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How to Tell a Bad Filter Through Monte Carlo Simulations
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Abstract—In this note, we propose one particular method to address the
issue of how to numerically evaluate nonlinear filtering algorithms and/or
their software implementations, through Monte Carlo simulations. We in-
troduce a quantitative performance indicator whose computation can be
automated and does not depend on any specific definition of point esti-
mate. The method is based on conditional probability integral transform
and maximum deviation of an empirical cumulative distribution function
from a uniform distribution. The usefulness of such an indicator is illus-
trated through an example.

Index Terms—Algorithm, conditional cumulative density function, den-
sity evaluation, implementation, Kolmogorov—Smirnov goodness-of-fit test,
Monte Carlo simulations, nonlinear filtering, performance, probability in-
tegral transform.

I. INTRODUCTION

In this note, we propose one particular method to address the issue
of how to numerically evaluate nonlinear filtering algorithms and/or
their software implementations, through Monte Carlo simulations.
More specifically, our objective is to quantitatively define an indicator
of the filtering performance such that its computation can be automated
and its value can suggest incorrect algorithm and/or implementation.
Equally important is the requirement that this indicator is not depen-
dent upon any particular definition of point estimate; it should evaluate
the filtering probability density as a whole.

Generally speaking, the objective of filtering is to recursively
obtain good estimates of the unknown “signal X given its noisy
“measurement Y.” Mathematically, the problem is often formulated
as first obtaining (approximating) the posterior probability distribution
P(X|Y = y) and then defining a “point estimate X of the signal X
based on the above distribution. If we have followed both steps, then
we can examine the “point estimation error e £ X — X” and check
whether it is too large.

However, it is sometimes beneficial to treat the above two steps sepa-
rately. The posterior P(X|Y = y) represents all the information avail-
able about X after receiving all measurement up to Y = y. This infor-
mation may be utilized in more than one way in terms of revealing what
the true value of X is. In other words, when the point estimation error
e is large, it may be the case that the definition of the point estimate
is not a good way to utilize the information contained in the posterior.
Thus, our focus in this note is on the whole posterior distribution, and
not on any statistic computed from the same.

To evaluate a filtering algorithm through Monte Carlo simulations,
we start with simulating a signal trajectory X and a measurement tra-
jectory Y, by generating the necessary noise sequences using algorith-

Manuscript received April 26, 2006; revised January 16, 2007. Recom-
mended by Associate Editor I.-J. Wang. This work was supported in part by
the U.S. Army STTR Contract #W911NF-04-C-0108, under the direction of
Dr. M.-H. (Harry) Chang.

L. Chen and R. K. Mehra are with the Scientific Systems Company, Inc.,
Woburn, MA 01801 USA (e-mail: chen@ssci.com; rkm@ssci.com).

C. Lee is with the Department of Statistics and Operations Research, Univer-
sity of North Carolina, Chapel Hill, NC 27599 USA (e-mail: chlee @email.unc.
edu).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TAC.2007.900835

0018-9286/$25.00 © 2007 IEEE



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 52, NO. 7, JULY 2007

mically produced random numbers. After this, we perform filtering on
this pair of trajectories and obtain a posterior P conditioned on Y. If
we repeat the process, we obtain a different signal trajectory X' with
a different measurement trajectory Y, and, consequently, a different
posterior P’, which is conditioned on Y. How should we aggregate
the results, and what should we look for, in order to reveal inconsis-
tency between simulated trajectories and the supposed posteriors, if it
so happens that the filtering algorithm is poor or its implementation is
wrong?

Before we continue, it is worth pointing out that we are not in-
terested in comparing a filtering result with “the ground truth” in
the following fashion. First, turn a signal trajectory X into some
Dirac’s 6-like “ground truth distribution,” and then measure how
much our filtered distribution deviates from that, by using for example
Kullback—Leibler divergence. Such a divergence measure may be
very useful in comparing different filters, but for one filter we may
not be able to tell whether it is suspiciously too large. Our interest
is in answering the question: After we have conducted Monte Carlo
simulations and collected many triple sets {X,Y, P(:|Y")}, and there
has been a mistake/bug in the algorithm/software, should we not be
able to tell from the data?

Our answer comes from an intuitive observation that X can be
thought of as a “sample” from P(:|Y"), and can be further transformed,
through probability integral transform, into a sample Z from the uni-
form distribution. Then we can aggregate all the Zs and see whether
there is any inconsistency.

We will present such a result in the framework of conditional distri-
butions. To the best of the authors’ knowledge, the idea is a new one
in the context of evaluating filtering algorithms. Literature search re-
veals that there has been intensive research on using probability integral
transform to evaluate density forecasts in the econometrics community;
see [1] and the references therein.

This note is organized as follows. First, a qualitative description is
given in Section II, for the benefits of readers who may not be very
familiar with measure-theoretic formulation of probability theory. In
Section III, the underlying mathematical concept is introduced through
two theorems: Theorem 1 is the well known result on probability in-
tegral transform. Theorem 2 is new (as far as the authors know) in its
formulation for repeated experiments; literature in econometrics gives
results in terms of independent and identically distributed (i.i.d.) se-
quences as time evolves. Section IV applies Theorem 2 and its corollary
to the evaluation of filtering density, and defines a “badness indicator”
as the maximum deviation from the uniform distribution among a set
of scalar valued random variables “projected down” from the multi-
dimensional signal X . The usefulness of this indicator is illustrated in
Section V with a simple numerical example, where we can envision the
optimal posterior density. It is shown that the indicator indeed promi-
nently reflects the difficulty encountered by the extended Kalman filter
in giving a unimodal approximation of a bimodal posterior. Conclu-
sions are drawn in Section VI.

II. QUALITATIVE DESCRIPTION OF THE RESULT

Before we present the precise mathematical result in the next section,
we describe here the intuition behind it and how it is used to construct
a “badness indicator” for filtering algorithms.

First, in the filtering problem we consider, we will fix an end time T’
in obtaining the posterior distribution of [x¢; #1;...; 2] given mea-
surements [y1;...; y7]. Thus, the essence of our approach can be il-
lustrated by talking about two random variables X and Y rather than
two sequences coming from state evolution and measurement of a dy-
namical system, and we will do that to make the exposition simpler.

If we are given a set of samples { X"}, = 1,..., N, and a claim
that they are all drawn from a single distribution P( - ), then there are
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tests that we can conduct to see how likely the claim is true. Intuitively,
suppose P(-) is Gaussian, we can plot the histogram of {X )} and
see whether it, indeed, resembles a bell shaped curve. Later, we will
introduce Kolmogorov—Smirnov goodness-of-fit test for this purpose.

When we conduct simulations of a filtering algorithm N times, what
we get is a collection { X,V P(.|Y())},i = 1,.... N, where
the triplet represents signal, measurement and the corresponding pos-
terior distribution respectively. Suppose P(- Y ) is, indeed, the cor-
rect answer. Then X can be thought of as a sample drawn from the
distribution P(-|Y" ")), or P(-|¢) for notational convenience. Since both
are changing from simulation to simulation, we need to somehow trans-
form the data such that we can conduct goodness-of-fit test as described
above. Probability integral transform does the job: It is well known that
if F'(-) is the continuous cumulative distribution function of a random
variable X, then the random variable F'(X') is distributed uniformly on
the interval (0,1). Thus, from P(:|¢), we can get the cumulative dis-
tribution V(- ), and transform X into Z() £ F(X®)). Now
we can test whether {Z ® } is a set of samples drawn from the uniform
distribution over the interval (0, 1). If the discrepancy is large, there is
reason to suspect that P(-|#) is not really the correct answer.

This note presents a precise mathematical statement of the above
result and its proof.

The probability integral transform is applicable only to scalars. If
X is a vector, then we can choose several scalar valued functions
91(X),g92(X),..., and ¢, (X) and apply the probability integral
transform to generate L sets of samples, each of which is supposedly
drawn from the uniform distribution. We can then take the largest
deviation among them as a “badness indicatior,” which we will define
later in the note.

In summary, we can add two routines to our Monte Carlo simulations
in order to set up a “badness indicator” as a warning signal for quality
control. One routine takes X" and a chosen scalar valued function
g(+), and gives a transformed value Z 52) based on the posterior distri-
bution P(-|¢). The other routine takes a set of (scalar-valued) samples
and gives its deviation from a uniform distribution, as defined later in
the note. Whenever the largest deviation exceeds a threshold, a warning
can be issued so that the algorithm/software can be re-examined.

Even though knowledge of the underlying model and distributions
is required to perform the necessary Monte Carlo simulations, the cal-
culation involved in the above “badness indicator” can be automated,
making it useful for cases in which complex models and nontrivial dis-
tributions would prevent a more direct analysis of the filtering results
for many practical applications.

III. PROBABILITY INTEGRAL TRANSFORMS

Let {2, F., P} be a probability space and X : 2 — R a random
variable. The cumulative distribution function (CDF) of X is defined
for x € R as

F(x) 2 P({weQ: X(w) < a}).

The following probability integral transform theorem is well known.
The proof is given in Appendix A to help readers draw parallels be-
tween this and the proof of Theorem 2.

Theorem 1: If the CDF F'(-) of the random variable X is contin-
uous, then the random variable Z £ F (X) is uniformly distributed on
the interval (0,1).

Proof: See Appendix A.

Introduce another random variable Y : €2 — R. Our objective is to
define the conditional CDF, but it will be a bit involved. For = € R,
define

Alr) 2 {w eQ: X(w) < ).
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Let I 4, be the indicator function of the set A (), i.e., I4(z)(w) = 1if
w € A(z), and 0 otherwise. The conditional expectation of the random
variable I ,(,) with respect to the event Y (w) = y can be defined [2]
as a Borel function m.(-) : R — R such that

/ Laguy P(dw) = / ma) Py (dy) (D)
{w:Y(w)EB} B

for any B € B(R), the Borel o-algebra on R, where Py (-) is the
measure induced by Y. We will rewrite m.(y) as M (z,y).

We make the following simplifying assumption regarding M (-, -).

Assumption 1: Foreveryy € R, M («, y) is a continuous CDF in .

Remark: Conditional expectation is uniquely defined only up to sets
of measure zero; hence, its many properties hold only almost surely. In
general, M (-, y) may not be a CDF for every y; properties of CDF
may fail to hold on a set of measure zero. Thus, Assumption 1 can be
more precisely stated as that there exists a Borel measurable function
M(-,-) : R x R — R such that for every y, M (x,y) = m,(y) isa
continuous function in = and (1) holds for every . The assumption is
clearly satisfied if X and Y admit a joint density.

With this, we have effectively defined the conditional CDF of X
given Y = y to be

P(X <zlY =y) 2 M(z,y).

Theorem 2: Let M (x,y) be defined as above with Assumption 1.
Then Z(w) £ M(X(w),Y (w)) is a random variable uniformly dis-
tributed on (0, 1).

Proof: See Appendix B and C.

Corollary 1: The above theorem extends to the case when Y is a

random vector, i.e., Y : Q@ — R™.

IV. FILTERING DENSITY EVALUATION

Let us now apply the above results to a nonlinear filter. Let
{X:},t € N be the signal process defined on the probability space
(2, F, P) and taking values in R", and {Y:},t € N be the mea-
surement process taking values in R". Define the shorthand notation
Xo:: = [Xo;X1;...; X¢] where semicolon denotes concatenation
of column vectors. Similarly, define Y;7.;. The objective of filtering
is to obtain the conditional distribution of X.; given the o-algebra
of Y7.;. In this note, we fix T € N and are interested only in the
marginal conditional distribution of X7, which is denoted by 77 ( - ).
Since we need scalar “projections” of X7, let g( - ) be a scalar valued
continuous function? of X;'. We assume that the conditional CDF of
the scalar random variable g(Xr), as defined in the previous section,
is continuous (see Assumption 1). We denote it by M, (x, Y1.7), and
note that

M (2. Yior) = / wr (d6).

{€eR™:g() <}

Thus, according to Theorem 2 and its corollary, the random variable
Zy(w) = My(g(Xo(w)),Yio(w)) 2)

is uniformly distributed over (0,1).

The implication of the above is as follows. We are interested in eval-
uating a particular nonlinear filtering algorithm, which gives 77 as an
approximation to the optimal filter w7 . For one Monte Carlo simula-
tion that we conduct of both the signal process and the observation
process, we can compute the approximate filter and subsequently the

10ne can start with this as a definition, or one can show this as a consequence
of an equivalent definition; see [2, p.220].

2Note that g(-) can be more general, as long as the conditional CDF of
g(Xr) is continuous.
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transformed value Z&-l) £ Z;(w1) from (2). Repeat the simulation N
times, and we obtain the set

sg:{Z;‘)}, i=1,2,...,N 3)

for a particular choice of g( - ). If the filtering algorithm approximates
the optimal filter well, then the above set should be close to a sample
from the uniform distribution. A large deviation indicates a bad filtering
algorithm or an incorrect software implementation.

Motivated by Kolmogorov—Smirnov goodness-of-fit test [3], we
quantitatively define the deviation through the use of an empirical
cumulative distribution function (ECDF). More specifically, let the
unit step function be defined as

u(e) & 1, ifz>0
7700, ifa<0”

The ECDF Fs(x) of aset S £ {z;},i = 1,2,.... N is defined as

N

Fs(x) £ %Zu(r - zi).

=1

This is a step function that increases by 1/N at every point z;. Its devi-
ation from a postulated CDF F'(«) is defined as the maximum of their
absolute pointwise differences. Note that the CDF of a uniform distri-
bution is a straight line F'(x) = = over (0,1). Hence, we define the
deviation

a
D, = max

=€[0,1] ’Fsg () = l|

where the set S, is defined by (2) and (3).
We want to “project down” X through more than one g( - ). Let

GE2{gi()senrgr(-)} “)

be a set of predefined scalar valued continuous functions.3 We define a
Badness Indicator for a nonlinear filtering algorithm as

D2 I;leaé( D,. (&)

If this value is large, then there is reason to suspect that the nonlinear
filtering algorithm or its implementation is problematic. We point out
two features that this indicator enjoys.

1) Its calculation can be automated.

2) It does not depend on a definition of point estimate of X ; it
checks whether the filtered density as a whole is consistent with
simulated trajectories.

Remark: The distribution of the values of D as defined in (5) is hard
to determine. Hence, unlike in Kolmogorov—Smirnov goodness-of-fit
test, we will not go into hypothesis testing here. Instead, we will use the
badness indicator merely as a “warning signal” in testing and evaluating
aparticular filtering algorithm and/or its software implementation. This
will be illustrated in the next section.

V. EXAMPLE

We will use an example to demonstrate the calculation of the badness
indicator and its potential usefulness. The example is chosen such that:
* using our “intelligence,” we can tell the right answer and the
wrong answer by mere inspection, while on the other hand;
¢ using the “dumb” badness indicator, we can receive a suitable
warning against the wrong answer.

3Here we are “scanning” the multidimensional X+ from one-dimensional
“angles.” Alternatively, we can utilize transformations such as one reported in
[4] to examine the transformed X7 in a hypercube.
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Fig. 1. One particular run of the simulation. Dashed line indicates the true po-
sition on the = axis. Top plot shows the density of the EKF Gaussian, while
bottom plot shows the weights of the 1000 particles.

If the badness indicator can, indeed, achieve the latter, then it can be
useful for complex systems for which we cannot easily tell what the
right answer is.

‘We consider the following discrete-time system:

T = Tp_1 F w1 (6)
Ji + Uk @)

Yk

Here, 21 and y; are scalars representing signal and measurement, re-
spectively, and v, and wy, are i.i.d. Gaussian noises. Fix 7" = 10, and
we are interested in the posterior distribution P(z7 |y1.7). We consider
two approximations, one based on extended Kalman filter (EKF) and
denoted by m;, the other based on particle filter (PF) and denoted by
2. More specifically

L
o~ N(p,o?), m(de) = Z'wﬁgi(dw)
=1

where A(pt, o2) is a Gaussian distribution with mean ¢ and variance
o theset {&, w;},i = 1,2,..., Lisaset of samples (particles) with
weights, and 6, ( - ) is the Dirac’s delta function centered at x.

If we inspect the measurement (7) and Fig. 1, where one particular
run of the Monte Carlo simulations is shown, it can be seen that the
nonlinearity is such that the sign of «;, cannot be resolved. Intuitively
we know that the posterior distribution should have two modes, as is
the case with the PF shown in the bottom plot in Fig. 1. The EKF, on the
other hand, gives a unimodal Gaussian approximation, which is shown
in the top plot in Fig. 1. In both plots the “true” value of the state =7
in this particular run is indicated by a vertical (red) dash-dotted line.

We conclude that the result from PF is most likely correct, while
the result from EKF is not correct or at least problematic. Note that
we arrived at our conclusion by employing an understanding of the
nonlinearity in (7). Note also that we did not arrive at our conclusion
by calculating the mean squared error of some point estimate obtained
from the posterior distribution. In fact, if we are forced to pick a point
estimate from PF, its performance would not be much better than that
of EKF: Picking the particle mean Zir‘:l w;&; does not yield much
information since it is almost always zero, while picking one of the
two modes will result in missing x7 when it is at the other mode, which
happens quite frequently.

The badness indicator proposed in the previous section does not de-
pend upon “human understanding” of the equations, once the Monte
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Fig. 2. ECDF for PF, EKF, and the uniform distribution. The deviation of the
EKF curve from the diagonal line is large, indicating badness of the filter.

Carlo simulation is constructed. It can be computed in an automated
fashion, and is not based on any definition of point estimate. The com-
putation procedure is as follows.

1) For each simulation, pick an initial condition ¢ from its ini-
tial distribution which is assumed to be A'(1, 1). Draw noise se-
quences wy, and v from their distributions, respectively, in this
case, both assumed to be A0, 1).

2) Simulate the state trajectory and the measurement trajectory.

3) Perform EKF on this pair of trajectories to obtain A (1, ¢%).

4) Perform PF on the same pair of trajectories to obtain the set
{&,w;}.5 = 1,2,..., L, where L is chosen to be 1000. The
algorithm is described as the “Bootstrap Filter” in [5, p.11]. Note
that resampling is done in each step, but only after inference is
made [6]. In other words, the weight values shown in Fig. 1 will
be resampled and become uniform when filtering proceeds to the
T + 1 step.

5) Calculate the CDF-transformed point for the EKF

1 . xT—;L>)
2pkF = o [ 1+ erf (| —=—
e 2( < V20

where erf( - ) is defined as

erf(z) £ %/ e dt
A

and is available in Matlab and other numerical software.
6) Calculate the CDF-transformed point for the PF

Zpr = E Wye.

te{t:g <z}

This is used as an approximation to the value that should be ob-
tained from a smoothed (regularized) version of PF (see Assump-
tion 1). Since we are using L = 1000 particles, this approximation
is already good enough for the purpose of obtaining the badness
indicator. v

7) Repeat the simulations for ;' = 1000 times to collect {ZIE;]%F
and {z)}.j = 1,2,....N.

8) Obtain ECDF for each set, respectively, and calculate the max-
imum deviation from that of a uniform distribution.

The two ECDFs for EKF and PF are shown in Fig. 2, as well as the

CDF of a uniform distribution. The figure indicates that there is large in-
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consistency between the EKF results and simulated trajectories, while
PF does not suffer from this problem. This agrees with our observation
of simulation results as illustrated in Fig. 1

The signal x in this example is a scalar. For the multidimensional
case, we can choose linear projections of = as the scalar functions in
the definition of the set G in (4), i.e., g¢(x) £ y7 2 where 5, is some
vector of unit length. For EKF, the projected distribution is Gaussian.
For PF, the projected distribution can be expressed with the projected
particles. Hence, both cases are easy to compute.

It is worth pointing out that the above simulation result does not
mean that PF is correct in approximating the optimal posterior den-
sity. Being consistent with simulated trajectories is only necessary for
a filter to be a good one. It is not sufficient. To see this, consider the
case when the initial distribution of z is assumed A(0, 1) instead of
N(1,1). To simplify our discussion, let 7" = 1. In EKF, after the pre-
diction step using (6), the predicted distribution of a1 is A (0, 2) since
the distribution of wyq is assumed to be A'(0, 1). The linearized equa-
tion for (7) evaluated at z; = 0is y1 = (2-0)x1 + v, which does not
provide information on x. Hence, after the correction step, the poste-
rior distribution of w; is still A”(0, 2). It is always consistent with x1;
the badness indicator is very small. However, EKF is far from a good
approximation to the optimal filter, since it does not incorporate any
information contained in the measurement.

VI. CONCLUSION

In this note, we have proposed one particular method to address
the issue of how to numerically evaluate nonlinear filtering algorithms
and/or their software implementations, through Monte Carlo simula-
tions. We have quantitatively defined a performance indicator that can
be computed with automated routines and does not depend on any par-
ticular definition of point estimate. The method is based on conditional
probability integral transform and maximum deviation of an empirical
cumulative distribution function from a uniform distribution. The use-
fulness of such an indicator is illustrated through an example.

This indicator can be used as a “quality control routine” for any new
filtering algorithm/implementation. A large value of the indicator raises
a warning sign so that further inspection can be made. It also comple-
ments methods based on point estimations: If filtering density is consis-
tent, then a large estimation error may have arisen from inappropriate
definition of the point estimator.

In this note, we have fixed the end time ¢ = T and examined the
associated posterior through repeated simulations. It is also perceiv-
able that a similar method can be developed for one simulation, to ex-
amine the realized trajectory versus the calculated posterior as time ¢
progresses. More research is needed if such results were to be rigor-
ously established.

APPENDIX

A. Proof of Theorem 1

Proof: This proof is similar to the one givenin [7]. Letu € (0,1).
Define

r(u) £ sup{e € R: F(e) < ).
If F(-) is continuous, then
F(r(u)) = u.
Combining with the fact that F'( - ) is nondecreasing, we conclude that

{w: F(X(w)) <u}=Hw: X(w) < 7(u)}.
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Thus
PHw:Z(w)<u})=F(r(u)) =u

and, therefore, Z is uniformly distributed on (0, 1). [ |

B. Lemmas for Theorem 2

The following two lemmas will be used in proving Theorem 2.

Lemma 2: If a function ¢(2,y) : R x R — R is a continuous
function in « (for fixed y) and a Borel function in y (for fixed ), then
it is a Borel function.

Proof: Theset {(x,y):a < ¢(x,y) < b} can be expressed as a
countable union of sets, each of which is a cross product of an interval
in @ with a countable intersection of measurable sets in y. |

Lemma 3: Let g(y) : R — R be a Borel function. Then, from
definition (1), we have

/ Laga(v () Pldw) = / m () (y) Py (dy).
J{w:Y(w)EB} J B

Proof: The above is true for Y (w) as a simple random variable.
The general case then follows. |
C. Proof of Theorem 2

Proof: Measurability of Z(w) follows from Lemma 1. Fory € R
and u € (0,1), define

7(u,y) 2 sup{z € R: M(z,y) < u}. ®)
Since M (-, y) is continuous, we have
M(7(u,y),y) = u. ©)

Define
sz {(z,y) ERXR: M(z,y) < u}. (10)

Combining (8) and (9) with the fact that M (-, y) is nondecreasing, we
have

S={(zr,y) ERxR:z < 7(u,y)}. (11)

Let Is(X (w),Y (w)) be the indicator function for the set {w € €2 :
(X(w),Y(w)) € S}. From (10) and (11), it follows that

/ Is(X (), Y () P(dw)
{w:Y(w)eB}

= / Ta(r(u,y () P(dw).
{w:Y (w)EB}

From Lemma 2, we can transform the right hand side of the above, as
follows:

/ Ta(r(u,v () Pldw) = / M(t(u,y),y)Py(dy).
{w:Y(w)eB} B

Thus, we can define the conditional expectation
E(Is(X (), V()Y (w) £ y) & M(7(u,),y) = u.
Now we have for v € (0,1)

P(Z<u)=P(X,Y)€ES)
= E(Is(X (), Y(w)))
= E(E(Is(X (w),Y/(w)|Y(w)))

= [ BUSKX @)Y @IV () 2 )Py (dy)
B

:/u]"y(dy)
B

=u

and, therefore, Z is uniformly distributed on (0, 1). [ |
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On Improving Transient Performance in Tracking Control
for a Class of Nonlinear Discrete-Time Systems
With Input Saturation

Yingjie He, Ben M. Chen, and Weiyao Lan

Abstract—Quick response and small overshoot are two desired transient
performances of target tracking control. While most of the design schemes
compromise between these two performances, we try to achieve both simul-
taneously for the tracking control of a class of nonlinear discrete-time sys-
tems with input saturation by using a composite nonlinear feedback (CNF)
control technique. The closed-loop system with improved transient perfor-
mance preserves the stability of the nonlinear part of the partially linear
composite system.

Index Terms—Discrete-time systems, input saturation, nonlinear sys-
tems, tracking control, transient performance.

I. INTRODUCTION

The tracking control problems, such as target tracking [4] and output
regulation [8], are extensively studied in the literature. Settling time
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and overshoot are two important transient performance indices, and
quick response and small overshoot are desirable in the most of the
target tracking control problems. However, it is well known that, in
general, quick response results in a large overshoot. Thus, most of the
design schemes have to make a tradeoff between these two transient
performance indices. To improve the transient performance, Lin et al.
[14] proposed a composite nonlinear feedback (CNF) control technique
for a class of second-order linear systems. The CNF control law con-
sists of a linear feedback law and a nonlinear feedback law without
any switching element. The linear feedback part is designed to yield
a closed-loop system with a small damping rate for quick response,
while the nonlinear feedback part is used to increase the damping ratio
of the closed-loop system as the system output approaches the target
reference to reduce the overshoot. Turner et al. [22] later extended the
results of [14] to higher order and multiple-input systems under a re-
strictive assumption on the system. However, both [14] and [22] con-
sidered only the state feedback case. Recently, Chen et al. [2] have de-
veloped a CNF control design to a more general class of systems with
measurement feedback, and successfully applied the technique to solve
a hard-disk servo problem. The extension of this idea to general linear
continuous multiple-input—multiple-output (MIMO) systems is found
in [6]. The CNF control techniques for linear discrete-time systems can
be found in [7] and [23].

This note aims to design a CNF control law for discrete-time par-
tially linear composite systems with input saturation. The results for its
continuous-time counterpart have been reported in [12]. In the last two
decades, the nonlinear control problems for partially linear composite
systems have been extensively studied by many researchers such as
[10], [15], [19], and [20], to name just a few. It was shown in [19] that
a nonlinear system which is zero-input globally asymptotically stable
(GAS) will preserve its GAS property if its input decreases to zero with
a very fast exponential rate. However, a bad transient performance may
destroy the stability of the nonlinear part before the output rapidly de-
cays to zero. This is also true for discrete-time systems since the inter-
sampling behavior is equivalent to the response of a continuous-time
system with unchanging input. Based on the linear part of the com-
posite system, the CNF control is designed such that the closed-loop
system has desired performances, e.g., quick response and small over-
shoot. Moreover, we show that the closed-loop system with improved
transient performance preserves the stability of the nonlinear part of
the partially linear composite system.

II. PROBLEM FORMULATION

Consider a partially linear composite discrete-time systems with
input saturation ¥ characterized by

£+ 1) = F(E(R), (k). y(h)),
x(k+1) = Ax(k) + Bsat(u(k)),
y(k) = C(k) (©)

where (£,2) € R™ X R", v € Rand y € R are, respectively, the
state, control input, and control output of the given system X, f is a
continuous function, A, B, and C' are appropriate dimensional constant
matrices, and the saturation function is defined by

s Umax ) (4)

sat(u) = sign(uw)min(|u

where umax is the maximum amplitude of the control channel.
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