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Problem
*Many genes
Many hypotheses
*Multiple testing problem
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Decisions for an Experiment

True
State

Hy True
HO False

Decision
Reect Accept
J n—7j
| (m—n) -
k — .
g (k —J)
k m — k

m — "

m




Rates
False Discovery Rate

0 E=0

g(J,K,FDR):{J/K bo 0

FDR = E[g(J, K, FDR)] .
Positive False Discovery Rate
E[(J/K)|K > 0]
Family-wise Error Rate
Pr{J>1}.

Per Comparison Error Rate
E(J/m)



Ke))

Expected Values

Negative Predictive Vaue

0 E=m
n—J)/(im—-—K) 0<k<m.

Positive Predictive Vaue

g(J,K,NPV):{

g(J, K ,PPV) = {
Sengitivity
g(J, K ,SENS) = {
Specificity

g9(J, K, SPEC)

0 m=n
(K—J)/m—-—n 0<n<m.

0 n=>0
{(n—J)/n I1<n<m.



B&H (1995) Procedure

1. assume Independent tests and
ax € (0,1) iscontrol target.

2. m statistics {¢, }, p-values, {p; }.
3. Rank: p(1) < p(z) < -+ < Pm)
4. Pa1) < 1-&*/771 = rgect
Py < 2-ax/m = reect
. < = reject
Py < krax/m = reject
P(k+1) >(k+1)-as/m=-donot reject

A

5. = False Discovery Rate < a,
End literature review.



New work follows.

INTUITIVE IDEA: NEED

*Dengity of the order statistics of the
k + 1 smallest p-values.

*Regions of integration
corresponding to Benjamini and
Hochberg (1995) procedure

THEN WE GET

 Joint probability of
total number of rgections and the
number of false rgections.

eExact False Discovery Rate



Assumptions
*m Independent hypotheses

NV independent people

*Each test statistic density, fr.(¢;),

exists and i1s known under the

null and the alternative

Frrts;0;(0)]  Ho

T < i = {FT 1:560:(A)] Ha
(big 7T rejects) p-value

P, =1— Fp[T;;0,(0))

IS AC with computable density



m Independent, AC random
test statistics {Tl, 1o, ..., Tm}
= p-values {Pl, Py, ..., Pm}
Sorting smallest to largest creates
dependent order statistics

{Pm <Pg< ... gP(m)}

AC order statistic density known
(Vaughan and Venables, 1972)
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Joint dengity of £ + 1 < m smallest Is

TPy P2, Pay) (P(1)> D)5 -+ Pkt 1)) =
+ +
feiley)  fepay) - fe,(pa))
fp (p'(k+1)) fPQ(p.(kH)) me(];(k+1)) )
Sp (P+1)) Sp,(Pary1)) -+ 5B, (Pr11))

: : f )
Sp (P+1)) Sp,(Pat1)) -+ 5B, (Pe+1)) |

Q| =

c =m—(k+1)! and sz(p(z)) =1- FB(p(z))

Permanent is like determinant with all signs
positive (Minc, 1978)

m x mwith  k+1rows intop } and
m—(k+1) rowsin bottom }



Bounds and P-values

- — - = 5 »

| |
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0 b1 by b3 by 1
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0 b1 bo b3 by 1
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0 b b2 by by 1
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Inequality Representation

Py S P2) < b1 < by < pr3gy < b3;p4) = ba
Py < Pr2) < b1 < p3y < by < b33y = by
Py S Py S pE)y S by < by < b3 spy) = 0y
Py < b1 < poy < ba < pr3y < b33 prg) = by
Py <01 < py < p3y < ba < b3 5p4) = by
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Ordered List Representation

0, (1), P(2): 01, P(3)5 b2, 03, b4, P(4), 1

0,p(1), 01, P(2), b2, P(3), 03, b4, P(4), 1

N—— —\— —— —— ——

{

L33 = {Oapu),p(g),p(g)ab1,bzab3,b4,p(4)» 1
{
{

0,p(1), 01, P(2), P(3): 02,03, b4, P(4), 1



Construction Algorithm for
Ordered Lists

OLD OEDEEED LIST
PEEFLX OLD COEE

OOO®L]

NEW OEDEEED LIST
PEEFLX MNEW CORE

'YoloX } [O]m
O00@ E®L
elel X'} [Ol=
ODO@® & O

KEY

%bk+l . PRy [] 1

(o) Pla+1) PREFIX
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First Three Sets of Ordered Lists

k=1
El,l — {Oap(1)7blab27p(2);1}
k=2

D
| \W)
p—t
1
"

0,p(1), 01, P(2), 02,63, P(3); 1}
0,P1):P(2),b1,b2,03,D(3); 1}
k=3

=
=

(1):P(2)s 01,02, P(3), 03,04, (4), 1

0,P(1): P(2), b1, P(3), 02, b3, b4, (1), 1

0, (1), 01, P(2), b2, P(3), b3, b4, P(4), 1

N——— —— —— —— -

{
{
L33 = {0,0(1), P(2): P(3): b1 b, b, ba, Py,
{
{

0,p1), 01, P(2), P(3): b2, 03, b4, P(4), 1
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Ordered List to Ordered Set of
Ordered Pairs

L33 = {0729(1),1)(2),19(3),b1752,b3>b4,p(4), 1}

{0,p(1),p(2)} = (0,p(2)>
10.22): 23} = (0.p(3))
{0,p3),b1} = (0,01)
b1,09} = {b1,02,b3} = {b2,b3,b4} = {53»b47p(4)}
= {ba, (a1} = (b, 1)

B33 = {(0719(2))7 (Oap(g))» (0,01), (ba, 1)}
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Integral Representation

bs b1 rpe2)
/b2 /o /o TPu).Pa)Pray Py (p<1)>p<2)’p(3>7p(4))
ba b1 rpe2)
/51/0 /o Py Py oy Py (1) P2) P3P )

b1 rpE) [PE)
/O/O /0 fP(l)’P(Q)’P(i%)’PM)(p(l)’p(Q)’p(B)vp(4)

b3 b2 b1
/bg /bl 0 fp<1>vp<2>>P<3>»P<4> (p(l)’p(2>vp(3)>P(4)>

dr

=.

1=1

=.

~
|
p—t

dr

=.

™~
|
—

\—/

G

—. =
& 3

~
|
p—t

~
|

b2 D(3) b1
/bl /b1 0 TPy, Py, Py, Py (p<1>’p<2>’p(3>7p(4>)



General Form of Region of

|ntegration
( {(bla 1)} L —
Bkyp: \ {(O’uk,p,1)7”°7(bk—|—171)} k#
\ { (07 um7p71)’ Tt (lm,p,ka um,p,m) } k=

Bk — {Bk,178k,27“- 7Bk,ck} .

L 1SP program generatesintegration regions.
Catalan number of them:

(2%)!
Ck =
BRI + 1)




Probability of £ rgectionsis

Pr{K =k} =
lnf[l 1 — Fp(by)]

. h+1
)3 /fP<1>v---P<k+1>(p<1>’""p<k+1))H1

_/\
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Joint Probability of Total
Reections and False Rgections

*Assume without loss of generality
that lower # p-values correspond to
null hypotheses that are true.

Joint density function is sum of
products of k£ + 1 terms

*In each productCount number of
terms of form fp, (p(c)),with

de{l,...,ntande e {1,...,k}
*Let C; bethe set of termsthat have j
factors that fulfill the condition.
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Joint Probability of Total
Reections and False Rgections

[ m

[1[1—Fp(b)]

1=1

C
Z / Zavdp(U. .. dp(/ﬁ

Pr{J=jK =k} =14 p=1 Bkapvecj

m!i /Zavdp(l). ..dp

b= 1 Bkmv ECJ

\
k=0,7=0
1<k<m-1
k=m.



Exact Calculations

Law of total probability
-positive False Discovery Rate
-False Discovery Rate
eper comparison Error rate
-EXpected Sensitivity
-EXpected Specificity

-EXpected Positive Predictive
Vaue

-Expected Negative Predictive
Vaue
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Observed and Predicted FDR
Ty ~N(0,1)and Ty ~ N (6, 1)
Reections Probability
False Total Theory  Observed
5 k (SE<.0016)
0 0 0 950 951
1 1 047 047
2 2 .002 .002
1.5 0 0 751 752
0 1 218 218
1 1 017 017
1 2 014 014
6=0=FDR=E(#)~1$:0.47+3.002=.05

6=1.5=FDR=¢(%

24

~ 1 1. 014—
~1:0.17+5-.014=.0
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e

Expected Sensitiviwy

£
o

Power Analog

1.0

Eftect Size

0.0

Number of Chips

s£*2 § — =M 2215




Research in Progress

Computational |ssues
Correlated Data
Approximations
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