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Motivating Example 1: Time Series Data

Crystal River Weekly Max Flow
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Q: How can estimate the temporal dependence between ob-
servations that are weekly maxima?

Q: Can we use the previous weekly maximum flows to predict
the next weekly maximum flow?



Motivating Example 2: Spatial Data

Max Ozone Readings 1999
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Q: How can we estimate the spatial dependence in the data

Q: Can we use the observed annual maxima to predict (in-
terpolate) the annual max at an unobserved location?



Outline

e Multivariate extremes background
e Measuring dependence

— Madogram
e Performing Prediction

— Models for MMSD’s: Pairwise Beta
— Approximating the conditional density



Multivariate Max-stablity

The foundation for extreme value theory is max-stability.

Let Zy = [Zk1,...,Zk,) De iid and define
Mn — [maxk:1

.....

e Max stable. P <M < z) = P(Z < 2)

n

o If P (M&—;bn < z) — G(z), then G is max-stable

Characterizing the multivariate max-stable distributions is dif-
ficult. The task is made easier if a common marginal distri-
bution is assumed. We assume that Z, has unit Fréchet
marginals:

P(Zy; < z) = exp(—z1).



Point process representation

Consider the point process N, = {Z;/n,k=1,...n}.

Let £ = [0,<]? \ {0} and let B = {w € E : ||w|| = 1}. N,
converges to a Poisson process N with intensity measure

Nz |zl > r,z/|lz|| € A} = r " H(A)

where H is a finite measure on B, A C B and A is a finite
measure on E. H is termed the “angular’ measure.

I will use the Li norm: ||z|| = |z1| 4+ ... + |2].

Hence the “unit ball” B is unit simplex:

Sp={weFE:w+...4+w, =1}



Intensity Measure

Nz |zl > r z/|z| € Ay = r tH(A)

“Nice"” sets aren’'t easily described by Cartesian coordinates
which makes writing down the distribution function more dif-
ficult.




Multivariate Extreme Value Distributions

Exponent measure function relates intensity measure to Carte-
Sian coordinates:

V(z) = M(0, ]}

From this, multivariate max-stable distribution is defined:

G(z) =exp(—V(z)).

Dependence structure is completely determined by V (z) which
in turn is specified by H(w).



V(z) and H(w)

G(z) = exp(—=V(z))
V(z) = N(0, 2]}
A(dr x dw) = r~?drdH (w)




What do we know about H?

To have unit Fréchet margins, H must be such that

/S widH(w) = 1.

Consequently,

dH(w) =p
Sp

If H is differentiable, let dH (w) be h(w) — a angular “density” .

From the above conditions the center of mass of the density
must be

(1/p,1/p,...,1/p)

The more independent, the more mass is at the corners of
the angular density.



So what should you know at this point?

£2

(A0, £1, £2)

£l

e G(z) = exp[-V(2)] = exp[-A{[0, z]}]

e A(B) can be described in terms of a radius and a angular
measure H which lives on the unit simplex

e H(w) determines dependence; meets COM condition

e Observed block (e.g., annual) maxima can be approxi-
mated by a multivariate max-stable distribution



Max Stable Processes

Max-stable processes are the infinite-dimensional analogue
and take on values Z(x), where x is some index.

Max-stable processes are the limiting distribution of the point-
wise maxima of independent copies of a process.
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We presume that we observe a finite number of locations of
a process which is approximately max-stable.



Outline

e Multivariate extremes background
e Measuring dependence

— Madogram

e Performing Prediction

— Models for MMSD'’s: Pairwise Beta
— Approximating the conditional density



How is dependence measured for extremes?

To completely describe dependence one would have to de-
scribe the angular measure. But some metrics have been

suggested.

Extremal Coefficient

$12=V(1,1,00,...,00)

e ¢; ; defined analogously for¢,5€1,...,p
o (max(ZZ-, ZJ> < Z) = [P(Zz < Z)](m’j
e p;c[1,2]; ¢ =2 <« indep.; ¢, ; = 1 & complete dep.

e measures strength of dependence (like correlation), but
does not completely characterize bivariate dependence

e has lots of ‘cousins’

e estimators are complicated



Madogram

1
v(h) = EE [F(Z(x+h)) — F(Z(x))|
e A new dependence measure for extremes.
e Applying F' standardizes and allows calculation.
e A first-order variogram.

e Has a natural spatial interpretation.

oev c [0,1/6]
e Has a straightforward, natural estimator:
R 1
v(h) =— > |Fu(Z(x:)) — Fu(Z(x;))]

A (z3,25)ENG,

where F,, is the empirical distribution function.



Why is the madogram well-suited for extremes?

__ 1+42v(h)
¢(h) — 1-2v(h)

1

v(h) §E|F(Z(a:)) — F(Z(z + h))|

V() = Blmax (F(2(x), F(Z(z + W) = S E[F(Z()) + F(Z( + 1)

_ _¢(h) 1 . .
= T SEF(Z(2) + F(Z(z + h))]

_ sy 1
1+o(h) 2




Madogram results

Bivariate Simulations Spatial Simulations
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Extension: A-madogram

oﬂ&M:%EVNZ@D—FP%ﬂx+M);AE@J)

e extends idea of madogram to describe complete pairwise
dependence function

e see: Naveau, Guillou, Cooley, Diebolt (2008)

Estimation:

1
v(h,A) =

> |mZ@)) - Fi )]

N (x4,25)ENY,

——— > (1-Fp(Z@@))

> (1- @)

m (z;,25)ENY,
n 1— X4+ )\°
22— N1+ N




Extension: A-madogram

o v(\h) = LE ‘FA(Z(CB)) _ PN Z(x + h))‘

e extends idea of madogram to describe complete pairwise
dependence function

e see: Naveau, Guillou, Cooley, Diebolt (2008)




Estimating Dependence in Our Examples

e data deseasonalized

e madogram appliedtolag1l ® marginals standardized

and lag 2 data e madogram applied to an-
© g1 = 1.36 nual maxima
Dlag o = 1.49 e model fit by least squares

° V(h) — %(1 _ e_h/5'858)



Outline

e Multivariate extremes background
e Measuring dependence

— Madogram

e Performing Prediction via a Conditional Density

— Models for MMSD's: Pairwise Beta
— Approximating the conditional density



Conditional density for prediction?

Why not get a point estimate?

Q: What is a measure of Q: What is probability that
risk (e.g., an estimated con- an unmonitored location ex-
ditional 0.95 quantile) given ceeds some standard?

that observed values are
high?



Models for Multivariate MSD's

Cannot characterize the entire familiy of MMSD's parametri-
cally, but a few parametric subfamilies have been suggested.

Exponent measure function Angular density
V(2) h(w)

e | Ogistic e Dirichlet

e Asymmetric Logistic (Coles & Tawn, 91)

(Tawn, 88)

e Negative Logistic
(Joe, 90)



Parametric models for V(z)

Asymmetric Logistic:

/a1 1/ 2] @12
Vpo(21,22,23) = ¢1 L ¢22 ¢33 + [<¢1 <12)> n (¢2,<1,2)) ] N
3,

z2
w 1/ 3] @13
( 1(13)) ( (13)) +
i 1/az3 qa23
( 2(23)) ( 3(23)) n
V1,(1,2,3) L2z ¢2(123)> 1/an23 (w3,(17273))1/a1,2,3 o123
(cr2a) ™ (2229) ™ (2




Parametric models for h(w)

Only previous model is the Dirichlet (Coles and Tawn
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Parametric models for h(w)

Only previous model is the Dirichlet (Coles and Tawn 1991).

* _ I—(al + az + 043) a1—1 ar—1 az—1
o) = Mar(a)(ag) * 2 3
aropazl (a1 +ax+az + 1) y
(a1w1 4+ avwo + azwsz)*T (1) (a2)l (as)

(Oél’ll)l)al_l (a2w2>a2—1 (a3w3)a3—1

ho(w) =

Drawbacks:

e Parameters lose intuitive meaning with transformation.

e TOoo few parameters to model pairwise dependencies.



Pairwise Beta Model

hp(w; o, B) = Ky(a) > hij(wi, wy; o, Bij), where
7]
hij(wi, wi; o, Bi ) = (wi +w;) P DO DL — (wi + w;))** x

r(28,)) ( w, )ﬂ@'“ ( _w )%‘1
(M (Bij))? \wi + w;, w; + w,
2(p _3)! (ap)

(p—1)ypl(ap—a—p+3)(a+p—3)

Kp(a) —

Advantages:

e NO adjustment necessary to get center of mass condition

e parameters have some interpretation: « controls overall
dependence, (3;;'s control pairwise dependence

e largely specified by pairwise parameters
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Models for Multivariate MSD's

Exponent measure function
V(2)

angular density
h(w)

e |_Ogistic

e Asymmetric Logistic
(Tawn, 88)

e Negative Logistic
(Joe, 90)

e Dirichlet
(Coles & Tawn, 91)

e Pairwise Beta

* meets COM condition
* parameters interpretable
* pairwise specification

+ Can obtain G(z)
— QOverparametrized?
— Less flexible?

+ More flexibility?
— Cannot directly get G(z)



Approximating the conditional density?

0,2127)
K
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£l

If V(z) is known and differentiable, then joint density can be
obtained exactly. However, we are modeling h(w).

Assume Zi,Z> are observed and Zp is unobserved. Any pre-
dictor Z§ will yield a point Z* = (Z§, Z1, Z>) which can be

mapped back to S, as Z
1Z7 )



Approximating the conditional density?

0,2127)

ZHIEE

£l

Given the radius is large, by knowing the values of the angular

density at |\ZZ|| and the value of the “radius” ||Z7||1, we can

approximate the values of the joint density and in turn the
conditional density.



Approximating the conditional density?

If V(z) = u{(0, 2]} is small (i.e. the radius is large), then
G(z) =exp(—=V(z)) ~1-V(z).

Using Coles and Tawn (91) result to estimate the density at
Z:

0 1 z
9(2) ~ [1-V(2)] = ||z||—<p+1>h< )

Z1y...,02p I

So conditional density can be approximated by

1 =
e ()
00 1 z*
5% et () 4

gzp|Zl,...Zp_1(Zp|21, ey Zpo1) R

where z* = (Zl, .. .,Zp_l,C).



Time Series Example

deseasonalized flow
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1. Data are deseasonalized.

2. ACF/PACF plots — base prediction on previous two ob-
servations.

3. GEV is fit to marginal distribution, then transformed.



Fitting the angular density model

Time series broken into non-overlapping triples. Dependence
measured by the extremal coefficient (Schlather & Tawn 03).

¢1,2 = V(l, 1,00, .. ,OO), ¢i,j - [1,2]

Ext. coefficients estimated at lags 1 and 2, (¢_.1,4.») = (1.36,1.49),
and pairwise beta model parameters found to match the ex-

tremal coefficient estimates. (a;3) = (1,16,0.7,16).




Time series prediction

75 largest triples selected for prediction. Conditional density
of 3rd component given 1st and 2nd components is approxi-
mated.
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Time series prediction

75 largest triples selected for prediction. Conditional density
of 3rd component given 1st and 2nd components is approxi-
mated.

Assessing Risk
How well is the 95% quantile predicted?

e Our method: 6 observations (8%) exceed the estimated
quantile

e AR(2): 9 observations (12%) exceed the estimated quan-
tile



Spatial interpolation

e MS fields w/ Fréchet marginals simulated (Schlather 02).
e Known bivariate dependence structure: ¢ = (1.34,1.28,1.22).
e Pairwise beta model fit as before: («;8) = (4.3;0.87,4.4,74).

e Conditional density approximated for largest 300 of 1000
simulated fields.
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Spatial interpolation examples
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Repeated Simulation Results
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Spatial interpolation results

How well does the method assess exceeding some standard?

1.0

0.4

0.6

no skill""

prab of detection

0.4

0.z
l

- T T T T T
0.0 0?2 0.4 0.6 0.4 1.0

false alarm rate



Ground level ozone
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e Only 5 years of data.
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e Marginal distributions from (Gilleland, et al 06).

e Dependence estimated as function of distance using mado-
gram.

e \Weak dependence estimated ¢ = (1.95,1.84,1.67).
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Ground level ozone
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Unable to restrict attention to the “large” years. An adjust-
ment is made to earlier approximations.
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So what?
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Is this an artificial problem?

Our hope is to be able to extend this work to the more
practical problem of prediction for exceedances or high ob-
servations.
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Why only three dimensions?

In extremes literature, parametric models are generally fit
using maximum likelihood, but this technique cannot be used
for the spatial prediction problem.

Instead, we have used a method-of-moments type approach,
where parameters are found which match the estimated pair-
wise extremal coefficients.

If Vy(z) known then find 0 s.t.
¢1,2 — ‘/9(1, 1, OO, v vy OO);
if only hy(w) is known then find 6 s.t.

(jﬁi,j = < Max (wi,wj) hg(’ll))
p



