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cDNA Micr oarray (National Institute of Health)
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10K Micr oarray Chip
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ProcessedE. Coli Data (SourceNewton,et. al.)
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Samplingand Prior Distrib utions

Let R1 = redintensityandR2 = greenintensity.

² Newtonet. al. modelledR1 andR2 asindependentgammavariableswith thesame
shapeparametera but differentscaleparametersµ1 andµ2 respectively.

² Weusedthefollowing bivariatedensityto incorporatepositivecorrelation(±) between
R1 andR2:

f (r 1 ; r 2 ; µ1; µ2; a; ±) =
1X

j =0

cj

2Y

i =1

µ
µi

1 ¡ ±

¶ a+ j 1

¡( a + j )
r a+ j ¡ 1

i e
¡

³
µ i

1 ¡ ±

´
r i

wherecj = ¡( a+ j ) (1 ¡ ±) a ±j

¡( a ) j ! ; j ¸ 0 anda, µ1, µ2 and± areunknown parameters.

² BothR1 andR2 have thesamecoef�cient of variation(1=
p

a).

² Theparameterof interestis ½= E (R1)=E(R2) = µ2=µ1.

² Weassumea is aconstantbut µ1 andµ2 arei.i.d. gamma(a0; º ) (prior distribution).
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Maximum Lik elihoodEstimation
² Themarginal joint densityof (R1; R2) is pA (r 1 ; r 2) =

P 1
j =0 cj dj (r 1 ; r 2)

wheredj (r 1 ; r 2) =
2Y

i =1

1

B (a + j ; a0)(1 ¡ ±)º

³
r i

(1 ¡ ±) º

´ a+ j ¡ 1

³
1 + r i

(1 ¡ ±) º

´ a+ j + a0

² Theunknown parameters(a; a0; º ; ±) areestimatedby maximizingcompletedata
log-likelihood

l(a; a0; ±; º ) =
X

k

log pA (r 1k ; r 2k )

² Table1. MaximumlikelihoodEstimates.

Microarray NA a a0 º ±

Control 37 0.967 65.310 1538.332 0.989

HeatShock-a 82 1.372 2.648 24.338 0.962

HeatShock-b 209 1.140 2.372 27.306 0.912

IPTG-a 207 0.816 40.186 1158.464 0.990

IPTG-b 149 0.687 27.783 921.891 0.992
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BayesEstimation of ½

² Theposteriordensityof ½given(r 1 ; r 2) is

p(½; r 1 ; r 2) =
1X

j =0

cj dj (r 1 ; r 2)

pA (r 1 ; r 2)

1

B (a + j + a0; a + j + a0)·

¡ ½
·

¢a+ j + a0 ¡ 1

¡
1 + ½

·

¢2( a+ j + a0 )
:

² TheBayesestimateis theposteriormean

½̂B = E [½j r 1 ; r 2 ] = ·
1X

j =0

cj dj (r 1 ; r 2)

pA (r 1 ; r 2)

µ
1 +
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¶
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where· =
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Top 20up regulatedgenesrankedby ½̂B
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Top 20down regulatedgenesrankedby ½̂B
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Latent Variable Model
² Thismodelusesthefactthatonly fractionp of total genesarelikely to bedifferentially

expressed.

² Weassumethatfor thekth gene,thereis anlatentB ernoul l i ( p ) variableZk suchthat
Zk = 0 impliesnodifferentialexpression(i.e. µ1 = µ2), in whichcasethemarginal
densityfor intensitiesis

p0(r 1k ; r 2k ) =
1X

j =0

cj
¡(2( a + j ) + a0)

¡( a + j )2¡( a0)(1 ¡ ±)2º 2

³ r 1k
(1 ¡ ±) º

r 2k
(1 ¡ ±) º

´ a+ j ¡ 1

³
1 +

r 1k
+ r 2k

(1 ¡ ±) º

´ 2( a+ j )+ a0

andZk = 1 impliesdifferentialexpression(i.e. µ1 6= µ2), in whichcasethemarginal
densityfor intensitiesis pA (r 1k ; r 2k ) =

P 1
j =0 cj dj (r 1k ; r 2k )

wheredj (r 1 ; r 2) =
2Y

i =1

1

B (a + j ; a0)(1 ¡ ±)º

³
r i

(1 ¡ ±) º

´ a+ j ¡ 1

³
1 + r i

(1 ¡ ±) º

´ a+ j + a0
:

² Thereforethecompletedatalog-likelihoodis:

l (a; a0; º ; ±; p) =
X

k

logf pA (r 1k ; r 2k )zk p0(r 1k ; r 2k )1¡ zk pzk (1 ¡ p)1¡ zk g
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EM estimation

Weestimatetheunknown parametersusingEM algorithm.Let (â; â0 ; º̂ ; ±̂; p̂) betheinitial
estimatesof (a; a0; º ; ±; p).

² 1. E-step:Weestimatezk by its conditionalexpectation

ẑk = P (zk jr 1k ; r 2k ) =
ppA (r 1k ; r 2k )

ppA (r 1k ; r 2k ) + (1 ¡ p)p0(r 1k ; r 2k )
.

² 2. M-step:Updateestimates(â; â0 ; º̂ ; ±̂; p̂) by maximizingl (a; a0; º ; ±; p).

² 3. Repeatsteps1 and2 until convergence.

Table2. EM estimates.

Microarray a a0 º ± p

Control 2.246 1.935 10.343 0.945 0.00006

HeatShock-a 2.240 1.498 6.075 0.322 0.08607

HeatShock-b 1.632 1.405 8.042 0.311 0.08417

IPTG-a 1.568 1.701 8.042 0.949 0.00016

IPTG-b 1.466 1.310 12.721 0.932 0.00014
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Mar ginal DensityPlots : Red Intensity
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Mar ginal DensityPlots : Red Intensity
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Results:ControlData
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Results:HeatShockA Data
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Results:HeatShockB Data
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ModelValidation
For geneswith no realdifferentialexpressionthestatisticB = R

R + G hasdensity

f (b) =
(1 ¡ ±)a

B (a; a)
ba¡ 1(1 ¡ b)a¡ 1(1 ¡ 4±b(1 ¡ b)) ¡ ( a+1 =2)
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Summary

Numberof differentiallyexpressedgenes.

Dataset Ourmodel Newton'smodel
Control 0 7

HeatShockA 60 35
HeatShockB 42 8

IPTGA 1 11
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