point

x̂
(n)
j is then set equal to ηκ. This gives an approximation Π̂∗n to Π̂n as the discrete probability

distribution {(x̂(n)
1 , p̂

(n)
1 ), · · · (x̂(n)

L , p̂
(n)
L )} where we set p̂

(n)
j

.= p
(n−1)
j .

Filtering step. Update the weights p̂
(n)
j 7→ p

(n)
j using the observation Yn by setting p

(n)
j

.=

cp
(n−1)
j R̃(x̂(n)

j , Yn), where c is the normalization constant. The approximation Π∗n is now given

as {(x(n)
1 , p

(n)
1 ), · · · (x(n)

L , p
(n)
L )} where we set x

(n)
j

.= x̂
(n)
j . Although the scheme is very easy to

implement, it suffers from severe degeneracy problems, especially in high dimensions. The main
difficulty is that after a few time steps all the weights tend to concentrate on a very few particles
which drastically reduces the effective sample size. A common remedy for this paucity of significant
particles is to occasionally re-sample in order to rejuvenate the particle cloud.

4.2 Particle filter with occasional resampling.

The main idea here is to periodically resample with replacement from the discrete distribution ap-
proximating the filter to obtain a uniform distribution of weights. Of course, resampling adds extra
noise to the approximating scheme so it is important not to resample too frequently. The precise
algorithm is as follows. Let δ, κ, L be as before. Fix a resampling lag parameter α ∈ N. Suppose
that an approximation Π∗n−1 as a discrete distribution {(x(n−1)

1 , p
(n−1)
1 ), · · · (x(n−1)

L , p
(n−1)
L )} is given.

Then the recursion is given as follows. Suppose first that n/α is not an integer. In this case the
approximation Π∗n = {(x(n)

1 , p
(n)
1 ), · · · (x(n)

L , p
(n)
L )} is given exactly as before in Section 4.1. If n/α is

an integer we further modify the above discrete probability measure Π∗n as follows. Take a random
sample of size L, with replacement, from the discrete distribution {(x(n)

1 , p
(n)
1 ), · · · (x(n)

L , p
(n)
L )}. Rela-

bel the new points as x
(n)
1 , · · ·x(n)

L . The approximation Π∗n is then given as the discrete distribution:
Π∗n = {(x(n)

1 , p
(n)
1 ), · · · (x(n)

L , p
(n)
L )} where all the p

(n)
i are set equal to 1/L.

4.3 Variance reduction: Deterministic allocation and residual resampling.

As noted earlier, one drawback of the above algorithm is that it needlessly introduces extra vari-
ability in the algorithm due to random sampling. To deal with this one usually conducts the
resampling step using some variance reduction scheme. We describe below one commonly used
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scheme. Another variance reduction scheme is given in the next subsection. Let δ, κ, L and α
be as in Section 4.2. The key difference here is that at a resampling step, i.e. when n/α is an
integer, instead of random sampling with replacement from {(x(n)

1 , p
(n)
1 ), · · · (x(n)

L , p
(n)
L )} we do a

(partial) deterministic allocation as follows. Let ni
.= bLp

(n)
i c and branch x

(n)
i into ni particles.

This yields
∑L

i=1 ni particles which is less than or equal to L. Set Lres

.= L − ∑L
i=1 ni and set

w
(i)
n

.= Lp
(n)
i − ni. Next, resample Lres particles using random sampling with replacement from the

distribution {(x(n)
1 , cw

(n)
1 ), · · · (x(n)

L , cw
(n)
L )}, where c is a normalizing constant. This gives a total

of L particles which are relabeled as x
(n)
1 , · · ·x(n)

L . Finally, as before, define the approximation Π∗n
to Πn as {(x(n)

1 , p
(n)
1 ), · · · (x(n)

L , p
(n)
L )} where all the p

(n)
i are set equal to 1/L.

4.4 Variance reduction scheme: A branching particle filter (cf. [9, 8]).

In this variation of a variance reduction method the number of particles is allowed to change at each
time step. Let L, δ, κ, α be as before. The main steps are as follows. Suppose that an approximation
Π∗n−1 is given by L(n−1) points x

(n−1)
j , j = 1, · · ·L(n−1) with equal weights. Propagate these points

forward for time length h using numerical SDE solvers for equation (2.1) as in Section 4.1. Call
the new points x̂

(n)
j , j = 1, · · ·L(n−1). The main difference from Sections 4.2, 4.3 is that instead of

reweighing the particles as in the above algorithm we “branch and kill particles”. More precisely, if
n/α is not an integer, a new cloud of particles (starting from the particles x̂n

j ) is obtained as follows.
The j-th particle branches (independently of other particles) into a random number (denoted by
ζn
j ) of particles, for j = 1, · · · , L(n−1). The distributions of ζn

j are given as follows.

P (ζn
j = [γn

j ] + 1) = γn
j − [γn

j ],
P (ζn

j = [γn
j ]) = 1− γn

j + [γn
j ],

where γn
j

.=
Lnβn

j∑Ln

k=1 βn
k

. and βn
j

.= R̃(xn
j , Yn). This results in say a total of Ln particles which are

denoted once more by {xn
j ; 1 ≤ j ≤ Ln}. The approximation Π∗n is then given as

{(x(n)
1 , p

(n)
1 ) · · · (x(n)

L(n) , p
(n)

L(n))} where each p
(n)
i is set equal to 1/L(n). In order to manage the ex-

plosion or decay of the number of particles L(n) we add a resampling step at every α time steps.
More precisely, if n/α is an integer, we sample (with replacement) L points from the distribution
{(x(n)

1 , p
(n)
1 ) · · · (x(n)

L(n) , p
(n)

L(n))}. Relabeling the new points once more as {x(n)
j }, the approximation

Π∗n is given as {(x(n)
1 , p

(n)
1 ) · · · (x(n)

L , p
(n)
L )} where, once more, each p

(n)
i is set equal to 1/L. In prac-

tice, the lag parameter α in this algorithm is taken to be much larger than that in algorithms of
Sections 4.2, 4.3.

4.5 Regularized Particle Filters (cf. [19], [10] Chapter 12).

One common difficulty with particle filters is that they suffer from the lack of diversity among par-
ticles. This problem can be particulary severe in settings where there are degeneracies in the signal
dynamics. In order to treat this difficulty one usually considers regularized particle filters which cor-
responds to replacing the sampling from the discrete distribution {(x(n)

i , p
(n)
i , i = 1, · · ·L} by that
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from an absolutely continuous approximation. The key idea is to use kernel density smoothers.
The two basic versions of such regularized particle filters are as follows.

Regularization at the updating step. A regularization kernel K is a symmetric probability
function on Rk satisfying

∫
Rk xK(x)dx = 0 and

∫
Rk |x|2K(x)dx < ∞. For a smoothing parameter

γ ∈ (0,∞), referred to as the bandwidth, denote Kγ(x) .= 1
γk K(x/γ). The two commonly used

kernels are the Gaussian kernel and the Epanechnikov kernel (cf. [10]). The basic algorithm is as
follows. We consider the regularization of the algorithm in Section 4.2 with the lag parameter α = 1.
Similar procedures can be incorporated for other particle filtering algorithms as well. Suppose
that an approximation Π∗n−1 as a discrete distribution {(x(n−1)

1 , 1/L), · · · (x(n−1)
L , 1/L)} is given.

An approximation Π̂∗n to Π̂n as the discrete probability distribution {(x̂(n)
1 , 1/L), · · · (x̂(n)

L , 1/L)} is
obtained as in Section 4.1. Update the weights p̂

(n)
j 7→ p

(n)
j using the observation Yn by setting

p
(n)
j

.= cp
(n−1)
j R̃(x̂(n)

j , Yn), where c is the normalization constant. Draw {x̃(n)
i , i = 1, · · ·L} from

the discrete distribution {(x̂(n)
1 , p

(n)
1 ), · · · (x̂(n)

L , p
(n)
L )} and generate {εi}L

i=1, i.i.d. from the kernel
K. Define xi

n
.= x̃i

n + γεi The filter Π∗n is then given as {(x(n)
1 , 1/L) · · · (x(n)

L , 1/L)}. As γ → 0 and
L → ∞ the approximate filter Π∗n converges to the optimal filter Πn. Such a random jiggling of
the particle locations can be particularly important if the stochastic dynamical system governing
the state evolution is very sensitive to the initial condition.

Regularization at the prediction step with acceptance/rejection. A slight modification
of the above regularization scheme is as follows. Here, the regularization is done at the prediction
step. Once more, for the sake of definiteness consider the algorithm in Section 4.2 with α = 1.
Suppose that an approximation Π∗n−1 as a discrete distribution {(x(n−1)

1 , 1/L) · · · (x(n−1)
L , 1/L)} is

given. Then the recursion is given as follows. Obtain the approximation Π̂∗n to Π̂n as the discrete
probability distribution {(x̂(n)

1 , 1/L) · · · (x̂(n)
L , 1/L)} just as in Section 4.1. Set p

(n)
j

.= cR̃(x̂(n)
j , Yn),

where c is the normalization constant.

Acceptance/Rejection step. Generate a particle x̃ from the discrete distribution
{(x̂(n)

1 , p
(n)
1 ), · · · (x̂(n)

L , p
(n)
L )} and ε from the kernel K and U from a Uniform distribution on [0, 1].

Let x = x̃ + γε. If R̃(x, Yn) > U supz∈Rk R̃(z, Yn), accept x as a particle for the nth time step.
Otherwise, reject the particle.

Repeat the acceptance/rejection step until L particles : {xn
i }L

i=1 are obtained. The filter Π∗n is
then given as {(x(n)

1 , 1/L) · · · (x(n)
L , 1/L)}. Once again, it can be shown that, as γ → 0 and L →∞

the approximate filter Π∗n converges to the optimal filter Πn.

5 An example.

In this section we present an example to illustrate that in settings where the signal-observation
dynamics are nonlinear, an approximation to the nonlinear filter that is not based on linearization
of the model can significantly outperform the EKF. The dynamics that are described below in
equation (5.11) model the motion of ship which moves with a constant (positive) radial and angular
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velocity, perturbed by a white noise, when it is “not too far” away from a chosen center; whereas
when the ship drifts too far off from the center a gentle restoring force pushes it back towards the
center. The state process X(t) = (X1(t), X2(t))′ is described by the following SDEs

dX1(t) = −X2(t)dt + f1(X1(t), X2(t))dt + e1dW1(t),
dX2(t) = X1(t)dt + f2(X1(t), X2(t))dt + e2dW2(t), (5.11)

where W1,W2 are independent Brownian motions, e1, e2 are positive constants and

f1(x1, x2)
.= γ

x1

x2
1 + x2

2

−K
x1√

x2
1 + x2

2

1√
x2
1+x2

2≥R
(x),

f2(x1, x2)
.= γ

x2

x2
1 + x2

2

−K
x2√

x2
1 + x2

2

1√
x2
1+x2

2≥R
(x).

A somewhat similar model, described via a four dimensional stochastic dynamical system, was
studied in [5]. A simulation of the signal trajectory, for the parameter values γ = 2, K = 50, R =
9, X(0) = (0.5,−0.5)′, over the time interval [0, 12.5], using a forward Euler’s scheme for the SDE
(5.11) is shown in Figure 1. The observations are collected at intervals of length ∆ = 0.05 and are
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Figure 1: A Typical Signal Trajectory

given via an angular measurement, corrupted by noise. More precisely,

Yn = g∗(X1(n∆), X2(n∆)) + θξn, (5.12)

where ξn are i.i.d. N(0, 1) independent of (X(0),W ) and g∗(x1, x2)
.= arctan(x2/x1). For our

numerical study we chose θ = 0.32. Figure 2 illustrates the difficulty with the Extended Kalman
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Filter. It is seen to initially perform quite well (in fact better than the particle filter) but it soon
loses the track and, subsequently, the output becomes essentially meaningless. The particle filter
(we chose the particle filter of Section 4.2 with lag parameter α = 1 and L = 500) on the other
hand needs some time before the track is established but thereafter it tracks the signal consistently.
In order to do a detailed analysis we simulated 100 signal-observation trajectories of time length
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PF−Resample
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Figure 2: A comparison of EKF with a particle filter

8.25 and implemented the EKF and particle filters described in Sections 4.1, 4.2, 4.3. The number
of particles for each of the particle filters was fixed to be 500. For the EKF, m(0), P (0) were
taken to be (0.5,−0.5)′ and 10I2×2 respectively, where I2×2 is a 2 × 2 identity matrix. For the
particle filter of Section 4.2 we considered two cases: One where the lag parameter is set to 1 and
another with the lag parameter 2. These filters are referred to in Table 1 as PF Resample and
PF Resample lag. For the filter in Section 4.3 we chose the lag parameter to be 2. In Table 1
this filter is referred to as PF var reduction. Finally, EKF refers to the extended Kalman filter
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and PF simple to the particle filter of Section 4.1. As a measure for comparing performances we
computed the root mean square (rms) error, d over all trajectories and over all time instants. More
precisely, we computed for each filter

d2 =
1

100
1

165

100∑

j=1

165∑

i=1

|Xj(i∆)− X̂j(i∆)|2

where Xj , j = 1, · · · 100 represents the j-th simulation of the signal trajectory, X̂j(i∆) the state
estimate obtained for the time instant i∆ from the corresponding filter and 165 = 8.25/.05 is
the total number of observation time steps. As another measure we computed the proportion of
runs where the filter lost the track. By “losing the track” we mean that the distance between
the state estimate and actual state value at some time instant becomes larger them some pre-
specified tolerance level. Here, the tolerance level of the squared distance was chosen to be 22.
Table 1 summarizes our results. It is seen that the rms error for the EKF is almost six times as
large as that for the best particle filter. Although all the particle filters are seen to exhibit quite
similar behavior, it is seen that resampling improves the estimation procedure. The scheme where
resampling is done at a lag of 2 using a variance reduction scheme is seen to perform the best. In
regards to our second measure of performance, we see that Kalman filter loses the track in 99 out of
100 runs. The simplest form of the particle filter (Section 4.1) doesn’t do much better. This poor
performance can be attributed to the severe degeneracies associated with particle weights which
in turn results in very unstable estimated tracks. Resampling is seen to drastically improve the
success rate. In particular, for the best scheme (variance reduction scheme with lag 2) only one
out of 100 runs resulted in a lost track. Although this is quite a simple example, it illustrates very
well the dramatic improvements that one can achieve over an EKF by using a suitable form of a
nonlinear scheme for filter approximation.

Type of filter rms error d rate of success
EKF 10.6922 0.0100

PF Simple 2.6080 0.0900
PF Resample 1.9121 0.9700

PF Resample lag 1.7856 0.9500
PF var reduction 1.6954 0.9900

Table 1: Performance comparison
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