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Abstract

We analyze a sequence of single-server queueing systems with impatient customers in heavy
traffic. Our state process is the offered waiting time and the customer arrival process has a
state dependent intensity. Service times and customer patient-times are independent, i.i.d. with
general distributions subject to mild constraints. We establish the heavy traffic approximation
for the scaled offered waiting time process and obtain a diffusion process as the heavy traffic
limit. The drift coefficient of this limiting diffusion is influenced by the sequence of patience-
time distributions in a non-linear fashion. We also establish an asymptotic relationship between
the scaled version of offered waiting time and queue-length. As a consequence, we obtain the
heavy traffic limit of the scaled queue-length. We introduce an infinite-horizon discounted cost
functional whose running cost depends on the offered waiting time and server idle time processes.
Under mild assumptions, we show that the expected value of this cost functional for the n-th
system converges to that of the limiting diffusion process as n tends to infinity.

Keywords: Stochastic control, Controlled queueing systems, Heavy traffic theory, Diffusion approx-
imations, Customer abandonment, Customer impatience, Reneging.
AMS Subject Classifications: primary 60K25, 68M20, 90B22; secondary 90B18.

1 Introduction

In this article, we study a heavy traffic approximation result for a sequence of single-server queueing
systems with impatient customers. Customers are served under First-Come-First-Serve (FCFS)
service discipline. In the n-th system, where n = 1,2,3,..., the arrival process has a dynamic
intensity which depends on the offered waiting time and this intensity is of order O(n) for large n,
and the service-times are i.i.d. with a general distribution where the mean service-time is of order
O(1/n) for large n. The customers abandon the system if the service is not initiated within their
patience-time. In the n-th system, customers act independently, and their patience-times are i.i.d.
distributed and this distribution may depend on n.

In many real world examples, such as telephone call centers or internet traffic, customers may
not observe the actual queue-length but often approximate waiting time is available to them. In
our model, offered waiting time (or the workload process) is the basic state process and the arrival
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intensity of the customers is dependent on it. To motivate this work, consider a processing facility
where each customer or job arrives with a deadline. Upon the arrival of each customer, a system
manager learns about the customer deadline as well as the required service time. Hence, the
information on offered waiting time is available to the manager and accordingly, the manager can
influence the arrival intensity by means of admission control.

In practice, customer abandonment is a well documented significant feature of the queueing
systems. In the queueing models, Palm [23] initiated the importance of incorporating this feature.
In the telephone call center setting with many-server systems, such models are considered in [13, 19,
10, 11, 36, 29, 22, 25]. For single server setting, Ward and co-authors addressed several performance
evaluation issues of such systems in [30, 31, 26]. For general queueing systems in heavy traffic (with
or without customer abandonment), there are numerous articles that address the issue of system
optimization and [3, 5, 14, 15] is a partial list of such articles.

The results established in this article are closely related to the works of [26] and [30, 31], but
they differ in three main aspects: First, in the n-th system, the intensity of our arrival process is
non-constant and may depend on the current value of the offered waiting time. Loosely speaking,
system manager may exercise adjustments of order O(y/n) to the admission rate of the n-th system
without disturbing the delicate balance in heavy traffic conditions. But such adjustments have
an influence on the drift coefficient of the limiting diffusion process as described in our Theorem
4.10. In controlled queueing systems, such adjustments are known as “thin control” and we refer
to [1, 15] for such problems.

Second, our assumptions on patience-time distributions are quite general. In Markovian aban-
donment regimes [30] and also in [31] (for many-server queues in Halfin-Whitt heavy traffic regime
see [4, 11, 10, 21, 13, 22, 25]) where the same patience-time distribution is used in the modeling,
only the behavior of patience-time distribution in a neighborhood of origin effects the dynamics
of the limiting diffusion. But, in an interesting article [26], Reed and Ward consider the patient
time distribution of the n-th system to have a hazard rate intensity dependent on n (see [25] for
a many-server Halfin-Whitt heavy traffic case). They provide statistical data in support of their
choice. The dynamics of their limiting diffusion process depends on the entire patience-time dis-
tribution function. Our results incorporate both of these scenarios in the same general framework
as illustrated in the examples of Section 3, and our assumptions can be satisfied by many other
classes of patience-time distributions. The heavy traffic limit for the diffusion-scaled waiting time
process is established in Theorem 4.10 and it describes the effect of patience-time distributions on
the limiting diffusion. One key ingredient in our proof of Theorem 4.10 is the martingale functional
central limit theorem, and this approach helps us to accommodate these general assumptions. This
is in contrast with the proofs in [26]. The diffusion-scaled offered waiting time process turned out to
be the reflected process under a generalized Skorokhod map introduced in the subsection 4.3. The
martingale central limit theorem helps us to establish the weak convergence of the input process
related to this generalized Skorokhod map, where the output is the above described reflected pro-
cess. Then, the continuity properties of the generalized Skorokhod map yield the weak convergence
of the diffusion-scaled offered waiting times and also identify the diffusion limit.

Third, we use martingale moment inequalities to obtain moment bounds for the input process.
Then again we employ the martingale central limit theorem and Theorem 4.10 to establish the
convergence of the expected value of an infinite-horizon discounted cost functional of the n-th
system to that of the limiting diffusion process as n tends to infinity. Such convergence results
for the expected value of the cost functionals are important in deriving asymptotically optimal
strategies for the system optimization problems in heavy traffic regimes. We refer to [32, 15] (and
[5, 4, 22] in many-server Halfin-Whitt heavy traffic regime) for such results related to controlled



queueing systems. We intend to use the results obtained here to address such a controlled system
optimization problem in a future article.

This article is organized as follows. In Section 2 we introduce the basic model and the key
martingale relevant to the arrival process. Such a martingale formulation is used in [35] for the
heavy traffic analysis of queue-length processes, when the arrival and service rates are dependent
on queue-length. In Section 3, we speed up the arrival rates to be of order O(n) and to balance
this and to obtain heavy traffic conditions, we make the average service time in the n-th system to
be % We carefully lay out our assumptions on arrival intensities, service times and patience-time
distributions. Section 4 addresses the weak convergence of scaled offered waiting time processes
in heavy traffic. We establish the fluid limit first and then use it to obtain the diffusion limit for
the scaled offered waiting time process. Main result in this section is Theorem 4.10, and we use
martingale functional central limit theorem to obtain this weak convergence result. In Section 5,
we establish the asymptotic relationship between the scaled queue length and scaled offered waiting
time processes. Here we follow the proof of a similar result in [26], but supplement it with necessary
additional estimates to accommodate our general assumptions. We prove the convergence of an
infinite horizon discounted cost functional of the n-th system to that of the limiting diffusion under
heavy traffic in Section 6. In this cost functional, the running cost function depends on offered
waiting time, and there is also a cost related to server idle time. Since the running cost function is
unbounded and is of polynomial growth, we need a few additional assumptions there. To reach our
conclusion, we establish necessary moment estimates and combine them with the weak convergence
result in Theorem 4.10. For controlled queueing networks, such convergence results are obtained
in [32, 15] and in the case of many-server systems, we refer to [5]. In the appendix in Section 7,
we provide a detailed construction of the arrival process with arrival intensity dependent on the
offered waiting time.

The following notation is used. The set of positive integers is denoted by IV, the set of real
numbers by IR and nonnegative real numbers by IR,. Let IR? be the d-dimensional Euclidean
space. For a,b € IR, let a A b = min{a,b} and a™ = max{a,0}, a~ = —min{a,0}. We use [a]
to denote the integer part of a € IR. If (M (t))t>0 is a martingale then we denote the associated
quadratic variation of M on the interval [0,7] by [M](T). The convergence in distribution of
random variables (with values in some Polish space) ®,, to ® will be denoted as ®, = . When

sup |fn(s)—f(s)] — 0asn — oo, for all t > 0, we say that f,, — f uniformly on compact sets. For
0<s<t

a real valued function f defined on some metric space X and T’ € R, define ||f||r = sup |f(z)].

z€[0,T)
Finally, let D[0,00) denote the class of right continuous functions having left limit defined from
[0,00) to IR, equipped with the usual Skorokhod topology.

2 Basic Model

First we describe the queueing model with FCFS service discipline and customer abandonment
on a probability space (£, F, IP). Let A(t) be the number of customers arrived at the station by
time t. The random variable ¢; represents the arrival time of the j-th customer, and we assume
IE(t;) < oo. Service time of the j-th customer is represented by the random variable v;. We
assume that the customers are impatient and the j-th customer will leave the system after waiting
a random time d; if the service does not begin by then. The sequences (v;) and (d;) are assumed
to be i.i.d. and independent of each other, IF(v;) = 1 and var(v;) = 02 < co. We let F be the
cumulative distribution function of dj.

The amount of time an incoming customer at time ¢ has to wait for service depends upon the
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Figure 1: A typical sample path of V (t).

service times of the non-abandoning customers, who are already waiting in the queue. Similar to
[26], we define the offered waiting time process

A(t) t
V() = ol y<d) /0 Ly (s)>0)(s)ds. (2.1)

=1

The process {V(t) : t > 0} is non-negative, has sample paths which are right continuous with left
limits (RCLL), and also at each arrival epoch t;, it has an upward jump of size v;. On the time
interval [tj,¢;41), V(t) is continuous, non-increasing and satisfies V() = max{0, V' (t;) — (t — t;)}.
Figure 1 shows a typical sample path of the process {V (¢)}+>0.

The quantity V(t) can be interpreted as the time needed to empty the system from time ¢
onwards if there are no arrivals after time ¢, and hence it is also known as the workload at time
t. We note that once V(¢,,) is known then V (¢) is well defined on the next interval [t,,t,+1) (see
below (2.11) for more details).

Next, we define the o-fields (ﬁn)nzo- Let .7?0 =o(t1), and for n > 1 let

~

fn = J((tl, U1, dl), ey (tn,’l)n, dn)atn+1) g F. (2.2)

Notice that V(t,—) is Fn_1-measurable and the abandonment time d,, of the n-th customer is
independent of F,,_1. Hence,

P[V(tn_) > dn‘j}nfl] = F(V(tn_)) (2'3)

holds almost surely, where F' is the distribution function of d,. We introduce two martingales
(M?(n)) and (M%(n)) with respect to the filtration (F,),>1 introduced in (2.2). We let

M°(n) = > (v = Dlya,-)<d (2.4)
j=1

M) = 3 (wvoza) — Elye,-za)Finl) (2.5)
j=1



for alln € IN. Clearly, M4(n) is an Fn-martingale (see also [26]). Here we show that M"(n) also is
an Fp-martingale. Since V(tnt+1—) and d,1 are measurable with respect to o(Fy, dp+1) and vy41
is independent of o(F,,dp+1), it follows that

E |(vn41 — 1)1[V(tn+1—)<dn+1}|a(}—mdn+1)} = Ly (tps1—)<dnii) I (Vnt1 — 1) = 0.

Now conditioning both sides of (2.4) with respect to F,,, we can see that M?(n) is an F,,-martingale
as well. Using (2.3) in (2.5), we also see that for all n € IN

n

M) =3 [y, y2a) — FOV-)] (2.6)
j=1

Using (2.1), (2.3)-(2.6) and after simple algebraic manipulations, we obtain the following system
equation:

t
V(t) +/0 F(V(s—))dA(s) = (A(t) —t) + M (A(t)) — MU(A(t)) + I(t), (2.7)

for all ¢t > 0, where
t
I(t) = /0 1y (s)=0)(5)ds, (2.8)

and I(t) represents the idle time at the station during time interval [0, ¢].

Next, we describe a filtration (gNt)tEO which represents the information gathered over time by
o

the system manager. We begin with a discrete filtration (F,,),>0 given by Fo = {0, Q} and
Fn=0((t1,v1,d1),...,(tn,vn,dyp)) forn>1. (2.9)

[e]
It is easy to verify that for each t > 0, A(¢) is a stopping time with respect to the filtration (Fp)n>0,

where A(-) is the arrival process with arrival times (t;) and F,, C ﬁn for all n > 0 and the filtration
(Fn)n>0 is given in (2.2). Next, we introduce the filtration (G;);>0 by

Gi=Faw forallt>0. (2.10)

Let A(-) be a given Borel measurable function defined on [0,00) which satisfies the condition
0 <e< A(z) <C for all x > 0. Here € and C are positive constants. In our analysis, we assume
that

{A(t) - /{:)\(V(s))ds St > o} (2.11)

is a martingale with respect to the filtration (ét)tzo. We introduce yet another filtration (G;)t>0
where

G =0(A(s),V(s) : s <t). (2.12)

Notice that, once the value of V(¢,) is known, the process V(¢) can be obtained on the interval
[tn,tnt1) as explained earlier and hence for all ¢, < ¢t < t,41, the quantity fg AV (s))ds is also
known by the time t,,. Moreover, when ¢, <t < t,4+1, V(t) is a functional of the random variables
(t1,v1,d1), ..., (tn,vn,dy). Consequently, G; C G; for all ¢ > 0 and the process A(t) — fg AV (s))ds



is a martingale with respect to (G;)¢>0 as well. In our proofs, we commonly use this martingale
property with respect to (G¢):>0, while the martingale property with respect to (@)QO filtration
will be used only in the proof of Lemma 4.11.

We indicate the construction of such an arrival process A(-) and several of its properties in the
Appendix. We note that since A(-) is a point process with (G;)-intensity A(V (£)), we can use the
random change of time method (see Theorem T16 and Lemma L17 in Section 6 of Chapter 2, [7])

to obtain the convenient representation

Alt) =Y < /0 t A(V(s))ds) , (2.13)

where Y'(+) is a unit-rate Poisson process. This representation helps us in several estimates.

3 Heavy Traffic Regime

We consider a sequence of queueing systems indexed by n € IN. In our analysis, basic state process
of the n-th system will be the offered waiting time process V,,(-). The arrival rate nA,(V,(-)) of the
n-th system is state dependent and the j-th customer arrival occurs at time iy The cumulative
number of customer arrivals in [0, ¢] in the system is given by A, (¢). When n becomes large, arrival
rate of the n-th system becomes large and thus to obtain heavy traffic conditions, we need to make
the service time of the n-th system small as described below.

For the j-th arrival in the n-th system, service time is v7 = v; /n, and the abandonment time
is denoted by d;‘. As described in [26], the basic equation of the offered waiting time process
{Va(t) : t > 0} is given by

An(t) t
1
Vn(t) = ﬁ Z Uj]-[Vn(t;l—)<d;l] —/0 l[vn(5)>0](8)d87 (31)
j=1

where A, () is the arrival process. We introduce the filtration {G;* : t > 0} of the n-th system by
Gl = o(An(s), Vi(s) : s < t). We also introduce the filtration (G*) as similar to (2.10) and this
filtration represents the information available to the system manager over time. Next, we define
the discrete time filtration (.7/-:»")1-20 by .7?6‘ = o(t}) and

)

Fr = o600 d), .., (0] ), 62 ) (3.2)

(2

for ¢ > 1. Next, we define the associated continuous time filtration (F}*):>0 by
Fi = f[?zt] = o((tY, 07, d7),- - -, (tﬁzt]avﬁzt]v d?’tt})’ tﬁlt}-{-l)’ (3.3)
Now we describe our basic assumptions:
Assumption 3.1.

(i) The sequences (v});j>1 and (d});>1 are independent, non-negative, i.i.d. random variables
with v} = % forall j > 1, E(v;) =1 and IE(v; —1)? = 02 > 0. Furthermore, for each j > 1,

the random wvariables v]” and d;? are independent of .7?]”_1.



(i) The arrival process Ap(-) of the n-th system has an associated intensity process nAn(Vp(-));
that 1s,

t
{An(t) _ n/ Ma(Va(s))ds : £ > 0} (3.4)
0
is a (G)-martingale. Since this process is adapted to (GP) and GF C G, it is a (GF)-
martingale as well.

Assumption 3.2.

(i) The function \,(-) is Borel measurable on [0,00) and there exist two positive constants
€0,Co > 0 (independent of n and x) such that 0 < ey < Ap(x) < Cy for all x > 0 and
n > 1.

(ii) For each K >0, lim sup |A,(x)—1|=0.
00 ¢e0,K]

(iii) There exist small 69 > 0 and M > 0 such that sup sup /n(A,(x) — 1)t < M < cc.
n>1 ze0,80]

(iv) There exists a non-negative, locally Lipschitz continuous function u(-) defined on [0,00) such
that
x
lim sup ‘\f ( <>> — u(x)
n—00 1e(0,K] Vn

Assumption 3.3. Let F,(-) be the right continuous abandonment distribution function of the
i.i.d. sequence (dj)j>1. Assume that F,,(0) = 0 and there exists a non-negative, locally Lipschitz
continuous function H(-) such that

=0,

for each K > 0.

lim sup ‘\/EFH< * =0,

00 ¢e0,K] \/ﬁ>
for each K > 0. As a consequence, we have H(0) =0 and lim F,(x/y/n) =0 for each x > 0.

— H(x)

Remark 3.4. We provide concrete examples that satisfy the above set of assumptions.

1. An example of arrival rate function A\, (-): Let u(-) be non-negative, locally Lipschitz contin-

wous and
L u(y/ne)  Op(x)
An(z) =1 N4D + vn

where 6,(+) is a bounded function such that lim ||0,||x = 0 for each K > 0.

2. Examples of abandonment distribution functions (Fy,):

(a) Let F, = F for alln, and F be differentiable with a bounded derivative on [0,0] for some
d > 0. Hence, let H(x) = F'(0)z in Assumption 3.3.

(b) We may take F(z) = 1 — exp(— [y h(y/nu)du) for z > 0 where h is a non-negative
continuous function as in (14) of [26]. In this case, H(x) = [; h(u)du and it satisfies
Assumption 3.3 since h is continuous. Indeed, for any geneml sequence (Fy), if F,’l(\/ﬁ)
converges to a non-negative function h(x) umformly on compact sets, then (F),) satisfies
Assumption 3.3 with the limiting function H(x fo



(c) Here we provide a simple example to illustrate that there can be many limiting func-
tions H(-) other than the ones described in (a) and (b) above. Let H(-) be any non-
negative, non-decreasing, locally Lipschitz continuous function which satisfies H(0) = 0

and H(+00) = +oo. We let F,(z) = ﬁmin{H(\/ﬁm),\/ﬁ} for all x > 0. Then, for

eachn > 1, F,(0) =0, F,,(+00) = 1 and F,, is a continuous, non-decreasing probability
distribution function. It is evident that the sequence of distribution functions F,, satisfies
Assumption 3.3 with limiting function H(-).

Remark 3.5. To describe a specific example of a heavy traffic regime using the same arrival
process, we can consider the system (A(-), V(-)) satisfying (2.1), (2.7)—(2.11). Then we can scale
these processes as described next. First, we introduce the filtration (G') by Gi* = Gni for each
n > 1, where Gy = 0(A(s),V(s) : 0 < s < t). Now let Ap(t) = A(nt) and V,(t) = V(nt) for
all t > 0. Then using (2.11) and by a change of variable in integration, it easily follows that
{AL(t) — nfot M (Vi(8))ds : t > 0} is a (GJY)-martingale.

Throughout, one can consider the arrival intensity A, (-) as a “control process” related to the n-th
system. In a future article, we intend to address an optimal control problem associated with this
heavy traffic regime, which minimizes a prescribed cost functional. We refer to [2, 3, 15] for related
“thin control” problems and also refer to Chapter VII of [7].

It will be helpful to define fluid-scaled and diffusion-scaled quantities to carry out our analysis.
We let

A (t) = Anll) - a A (t) = \/15 <An(t) —n /0 )\n(Vn(s))aLs) (3.5)

n

for all ¢ > 0. We also introduce the diffusion-scaled offered waiting time process
Vio(t) = VnV,(t) for all t > 0. (3.6)

Since V, () and V,(-) are RCLL processes (and hence with countably many discontinuities), when
integrated with respect to Lebesgue measure, it follows that

/Otf<vn<s—>>ds:/0tf(ﬁn&%‘vds:/otf(%jﬁs))ds:/Otf(Vn(s))ds

for all ¢ > 0, where f is any bounded Borel-measurable function. Hence, throughout this article,

we use fg An(Vi(s))ds or fg An (\/,LT(;)> ds appropriately, when integrated with respect to Lebesgue

measure.
We also define the diffusion-scaled martingales with respect to the filtration (F*) (see (3.3)),

given by

[nt] nt]

[
_ 1 .
dipy —
> (vj - Dy, an—y<ar),  My(t) = NG > (1[Vn(t;—)zd;] - E(l[vn(t;—)zd;}’fj—1)> :

J=1 J=1

MU(t) =

(3.7)
Using (3.1), (3.4) and the state equation described in (2.7), and after simple algebraic manipula-
tions, we obtain
1 [t 1 !
Vn(t)+/ F,(Vo(s—))dA,(s) = - (An(t) —n/o )\n(Vn(s))ds>
0

1 (=, =4 7
o (M) — M)
+ [ Vel = 1)ds + 10, (38)
0



where I,,(t) = [3 1y, (s)=ojds for all ¢ > 0.

4 Weak Convergence

4.1 Fluid limits

Throughout we use || - ||7 defined by ||f||lr = sup |f(s)| for any f in DI[0,00). Our aim here is
te[0,7
first to establish the fluid limit lim ||V,||7 = 0 in probability for each T > 0. We intend to employ
n—oo

several properties of the Skorokhod map I (see, for example, [20, 8, 33, 16]) in the discussion below.
The Skorokhod map I' : D[0,00) — D|0, o) is explicitly defined by

D0 = FO)+ sup (~f()" Torall 12 0. (4.1)

Given a function f in D[0,00), the pair (I'(f), sup (—f(s))™") is called the “Skorokhod decompo-
s€[0,]
sition” of f and this decomposition is unique. In (3.8), we let

1 (= 1 =i 7 I
4= (L) - M) - /O Fu(Va(s—))dAn(s).  (4.2)

n

Xn(t) = =(Ap(t) — nt)

1
n

Thus, by (3.8)—(4.2), we observe that (V},, I,,) is the Skorokhod decomposition of the process X,,
and thus
Vo(t) =T(X,)(¢), forallt>0. (4.3)

Theorem 4.1. (Fluid limit) For each T > 0,

[Vallr =0 asn — oo. (4.4)
Proof. First we show that
. L~
n11—>Hc}o %HAnHT =0 a.s., (4.5)

for each T > 0. For the n-th system, we consider the martingale A,(-) described in (3.5). Us-
ing a random time change theorem for point processes (use Theorem T16 in page 41 of [7] with
Fi = 0(An(s),Va(s) : 0 < s < t) and Lemma L17 therein and the fact that A\,(z) > ¢ > 0
to guarantee [;° nAn(Vi(s))ds = +o00 a.s.), there is a unit-rate Poisson process Y, (-) such that

An(t) = Yo (Ja Aa(Vi(s))ds) for all t > 0. Here Y,,(t) = (Yn(nt) —nt)//n for all n > 1. Thus, using
part (i) of Assumption 3.2, we have ||A,||p < H}A/nHCOT and we can estimate ]P[ﬁﬂflnHT > ¢| for

€ > 0 arbitrary. Since }7” also is a martingale, using Doob’s inequality we have

S E[p(|]Yn(CoT)|)]
vn dleyn)
where ¢(-) is a non-negative, convex, strictly increasing function on IRy. Let 6 > 1/2 be fixed.

Then there is a real number 2y > 0 so that e* < (1+xz)+ 022 for 0 < x < x9. We pick any a > 0 so
that 0 < a < zp and let ¢(z) = e** for all z > 0. Then by an elementary computation, we obtain

P| SRl > < P [Tl > vl <

Eo(Ta(CoT] _ seccyr ey
ey |




(See also Theorem 5.18, page 114 of Chen and Yao [9].) Consequently,
1~
P [\/E‘AnHT > 6] < fatCoT eV,

where 6 > 1/2, o > 0 and C > 0 are constants independent of n. Now we can apply Borel-Cantelli
lemma to conclude the a.s. limit in (4.5). Hence, there is ng(w) € IN such that A,(T) < y/n for
all n > ng(w). This together with Assumption 3.2(i) implies that

An(T) < V/ndn(T) + ConT < n+ ConT < Kin  for all n > ng(w),
for some constant K7 > 0 which is independent of n. Next, using (3.1)

An(T) Kin

1
[[Vallr < - ]z_:l vj < n;vj for all n > ng(w).

But lim %Z]K:lf vj exists a.s. by SLLN and hence ||V, ||r < K>T for all n > n;(w) and for some

n—oo

constant Ky > 0 which is independent of n. This, together with Assumption 3.2(ii), implies that

T
/ IAn(Vi(s)) —1lds < sup |Ap(z) — 1T — 0 asn — oo.
0 z€[0,K2T)

Hence lim fOT IAn(Vi(s)) — 1|ds = 0 a.s. Since

_ 1 ~ T
sup |An(t) —t| < —= sup [An(t)] +/ [An(Va(s)) — 1|ds,
t€[0,7) VT ieloT) 0

using the above fact with (4.5), we obtain

lim sup |A,(t) —t|=0 as. (4.6)
N0 ¢ec(0,T)

Next, we consider the martingale term ﬁ(]\?;; (t) — Z\/fo(t)) Notice that
[nT) 9

B (ML)(D)) < — > Bl =1 <%

]:

—0 asn — oco.

n

Similarly, it follows that IF ([]\/J\g] (T)) < % — 00 as n — oo. We consider the vector valued

martingale M, (t) = (MY (t)/v/n, M4(t)/\/n) and define M*(t) = sup |M,,(s)| for all ¢ > 0. Using
s€[0,t]
Doob’s inequality for the submartingale |M.,(#)|? once more, we obtain IF[ sup |M,(t)|?] < CT/n
t€[0,T)]

where C' > 0 is a generic constant independent of n. We conclude that lim IFE [ sup |M,(t)|?| = 0.
n—oo te[0,T
Consequently, (M (T))? = 0 as n — oo. This, together with (4.6) and the random change of time

theorem (cf. Section 14, [6]), implies that

M, (A,(T)) = 0 (4.7)

10



as n — oo. Hence, using (4.6) and (4.7), we have

sup |A,(t) —t| + M (A, (T)) — 0 in probability, (4.8)
te[0,7

as n — 0o. Let

Tn(t)

+1 [ EVas-nian)
= —(An(t) —nt An(t) = M (At 4.
HENG n>+ﬁ( 2(An(t) = ML), (4.9)
where X, is described in (4.2). With (4.8) in hand and using (4.2), we observe that
lim ||7,||r =0 in probability, (4.10)

for each 7' > 0. By (4.2), we have 7,(t) > X, (t) for all ¢t > 0 and 7,(t) — X,(t) is a non-
negative, non-decreasing process in D[0, 00). Therefore, we can use the comparison theorem for the
Skorokhod map I' (Propositions 3.4 and 3.5 of [8]) to conclude that

0 <V,(t) =T(Xy,)(t) <T(7,)(t) forallt>0. (4.11)

Since ||T(7,)||7 < 2||Zn||7 by the Lipschitz continuity of I', using (4.10)—(4.11) we can conclude
nh_)rglo ||[Vollr =0  in probability. (4.12)
This completes the proof. |

Remark 4.2. In Theorem 6.5 of Section 6, we are able to show that lim IE [||V,||7'] = 0 for some
n—oo
m > 2, under an additional hypothesis given in (6.6).

4.2 Diffusion limits

Here we intend to establish the weak convergence of the process V,(-) defined in (3.6) to a (reflected)
diffusion process. We need to obtain several technical results to achieve this objective. Our first
proposition is an improvement of (4.4). Using (3.5)—(3.8), we can describe the state equation for

) - 1) ds + v/nl,(t), (4.13)

where I, ( s)ds. Notice that Vn, nl,) is indeed the Skorokhod decomposition (see
0

the line below ( )) of the process \/nX,(-) where X,, is described in (4.2). Then, I'(y/nX,)(t) =
Vy(t) for all ¢ > 0 where T is given in (4.1). We use this fact in the following proposition.

Proposition 4.3. We have for each T > 0,

lim lim sup /P [H‘AanT > K] ~0. (4.14)
K—o00o n—ooo

11



Proof. We introduce X, (t) = \/nX,(t) and

wesa s [ (45 [ (5)-)

for all ¢ > 0, where X,, is defined in (4.2) and 2~ = — min{z, 0}. Notice that {Z,(t)— X, (t) : t > 0}
is a non-negative, non-decreasing process and thus by a comparison argument as in (4.11), we obtain
0 < V,(t) <T(Z,)(t) for all t > 0. Consequently, using the Lipschitz continuity of I, we get

Vallz < 2||Znl for all T > 0.

But

Zn(t) = An(t) + M} (An(t)) — ]\/Zd(/_ln(t)) +vn t(/\n(Vn(s)) —1)Tds forall t >0,

0
and hence we have
ITalle < €1 | IAulle + sup TS+ sup (TR + Vi [ OlVa(o) =175
te[0,T7] te[0,7

(1.15)
where Cy > 0 is a generic constant independent of T. To estimate IP[||V, ||z > K] for K > 0, we
estimate the probability corresponding to each term in the right hand side of (4.15). Throughout,
we consider K > 0 to be a generic constant. First, we estimate IP[||A,||7 > K]. Using the same
technique used in the proof of (4.5), we obtain

E|Y,(CoT)]? _CT

P |4l > K| < =12 <

where Cj > 0 is the constant as in Assumption 3.2 (i) and C' > 0 is a generic constant independent
of K. Here Y, (t) = (Y,(nt) — nt)/\/n for all t > 0 and Y;,(-) is a unit-rate Poisson process. Hence

lim lim sup P [HEHHT > K} ~0. (4.16)
K—0o0o n—oo
Next we consider IP[ sup ]]\/Zﬁ(fln(t))] > K], and here we intend to use (4.6). We have
te[0,T
P | sup [Mi(A, ()| > K| < P sup |M(A(t)| > K, A,(T) < 27| + P[A,(T) > 21
te[0,T] t€[0,7]
< P| sup |MY(t)]> K|+ IP[A,(T) > 2T.
t€[0,27)
Notice that the quadratic variation process []/\4\}{] satisfies
1 ]
[MP](t) < = (v;—1)* and hence IE([M}](2T)) < 2To?,
n
j=1

12



where 02 = F(v; — 1) > 0 is a finite constant. Thus, from Doob’s maximal inequality for

submartingales (cf. [18]) we obtain IP [ sup |]\//.7,§’(t)| > K| < CT/K?, where C > 0 is a con-

t€[0,27]

stant independent of 7" and n. Hence lim limsup IP | sup |M\f{(t)| > K| = 0 and by (4.6),
K=o nooo te[0,27)

lim IP[A,(T) > 2T] = 0. Thus we have

n—oo

lim limsup IP
—0 n—oo

sup | MY (A, (1))] > K] = 0. (4.17)
te[0,T

The proof of hm lim sup IP [ sup ]J\/fff(/_ln(t)ﬂ > K| =0 is very similar to that of (4.17).

K—o00 n—oo te[0,T]
For the last term in the right hand side of (4.15), we intend to use (4.4). Recall 9 > 0 and
M > 0 are as in Assumption 3.2(iii). Then we have

[f/ _1)+dS>K] < [f/ ) — 1)*ds > K, [Vl < 6o

+IP [||VollT = d0]
IP[MT > K, ||Vp|lr < do] + P [||[Vallr = do] -

IN

Notice that Klim IPMT > K, ||Va||r < do] =0 and by (4.12) we obtain lim IP [||V,||7 > do] = 0.
Consequently,

lim limsup IP [\F/ —1)Tds > K} =0 (4.18)
Now, (4.15)—(4.18) imply (4.14) and this completes the proof. [ |

Next, we introduce
i
D)= 1)z, (4.19)

which represents the number of customers who abandoned the system among the first ¢ customers.
We also define its fluid-scaled term

[nt]

1
n

for all t > 0. We intend to show R, (-) = 0. In the case of constant intensity, this is indeed proved
in the Lemma 5.5 of [26]. But, our proof mainly uses the previous proposition and martingale
property of A,.

Lemma 4.4. For each T > 0,
lim IE[R,(T)] = 0. (4.21)

n—oo

Proof. Consider the martingale {A,(t) : ¢ > 0} and the stopping times {tﬁlT] :n > 1} Let M >0
be a constant and 7, = 17 AM. Then A, (1,) < An(t [nT]) [nT]. Since 7, is a bounded stopping
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time, E[A,(7,)] = 0. Thus 0 < IE [A, (1) — 1 [y Aa(Vi(s))ds] and using Assumption 3.2, we
have
neglE[m,) < IE[A, ()] < [nT],

which implies IE[7,] < T/ey. By letting M 1 400, we have

E[t,7] < OT, (4.22)

where C7 > 0 is a generic constant. Next, we estimate IP[ ma[x ]XA/n(t”—) > K. Let € > 0 be
1<j< nT

arbitrary. We pick a large constant Cy such that 0 < ClT < 7. Then we have

V(=) > < > K, {7 no>

€
< P [HVRHCQT > K} +7
where the second inequality follows from Chebyshev’s inequality and (4.22). Also,

hm lim sup IP [||V llcor > K} =0

K—0o n—oo

by (4.14). Hence, there exists a Ko > 0 such that for all K > Ko, limsup IP[||V,||cyr > K] < €/4

n—oo
and as a consequence we have

lim sup IP [ max Vn(t?—) > K} < for all K > Kj. (4.23)

n—oo 1<5< [nT]

N ™

To estimate IE[R,,(T)], we pick K > Ky and consider PV, (t7—) > d7}], where j = 1,2,...,[nT].
Then it follows that

PV, ("

; —-)>dj >

mn n K mn

vn

K
d
<P [KIJ%T]V (1) > K} +Fy <5ﬁ> .

By Assumption 3.3, lim Fn(%) = 0 and consequently, there is a ng > 1 such that
n—oo

S

sup IP[V,(ti—) > dj] <e
1<5<[nT]

for all n > ng. Hence by (4.20), IE[R,(T)] < 1[nT]e < Te and we conclude that lim IE[R,(T)] = 0.

n—oo

This completes the proof. |
Our next step is to show that the term % fg F, ( \(/5» )> dAy(s) in the state equation (4.13)
can be well approximated by fo ( ))ds, where H(-) is given in Assumption 3.3.

Lemma 4.5. We have for each T > 0,
H ))ds
G (5o [

14

sup
te[0,7)

— 0 in probability as n — co.  (4.24)




Proof. We recall A, (t) = LA, (t) and it satisfies (4.6). Hence we can write
1 t "n _ t
/ F, V(S ) dAn(s)—/ H(V,(s))ds
vn vn 0

5—) t V(s) "
/ JnF, ( )(dA (s) — )+/0 (\/ﬁFn< N0 ) —H(Vn(s))> ds. (4.25)

To obtain (4.24), we estlmate the rlght hand side of (4.25) using (4.6) and Assumption 3.3. First
we note that {M2(t) fo ))ds : t > 0} is a martingale and its quadratic variation
is given by [MA|(T) = %A ( ). By random time change theorem of point processes (see (2.13)
and the proof of (4.5)),

AT) =1, (n /0 ' An(vn<s>>ds) < LYo(nGyT),

where Y, is a unit-rate Poisson process and Cp > 0 is as in Assumption 3.2(i). Thus, [MA](T) <
Y, (nCoT) and
dA,(t) — dt = dMA(t) + (A (Viu(t)) — 1)dt

and the first term on the right side of (4.25) is equal to

f/(

We consider an arbitrary ¢ > 0. Since 0 < F,(x) < 1 for all  and F, (%) is a predictable

process, the integral fot (V"\(f )) dM A( ) defines a martingale and its quadratic variation process

)dMA +f/ ( )>(/\n(Vn(s))—1)ds. (4.26)

is given by f(f F? <V"\(; )> d[M2](s) (see [24]). Hence using Doob’s maximal inequality, we have

t U (e ~ T Vo (s— _
PLES[%I;]\/E / &(VTL%))M(S) >a] < w5 F3<V"f/ﬁ))d[Mm<s>]
< 5B [Fa(Vallr) BL(T)]
< B F(Vallr)Ya(nCoT)
< o BRIV B G
T 9 1/2
< S (BRI, (1.27)

In the above estimation, for the last two inequalities, we have used Cauchy-Schwarz inequality and
the fact that IF[Y,2(nCoT)] < C2n®T? for some generic constant C; > 0 independent of n and 7.

Next, we will show IE[F2(||Vy||r)] approaches 0 as n — oo. By Assumption 3.3, there exist ng
and M; > 0 such that

T M1
sup Fj, <> < —= forall n > nyg.
z€[0,K] \/ﬁ \/ﬁ
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We consider n > ng and then

IE [Frg(HVnHT)] IE |:F7%(”Vn||T)1[||VnT§\%]:| +IE [Fg(HVn||T)1[||Vn|T>§R]]

M1

IN

+ P[Vnl[Vallr > K.

Now, letting n — oo and then K — oo and using (4.14), we obtain lim E[F2(||V,||7)] = 0.
n—oo
Consequently, by (4.27), we conclude that

t v — _
lim P | sup /n / F, Vals—) dMAt)| > 6] =o. (4.28)
n—0oo t€[0,T] 0 \/ﬁ
Similar to the previous estimation, we obtain
P f/ D oV o) = 1kds > 5
<P f/ Fo (Va(5-)) AnlV; <>)—1|ds>a,¢ﬁ|rvn||TSK]+zpwnvn|rT>K1
< Plm / An(Va(s >>—1ds>6]+ﬂow|\vn||T>K]. (4.20)
L 0

In the derivation of (4.6), we have obtained lim fOT |[An(Vi(s)) — 1|ds = 0 a.s. This together with
n—oo
(4.14) implies that the right hand side of (4.29) tends to zero as n — oo. This yields

Tim PP [f/ 1) P (Va(5)) — 1]ds > 5] ~0. (4.30)

Consequently, using (4.26), (4.28) and (4.30), we obtain for each T' > 0

lim P [ sup / VnF, < )) (dA,(s) —ds)| > 6 (4.31)
oo t€[0,T]
Finally, we intend to establish
. t Vi(s—) -
lim [P | sup VnF, — H(V,(s)) | ds| > d| =0. (4.32)
n—o0 iefo,1]|Jo Vn

Pick € > 0 so that 0 < €

<
such that sup \\/ﬁFn(\iﬁ
z€[0,K]

T Vo(s-) -
zp[ /0 (wm< N )—H(ms)))

<r|[ (wm (V"fﬁ‘)) - H(&@)))
< PLT > 6,villVillr < K] + PWal[Villr > K.

Since €T < 6, the first term of the above is 0 for all n > n;. Also, Klim lim P[y/n||V,|lr > K] = 0.
Hence (4.32) follows. Therefore, (4.31) and (4.32) yield (4.24). This completes the proof. [ |

% y Assumption 3.3, we take any K > 0 and then there is a n; € IN
) — ( )| < e for all n > n;. We consider n > n; and estimate

ds>5]

ds > 0,v/n||[Vallr < K| + P[Vn|[Valr > K]
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Our next lemma shows that the term \/ﬁfg(l — An(Vi(s)//n))ds can be well approximated by
fo ))ds, where the function wu(-) is as given in Assumption 3.2.

Lemma 4.6. We have for each T > 0,

T ‘771 N
/ vnl1l-\, () —u(Vi(s))|ds — 0 in probability as n — oo, (4.33)
0 vn
and consequently,
t Vi(s) IS . .
sup vnll1=2Xx, —u(Vy(s)) | ds| — 0 in probability as n — oo. (4.34)
te[0,7] |0 \/ﬁ

Proof. Fix T > 0. Let 6 > 0 and pick € > 0 small so that ¢I" < . Let K > 0 be arbitrary. By

Assumption 3.2(iv), there is ng = no(K) so that sup |[/n(1 — A\(z/v/n)) —u(z)| < € whenever
z€[0,K]

n > ng. Thus, on the set [||[V,||r < K], we have

T 1 s .
/0 ﬁ(l_An <V:/(ﬁ)>> _U(Vn(s))

Following an estimation similar to that of Lemma 4.5, we can have

. .
limsup P [/0 vn (1 = An <V%)>> — u(V(s))

Hence, using (4.14), desired conclusion (4.33) follows. [ |

ds < €I’ < 6§, forall n> ng.

ds > 5] < limsup P[|V, || > K].

n—oo

The following result is an immediate consequence of Lemmas 4.5 and 4.6. Therefore, we omit the
proof.

Lemma 4.7. For allt >0, let

t)E/Ot \}ﬁFn (‘7"(2 ) /H ds+/

Then for each T > 0, ||en||7 — 0 in probability as n — oo.

ds.

(4.35)

To discuss the weak convergence of the process {V,(t) : t > 0}, we rewrite the state equation
(4.13) in the following form:

V(t) = £a(t) — en(t) — / ds/H 9)ds + VL), (4.36)

where

6n() = An(t) + My/(A,() — Mi(An (1)), (4.37)
and I,(t), e,(t) are given in (3.8), (4.35), respectively.
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4.3 Generalized Skorokhod map and weak convergence
Following Section 4 of [26], we introduce the generalized Skorokhod map.

Definition 4.8. Let p : [0,00) — [0,00) be a locally Lipschitz continuous function. Then for a
given x in D[0,00) with z(0) > 0, there exists a unique pair of functions (z,£) such that z,{ are
also in D[0,00) and

(i) = fo w))du + £(t), z(t) >0, for all t > 0,
(ii) £(0) =0, £(-) is non-decreasing, and [;° z(t)d((t) = 0.

We use the notation in [26] and introduce two functions ¢P : D[0,00) — DJ0,00) and ¢P :
DJ0,00) — D|0, 00) given by
This describes a generalized Skorokhod decomposition of the function x in DI[0, c0). Since (4.36)
describes precisely this decomposition, it is easy to observe that

(7, YP)(n — €n) = (‘7”, \/ﬁjn)v (4.39)

where p(z) = u(x) + H(z) for all > 0, and in this case p(-) is a locally Lipschitz continuous
function.

In [26], the function p(-) is of the form p(z) = [ h(u)du where h(-) is a non-negative continuous
function. But their discussion on ex1stence and uniqueness of the pair (z,¢) for a given z in
DJ0, 00) as well as on the continuity properties of (¢?,¢P) in D0, c0) endowed with the Skorokhod
Ji-topology holds for a non-negative, locally Lipschitz continuous function p(-) with a few minor
changes in their proofs. We state these results in the following proposition and indicate the necessary
changes required in the proofs given in [26].

Proposition 4.9. (Lemma 4.1 and Proposition 4.1 of Reed and Ward [26]) Let p : [0, 00) — [0, 00)
be a non-negative, locally Lipschitz continuous function. Then the following results hold.

(i) For each x in D[0,00) with x(0) > 0, there exists a unique pair of functions (z,¢) satisfying
the Definition 4.8.

(ii) The functions ¢P and P defined in (4.38) are continuous on D[0,00), when it is endowed
with the Skorokhod’s Ji-topology.

Proof. Proofs of the above statements essentially follow from those of Lemma 4.1 and Proposition
4.1 of [26] with the changes described below. Given x in D[0, 00), Piccard’s iteration scheme was
used in Lemma 4.1 of [26] to obtain a unique solution to

w(t) = a(t) — /0 p(D(w)(s))ds, for ¢ > 0, (4.40)

where I' is the Skorokhod map defined in (4.1). Given x in D[0,T], they introduce the iterative
scheme by wq(t) = 0 on [0,7] and

wp(t) = x(t) — /tp(F(wnl)(s))ds, foral 0 <¢t<T andn>1. (4.41)
0
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In this situation, we need to establish the bound sup sup |wy(t)] < M < oo, where M > 0 is a
n>1t€[0,T)
constant depending on .
Since x(t) — wy(t fo I'(wp—1)(s))ds is a non-negative, non-decreasing function, by a com-
parison result for the Skorokhod map (cf. [20]), we have I'(w,)(t) < T'(z)(t) for all 0 < t < T.

Next, introduce p*(y) = max p(z), then we have

)

P(D(wa) (1)) < " (D(wa) (1)) < p*(D(@)(1)) for all 0 < ¢ < T,

and hence by (4.41), this implies x(t) — wy,(t) < fo ))ds. By (4 41) x(t) —wp(t) > 0 for

all 0 < ¢t < T since p(-) is non-negative. Therefore, x(t fo ))ds < wy(t) < x(t) for

all 0 < ¢t < T and n > 1. Hence, the required bound sup sup |wn( )| § M < 00 holds for some
n>11t€[0,T]

M > 0. Now one can follow the proof of convergence of the sequence (w,) to a function w in
DI[0,T] as in [26]. Moreover, sup |w(t)| < M < oo holds.
t€[0,T]
The uniqueness of the solution w to (4.40) for a given z in D0, 00) with z(0) > 0 is quite
straightforward. Assume w; and ws are two solutions to (4.40). Then following the same proof
above, we have sup |w;(t)] < M for i = 1,2, and consequently sup |I'(w;)(t)] < 2M where

te[0,7] te[0,T
M > 0 is a constant. Let Kjs be the Lipschitz constant of p(-) on the interval [0,2M]. Then using
(4.40) for wy and we, we obtain ||wy — wal|; < 2Ky f(f ||lwy — wa||sds, where || - ||; denotes the sup

norm on [0,¢]. Hence, by Gronwall’s inequality, it follows that ||w; — wa|]s = 0 for all 0 <t < T
and thus the uniqueness of w in (4.40) follows.

In [26], the map MP is defined from DI0,c0) to D0, o0) so that MP(x) = w, where w is the
unique solution to (4.40). Then the continuity of MP on DI0,00), when this space is endowed
with the Skorokhod’s Ji-topology, essentially follows from the same proofs in parts (ii) and (iii) of
Lemma 4.1 in [26].

Next, notice that given z in D0, c0) with 2(0) > 0, the pair (z,¢) defined in (4.38) satisfies

z2=T(w)=T(MP(z)) and ¢=w—T(w)=MP(z)—T(MP(x)).

Hence, ¢P () = ToMP(z) and P () = MP(x)—ToMP(z) for each z in D[0, co) with 2(0) > 0. Since
the Skorokhod map TI' is Lipschitz continuous on D]0, c0), the proof of part (ii) of the proposition
is straightforward. [ ]

To obtain the weak convergence of (‘/}n())nZI and to identify the limit, we intend to show that
&n(-) = oW(:) as n — oo in DJ0,00), where W (-) is a standard Brownian motion. Then Lemma
4.7 together with the continuous mapping theorem implies that &,(-) — e, () = oW (:) as n — oo in
D[0,00). Since both functions ¢ and ¢P are continuous on D[0, cc0), when this space is endowed
with the Skorokhod’s Ji-topology, we can establish the following theorem for the weak convergence
of the process (TAfn())nzl

Theorem 4.10. (Diffusion limit) The process (\7”, Vvnly,) converges weakly to (Z,L) as n — oo in
D®2(0,00), where (Z, L) is the unique strong solution to the reflected stochastic differential equation

Z(t) = oW (t) — / ))ds — / H(Z(s))ds + L(t), (4.42)

for all t > 0. Here, W(-) is a standard Brownian motion and o > 0 is a constant which satisfies
02 = 1+02. The functions u(-) and H(-) are described in the Assumptions 3.2 and 3.3. The process
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Z(+) is non-negative and has continuous sample paths. Here, L(-) is the local-time process of Z at
the origin. The process L(-) is unique, continuous, non-decreasing process such that L(0) =0 and

/t Z(s)dL(s) =0, forallt>0, (4.43)
0

and that Z(t) > 0 fort > 0.

Proof. Recall that the process €,/(+) in (4.39) converges to 0 uniformly on compact sets in probability
as shown in Lemma 4.7. We intend to show &,(-) = ¢W(:) in D[0, c0) in Proposition 4.12 and we
assume this fact in this proof. Here W is a standard one-dimensional Brownian motion. Hence, by
the continuous mapping theorem, we can conclude &, — ¢, weakly converges to cW. Therefore, by
the continuity properties of the mapping (¢, ¢?) in (4.39) (see Proposition 4.1 in [26]), we have

(PP, YP)(&n — €n) = (PP, 0P) (W) as n — oo.

Since the reflected stochastic differential equation in (4.42)—(4.43) has a unique pathwise solution,
(P, P)(cW) = (Z, L) and the proof of the Theorem 4.10 is complete. [ |

We begin with a technical lemma that will be used in the proof of Proposition 4.12.

Lemma 4.11. Let H,(-) be the process defined by
~ t?’nt]ﬁ»l
H,(t)=— [([nt] +1) — n/ An(Vi(s))ds (4.44)
0

for all t > 0. Introduce the vector-valued process {/Mn(t) = (ﬁn(t),ﬁﬁ(t),]/\/f\g(t)) it > 0}, where
the processes MY and MZ are defined in (3.7). Then the following results hold:

(i) ( w(t), FI') is a mean zero martingale, where the filtration (F}') is defined in (3.3).
(ii) For each t > 0, the quadratic variation processes have the following limits in probability:
(a) lim [H,, H,)(t) =t,
n—oo

(b) lim [MY, MP)(t) = ot,

n—oo
() tim (M2 3IZ)(1) = 0,

(d) lim [H,, M)(t) = lim [H,, MZ)(t) = lim [Mg, M)(t) = 0.

n—oo n—oo
In part (b), 02 is given by 02 = IE(vy — 1)2.

Proof. We already know M v and M¢ M are (F')-martingales from the discussion after (2.4) and (2.5).
To prove part (i), it remains to show that H, is also an (F7*)-martingale. Since H,(-) has piecewise

constant paths with possible jumps at the times %, we consider

1 i
H,(i)=—|(i+1 —n/ A (Vin(s ds] 4.45
()= |+ 0 =n [T v (1.45)
for i = 0,1,2,.... Notice that H(t) = H,([nt]) for all t > 0 and H, is adapted to the filtration
(F]")i>o defined in (3.2). We show that (H, (i), F]") is a martingale and from this, it follows that

2 3
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(H,(t), F") also is a martingale. Following the discussion in (7.1) and (7.2), we intend to introduce
two filtrations (G');>0 and (G)i>0. Let F = {0,Q} and

o

f]n: ((1,’01,dn) (t‘?’vj?dj)) fOI“jZl
as in (2.9). Then, it is easy to check that A,(?) is a (F}');>0-stopping time for each ¢ > 0. Now we
introduce the two filtrations (G}");>0 and ((jgl)tzo by

Gl = 0(An(s), Vu(s) :0< s <t), G'= F" p) forallt >0. (4.46)

For each ¢, the jump time ¢} of the process Ay (+) is clearly a (gt )- Stopplng time and IE[t}] is also
finite as in (4.22). Thus the filtration (Qtn)pl is well defined. Since A,(t) is a (G")-martingale as
n (3.4), we have

B[Au(t,2)|G, ] = An(t?1) for each i =0,1,2,.... (4.47)

Next, we observe that An(tlfﬁrl) = H,(i) and .7?1” C ét"n“ for each i = 0,1,2,.... By conditioning
both sides of (4.47) with respect to J’/’-:Z”, we obtain that (H,(i), J’/’-:Z") is a martingale. This completes
the proof of part (i).

For part (ii), first notice that H,, can be written as

[n1]

H( f Z ( / )\n(Vn(s))ds> (4.48)

for all ¢ > 0, where ¢ = 0. Recall that using (2.13), we can write A, (t) = Yn(fg nAn(Vi(s))ds) for
all t > 0, where Y,, is a unit-rate Poisson process. Let (6?);'21 be the sequence of jump times of
Y, and define the sequence (17');>1 by n' = e and nj =€} —e€7_; for all j > 2. Then (n}) is an
i.i.d. sequence of exponential random variables with parameter 1. With the above representation,

fg? nAn (Vi (s))ds = e’ and hence H,, can be written as

[rt]
. 1 .
Hp(t) = 7n ;(1 =) (4.49)
Therefore,
L [nt]
[, Hil(t) = > o(—np)* (4.50)
§=0

Let (7;) be a generic i.i.d. sequence of exponential random variables with parameter 1. Then for

each ¢ > 0,
[nt]

~ o~ 1
P _ — - _~5)2
H[H H,(t) t‘<e} PlSY (i)t <
7=0
and by strong law of large numbers, hm 1 Zj 0(1 —7;)? = t a.s. Consequently, for each ¢ > 0,
lim [Hy, H,)(t) = t in probability.

n—oo
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Next, we consider the quadratic variation process []\7;{ , M}L’](t) Using (3.7), we obtain

[nt]
A7V Av 1 2
[anMn](t) = n Z(Uj - 1) 1[Vn(t?—)<d§b]'
j=1
Let S,(t) = %Zyz]l(vj —1)2. Then
o 1 [nt]
[Sn(t) = [My, My]()] = > (05 = 1)1y, n oy
7j=1

Since v; is independent of J( 1 U{d}}) and 1[Vn(t?—)2d?} is measurable with respect to this
o-algebra, we have

E |(vj — 1)21[vn(tg—)zdg]!<7(ff—1 U {d?})} = oLy, () >a)-

Taking the expected value in both sides, we have F[(v; — 1)21[Vn(ty—)2dy]] = O'EE[]_[V"(t;;_)Zd?]].
Consequently,

[nt]
B1S,(0) — B12. 32)(0)] = 212 > Mgz | = IR0
j=
where R, (t) is given in (4.20). By Lemma 4.4, we have nh—>Holo E[R,(t)] = 0 and thus
lim E\Sn(t)—[]\/f\;j, ]\//EL’](t)\ = 0. On the other hand, (v;) is an i.i.d. sequence with IE(v;—1)? = o2,
?f?l:;efore, by strong law of large numbers, nlirgo Sn(t) = o2t a.s. Using these two facts, we can
conclude lim []\//B{, ]\/4\;{](25) = 02t in probability for each t > 0.
Usingn(g.o; ), we have

—~ 2
E([ME, Mt *JEZ( V(£ —)>d2] —E(l[vn(ty—)2d7}|ff—1)) :
Since E(l[vn(t;?—)zdgﬂj?fq) < 1, we obtain

E (1[Vn(t?—)2dﬁ - E(l[vn(t;%—)zd;?]ﬁ?—l)) < 2By, @ —)>an]-
Thereforei\E(/[\]\/J\g,]/\l\g](t)) < 2E[Rn(t)]L\wh/e£e R, (t) is given in (4.20). Using (4.21), we have
lim E([MZ, MZ](t)) = 0 and thus lim [MZ, MZ)(t) = 0 in probability for each ¢ > 0.
nﬁogimilar to the above computatigrgfowe have

- 1 [l .

(M3, M) = —— S (0 = Dy yean B (L yzan 1 Fi )

n 4
Jj=1

But V,,(t7—) and d} are measurable in a(ﬁ?_l U {d}}) and v; is independent of (7(.7?]”_1 U {d}}).
Also, Elv; — 1| < y/IE(v; — 1)? = 0. Hence we can easily obtain

E|[MY, MY(t)| < 05 E[Ra(t)] = 0 asn — oo
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by (4.21). Thus, lim [M?, M7)(t) = 0 in probability for each ¢ > 0.
From (4.48) and (3.7), we obtain

[nt] n

N 1 41

i 0 = 3,305 = Vi <1 -/, nAn<Vn<s>>ds> S s
J= J

Let Uy,(t) = [ﬁn,]\/f\g](t) We claim that (U, (t), ') is a martingale. Clearly, {U,(t)} is adapted

to (F{*). Using the notation in (4.49), we can write

i
(vj = Dy, (e —y<am) (1 - /t n/\n(Vn(S))d8> = (vj = D =)y, en—)<ar)-

n
J

This term is integrable since E(v; — 1)? = 02 < oo and F(1 — 17;‘)2 = 1. This term is also

o~ ~

equal to /n(v; — 1)1[Vn(t?7)<d;z](An(t;?+1) — Ap(t})). Using the fact that v;, V,(t7—) and d} are
gﬁl—measurable and by (4.47), we see that
J

n

i ~
FE [(’UJ — 1)1[Vn(t?—)<d?] (1 —/t TLAn<Vn(S))dS> ggl] = 0.

But .7’?}1_1 - 5% and therefore by conditioning on .7?;’_1, we have {U,(t)} is an (F}')-martingale.

Consequently, il
B0, U)(0) < S B (0 = 102 (Aa(t) — A1)

n <
Jj=1

B [(An(t11) = An(t7))?

sl 1
%) =%
Also, (v; — 1) is Gl-measurable, and hence

J

B [0~ 1*(Aa(t}0) ~ Aalt)]G | = 0y~ 1)2

n

Consequently, IF[(v; — 1)2(&1(@“) - gn(t?))Q] = 02/n and we deduce that

2
o 1] — 0 asn — oo.

E([Un, Un(t)) <

n2

Therefore, U, (t) = [ﬁn, ]/\/j;{](t) — 0 in probability. The proof of lim [ﬁn, J/W\ff] (t) = 0 in probability
n—oo

is similar to that of the previous result and therefore we omit it. This completes the proof of part

(ii) of lemma. [ |

Proposition 4.12. Let &, be defined by (4.37). Then the process &,(-) converges weakly to oW ()
in D[0,00) as n — oo, where W (-) is a standard Brownian motion and o > 0 is a constant given
by 02 =1+ o2, Here, 02 = IE(vy — 1)? is a constant as in Assumption 3.1.
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Proof. We consider the vector-valued process {(A\n(t), ]/\4\71{(/_1”(75)), ]\/Zg(ﬁn(t))) : t > 0}, where
A, (t) =L A,(t) for allt > 0. We intend to show that this process converges weakly to (W1, o, Wa,0)
in D®3[0, 00), where W and W5 are independent standard Brownian motions.

Consider process H,, defined in (4.44). Then

Hy(An(8) = Ap(thyy) if 67 <t <t} (4.52)

Notice that the vector-valued process ﬁn(t) = (ﬁn(t),]\?ﬁ(t),]\//f,‘f(t)) for t > 0 is an (F)-
martingale by part (i) of Lemma 4.11. Our approach here is to use the martingale functional
central limit theorem (cf. Theorem 1.4, Chapter 7 in [12] or Theorem 2.1 in [34]) to establish
the weak convergence of ﬁn to (W1,05W3,0) and then to apply random time change theorem (cf.
Section 14 of [6]) to conclude MQ([In(t)) also converges to (Wi, 0sWs,0). Finally, we establish that

for each T > 0, sup |A,(t) — H(A,(t))| converges to zero in probability. Then as a consequence
te[0,7]

of this, (A (), M2(An(-)), ME(A,(-))) converges weakly to (Wi, 0sWs,0) in D3[0, 00).

__To implement the sketch of the proof given above, we consider the vector-valued martingale
(M,,(t), F{*) and apply the martingale functional central limit theorem, Theorem 1.4 of Chapter 7
n [12]. We intend to verify the assumption in the quoted Theorem 1.4, part a). First, we show
that for each T > 0,

lim F | sup \1/\\/In(t) — ﬁn(t—)] = 0.
n—oo t€[0,77]

Using the representation (4.49) for fIn, we can write

~ ~ 1 1/2
E Hy(t) — Huy(t—)|| = E | —= 1-n) < |-FE L—n??
tes[lé%]l n(t) — H( )!] ( max |1 \) < [n (@g%l 1} | )] !
where (77?) is an i.i.d. sequence of exponentially distributed random variables with parameter 1.
If (7;) is a generic sequence of i.i.d. exponentially distributed random variables with parameter

1 —pgn2y =1 — 7.2 i —77:)2 =
1., then nJE(lggﬁTﬂ n71%) n]E(lgng\l 1;1%) and since (1 —17;)* = 1, by (7.5) (see the

Appendix), we have lim 1/F( max [l — 7]]-|2) — 0. Hence lim IE[ sup |Hn(t) — Ho(t—)|] = 0.
oo M 1< <nT n%0 elo,T]
Similarly,

— — 1 1 1/2
v _ V(g < . . < | = . — 2 .
| s [730) - W0 )I]_E(\/ﬁlgngvg 1) < [ (o o - 1) |

Since (vj) is i.i.d. and E(v; — 1)? = 02 < oo, again by (7.5), nh—{go %E(lggﬁT lv; —1]?) = 0.

Forn > 1, let ¢, = (qﬁ{ (t) : t > 0)1<i j<3 be the symmetric 3 x 3 matrix-valued process such that
¢ represents the (1, 7)-th quadratic-covariation process of the martingale ﬁn = (ﬁn, ]\7}{, ]\/Zg) (for
example, g?(t) = [ffn,l\/l\,"{](t) for t > 0). In part (ii) of Lemma 4.11, we have established that
nl1_)no10 ¢ (t) = ¢;;t in probability for 1 < 4,5 < 3 and the constant matrix C' = (c¢;;)3x3 is described
by the diagonal matrix C' = diag(1,02,0) (see Remark 1.5 in page 340 of [12]).

Hence, the assumptions of the martingale functional central limit theorem, Theorem 1.4, part
a) in pages 339-340 of [12] are satisfied. Thus, we can conclude that M, converges weakly to
(W1,05W3,0) as n — oo, where Wp and W5 are independent standard Brownian motions. By
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(4.6), sup |A,(t) —t| — 0 as n — oo for each T > 0, and hence by the random time change
te[0,7)

theorem (Section 14, [6]), M, 0 A, also converges weakly to (W1, 05Wa,0) in D®3[0, 00) as n — oo.
Now, to establish the weak convergence of the process (A, (t), ]\//.7}1’ (A, (1)), Mg(ﬁn(t )) it remains

to estimate sup |Hp(An(t)) — An(t)| for each T > 0. Let € > 0. Notice that
t€[0,T]

zp[sup ]ﬁn<An<t>>—ﬁn<t>]>e] <P
te[0,7)

sup | Ho(An(t)) = An(t)

= s swp [ - A
te[0,7)

0<j<[2nT] 7 <t<t?,

But using the sequence (77;‘) of i.i.d. exponentially distributed random variables with parameter 1
introduced in the discussion above (4.49), we have

tn<t<t? "

sup ]ﬁn(t;ql) —En@)‘ < \/15 (H/tf“ mn(vn@))ds) - \}H(Hn;ql).

Therefore,

IA

P [ sup ’f[n(fln(t)) O
t€[0,T]

1
P [ sup %(1 +ni1) > 6]

0<j<[2nT]

= P [ sup f(l + 1jg1) > 6] (4.54)

0<j<[2nT]
where (7);) is a generic sequence of i.i.d. exponentially distributed random variables with parameter

1. Since IE(1 + 7j;41)* < oo, by (7.5) (see the Appendix), lim 1E ! sup (1 —i—ﬁj+1)2] = 0.
n—00 0<j<[2nT]

Hence, the right hand side of (4.54) tends to zero and consequently, the first term on the right side
of (4.53) converges to zero as n tends to infinity. On the other hand, A,,(T) converges to T almost
surely, and hence the second term on the right side of (4.53) also converges to zero as n — oo.
Using these two limits in (4.53), we obtain

lim P [ sup )H (1)) —An(t)) > e] =0 for each T > 0.

n—0o0 t€[0,T]

We can combine this result with the already established weak convergence of

(H, (A, (t (t) ))s M”(A (t) ))s Md(A (t))) to (Wy,0sW5,0) as n — oo to obtain that the process

(ﬁ (1), M”(A (1), Md(A (t))) converges weakly to (Wy,0sWa,0) in D®3[0,00) as n — oo. There-
fore, the process &,(-) defined in (4.37) converges weakly to oW (:) in D[0,00) as n — oo, where
W (-) is a standard one-dimensional Brownian motion and 0 = 1+0¢2. This completes the proof. W
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5 Scaled Queue Length

Here we establish an asymptotic relationship between the queue-length and offered waiting time
processes under heavy traffic conditions. For a conventional GI/GI/1 queue without abandonment,
this asymptotic relationship was established in Theorem 4 of Section 3 in Reiman [27]. We essen-
tially follow the proof of this fact in Reed and Ward [26] (Theorem 6.1) and supplement it with
necessary estimates to accommodate our general assumptions. In contrast with the proof of Reed
and Ward [26], we rely on the Assumption 3.3 for the sequence (F,,) of patience-time distribution
functions to establish Lemma 5.2. In addition, our arrival intensity nA,(-) is state-dependent and
hence we need Lemma 5.3 to facilitate our proof.

For ¢t > 0, let ,,(t) be the queue length of the n-th system at time ¢ and @n(t) = Q”Tff) be the

diffusion-scaled queue length. Following the notation in [26], we also introduce the random variable
an(t) = the arrival time of the customer in service at time ¢ in the n-th system.

If the server is idle at time ¢, we let a,(t) = t.

Theorem 5.1. Let @n and ‘A/n be scaled queue-length and scaled offered waiting time processes,
respectively. Then as n — 00,
Qn—Vn=0 1in D[0,00).

To prove this theorem, we follow the discussion in page 21 of [26] with appropriate changes and
then establish two lemmas. Recall that for the j-th arrival in the n-th system, service time is v;/n.
First, notice that V,,(a,(t)—) <t — an(t) < Vi(an(t)—) + %’UAn(an(t)) and hence

~ ~ 1
Vi(an(t) =) < VAt = 0(8) < Vaen(t)) + —=0aonto) (5.1)
for all t > 0. For T' > 0, let u,(T) = max{v; : 1 < j < A,(T)}. Then we observe that for each
T >0, up(T)/+/n = 0 as n — oo. Indeed, for an arbitrary e > 0,
1

P [\/ﬁun(T) > (—:] <P [\}ﬁun(T) > &, Ap(T) < QT] + PLA,(T) > 21].

We know from (4.6) that lim IP[A,(T) > 2T] = 0. Also, note that

1

P L/ﬁun(T) > ¢, Ao (T) < QT] <P [1 max _v; > e]

\V/n 1<j<2nT

- e . _ : :
and nh_}nololp [\/ﬁ 1§1}1SEL2>;TUJ > €:| 0 follows from (7.5) in the Appendix or Lemma 3.3 of [17].

Thus, we have

Jim P [\}ﬁun(T) > e} 0. (5.2)

Notice that for n > 1 and 0 <t < T, we have 0 < vy, (4,(1)) < un(T') and this together with (5.2)
implies that

sup |[vn(t —an(t)) — Vn(an(t)—)\ =0
te[0,7

as n — oo. Dividing by /n, and using Theorem 4.1, we deduce that

sup (t—an(t)) =0 (5.3)
te(0,7)

26



as n — OoQ.

The next two technical lemmas enable us to prove Theorem 5.1 and we use the above facts
in their proofs. Our Lemma 5.2 corresponds to Lemma 6.1 of [26], but in our proof, we use the
Assumption 3.3 for the sequence (F},) to obtain the weak convergence result

1 n
7 Z Fn(Vn(tj -)) =0, as n— oo.
Jj=An(an()

To accommodate our state-dependent arrival intensities, we need an additional technical result

given in Lemma 5.3.

Lemma 5.2. For each T > 0,

! E =0
sup ——= Vi (t7 =) >d™ as n — oQ.
t€[0,T] \f] An(an(t) 2]

Proof. We begin with the following identity: for ¢ > 0

1 An(t) An(t)

ﬁ Z l[Vn(t?—)Zd?] = M:zl(;ln(t)) - Mg(len(an(t))) +— Z Fn(Vn(t;'L_))’ (5'4)
J=An(an (1)) Jj=An(an (1))

where Mg(t) is described in (3.7) (see also (2.6)). By Proposition 4.12, ]\//.Tg = 0 as n — oo and

by (4.6), sup |A,(t) —t] — 0 as n — oco. Using these facts together with (5.3) and then applying

te[0,T)
random-time change theorem in [6], we can conclude

M4, () = M%o A, 0 an(-) =0 (5.5)

in D[0,00) as n — oo. Next, we show

An(-)
1
NG > F(Va(tj-) =0
J=An(an("))

as n — oo and hence by (5.4) this will imply the stated result. For ¢t > 0, let

An(t)

1 n_
T,(t) = Ttes%pﬂ] A; . ))Fn(Vn(t] )

and €,€ > 0 be arbitrary. Choose K > 0 large enough then, by (4.23), there is ny € IN so that

P| max V,(t"—) > K] < € for all n > np. Using the fact that F,(-) is non-decreasing, we
1<)

obtain

P[Y,,(T < P|T,(T) > e V,(t") < K
(M) >d < P[0 >0 max T < K|+

< p[lp <K> Sup (An(t) — An(an(t))) > €| + &, (5.6)

\/ﬁ " \/ﬁ t€[0,T
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for all n > ng. We take 6; > 0. Then by the Assumption 3.3, there is ny € IN such that
\/ﬁFn(%) < H(K) + 01 for all n > ny. We let the constant C; = H(K) + 61 > 0. Then for all

n > max{ng, n1}, ﬁFn(K/\/ﬁ) < (4 /n and thus

1 K ) ) ¢
P|—F, | —=) sup (An(t) — An(an(t))) > €| <P | sup (An(t) — An(an(t))) > =|. (5.7)
[\/ﬁ (\/ﬁ) t€[0,T] te[0,7) Ch
But since a,(t) < t, we have
sup [An(t) — An(an ()] <2 sup |An(t) —t| + sup [t —an(t)|.
t€[0,T) t€[0,T)] te[0,T)
Hence by (4.6) and (5.3), it follows that
lim 1P 1F<K>s (An(t) = An(an(t)) > €| =0
im —F, (—= ) sup (4A,(t) — An(a, el =
n—oo | y/n V) tefo,)
and using this in (5.6), we have lim IP[Y,(T) > ¢ = 0. Using this together with (5.5) in the
identity (5.4), we obtain the desired conclusion. |
Lemma 5.3. Let T' > 0. Then the following weak convergence result holds:
. ~
Vn sup / An Vals) ) _ llds=0 as n— oo. (5.8)
1e(0,7] Jan(t) vn

Proof. Let € > 0 be arbitrary. We pick K > 0 large enough then, by (4.14), there is ng € IN so
that IP[||V,||lr > K] < €/2 for all n > ng. Let § > 0. Using part (iv) of Assumption 3.2, there is
n1 € IN so that

vn sup |A(xz/vn) —1| < max u(z)+4d forall n>n;.
CCE[O,K} z€ OrK}

We let C = H%(E)i)l((] u(z) +d > 0 and for n > 1, introduce
xe|0,
()} g
vn

PWo(T) > < P [Wa(T) > 6 |[allr < K] + 5

Wi(T) = Vi sup / t ds.

t€[0,T] Jan(t)

Then, we have

< IP|C sup (t—ap(t)) >e€

te[0,7

_l’_

)

N

for all n > max{ng,n1}. Using this together with (5.3), we obtain lim IP[W,(T) > €] = 0 and this

n—oo

yields (5.8). [ |

Next, we use Lemmas 5.2 and 5.3 to prove Theorem 5.1.
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Proof of Theorem 5.1. We begin with the estimate

An(t)
An(t) — An(an(t)) — Z 1[Vn(t;?—)2d;?] < Qn(t) < An(t) — An(an(t)) + 1
j=An(an(t))
as explained in the proof of Theorem 6.1 in [26]. For n > 1 and ¢ > 0, let

~

Yalt) = Au(t) = Aulan(t)) + v t(t) N <Vn(8)> ds,

vn
where A\n() is described in (3.5). Then,
An(t)

1 ~ 1
Vult) — 7 Yo Lyozan < Qult) S Vult) + 7
j=An(an(t))
for all ¢ > 0. Hence we can write
1 An(t)
In(t) — N Ly, in—yzan) — Valan(t)) + [Va(an(t)) — Va(t)]

Next, let Z,(t) = Ap(t) — Ap(an(t)) + ff [ (%};?) — 1] ds, for all ¢ > 0. Then we can
(5.1)

employ the estimates for V,,(an(t)) in and obtaln,

1 N
Z,(t) — 7n Z Ly, (tr—yzar] + [Valan(t)) — Va(t)]
j:An(an(t))

< Qn(t) - Vn(t) < Zn(t) + %/I)An((ln(t)) + [Vn(an(t)) - n(t)] + %
Consequently,
An(t)

Yo oz

J=An(an(t))

~ ~ 1 1
+Valan(t)) — Va(t)] + %UA'n(an(t)) + NCh
Since A4, = Wi as n — oo, and by (5.3), we have |4, (-) — A, 0 an(-)| = 0 as n — co. We use this
fact together with Lemma 5.3 to conclude |Z,(-)| = 0 as n — oc.

Similarly, V,,(-) converges weakly as in Theorem 4.10. This together with (5.3) yields |V}, o

Si-

(5.9)

an(-) = Vo()] = 0 as n — oo. Finally, notice that 0 < % An(an(t)) < “T\L/(g), where u,(T) is as in
(5.2), and hence by (5.2), we deduce that v4,(q,(.))/v/n = 0 as n — oo. Using all these facts in

(5.9), we are able to conclude Qyn(-) — Vy(-) = 0 as n — oo. This completes the proof. [ |

As a consequence of Theorem 4.10 and the convergence together theorem (Theorem 5.1), we
have the following corollary.

Corollary 5.4. The scaled queue-length process (@n(t))tzo also converges weakly as n — oo to the
diffusion process (Z(t))t>0 of (4.42) in D[0, 00).
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6 Convergence of Cost Functionals

6.1 Introduction

Here we introduce an infinite horizon discounted cost functional associated with the n-th system
described in (3.8). Our goal is to show that the expected value of this cost functional converges to the
expected value of the same cost functional associated with the limiting diffusion process described
in (4.42). For heavy traffic limits related to scaled queue-length processes, such convergence of cost
functionals are obtained in [5, 32, 19] and they are very useful in controlled queueing systems to
obtain an asymptotically optimal arrival rate A, (-). First we introduce the scaled idle time process
L,(-) associated with (3.8) by

Ln(t) = V/nl,(t) for all t > 0. (6.1)

Then, after scaling we can rewrite (3.8) as

e Lo (V) ga e = Ao T () TEA
Valt) + = / F( )dAm = Au(t) + Mp(An(t)) = M(An()) (6.2)

4D
Va(s)
n -1
' ( v )
for all t > 0.

Let v > 0 be a discount factor and C(-) be a running cost function of polynomial growth. For
the n-th system described in (6.2), we introduce two types of costs: A cost of [ e 7'C (Vo (1)) dt
related to the waiting times and an idleness cost proportional to [; e_“/tdfn(t). This idleness cost
can be considered as a penalty for an empty workload in the system. Thus the infinite horizon
discounted cost functional associated with the n-th system is given by

+\/ﬁ/0t

IV, In) = E / et [C(ffn(t))dt +p- din(t)} : (6.3)
0

where p > 0 and v > 0 are fixed constants. The cost functional related to the limiting diffusion in
(4.42) is given by

J(Z,L)=IE /OO e [C(Z(t))dt +p - dL(t)]. (6.4)
0

To motivate the general term IE[; e C(V,(t))dt] in our cost structure (6.3), first we con-
sider a cost functional of the form » 22, e Cn(Va(th—)) where v > 0 is a discount factor and
Cy(Va(t]—)) represents the waiting cost of the j-th customer. Here Cy(:) is a non-negative cost
function and C),(0) = 0. We impose two conditions on Cy,(-):

(a) 0 < nCn(%) < Ki(1 + %) for all > 0, where the K; > 0 and ¢ > 1 are constants

independent of n as in the assumption (6.5) below, and
(b) there exists a non-negative function C(+) such that lim sup |nCn(ﬁ) —C(x)] = 0 for each

n—=00 1.0, K]

K > 0.

For a concrete example, one may take Cy,(z) = az? + agz® + -+ + a;,2™ and C(x) = ax?, where
m < ¢ and a > 0,as,...,a, are non-negative constants, 1 < m < ¢ are integers and /¢ satisfies (6.6)
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below. Next, notice that
Z W) = [ Vil A
0

and hence, by the monotone convergence theorem

n T
Ze—vt R(t7=))| = lim IE [ /0 e MCL (Vi (t=))d A, (t)

T—o0

By (3.4), we can write A,(t) = M, (t) + n [J M\u(Vi(s))ds, where (My(t),G")i>0 is a martingale.
Next, we introduce a sequence (Tm) of (G )tzo stopplng times by 7, = inf{t > 0 : V,,(t) > m}
(where the inf over an empty set is defined to be o0o). By Proposition 4.3, it is evident that
lim 7, AT =T a.s. and hence for a fixed T' > 0,

m—00

m—00

E [ /0 ! e”tC’n(Vn(t—))dAn(t)} = lim [ [ /O i evtcn(vn(t—))dAn(t)}

Since 0 < V,,(t) < mfor 0 < t < 7, the integrand is bounded and JE[fOTm/\T e 1 Ch (Vi (t=))d M, (t)]
equals to zero. As a result, by letting m tend to infinity and then T tend to infinity, we have

[ee)

J=1

Then, using Assumption 3.2 and Theorem 6.5 in this section, it is easy to verify that

lim £ [ /0 T et ‘n/\n(Vn(t))Cn(Vn(t)) —C(‘Afn(t))‘dt} _

n—oo

Therefore,

lim F Ze”ytJC (Va(tj—)) — /OOO e OV, (t))dt| | =0,

n—o0
7j=1

and it makes sense to consider a cost of the form IE[[;* e "'C (Vi (£))dt].
Under our assumptions, we intend to show that the cost functionals in (6.3) and (6.4) are finite.
Our main result here is the convergence of J(V,,, Ly,) to J(Z, L) as n tends to infinity.

6.2 Assumptions and the convergence of the cost functionals

We need to make further assumptions in this section. We assume that the running cost function
C(+) can have polynomial growth and the service times (v;) have higher moments. We also need to
strengthen the part (iii) of Assumption 3.2. All these assumptions will be used in the proof of main
theorem (Theorem 6.3) here, but Theorem 6.5, which is of independent interest, remains valid only
with the assumption (6.6) below. We will make it clear in the statements of these results. Next,
we list the additional assumptions below:

(a) There exist a constant K; > 0 and an integer £ > 1 such that
0<C(x) < Ki(1+z%), for all z > 0. (6.5)

Here C(+) is the running cost function in (6.3).
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(b) The sequence of service times (v;) described in Section 3 also satisfies

m(l—i—e)]

Elv < oo for some integer m > max{/¢,2}, and small € > 0. (6.6)

(c) The sequence of arrival intensity functions (\,(-)) satisfies the following two conditions:

(i) There exist two constants dp > 0 and M > 0 such that

sup sup vn| . (z) — 1| < M. (6.7)
n>1z€0,60]

(ii) There exist two constants A > 0 and B > 0 such that

sup vn(An(z) — 1)" < A+ Bz for all z > 0. (6.8)

n>1

(d) The sequence of patience-time distribution functions (F,) also satisfies

0 < V/nk, < ><C’11:(1+x) for all z > 0, (6.9)

NG

where C] > 0 is a generic constant independent of n and the constant r > 0 satisfies
2(r+1)<m

Since we have already assumed that /n(1 — A\, (z/y/n)) converges to a non-negative function u(z)
for all x > 0 (Assumption 3.2, part (iv)), conditions (6.7) and (6.8) are not very restrictive. (See
also the examples in Remark 3.4.) Assumptions (6.6) and (6.9) will be used in obtaining some
uniform integrability estimates for the integrand in the cost functional .J (‘A/n, En)

Remark 6.1. If the cost functional J(Vn,fn) does not deal with the idle time costs, that is if
p = 0, then we do not need the assumptions (6.7) and (6.9). In that case, Proposition 6.10 also
not necessary and the estimate (6.29) will be sufficient to obtain Theorem 6.3 below.

Remark 6.2. The assumption (6.9) indeed imposes some restrictions on the Assumption 3.3 of
Section 3. Here we follow up on the changes required in the examples (Fy,) provided in Remark 3.4.

(a) Let F,, = F for all n, and assume F is differentiable with a derivative of polynomial growth
satisfying
sup F'(y) <C(1+2") with0<r<m—1,
y€[0,x]

where F'(y) denotes a derivative of F at y. Then (F,) satisfies Assumption 3.3 as well as
(6.9).

(b) Take Fo(z) = 1—exp(— [} h(y/nu)du) for x >0 and assume that h is a continuous function

with polynomial growth satisfying sup h(y) < C(1+42") with 0 < r < m — 1. This sequence
y€E[0,2]
(Fy,) also satisfies Assumption 3.3 as well as (6.9).

(c) For a general sequence (F,,), assume that Fq’l(%) converges to a non-negative function h(z)
uniformly on compact sets and 0 < F/L(%) < C(1+z"), where C > 0 is a constant indepen-
dent of n. Then, (F,,) satisfies Assumption 3.3 as well as (6.9).

Our main theorem in this section is the following:
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Theorem 6.3. In addition to the basic assumptions in Section 3, assume (6.5)~(6.9) to hold. Then
the cost functionals J(Vy, Ly,) and J(Z, L) are all finite and

lim J(V,, L) = J(Z, L). (6.10)

n—oo

Proof of this theorem needs several preliminary results. Using Theorem 4.10, together with Sko-
rokhod’s representation theorem, we can simply assume that hm (V (1), Ln(t)) = (Z(t), L(t)) for

all £ > 0, a.s. To obtain the convergence of cost functionals, we need to obtain a polynomial growth
bound which is independent of n for the expected value of the integrand in J(V,,, Ly,).

Lemma 6.4. Assume (6.6) in addition to the basic assumptions in Section 3. Let £,(-) be the
process described in (4.37). Then,

Bl < Ko(1 + T2, (6.11)
where Ko > 0 is a generic constant independent of n.
Proof. From (4.37), we have
En(t) = Ap(t) + MY(An(t)) — M (A, (1)) forall ¢ > 0.

First, we estimate E[HﬁnHl}l] By (2.13), A, has the representation A, ( fo s))ds)
for all ¢ > 0, where Y), is a unit-rate Poisson process We 1nt1"oduce the P01sson martlngale

ffn(t) = %(Yn(nt) nt) and then we can write A fo s))ds) as in (2.13). Moreover,

for any integer k > 1, ||A, |13 < A ||COT7 where the constant Co > 0 is as in Assumption 3.2.
Consequently, [E[||A,|[3] < B[||V,][2 ).

The quadratic variation process of the martingale Y,, is given by [A Y, w)(t) = 1Y (nt) and
therefore, using Burkholder’s inequality (cf. [24]) we obtain E[[\Yn|]COT] < C’“IE[ W (nCoT)*),
where C > 0 is a constant depending only on k. Recall that if X is a Poisson random variable
with parameter A > 0, then for any integer j > 1, IE[X (X —1)--- (X —(j—1))] = M. Consequently,
IE(X7) = p;(\), where p;(z) is a degree j polynomial of the form p;(z) = 2/ +¢j_129 L+ + 12
and the constants ci, ca, ..., cj—1 may depend on j. Since Y;,(nCyT) is a Poisson random variable
with parameter nCyT > 0, we can easily obtain the bound

L1E Ya(nCoT)*| < Crpu(T),

nk

where C7 > 0 is a constant and pi(x) is a polynomial of degree k. The constant C; > 0 and the
polynomial pg(-) can be chosen 1ndependent of n but it may depend on k. Using these estimates
and letting T > 1, we have IE[||A, 1126] < Copi(T) < Cr(1 +T*), where Cy > 0 and Cj, > 0 are
generic constants mdependent of n. Consequently, using Holder’s inequality,

Bl A1) < Kon(1+T72), (6.12)

where K, > 0 is a constant independent of n. Since A, (T") < (\/ﬁﬁn(T) + nCoT), we can easily
use the above estimate to obtain

E[(A,(T)*] < CynF (1 +T%) for each k > 1, (6.13)

where C), > 0 is a generic constant independent of n and T
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Next, we intend to estimate IE| sup |]\7}1’ (A, (t))|™]. Consider the filtration (F7')j>1 introduced

te[0,T
in (3.2). Let T'> 0 be fixed. Then A, (7)) is a stopping time with respect to this filtration (F7');>1,
since [An(T) = k] = [ty <T <t} ] € ﬁl? We introduce a sequence of random variables related
to the n-th system by
1 J
i=Tn ;(vz ), ir—y<ap) and  Sp (6.14)

We suppress the dependence of S; on n for simplicity of the presentation. Following an argument
similar to the establishment of martingale property of M"(n) in (2.4), we observe that (S;);>1 is a
martingale with respect to the filtration (.7:]’-1)]-21. Next, observe that

sup |MY(Aa ()™ = sup [S;]™. (6.15)
te[0,T] J<AR(T)

Hence, we can use the fact that A, (7T) is an (f}“‘)—stopping time to estimate IE[ sup |S;|™].
J<AR(T)

We intend to use Rosenthal’s inequality for square integrable martingales (see, e.g., [28]). First
notice that the predictable quadratic variation process [S;,S;] of (S;) satisfies [S;,S;] < o2j/n.
Using Rosenthal’s inequality (Theorem 1 in Section 2 of [28] with p = m and the stopping time
S = A, (T) therein), we obtain

g

]E[ sup |51 | < Ciy [WZE (An(T)m/2>+1E((AS)ZH(T))m}, (6.16)

J<AR(T)

where C, > 0 is a constant which depends only on m and (AS)f = sup,<; |ASs|. Using (6.13) and
the fact that [IE (An(T)m/Q)]2 < E[A,(T)™], we have

a.m

nm/2

E (An(T)m/2> < Oy (1+1T™?), (6.17)

where C; > 0 is a constant independent of n and 7. It is easy to observe that

* m 1 m
E(A8),m)" < (xsj%m - )

To estimate the second term in (6.16), we let K > 2 be a constant independent of n and 7', and
we pick the precise value of K later. We consider

E ( sup |vj — 1|m> <FE ( sup |v; — 1|m> +IFE ( sup |vj — 1’m1[An(T)>KnT]> . (6.18)

Using (7.6) and the estimates there in the Appendix,

E | sup |vj—1|"| < ConT,
j<KnT

where Cy > 0 is a constant independent of n and 7. Since m > 2, we have

1 _
nm/2E <‘<S}1(pT lv; — 1|m> < CLT. (6.19)
san
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Next, we consider

J=IE ( sup |v; — 1m1[An(T)>KnT]> :
J<AR(T)

From (2.13), it follows that A, (7)) < Y, (nCoT) where Cy > 0 is the constant in Assumption 3.2
part (i) and Y,, is a unit-rate Poisson process. Hence

J < Z FE (SUP|U] = ™1y, (ncor)= k])

k>KnT is

Now we let p = (1+€) and ¢ = 1+ 2 so that %—i—% =1, where € > 0 is as in (6.6). Then by Holder’s
inequality,

/(14€)
J < Z [E (suplvj - 1m(1+e)>] [IP[Y,,(nCoT) = kne/(lﬁ).

k>KnT J<k

Using (6.6) together with (7.5) and (7.6) in the Appendix, we have I (sup,;, [v; — 1|m(i+e) ) < Csk,
where C3 > 0 is a generic constant independent of n and T. Furthermore, IP[Y,, (nCoT) = k] =

k
e_”CoT%. Using these two estimates and by a simple algebraic manipulation, we derive

o0 K\ €/ (1+¢)
J< 04(HCOT)E/(1+E)€_ncoTE/(1+6) Z k ((nCO‘T> ) ’
k=KnT w

where Cy > 0 is a generic constant independent of n and T. Next, we use the fact that log(k!)'/¢ >
%(k:log k — k) where ¢ = 1+ 1 and thus (k)e/(+e) > (%)ke/(1+e). To simplify the notation, we also
introduce the function g(z) = 21/9e=%/1 for all > 0. Notice that g is positive, continuous, and
limg o0 g(z) = 0. Thus, ¢(-) is bounded and 0 < g(x) < M, where M = g(1). Then we obtain

()"

e/(1+¢€)

e}

s<ot Y b

Now, we choose the constant K > 0 so that (%) % Then we have

. X 1\ %
J< OS>k (2> < 00 (6.20)
k=0

and all the constants on the right hand side are independent of n and 7T. Therefore, combining
(6.16)—(6.20), we obtain the estimate

E| sup |Sj|™] < Cnll +T™2,
J<AR(T)
where C,, > 0 is a constant independent of n and 7.
Thus, we have
E [ sup | MY(A, ()™ | < Kp(1+T™?), (6.21)
t€[0,T)
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where [_(m/\> 0 is a generic constant independent of n and T. A very similar computation for
[ sup |M(A,(8)|™] yields
t€[0,T]

E[sup MU A, ()| < K(1+T™/3), (6.22)

te[0,7

where K,, > 0 is a generic constant independent of n and T. Combining (6.12), (6.21) and (6.22),
the desired conclusion (6.11) follows. |

Next, we prove the following theorem which is of independent interest and it complements
Theorem 4.1 and Proposition 4.3.

Theorem 6.5. In addition to the basic assumptions in Section 3, assume (6.6) to hold. Then
lim E{||V,|l7] = 0, (6.23)
n—oo

where m > 2 is given in (6.6).

Proof. Let the processes X, and 7,, be described by (4.2) and (4.9), respectively. Then using (4.11)
and the Lipschitz continuity of the Skorokhod map I' in (4.1), we have

0 < |[Vallr < 20| Z0l|7- (6.24)
But using (4.2), (4.35) and a simple algebraic manipulation, we can write

1

T6alt) + /0 (T (s)/ V) — 1)ds

for all t > 0. Since m > 2, we use the inequality (a + b)™ < Cp,(a™ + b™), where a > 0, b > 0 and

’I’Lm/ " 0 " \/ﬁ ’ '

where C,,, > 0 is a constant independent of n and 7. Also, notice that
m
ds)

' ‘7”(8) — S " m—1 g ‘771(5) _
w ([ (B2)-ta) < ([ (B2
T i m
™11 [(/0 An (V%)) -1 ds) 1[Vn||TSK}]
T ‘7” s m
</o An ( \/(ﬁ>> -1 ds) 1[||vn||T>K]] :

where K > 0 is a constant. Hence using part (i) of Assumption 3.2, we have

T A~ m
E / o (2O ) ) <
0 vn
The first term in the right hand side of (6.26) tends to zero as n — oo, by part (ii) of Assumption

3.2, and the second term also tends to zero as n — oo by Theorem 4.1. Using this together with
(6.11) in (6.25), yields lim IE(]|7,||7") = 0. Then we can use (6.24) to reach the desired conclusion
n—oo

(6.23). This completes the proof. [ |

7, (t)

E(||Ta]l7) < Cm

IN

IN

+T™ R

sup () — 1]+ (Co+ )" P[Vallr > K]]. (6.26)
z€[0,K]
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Remark 6.6. If IE(v} ™) < oo for some € > 0 then lim IE(]|7,|/%) = 0 holds.

Lemma 6.7. In addition to the basic assumptions in Section 3, assume (6.5)—(6.8) to hold. Then

(e L)
sup IE <\/ﬁ/ <)\n < n ) — 1) ds> < K (14 T%m). (6.27)
n>1 0 Vvn
Here K,, > 0 is a constant independent of n and T.

Proof. Assuming (6.8), we obtain

(ol (%

+ m
- > - 1) ds) < T"IE(A+ B||V,||lr)™
< CpT™[1+ B(||[Val )], (6.28)

where ém > 0 is a constant independent of n and T'. The constants A > 0 and B > 0 are as in
(6.8). Next, by (6.24), IE||Vy||7 < 2™ IE||T,|[7. Then, we can employ (6.25) together with (6.11)
to obtain IE||T,|| < K[l +T™?2 + T™), where K, > 0 is a generic constant independent of n
and T. Combining these facts with (6.28), the desired result follows. |

Proposition 6.8. In addition to the basic assumptions in Section 3, assume (6.5)—(6.8) to hold.
Then we have R
E|Vo|F < KL+ T%™], (6.29)

where K., > 0 is a constant independent of n and T'.

Proof. Let the process Z, be as in the proof of Proposition 4.3. Then HXA/HHT < 2||Zn||T for all
T > 0 as explained there. Moreover,

Zn(t) = &alt +\F/ (s)/+/n) —1)*ds

for all t > 0, where &, is as in Lemma 6.4. Consequently,

BIZul17 < Cn  Bllall? +E[f/ L))~ 1] )

where Cp, > 0 is a generic constant independent of n and 7. Using this estimate, (6.11), (6.27),
and the fact that IE||V, |7 < 2™IE||Z,||, we obtain (6.29). [ |

Remark 6.9. The above proposition strengthens the result in Theorem 6.5. The estimate (6.29)
implies that IE||V,||7 < K (1 +T*™)/(/n)™.

In the following proposition, we obtain uniform L?-estimates for % fOT Fo(Vn(s=)//n)dAn(s)
and for \Ffo A (Viu(s)/+/n) — 1|ds.

Proposition 6.10. Under the assumptions of Theorem 6.3, the followings hold:
~ 2 _
(i) B % f) Fn(Vn(s—)/\/ﬁ)dAn(s)} < C1(1 4 T2m+D) and

(i) 1 [ [ Mn(Vi(s) /) — 1lds] < Co(1 4 720D,
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As a consequence,

E(Ln(T))? < C3(1 4 T2m+1), (6.30)

where En is as in (6.1). Here C1,Co and C3 are positive constants independent of n and T.

Proof. Notice that

f/ )/ R)dAL(s) < } (1Pl I/ V) A (T).

Using this together with (6.9), we have

f/ Y IVR)AAR(s) < CL AT (1Tl + |1Vl 1),

where C7 > 0 is a constant independent of n and T'. Consequently,

e[l (o]

where Cs > 0 is a constant independent of n and T'. Using Holder’s inequality, we obtain

< ColE [ An(T(I Va3 + IVl 57)] (6.31)

[JE\ |Vl \ﬂ . [E(An(T))(zm)/(m—z)} (m—2)/m

Kl(l+T2m)2/m(1+T2m/(m—2))(m—2)/m
Ky(1+TH(1 4+ 1%
K3(1+T6), (632)

E[A(T)?||VaI7]

VAN VANN VAN VAN

where the second inequality follows from (6.29) and (6.13). Here K; > 0 (i = 1,2, 3) are constants
independent of n and T. Next we estimate the term E[ﬁn(T)2||XAfn||2T(T+1)]. By (6.9),2(r+1) <m
and we take p = >1and ¢ = /p > 1. Thus ]% + % = 1. Then, using Hoélder’s inequality
again, we obtain

(r+1)

B [A0P 0] < [1vag) " p Ay

Ky (1 4+ T?™)YP(1 4 720y

Ko(1 4+ T%™)(1 + T?)

K3(1 4 T2+, (6.33)

VANRVARNVAN

where the second inequality follows from (6.29), (6.13), and K; > 0 (i = 1,2,3) are constants
independent of n and T'. Since m > 2, by combining (6.31)—(6.33) we obtain part (i).

For part (ii), notice that

[f/ /\ﬂ—l\ds} <T]E/ VA (Ta(s) /v — 1] ds (6.34)

By (6.7), we have

[/ Valn(Ta(s)/v/m) — 1] d31[|vn||T<50}] < MPT (6.35)
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where M > 0 is a constant independent of n and T" as given in (6.7). Also, since |\, (z)—1| < Cp+1
for all x > 0, where Cj is as in Assumption 3.2, we obtain

T o~
JE[ | VATV = Pty s | < (Cot DPTRPVallr > 6

E(||V,|?
< (Co+1)%T 2/2 (H(Sm‘T), (6.36)
n 0

where (6.36) is from Chebychev’s inequality. Since m > 2, -5 <1 and by (6.29), the left side of

(6.36) is bounded above by Cy(1+712™) for some constant Cy > 0. Thus by combining (6.34)—(6.36),
we establish part (ii).
For (6.30), using (6.1) and (6.2), we notice that

S 1T (Vaso) o " Vals)) )
L(T) = V(1) + = / F< v )dAnm £u(T) — v / An( ﬁ) 1]d, (6.37)

where &,(+) is described in (4.37). From (6.11), (6.29) and Jensen’s inequality, we have

E(&(T)P] < (BlIlF)Y™ < Ki(1+T™2)*™ < Ki(1+T) and,
E|VuT)P] < (BValIF)Y™ < KoL+ T < Ky(1+T7).

Notice that m > 2, I?l = 2K1,[~(2 = 2K and these constants are independent of n and T. Now

using these two estimates together with parts (i) and (ii) of this proposition in (6.37), we obtain
(6.30). ]

With all these preliminary results in hand, now we are able to prove Theorem 6.3.

Proof of Theorem 6.3. First we consider the cost functional J (‘A/n, En) in (6.3). With the poly-
nomial bound (6.30) in hand, using integration by parts, it can be easily verified that

E [ /0 h e-vtdin(t)] B [ /0 b e‘”tfn(t)dt] .

Therefore, we have the representation

IV Ln) = E /O e [C(f/n(t)) + ’ypzn(t)] dt. (6.38)

~

Since (Vy, Lp) — (Z, L) a.s. as n — oo, using (6.30) together with Fatou’s lemma, we obtain
E[L(T)? < Cs(1 4 T2Mm+1), (6.39)

where C3 > 0 is a constant as in (6.30). Hence, using integration by parts again, we can also write
J(Z, L) described in (6.4) as

J(Z,L)=F /0 h e "[C(Z(t)) + ypL(t)] dt. (6.40)

~

Let us consider the term IE[[;* e "' C(V,(t))dt] in (6.38). Let u be the probability measure on
the Borel o-algebra B of [0, 00), defined by u(B) =~ [ e 7"dt for each Borel set B. Consider the
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probability measure p ® IP on the space [0,00) x Q equipped with the product o-algebra B ® F,
where (2, F, IP) is our probability space. Then using Fubini’s theorem, we have

Euep[C(Vo)] =vIE [ /0 h e‘”tC’(XA/n(t))dt] . (6.41)

Since V,,(t) — Z(t) for all t > 0 a.s., we have C(V},) converges to C(Z) almost surely in pu @ IP
as n — oo. Next, we show the uniform integrability of (C(V})). Let m > 2 be as in (6.6). Using
the assumptions (6.5), (6.6) and the simple inequality 0 < (1 + z") < 2(1 + z)" < 2"(1 + 2") for
r:%>1andx20,weobtain

sup Bapl(C(T)] < vKlsusz[ / e-w<1+<%<t>>m>dt]
n>1 n>1 0
< sz/ e (1 + ™) dt
0

< 09,

where the second inequality follows from (6.29). The constants Ki, K2 > 0 are independent of
n. Hence IE,gp[C(Vyn)] < oo for all n > 1 and lim IE,gp[C(Vy)] = Euer[C(Z)]. Indeed,

IE,5p|C(Z)] is finite and bounded above by vK» [~ e 7 (1+ t>™)dt. Hence

lim ~ / T O () dt = 2B /0 T etoz () dt. (6.42)

n—oo 0

In a similar manner, we can establish uniform integrability of (En) by using (6.30),

w Berl@o?] = vsw| [ e L2l

n>1 n>1

< 637/ e (1 + 2mH))dt < oo,
0

where C3 > 0 is a constant independent of n as in (6.30). Hence, using Theorem 4.10, we can
conclude

lim Euep[ln] = Euep[L] and Eugp[L] < Csy / e (14 2mH))dt < oo
n—oo 0

This yields

o0

lim E [ e L,(t)dt = / e " L(t)dt. (6.43)
0

n—oo 0

Since v > 0 and p > 0 are constants in (6.38) and (6.40), it immediately follows that J(Vj,, L)
converges to J(Z, L) as n — oco. This completes the proof of Theorem 6.3. |

7 Appendix

In this appendix, we use a result on change of intensities of point processes to construct an arrival
process A(-) as described in Section 2.

Proposition 7.1. There exist a probability space (2, F, IP), an arrival process A(-) and two filtra-
tions (Gt)e>0 and (Gi)e>o0 defined on this space satisfying the conditions (2.9)~(2.12) of Section 2.
Moreover, the following results hold:
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(i) The service time and patience-time sequences (v;) and (d;) are i.i.d. and independent of each
other. Each v; has mean 1 and variance o® > 0. Each d; has the given distribution function
F.

(it) For each n > 0, the random wvariables {(dn4j,vnyj) : 7 = 1,2,...} are independent of .7?”,
where the filtration (Fp)n>0 is as in (2.2). In particular, for each n > 0, the random variable
dn+1 s independent of F,.

Proof. We begin with a probability space (2, F,Q) and a sequence of random variables (v;) and
(d;) on this space with the following properties: the sequences of random variables (v;) and (d;)
are i.i.d. and independent of each other. Each d; has the glven dlstrlbutlon function F', while each

v; has mean 1 and variance 02 > 0. We define the o-algebra Qo by Qo = o((v;, dz) i=1,2,...).

Let A(-) be a unit-rate Poisson process which is independent of the o-algebra Qg We introduce
the offered waiting time process V'(-) using the sequence (v;, d;);>1 and the process A(-) as in (2.1).

Next, introduce the filtrations (G¢)¢>0 and (ét)tzo by
Gr=0(A(s),V(s): 0<s<t) and ét =GV éo, (7.1)

for all ¢ > 0, where Qt is the o-algebra generated by the sets in G U go
Next, consider the discrete filtration (fn)n>g given by .7-"0 = {0,Q} and

Fn= U((tl, V1, dl), e (tn,vn, dn))

for n > 1 as in (2.9). For each ¢t > 0, it is easy to verify that A(t) is a (Fj)n>0-stopping time.
Then, we introduce the filtration (G¢)i>0 by

G = ]o-"A(t) for all ¢t > 0. (7.2)

Following the discussion below (2.12) in Section 2, it yields that

gt Q gt Q ét for all ¢ 2 0. (73)

Next, we introduce the left-continuous version ‘7() of the offered waiting time process by

~ {V(t), if t #t;,

V(t) - V(ti—), if t =1t. (74)

Thus V(-) in (7.4) is (G;)-adapted left-continuous process with left limits. Consequently, V() is a

predictable process with respect to (G¢)e>0, (ét)tzo as well as (G¢)¢>0 (see Section 3 of Chapter 1 in
[7]). Next, we intend to use a result on change of intensities for point processes (cf. Section 2 of
Chapter 6 in [7]). We introduce the process L(-) by

exp (/tu - A(V(s)))ds> . if0<t<t,
L(t) = Ot t
exp (/0 (1= MV (s)))ds +/O 1og(A(17(s)))dA(s)> it > .
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Since A(-) is Borel measurable and 0 < € < A(z) < C for all z > 0, we can use theorems T2, T3

and T4 in pages 165-168 of [7] to verify that L(-) is a (G;)-martingale and Eg[L(t)] = 1 for each
t > 0. Also, since L(-) is adapted to (Gt)¢>0, it is also a (G)-martingale.

Let T > 0 be fixed and introduce the probability measure Py on G by
dIPr
— = L(T).
o = L)

Then by Theorem T3 in Chapter 6 of [7], the process A(-) has (IPp, G;)-intensity A(V (t)) for 0 < t <
T. Using Theorem T9 in page 28 of [7] and following a straightforward computation, it follows that

fo ))ds:0<t< T} is a (Qt)0<t<T martingale with respect to PT Since this process

is adapted to (gt)t>0 as well as (Gy)¢>0, using (7.3) it follows that {A(t) fo ))ds:0<t<T}
is a IPr-martingale with respect to (gt)0<t<T as well as (Qt)g<t<T

It is evident that [j A(V(s))ds = [ A(V(s))ds for all t > 0 and the probability measures

(IPr)r>o are consistent and thus there is a probability measure IP on QOO such that IPr and IP

agree on G for each T > O Hence, we conclude that with respect to the probability measure IP,
the process {A(t) fo :t > 0} is a martingale with respect to each of the filtrations

(Gt)t>o0, (gt)m and (gt)t>0 Next, notice that IPr and Q agree on go, hence the assertion (i) of the
proposition follows.

To establish (ii), we intend to show that the sequence {(dn+j,vnyj) : j = 1,2,...} is independent
of .7?n for each n > 0, with respect to the probability measure IP. Let m > 1, T > 0 and C4,...,C),
and Ki,...,K,, be positive constants. We also pick arbitrary Borel sets A;, Ag,..., A, in IR3.
Introduce the sets

Gl = {dn+1 S Kl?' . 'adner S Kmaanrl S 017' <oy Un+m S Cm}

and
Ga = {(tlvvlvdl) € Al’ ceey (tnuvnadn) € Anvtn—&—l < T}

o~ [¢] e}
Notice that G4 is a basic set in F,, and it is also in Gr. The set G; is in Gy and the probability

measures IP and Q agree on éo. Thus,
P(G1) = Q(G1) = [[ Qldn; < Kj]Qvnyy < C] H Qvny; < Cjl.
i=1 =1
Notice that G1 NGy is in &T and L(T)1g, is ]?n—measurable. Hence,
IP[G1 N Gs) = Eg[L(T)16,06,) = Eo[L(T)1g, Egla,| 7).

But G is independent of F,, with respect to Q-probability. Hence, FEqgll¢g, |Fa] = Q(G1) = IP(Gh).
Therefore,

PGiNGy) = P(GQE@ [L(T)1g,] = IP(G1)IP(G3)

= P(Gy) H F(K;)Q[v1 < Gy

Consequently, the random variables {(dp+j,vn+;) 1 j = 1,2,...} are independent of ]?n for each
n > 0. This completes the proof of part (ii). |
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The following lemma was used in the proofs of Proposition 4.12 and Lemma 6.4. We include it
for completeness.

Lemma 7.2. Let T > 0 be fized. Consider a sequence of non-negative i.i.d. random variables (X;,)
with IE(X,) < co. Then

1
lim IE[ max XJ} =0. (7.5)

n—0o0 7N, 1<5<[nT

Proof. Without loss of generality, we can simply take 7" > 2. Let G be the distribution function of
X,, and introduce u = sup{z > 0 : G(z) < 1}. Notice that 0 < u < 4o00. Since (X,,) is i.i.d., we
have

P [ max X; < m] = G(z)"T)
1< <[nT]

and therefore,

1<G<[nT]

JE[ max Xj] = /Ou(l—G(x)["Tl)dx
= [ [ ac s

= [nT] /Ou yG(y)"M=1dG(y),

by using Fubini’s theorem. Consequently,

1 u u
0< —E X;| <T | yGy)"~ldG <T/ dG (0. -6
= Lﬁ%ﬁn J}— | vew) W <T [ yiG) (7.6)

Since [nT] > 2, 0 < yG(y)"1~1 < gy for all y > 0 and lim yG(y)"T1=1 =0 for 0 < y < u. On

the other hand, foude(y) < o0 since IF(X,) < oo. Therefore, by the dominated convergence
theorem, we conclude lim fouyG(y)[”T]_ldG(y) = 0. Hence, using this in (7.6) we obtain the

desired conclusion (7.5). This completes the proof. [ |
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