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Problem
• Many genes

• Many hypotheses

• Multiple blem  protesting
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Literature Review
• Benjamini & Hochberg (1995,
JRSS)

• Efron, Storey and Tibshirani (2001)
JASA

• Lee and Whitmore (2002)

Stats in Med

• Storey (2002) JRSS

• Zien, Fluck, Zimmer and Lengauer
(2002) RECOMB, Proc.Comp.Bio.
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Decisions for an Experiment
Decision

True
State

Reject Accept

 True

 False

L 4 8 � 4 8

L 5 � 4 7� 8
7� 8 �
5 � 4

5 7� 5 7

!

!
a ba b
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Rates
False Discovery Rate

1 N ßOß œ
! 5 œ !
NÎO 5 � !

a b œFDR
 ,

FDR FDR  .œ 1 NßOßEc da b
Positive False Discovery Rate

Ec da bNÎO lO � !

Family-wise Error Rate
Pre fN   " .

Per Comparison Error Rate
 Ea bNÎ7
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Expected Values

Negative Predictive Value

1 N ßOß œ
! 5 œ 7
8 � N Î 7�O ! Ÿ 5 � 7 Þ

a b œ a b a bNPV
 

Positive Predictive Value

1 N ßOß œ
! 5 œ !
O � N ÎO " Ÿ 5 Ÿ 7 Þ

a b œ a bPPV
 

Sensitivity

1 N ßOß œ
! 7 œ 8
O � N Î7� 8 ! Ÿ 8 � 7 Þ

a b œ a bSENS
 

Specificity

1 N ßOß œ
! 8 œ !
8 � N Î8 " Ÿ 8 Ÿ 7 Þ

a b œ a bSPEC
 



7

B&H (1995) Procedure
". assume  tests andindependent
!‡ − !ß "a b is control target.

# 7 > :.  statistics , p-values, .e f e f3 3

3. Rank: : Ÿ : Ÿ â Ÿ :a b a b a b" # 7

4.  reject
 reject

reject
 reject

do not reject

: Ÿ "† Î7 Ê

: Ÿ #† Î7 Ê

ã Ÿ Ê
: Ÿ 5† Î7 Ê

: � 5�" † Î7Ê

a b
a b
a b
a b

" ‡

# ‡

5 ‡

5�" ‡

!

!

!

!a b
5. False Discovery RateÊ Ÿ !‡

End literature review.
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New work follows.
INTUITIVE IDEA: NEED

• Density of the order statistics of the
5 � " smallest p-values.

• Regions of integration
corresponding to Benjamini and
Hochberg (1995) procedure

THEN WE GET

• Joint probability of
total number of rejections and the
number of false rejections.

• Exact False Discovery Rate
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Assumptions
•  independent hypotheses7

•  independent peopleR

•Each test statistic density, ,0 >X 33
a b

exists and is known under the
null and the alternative

Pre f œX Ÿ > œ3 3
!J > à !

J > à
X 3 3

X 3 3

3

3

c da bc da b)

)

H
HA A

(big  rejects) p-valueX3
T œ " �3 J X à !X 3 33

c da b)

is AC with computable density
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7 independent, AC random
test statistics e fX ß X ßá ß X" # 7

Ê T ßT ßá ß Tp-values  e f" # 7

Sorting smallest to largest creates
dependent order statistics

š ›T ŸT Ÿ á ŸTa b a b a b" # 7

AC order statistic density known
(Vaughan and Venables, 1972)
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Joint density of  smallest is5 � " Ÿ 7

0 Ð: ß : ßá ß : Ñ œ

"

-

0 Ð: Ñ 0 Ð: Ñ â 0 Ð: Ñ

ã ã ã
0 Ð: Ñ 0 Ð: Ñ â 0 Ð

T ßT ßáßT " # 5�"

T T T" " "

T T T75�" 5�"

a b a b" 5�"#

" # 7

" #

a b a b a b a b
a b a b a b

a b a b

â ââ ââ ââ ââ ââ ââ ââ ââ ââ ââ ââ ââ ââ â

: Ñ

W Ð: Ñ W Ð: Ñ â W Ð: Ñ

ã ã ã
W Ð: Ñ W Ð: Ñ â W Ð: Ñ

� �

a b
a b a b a b
a b a b a b

5�"

T T T5�" 5�" 5�"

T T T5�" 5�" 5�"

" # 7

" # 7

     

Ÿ
Ÿ

- œ 7� 5�" x W Ð: Ñ œ " � J Ð: Ña b  and T T3 33 3a b a b
Permanent is like determinant with all signs
positive (Minc, 1978)

7‚7 5 � " with     rows    in top  and™
    rows in bottom 7� 5�"a b ™
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Bounds and P-values
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Inequality Representation

: Ÿ : Ÿ , Ÿ , Ÿ : Ÿ , à :   ,

: Ÿ : Ÿ , Ÿ : Ÿ , Ÿ , à :   ,

: Ÿ : Ÿ : Ÿ , Ÿ , Ÿ , à :   ,

: Ÿ , Ÿ : Ÿ , Ÿ : Ÿ , à :   ,

:

a b a b a b a b
a b a b a b a b
a b a b a b a b
a b a b a b a b
a b

" # $ %" # $ %

" # $ %" # $ %

" # $ %" # $ %

" # $ %" # $ %

 

" # $ %" # $ %Ÿ , Ÿ : Ÿ : Ÿ , Ÿ , à :   ,a b a b a b 
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Ordered List Representation

_

_

_

_

$ß" " # $ %" # $ %

$ß# " # $ %" # $ %

$ß$ " # $ %" # $ %

$

œ !ß : ß : ß , ß , ß : ß , ß , ß : ß "

œ !ß : ß : ß , ß : ß , ß , ß , ß : ß "

œ !ß : ß : ß : ß , ß , ß , ß , ß : ß "

š ›
š ›
š ›

a b a b a b a b
a b a b a b a b
a b a b a b a b

ß% " # $ %" # $ %

$ß& " # $ %" # $ %

œ !ß : ß , ß : ß , ß : ß , ß , ß : ß "

œ !ß : ß , ß : ß : ß , ß , ß , ß : ß "

š ›
š ›

a b a b a b a b
a b a b a b a b_
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Construction Algorithm for
Ordered Lists
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First Three Sets of Ordered Lists
5 œ "

_" " " #" #, œ !ß : ß , ß , ß :š ›a b a b,1
5 œ #

_# " " $" # $, 2œ !ß : ß , ß : ß , ß , ß : ß "š ›a b a b a b
_# # " # $" # $, œ !ß : ß : ß , ß , ß , ß : ß "š ›a b a b a b

5 œ $

_

_

_

_

$ß" " # $ %" # $ %

$ß# " # $ %" # $ %

$ß$ " # $ %" # $ %

$

œ !ß : ß : ß , ß , ß : ß , ß , ß : ß "

œ !ß : ß : ß , ß : ß , ß , ß , ß : ß "

œ !ß : ß : ß : ß , ß , ß , ß , ß : ß "

š ›
š ›
š ›

a b a b a b a b
a b a b a b a b
a b a b a b a b

ß% " # $ %" # $ %

$ß& " # $ %" # $ %

œ !ß : ß , ß : ß , ß : ß , ß , ß : ß "

œ !ß : ß , ß : ß : ß , ß , ß , ß : ß "

š ›
š ›

a b a b a b a b
a b a b a b a b_
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Ordered List to Ordered Set of
Ordered Pairs

_$ß$ " # $ %" # $ %œ !ß : ß : ß : ß , ß , ß , ß , ß : ß "š ›a b a b a b a b
.

š › Š ‹
š › Š ‹
š › a b

e f e f e f š ›
š › a b

!ß : ß : Ê !ß :

!ß : ß : Ê !ß :

!ß : ß , Ê !ß ,

!ß , ß , Ê , ß , ß , Ê , ß , ß , Ê , ß , ß :

Ê , ß : ß " Ê , ß "

a b a b a b
a b a b a b

a b
a b

a b

" # #

$ $

$ " "

" # " # $ # $ % $ % %

% %%

$ß

2

U $ " %# $œ !ß : ß !ß : ß !ß , ß , ß "š ›Š ‹ Š ‹ a b a ba b a b
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Integral Representation

( ( ( ( Š ‹$
( ( ( ( Š ‹
, ,

" , , :

T ßT ßT ßT " # $ % 3
3œ"

%

, ,

" , , :

T ßT ßT ßT " # $

% #

$ " #

" # $ %

% "

# " #

" # $ %

0 0

0 0

a b
a b a b a b a b

a b
a b a b a b a b

0 : ß : ß : ß : .:

0 : ß : ß : ß :

a b a b a b a b a b

a b a b a b a b a b

a b a b a b a b a b

a b

% 3
3œ"

%

" , : :

T ßT ßT ßT " # $ % 3
3œ"

%

, , ,

" , , ,

T ßT ßT ßT "

$
( ( ( ( Š ‹$
( ( ( ( Š ‹

.:

0 : ß : ß : ß : .:

0 : ß

" $ #

" # $ %

% # "

$ # "

" # $ %

0 0 0

0

a b a b
a b a b a b a b

a b a b a b a b : ß : ß : .:

0 : ß : ß : ß : .:

a b a b a b a b

a b a b a b a b a b

# $ % 3
3œ"

%

, , ,

" , : ,

T ßT ßT ßT " # $ % 3
3œ"

%

$
( ( ( ( Š ‹$

% " "

# "$

" # $ %

a b
a b a b a b a b0
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General Form of Region of
Integration

U5ß:

"

5ß:ß" 5�"

7ß:ß" 7ß:ß5 7ß:ß7

œ

, ß " 5 œ !

!ß ? ßá ß , ß " 5 Á !ß7

!ß ? ßá ß 6 ß ? 5 œ 7

ÚÝÛÝÜ
e fa b˜ ™ˆ ‰ a b˜ ™ˆ ‰ ˆ ‰

U U U U5 5ß" 5ß# 5ß-œ ß ßá ß Þ˜ ™
5

 

LISP program generates integration regions.
Catalan number of  them:

-5 œ
#5 x

5x5x 5 � "

a ba b
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Probability of  rejections is5
Pre fÚÝÝÝÝÝÝÝÝÝÝÝÛÝÝÝÝÝÝÝÝÝÝÝÜ

# � ‘a b
" $(
" $(

O œ 5 œ

" � J ,

0 Ð: ßá ß : Ñ .:

7x 0 Ð:

3œ"

7

T "

:œ" 3œ"

-

T ßáT " 5�" 3

5�"

:œ" 3œ"

- 7

T 3

3

5

5ß:

" 5�"

7

7ß:

3

 

 

U

U

a b a b a b a b a b

a bÑ .:$
3œ"

7

3a b

5 œ !
5 Á !ß7
5 œ 7
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Joint Probability of Total
Rejections and False Rejections

•Assume without loss of generality
that lower # p-values correspond to
null hypotheses that are true.

•Joint density function is sum of
products of  terms5 � "

 •In each productCount number of
terms of form ,with0 Ð: ÑT /. a b
. − "ßá ß 8 / − "ßá ß 5e f e f and 

•Let  be the set of terms that have V4 4

factors that fulfill the condition.
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Joint Probability of Total
Rejections and False Rejections

Pre f Û

ÚÝÝÝÝÝÝÝÝÝÝÝ
ÝÝÝÝÝÝÝÝÝÝÝÜ

# � ‘a b
" "(

" "(
N œ 4 O œ 5 œ

" � J ,

+ .: á.:

7x + .: á.:

, 

3œ"

7

T "

:œ"

-

@−
@ " 5�"

:œ"

-

@−
@ " 7

3

5

5ß:
4

7

5ß7

 

 

U V

U V

a b a b

a b a b
j

5 œ !ß 4 œ !
" Ÿ 5 Ÿ 7 � "

5 œ 7 .
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Exact Calculations

Law of total probability

•positive False Discovery Rate

•False Discovery Rate

•per comparison Error rate

•Expected Sensitivity

•Expected Specificity

•Expected Positive Predictive
Value

•Expected Negative Predictive
Value



24

 Observed and Predicted FDR
X µ !ß " X µ ß "" #a a $a b a b and 

Rejections Probability
False Total Theory Observed

SE )
0
$ 4 5 Ð ŸÞ!!"'

! ! Þ*&! Þ*&"
" " Þ!%( Þ!%(
# # Þ!!# Þ!!#

"Þ& ! ! Þ(&" Þ(&#
! " Þ#") Þ#")
" " Þ!"( Þ!"(
" # Þ!"% Þ!"%

$ Xœ!Ê œ ¸ †!Þ%(� †Þ!!#œÞ!&FDR Š ‹N " #
O " #

$ Xœ"Þ&Ê œ ¸ †!Þ"(� †Þ!"%œÞ!FDR Š ‹N " "
O " #

#%
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Power Analog
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Research in Progress
Computational Issues

Correlated Data

Approximations
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