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Overview -

Review of Basic Statistical

Concepts and Matrices

The material in this chapter is generally taught in a first course in statistical meth-
ods, which is prerequisite for studying this book. So, depending on the reader’s
background, this chapter may be treated as a quick review or may be studied in
depth.

What Is Statistics?

Statistics, in a narrow sense, is a branch of science that deals with making inferences
about populations based on samples. In a broader sense, statistics encompasses col-
lection, organization, and summarization of data; presentation of data in tabular and
graphical form; developing models for the purpose of understanding random and
nonrandom phenomena; use of models for prediction; mathematical approaches to
decision making and evaluation of risks; and so forth. Regression (and correlation)
analysis is an area of statistics that deals with methods for investigating the existence
of associations and, if present, the nature of the associations, among various observ-
able quantities. For instance, one might be interested in knowing whether there is
any association between age and blood pressure and, if so, what the nature of this
association is. One might also be interested in expressing associations in the form of
mathematical equations. Regression analysis is one method of investigating the pres-
ence of associations if appropriate data are available. The discovery of associations
and the ability to express such associations in a precise mathematical form may en-
able one to predict the unobservable value of a variable based on the observed value
of one or more associated or related variables. They may also help determine how
one might control the values of one variable by manipulating the values of a related
variable. For instance, one might be able to manipulate or control one’s blood pres-
sure by controlling one’s diet if the nature of the association between blood pressure
and the dietary components is understood. We do not make any statements regarding
that elusive and controversial concept of cause and effect. Rather, we simply say
that it may be possible to control the values of one variable by manipulating the
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values of a related variable. This can be confirmed only by controlled experimental
investigations.

In this book we present the fundamental ideas that form the core of regression
(and correlation) analysis, and we give numerous practical applications of the meth-
ods developed.

Prerequisites

We assume that you are familiar with the material that is usually taught in an in-
troductory course in statistical methods, which includes concepts of populations,
samples, point estimation, confidence interval estimation, tests, and Gaussian dis-
tribution (also called normal distribution) models. These are reviewed briefly in
Sections 1.2 through 1.6. We further assume that you are acquainted with functions
and functional notation and elementary topics in matrix arithmetic. These topics are
reviewed in Sections 1.7 and 1.8, respectively.

A brief introduction to the multivariate Gaussian distribution model (also re-
* ferred to as the multivariate normal distribution) appears in Section 1.9. This topic
is not usually taught in an introductory statistics course, but we feel that it is useful
background material for studying regression analysis.

Remarks on Computing

Regression analysis requires a great deal of computing, and it will be helpful for
you to learn to use computers and statistical computing packages. However, since
some of you will not have access to a computer or a suitable computing package,
we present most of the basic computations and require you to do only computations
that can be done easily on a hand-held calculator. Thus you are not required to have
knowledge of a computing language or a statistical computing package to read and
understand the material in this book. Nevertheless, we strongly urge that you use a
computing package if one is available.

Practically every statistical computing package contains programs for regres-
sion analyses. Some of the popular statistical packages are MINITAB, SAS, SPSS,
BMDP, S-PLUS, etc. This textbook is accompanied by a laboratory manual that ex-
plains how to use one of the statistical packages—MINITAB or SAS—to perform
the calculations needed for regression analysis. The reason that we wrote a labora-
- tory manual using MINITAB is that this system is very easy to learn and does not
detract from the main topic, regression. Also, many colleges and universities use
this package as a tool for teaching statistics. The reason that we wrote a laboratory
manual using SAS is that SAS is widely used by data analysts and researchers in
colleges, universities, government, and industry. Also, many graduate students who
study regression are already familiar with SAS and would like to analyze their own
research using SAS. If computations are needed for the procedures discussed in any
section of this book, the corresponding sections of the accompanying laboratory
manual explain how to do the calculations in MINITAB or SAS. For example, in
Section 3.6 we discuss confidence intervals for simple linear regression, and in Sec-
tion 3.6 of the laboratory manual we show how to use MINITAB or SAS to perform
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the calculations needed for confidence intervals. If MINITAB or SAS is not avail-
able, you can either ignore the laboratory manual or, if you have another statistical
package available, you can work through the assignments in the laboratory manual
using that package. Nothing that follows in this book requires knowledge of or the
use of computers and statistical computing packages.
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Basic Ingredients for Statistical Inference

One of the aims of science is to relate, describe, and predict events in the world
in which we live. These activities are also important in business and our everyday
affairs. In almost every aspect of human endeavor, it is useful to be able to predict
future events based on present and past information.

To describe situations of interest, we must define them precisely and decide what
we want to determine or predict. To illustrate, we first use a very simple example.
You are handed a box that contains 10,000 marbles that are indistinguishable except
for color—some are white and some are green—and you are asked to determine the
proportion of green marbles in the box. You are not allowed to look in the box, but
you are allowed to select 20 marbles at random from the box and note their colors.
On the basis of this information (the colors of these 20 marbles), you must estimate
what proportion of the 10,000 marbles are green. Of course you do not expect that
by examining only 20 marbles you will be able to determine exactly the proportion
of the entire 10,000 marbles that are green, but you would like to use scientific
reasoning to come as close to the true answer as possible. The science of statistics
and probability can be useful for making a decision in this situation and for attaching
a measure of uncertainty (or certainty) to your result.

The preceding example may seem trivial, but it contains the basic ingredients of
the most complicated of problems. Mother Nature has her secrets “locked up in a
box” and, in order to make intelligent decisions about everyday activities, we may
want to describe or predict the contents of that box. It may be possible to observe
a part of Mother Nature’s box (observe the colors of the 20 marbles) and make an
intelligent decision as to its contents.

The Four Basic Ingredients

From this example we abstract four fundamental concepts that will be useful in ex-
amining more complicated situations: populations, models, parameters, and sam-
ples and inferences. These are summarized in Table 1.2.1.

‘We now consider a more realistic illustration.

ExampLE LI

Suppose a company that owns a chain of department stores is considering opening
a store in city A. There are many things the company wants to know about city A
so that it can decide whether it will be profitable to build a store there. One item
of interest to the company is last year’s average annual income per household in
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TABLE I.1.1
Four Fundamental Concepts

Concept Description

Population A population of items (sometimes also called a population of units) is a specified set of
items or units in which an investigator is interested. The population may be real or it may
be conceptual. It may be a population that existed in the past, or exists now, or will exist
in the future, or exists only in one’s imagination. A real population exists now and the
entire population or any part of the population is available now and may be examined. A
conceptual population is a population that is not available now and cannot be examined.
Typically, a conceptual population is one that will exist in the future or exists only in one’s
imagination. A population may remain constant, or it may change slowly with time, or it
may change rapidly with time. In the preceding illustration, the set of 10,000 marbles is
the population of items. It is a real population since it is available for study now. Also it is
a population that will remain constant, i.e., the colors of the marbles (white or green) will
not change with time.

Model A population model is a description of the quantities (numbers or attributes) of interest
associated with each item in the population. In the illustration above, the attribute
of interest is the color of the marbles and the description is that the marbles are
indistinguishable except for color, with some being white and others green.

Parameter Parameters are summary numbers that characterize various aspects of the population and
are usually the quantities of interest to the investigator. In the preceding illustration, the
proportion p of marbles that are green, characterizes one aspect of the population and is
the quantity of interest in the investigation.

Sample A sample is a set of items selected from the population, and observations are made on
this set of items. On the basis of this sample a decision is made about the values of the
parameters of interest, and this decision is usually accompanied by a measure of the
uncertainty in the answer. In the preceding illustration, the set of 20 marbles is a sample
from the population of 10,000 marbles. The proportion of green marbles in the sample
may be used as an estimate of the proportion of all 10,000 marbles in the box that are

_green. Thus one uses the information contained in the sample to make inferences about
population characteristics of interest.

the city. The four fundamental concepts outlined in Table 1.2.1 as they apply to this
investigation are as follows:

.1 The population of interest is the set of households in city A last year. A house-
hold must be precisely defined (which may not be an easy task!). For all practical
purposes, we can regard this population as being constant although families may
have moved in or out of the city during the course of the year. Consequently this

_ is a real population that can be studied now.

2 The population model may be that the set of annual incomes of the houscholds
last year is a Gaussian population with mean p and standard deviation o, both
of which are unknown.
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The parameter of interest is u, the average income of the households in the
population.
A random sample of some specified number of households can be selected and
last year’s annual income of each of the selected households recorded. Based
on these data, a decision can be made about the value of u, the parameter of
interest. =

In the next four sections we discuss in detail each of the four basic ingredients:

Population

Model

Parameters

Samples and inferences

A population of items is defined to be any set of items that one wants to study (refer
to Table 1.2.1.). In Example 1.3.1 we describe several populations of items.

ExamMpLE |1
The following are some examples of populations of items.

m = o o

The set of all U.S. citizens who paid federal income tax last year.
The set of all automobiles that will be made by manufacturer A next year.

The set of all U.S. citizens who were diagnosed as having lung cancer three years
ago and are still alive today.

The set of all trees on a specified tree farm on July 1 two years hence.

The set of all farms in the states of Iowa and Nebraska last year.

The set of all grocery stores in the U.S. next year.

The set of all human beings who will be born in Los Angeles, California, in the
year 2000.

The set of all ball bearings that will be made in a specified production plant next
month.

The set of all plastic containers that a specified manufacturer may make next
year, using every possible process temperature between 300° F and 400° E.

The set of all automobile tires that will be manufactured by a certain company
next year using a newly developed tread design.

The set of all daily record sheets that will be maintained by a particular power
plant, containing information including the amount of sulfur-dioxide emitted and
the amount of electrical power generated for each day that the power plant will
be in operation next year.
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1 The set of all daily data records that will be kept by a particular monitoring
station, containing information about the total daily flow values at a given mon-
itoring point, and the total daily precipitation recorded at a certain gauge, for a
specified river, for next year.

m The set of all measured values of the length of a single bolt.
n The set of all measured values of the breaking strength of a given metal rod. =

The set of items to be studied, called the population of items, must be precisely
defined. The number of items in a population can be finite or infinite; if this number
is finite we denote it by N. This number N is generally unknown, but in most
practical problems it is large.

Notice that the dates are specified for each of the populations of items described
in Example 1.3.1; otherwise the set of items would not be precisely defined. For
instance, in Example 1.3.1(e) what was a farm last year may not be a farm this year;
in (f) a store that is a grocery store next year may not be a grocery store two years
hence, etc.

Note InExample 1.3.1 the populations in (a)—(h) and (j)—(1) are all finite, whereas in
(i), (m), and (n) they may be infinite. The populations described in (a), (c), and (e) are
real populations, and we can study these populations now. The populations described
in (b), (d), (D, (), (h), (), (k), and (1) are conceptual populations since they are
future populations. They do not exist at the present time and cannot be observed
row. The populations described in (i), (n), and (n) are also conceptual populations.
In fact, they are imagined populations; the entire population will never become
available. In the population described in (i), it is impossible for the manufacturer
to actually manufacture plastic containers using every possible process temperature
between 300° F and 400° F. But we can certainly imagine this population and ask
" questions about it. For instance, we may want to know what process temperature
would lead to production of plastic containers having the required strength. For the
population described in (m), it is possible to examine part of the population, viz., the
next several measured values, but the entire population can only be imagined and
will never become available. The population described in (n) is also an imagined
population. The very act of measurement will destroy the given metal rod and so
only one value can be observed from this imagined population. Nevertheless, we
may want to make inferences about these conceptual populatxons so that decisions
can be made or actions can be taken now.

Each item in a population of items possesses one or more characteristics that
may be of interest in an investigation, as you can see in Example 1.3.2.

ExAaMpPLE 1.3.1

In Example 1.3.1(a) we may be interested in the age of each person, the LQ. of each
person, the weight of each person, the sex of each person, the political affiliation of
each person, the marital status of each person;-etc. In Example 1.3.1(b) we may be
interested in studying the miles per gallon each automobile will get, the first-year
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maintenance cost for each automobile, the number of miles each car will be driven
the first year after its purchase, etc. In Example 1.3.1(d) we may be interested in the
age of each tree, the diameter of each treec measured 4.5 feet from the ground, the
height of each tree, etc. In Example 1.3.1(g) we may be interested in the number
of years each person will live, the number of -dollars each person will spend on
education, the number of siblings each person will have, etc. =

Associated with each item in a population are one or more numbers (age, height,
income, etc.) or attributes (sex, marital status, political daffiliation, etc.) of interest.
In this book we are mainly concerned with numerical quantities associated with each
population item. This set of numbers is called a population of numbers and will be
referred to as the population. If a single number is associated with each item in the
population, then we say that this population of numbers is a univariate population.
If more than one number is associated with each item in the population, then we
say that this population of numbers is a multivariate population. A bivariate pop-
ulation is a special case of a multivariate population, where each population item
has two numbers of interest associated with it. A trivariate population is a special
case of a multivariate population, where each population item has three numbers of
interest associated with it. More generally, if each item has & numbers of interest as-
sociated with it, we refer to the population of numbers as a k-variate or a k-variable
population.

In Example 1.3.3 we list specific sets of numbers (populations) that can be
associated with each population of items listed in Example 1.3.1.

EXAMPLE I.3.3
The following are populations (of numbers):

a The amount of money in dollars that each U.S. citizen earned as interest income
last year.

b The maintenance cost in dollars and the number of miles each car will be driven
during its first year.

¢ The age of each person and the average number of cigarettes each one smoked
per day for the five years prior to diagnosis of lung cancer.

d The height, the diameter measured at 4.5 feet above ground level, and the dollar
value of each tree, on July 1 two years hence.

e The size of each farm in acres and the profit each farm made.

f The profit, in dollars, that each grocery store will make.
The number of dollars each person will spend on health care and the number of
years each person will live.

h The diameter of each ball bearing.

i The strength of each plastic container and the temperature at which it is made.

J  The set of all tread-depths remaining at the end of 50,000 miles of driving of all

the automobile tires that will be manufactured by the company next year.
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k The set of all total daily sulfur dioxide emission values and the amount of elec-
trical power generated for each day of next year.

1  The set of all total daily flow values and corresponding daily precipitation values
that will be recorded by the monitoring station next year.

m The set of all measured values of the length of the bolt.
n The set of all measured values of the breaking strength of therod. =

Note that in Example 1.3.3 (a), (f), (h), (j), (m), and (n) are examples of univariate
populations, (b), (c), (e), (g), (i), (k), and (1) are examples of two-variable (bivariate)
populations, and (d) is an example of a 3-variable (trivariate) population.

Notation

At the beginning of an investigation, a target population of items is defined and one
or more numbers associated with each item are identified as being of interest. This
- resulting population (of numbers) is what an investigator is interested in.

If a population is a univariate population consisting of N numbers, this popu-
lation of numbers is written symbolically as {Y,,Y,, ..., Yy}, where Y, represents
the Ith number (the number associated with the Ith item) in the population. Alterna-
tively, we may write {¥} without specifying the number of items in the population.
If the population is a bivariate population consisting of N pairs of numbers, this
population is written symbolically as {(Y;, X;), (Y,, X,), ..., (Yy, Xp)} (or simply
as {(Y, X)}) where Y, refers to the first quantity and X; refers to the second quantity
associated with the Ith item.

S_ometimes a double subscript notation is used, as in {(Yu, le), (Y21, Yor)seuns
(Yy1: Yno)}. Here Y, stands for the Jth quantity of interest associated with the /th
population item. When working with multivariate populations, the double subscript
notation is almost always used. For instance, a k-variable population may be denoted
by {(¥y1, ¥1p, -0 Yipds oo s Fyps Yoo - -+, Y)} o1 simply by {(Y, Y, ..., ¥))}
Other symbols such as X or Z may be used instead of Y when convenient.

The population of numbers that is of interest to the investigator is called the
target population. In some situations, the target population is a real population and
is available for study. This is the case for the populations (a), (c), and (¢) in Exam-
ple 1.3.3. But, in other situations, the target population of interest is a conceptual
population and is not available for study, as in the case of populations (b), (d), (f),
(@), (), (), (§), (k), 1), (m), and (n) of Example 1.3.3. Even when the target popula-
tion is a real population, it may sometimes be impractical or too expensive to study
this population, and thus it is unavailable for study. When the target population is
unavailable for study, one is sometimes able to find another population that resem-
bles the target population and is a real population that is available for study now.
Such a population is called a study population. We discuss these in some detail next.



13 Population L

Target Population and Study Population

Target Population

The target population is the population that is the target of a study. Conclusions
from an investigation are to be applied to this population. As stated earlier, the target
population is often unavailable for study. In many investigations, the numbers in
the target population are future values, but we want to make decisions about them
now. Example 1.3.3(d) is a good illustration. Suppose we are interested in what the
dollar value of each tree will be on July 1 two years hence, but we must make this
determination now. The target population in this case consists of the dollar values
of each of the trees on July 1 two years hence, so this population is unavailable
now. Therefore it is not possible to study the target population now. This is also
the situation in Example 1.3.3(b), where we want to predict the average first-year
maintenance cost of cars that will be produced by manufacturer A next year. We
must make the prediction at the beginning of the year so we can plan a maintenance
budget. But the target population is a future population and is not available for study
now.

In fact it is quite common for a target population, which is the population of
interest, to be unavailable for study, either because it consists of future values or
because it'is impractical, inconvenient, or too expensive to study this population.
Thus we are led to consider another population, the study population.

Study Population

When the target population is unavailable for study, we are sometimes able to find
another population that resembles the target population and is available for study
now. Such a population is called a study population. Thus the study population is
the population that is actually studied during an investigation. In those situations
where the target population itself is available for study, the target population and the
study population are one and the same. When the target population is unavailable
for study, the study population should be chosen to resemble the target population as
closely as possible.

To illustrate, consider Example 1.3.3(d). The target population is in the future,
50 it is not available for study now. The study population can be defined as the set
of dollar values of all trees as of the present date. This is a real population that is
available for study now. In Example 1.3.3(b) we can use as the study population
the first-year maintenance costs for the same make of automobiles last year. In
Example 1.3.3(i), no suitable study population may be available. In this case the
investigator can produce plastic containers in a pilot plant under several different
process temperatures between 300° F and 400° F and measure the strengths of these
containers. The data thus generated are all that is available and this collection of pairs
of numbers, i.e., the strength of a plastic container and the temperature at which it
'was made, can be considered the study population.
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Methods are available for making valid statistical inferences about the study

- population. When the study population is different from the target population,

- . generalizations from the study population to the target population are subject-

"+ ‘matter ‘considerations, and we have to rely on the investigator’s Jjudgments.

- - All statistical mference procedures dlscussed in thls book refer to the study
. ‘populanon : : P

A univariate population to be studied consists of N numbers, where N is generally
quite large. In Example 1.3.3(a), for instance, the N numbers are the amounts, in
dollars, earned as interest income by each of the N citizens; in Example 1.3.3(f), the
N numbers are the profits, in dollars, each grocery store will make next year.

To study a population of N numbers one must have some way of organizing
these N numbers. One useful approach is to organize them into a probability his-
togram and find a mathematical function that approximates this histogram. Such a
mathematical function is usually called a probability density function. Theoretical
statisticians use a variety of probability density functions to study different types
of populations, the most important among them being Gaussian probability den-
sity functions. They are the subject of our discussion in this section. The Gaussian
population model for multivariate populations is discussed in Section 1.9.

Gaussian Populations

A theoretical Gaussian population {Y} is completely specified by its mean, denoted
by py, and its standard deviation, denoted by oy. The distribution of this population
is described by the probability density function

@)=

. Y — 2 .
exp l:—(———’;—y)] for -0 <Y <00 (14.1)
20y

2oy

The area under the curve, defined by the function in (1.4.1) between the values a and
b (a < b), gives the proportion of population values that are greater than g but less
than or equal to b (see Figure 1.4.1).

The probability density functions corresponding to two different theoretical
Gaussian populations are shown in Figure 1.4.2. These two populations have dif-
ferent values for uy, but they have the same standard deviation oy. It is clear from
this figure that changing the value of 1, changes only the location of the population
distribution and not its shape (curves (a) and (b) in Figure 1.4.2 have the same shape
but different locations). On the other hand, changing the value of o}, changes the
shape of the population distribution but not the location, as exemplified by curves
(c) and (d) in Figure 1.4.3. These two curves have the same location (same value of
iLy) but different shapes (different values of oy). '
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" For the sake of completeness we now give the definitions of the mean, the stan-
dard deviation, and the variance of a population {Y} consisting of the N numbers
Y, Yy .., Yy,

DEFINITION Mean
The mean (also called the average) of a population {Y} is denoted by u, and is
defined by

1 |
my =y ;y, . (142)

DEFINTITTI O N Standard Deviation
The standard deviation of a population {Y} is denoted by oy and is defined by

1 N
op= |=) (¥, —nuy)? = 143)
N I=1 .
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DEFINITTIO N Varance
The variance of a population {Y} is the square of its standard deviation. It is denoted
by o;‘; and is defined by

z|

1 N
op == (¥ —ny)? = (144)
I=1

The definitions of mean and standard deviation for infinite populations require
concepts from calculus and some knowledge about convergence of infinite series. If
you are interested in them you should refer to more advanced books [15], [19], [25],
[31].

As stated earlier, in practical problems the N unknown numbers that make up
a population could conceptually be used to form a probability histogram (a his-
togram for which the total area equals 1). If this histogram is well approximated
by the mathematical function defined in (1.4.1) when the value of the mean and the
standard deviation of these N population numbers are substituted for py, and oy,
then we may proceed as if the population under study is Gaussian. For example,
Figure 1.4.4 shows a probability histogram of a population of 4,000 numbers (gen-
erated using a computer), with £, = 0 and oy, = 1. The probability density curve of
the theoretical Gaussian population with s, = 0, oy = 1 in (1.4.1) is also displayed
there. From these we can see that the theoretical Gaussian population described
by equation (1.4.1) appears to be a good approximation to this finite population of
size 4,000. Thus, for most practical purposes, we can regard this finite population
consisting of 4,000 numbers as a Gaussian population.

The theoretical Gaussian population is a mathematical abstraction and no such
population can exist in real investigations, but it is useful as an approximation to
finite populations in many applied problems. It is also used in theoretical statistics
to derive point estimates, confidence intervals, and tests for £y and oy. Similar
approximations are common in other situations. For example, a circle, which can
be defined mathematically, does not exist in the real world, but it is useful as an
approximation to the wheel; a rectangle, which can be defined mathematically, does
not exist in the real world, but it is useful as an approximation to obtain the area of a
tabletop, a farmer’s field, the side of a building, etc.

Because we never know the population values in a real problem, it is impossible
to be certain that the population under study is actually Gaussian. However, even
when the population is not exactly Gaussian, the statistical inference procedures are
often accurate enough for making decisions as long as the population is approxi-
mately Gaussian. In some instances statistical procedures are available for detecting
serious violations of the Gaussian assumption.
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Parameters (Summary Numbers)

In Table 1.2.1, we described parameters as numbers that summarize certain impor-
tant characteristics of a population. Even if we had the entire population available
(which is rarely the case in a real problem), there would be too many numbers for
an investigator to use for making decisions without summarizing them into a smaller
set. Thus a judicious summarization of population characteristics is extremely im-
portant. Here we discuss this in some detail, first for univariate populations and then
for multivariate populations.

Parameters for Univariate Populations

Consider the univariate population {Y} and assume for the moment that all the num-
bers in the population are available. To understand the important characteristics of
the population of numbers, it is convenient to summarize them by a smaller set of
numbers or perhaps by using suitable graphical techniques. Probability histograms
and cumulative frequency curves are two of the commonly used graphical descrip-
tions of populations.

Generally we would like to use one or more (say m) summary numbers,

0,,...,6,, to describe various characteristics of the entire population. These m
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numbers, called (population) parameters, would be computed from the entire pop-
ulation if it were known, but in almost all real problems they have to be estimated
based on sample data. In this book population parameters are almost always denoted
by Greek letters.

Although the m parameters 6, . . ., 6, cannot, in general, tell us everything about
the whole population, they often adequately summarize certain important character-
istics of the population that are relevant to the study at hand. The mean and the
standard deviation are two particularly useful and important population parame-
ters, especially in the case of Gaussian populations, and we discuss these next.

Often we would like to use a single parameter to represent the entire population of
numbers. In this book we use the mean of the population (also called the average),
defined in (1.4.2), as the single number that best represents the entire population of
numbers. The symbol py (u is the Greek letter mu) represents a population mean,
and the subscript Y indicates which population is under study. The mean pu, is
often also used to predict the Y value of any randomly chosen population item. In
most real problems the mean of a population is not known because not all of the
population elements {Y} are known. Nevertheless, it is a number we would like to
have available to use to make decisions about a population. So we select a sample
from the population and estimate . This is discussed later.

In many situations, single numbers such as the mean (or the median) are often
used to represent the value of each item in a population. For instance, if you plan
to retire in the United States, it would be useful to know something about the cost
of housing in the various cities where you might choose to live. The mean (average)
price of new homes in each city would provide useful information. Also, the average
annual cost of living in each city would be helpful, as would the average age of
people who live in the area. In many sitvations the mean is a useful summary of
populations: (1) average income of men and women, (2) average number of children
per household, (3) average gas mileage for a certain make of cars, (4) average yield
per acre of corn in a certain state, (5) the batting average of a certain baseball player,
etc.

Standard Deviation

Although the mean py is often used as the best single number to represent the entire
population of numbers {Y}, no single number can adequately describe or represent
an entire population. Therefore an additional summary number is used to tell us how
well py represents the entire population. This number is oy, the standard deviation
of the population, which was defined in (1.4.3). Intuitively, the smaller oy, is, the
more useful py is as a representative value for the entire population. Likewise, the
larger oy is, the less useful puy is as a representative of the whole population. Note
that if o, = 0, then all the numbers in the population {Y} are the same and equal
to uy, and the mean is a perfect representation of the entire population. But if a
substantial proportion of the values of Y are much smaller than the mean and others
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- are much larger, then oy, will be large and u, may not adequately represent each
population value.

Chehyshev’s Theorem

Recall that about 95% of the numbers in a Gaussian population lie between uy —
20y and puy + 2ay, and about 99% of the numbers lie between 1y, — 30y and uy +
30y, so if oy is “small,” uy does indeed represent the population quite well. In fact,
for any population {Y}, the following fundamental result, due to the mathematician
Chebyshey, is valid.

".'l. ¥

"fLet {Y} be any one-vanable populanon with mean ,u,Y and standard dev1at10n "

* " oy. Then, for any positive number c, the propomon of population values thatare

. - greater than jiy — coy but less than Ry + coy (i.e., that are less than 4 standard_ '
SEEES dev1at10ns away from the rnean) is greater than or equal to 1—1 /c2 o

For example, if ¢ =3, Chebyshev s theorem says that for any univariate pop-
ulation {Y}, at least 1 — 1 /32 = 8/9 = 88.9% of the population values are within
3 standard deviations of the mean. In particular, for a population {¥} whose mean
is py and whose standard deviation oy is 2, we can say that at least 88.9% of the
population values are less than 3 standard deviations, i.e., 6 units, away from the
mean. Similarly, at least 1 — 1/4? = 15/16 = 93.75% of the population values are
less than 4 standard deviations (8 units) away from the mean. The exact value of
such proportions cannot be found without knowing more about the population, but
Chebyshev’s theorem does give us a bound for such proportions. From the preceding
discussion it is clear that xy and oy are two summary numbers that tell us a great
deal about a population and that oy can be used to determine how well uy repre-
sents the population values (i.e., how close the population values are to 11). We now
consider parameters for multivariate populations.

Parameters for Multivariate Populations

Suppose a population of size N is a k-variate populanpn (k > 1). Then there are k
quantities associated with each population item, resulting in Nk numbers in all. Each
of the k quantities associated with the population items gives rise to a univariate
population. Let the k quantities for item 7 be denoted by X, ..., X. Then the
numbers X, ..., Xy, form a univariate population with mean 4, and standard de-
viation o, the numbers X,, ..., Xy, form another univariate population with mean
i, and standard deviation o,, etc. Thus i, ..., i, and 0y, ..., g, are parameters
associated with the k-variate population. The Nk numbers may be schematically
represented as in Table 1.5.1.
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TABLE |.5]
Schematic Representation of a k-Variate Population of Size N

k Measurements on Each ltem
Items 1 2 e k

1 Xy Xi2 e Xk

2 Xa | Xp | 0 | Xz

1 X Xp X

N X | X2 | | Xwe
Mean ul H“y e By

Standard

deviation 9 0, ... o

For an illustration, consider Example 1.3.3(d). Let X, 11 X12» and X3 denote the
height, the diameter at 4.5 feet above ground level, and the dollar value of the Jth
tree in the population. We thus have a three-variable population, and ,, u,, and
4 represent the mean height, the mean diameter, and the mean dollar value of the
trees in the population. Likewise, 0,, 0,, and o, represent the standard deviations
of the heights, the diameters, and the dollar values, respectively, of the trees in the
population.

Coefficient of Correlation

When dealing with multivariate populations there is often a need to summarize
associations among various quantities measured on the same item. For instance, how
can we summarize the association that may exist between the height of a tree and
the diameter of that tree at 4.5 feet above ground level? How can we summarize the
association or relationship between the number of miles a car is driven per year and
the yearly maintenance cost for the car? One summary measure that is sometimes
used for this purpose is the coefficient of correlation between two variables (also
called the Pearson correlation or the product moment correlation). This measure
of association is denoted by py y (p is the Greek letter tho) when summarizing the

relationship between the variables Y and X. It is defined by

o = YL - )X, - 1y)
Y. X~
‘/ [EI:] (Y, - I"y)z] [2?:1 (X, - Il'x)z]

for a bivariate population {(Y, X)} of N items. Note that (1.5.1) implies oy, X =Py
i.e., the coefficient of correlation between ¥ and X is the same as the coefficient of
correlation between X and Y. It can be shown that Prx is a number between —1 and

(15.1)




18 Chapter 1: Review of Basic Statistical Concepts and Matrices

+1. It is equal to +1 when the population values (Y;, X;) all lie on a straight line
that has a positive slope, and it is equal to —1 when all the population values lie on
a straight line with a negative slope. Figures 1.5.1-1.5.3 are scatterplots of bivariate
populations {(Y, X)} consisting of 500 items, each with a different value of py y.

FIGURE I.50.1
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Observe that a positive value of the coefficient of correlation between Y and X
indicates that, generally speaking, larger values of ¥ are associated with larger values
of X, and smaller values of Y are associated with smaller values of X. Likewise,
when the correlation coefficient is negative, we find that larger values of Y are
associated with smaller values of X, and smaller values of Y are associated with
larger values of X. Notice that a general lack of linear association is indicated when
the magnitude of the correlation coefficient is close to zero. Whereas correlation
coefficients may have useful interpretations for some problems (particularly when Y
and X are approximately linearly related), they may provide no useful interpretation
and, in fact, be a misleading summary quantity in other problems.

In summary, when dealing with a k-variate population, say {(X,...,Xp)},
the basic summary quantities or parameters that are often used are the means,
iy, ..., My, and standard deviations, o, ..., 0y, of the k univariate populations,
along with the (2) k(k — 1)/2 coefficients of correlation, Px X, Px X, -

Px_ X between the k(k — 1)/2 pairs of variables (X, X,), (Xl,X3), .. (Xk_l,Xk).
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FIGURE I.5.1
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Samples and Inferences

As stated earlier, an investigator must first define the study population. Whenever
possible the target population itself should be the study population. If this is not
possible, then the study population should resemble the target population as closely
as possible. After the study population is defined, it is described with a model,
and parameters that are needed in order to make decisions are identified. The next
step is to determine the values of these parameters. Since the population is never
completely known in a real situation, an investigator can never know the parameter
values exactly. A commonly used procedure is to select a subset of the items, referred
to as a sample, from the study population and to use the measurements associated
with these sample items to infer the values of population parameters of interest. If
the sample is selected from the population using one of several random sampling
procedures, then it is possible to assign a measure of uncertainty to the conclusions
derived using such a sample. The process of making inferences about the values of
population parameters based on random samples is called szatistical inference.
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We use the symbols y,, y,, ..., ¥, to denote the n randomly sampled values
from the population {Y}. Note that lowercase letters (i.e., y) are used to denote
sample values, and lowercase n represents the sample size. The values y;, y,, ..., y,
and n are known numbers.

Consider the population in Example 1.3.3(a). An investigator may be interested
in py, the average interest income eamed by the individuals in this population
last year. She can select a random sample of n people, say n = 1,000, from this
population and obtain the amount of interest income earned by each person last year.
From these data, she can make inferences on p. In Example 1.3.3(c) the investigator
may be interested in uy, the average age of people who were diagnosed as having
lung cancer three years ago and are still alive today, or he may be interested in p,
the proportion of persons diagnosed as having lung cancer three years ago who are
less than 25 years old now. He can select a random sample of 75 persons (say) from
this population of persons and obtain the age of each. From these data, he can make
inferences about u, and p. In Example 1.3.3(e) the investigator may be interested in
iy, the average profit for all farms in Jowa and Nebraska, so a random sample of n
farms, say n = 80, can be selected and their profits recorded. From these data, the
investigator can make inferences about .

In each of these cases, the target population and the study population are one and
the same. We now discuss situations where this is not so.

In Example 1.3.3(b), an investigator may be interested in the first-year mainte-
nance costs of the cars in the population. Recall that this population is a conceptual
population since it is a future population. It may be reasonable to use the collection
of first-year maintenance costs of all cars manufactured by company A last year as
the study population. A random sample of » cars, say n = 25, can be obtained from
this study population, and their first-year maintenance costs can be determined by
contacting the owners of the cars in the sample. From these data, the investigator can
make inferences about the study population. If an investigator feels that the study
population resembles the target population sufficiently closely, then he/she can use
the conclusions to make decisions about the target population.

In Example 1.3.3(j) an investigator may be interested in the remaining tread-
depth (in millimeters) of tires after 50,000 miles of driving. Again the target pop-
ulation is a future population. However, no suitable study population is available
because there is no existing information regarding tread-wear for tires manufactured
using the new tread design. So the investigator may decide to select the first 100 tires
manufactured using the new tread design, mount them on different cars that will then
be driven 50,000 miles under conditions similar to those typical customers might ex-
perience, and measure the tread-depth remaining. These are the only data available
to the investigator. If it is reasonable to regard these data as a random sample from
the target population, then we can use these data to make valid statistical inferences
about the target population.

Simple Random Sample

The size n of the sample to be selected is determined by the investigator based on
a careful consideration of costs and the objectives of the study. Samples can be
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selected from the study population using any one of several random sampling pro-
cedures that are discussed in textbooks on sampling methods [32]. A thorough un-
* derstanding of the advantages and disadvantages of the various sampling methods is
required before one of the procedures is selected, and investigators would be wise to
consult a professional statistician for advice. The simplest of all sampling procedures
is one called simple random sampling, and a sample obtained using this procedure is
called a simple random sample. We assume throughout, unless specifically stated
otherwise, that samples are drawn using the simple random sampling procedure. The
definition of a simple random sample follows:

DEFINITIO N SimpleRandomSample
If a population has N elements, there are

N\ Nx®N—-1)x-x{N—n+1)
H= =
n 1x2x---xXn

distinct samples of size n that can be obtained. If each of these H samples has an
equal chance of being selected, then the sample actually obtained is called a simple
random sample of sizen. ®

Three Types of Inference Procedures

There are three general types of statistical inference procedures that are commonly
used. They are

= Point estimation

»  Confidence intervals

= Statistical tests of hypotheses

We discuss these next.

Point Estimation

Suppose 6 is an unknown population parameter (¢ could be uy, oy, 0,3, Py x» €tC.).
A point estimate of 0 is a number computed from sample data, to be used by an
investigator as the value of @ (because 6 is unknown and hence unavailable) in mak-
ing decisions. Estimation procedures for calculating point estimates are useful when
their values are close to the actual values of the unknown population parameters.

Estimates of the Mean and the Standard Deviation of a Univariate Population If
Y1» Y21 --+» ¥, is a simple random sample from a population {¥Y} whose mean
is 4y and whose standard deviation is oy, the commonly used estimates of xy and
oy, denoted by /1, and &y, respectively, are

P
i=1
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and

5 = SSY
Y“"Y@-bp
where SSY is called the corrected sum of squares for Y, and is defined by

(162)

n
SSY = Zj(y.- -5
The estimate of oy is 62, the square of the estimated standard deviation 6. Note
that
SSY = (n — 1)6¢
Estimate of the Coefficient of Correlation py,  in @ Bivariate Population If (y,, x;), ...,

(,,» X,) is a simple random sample from a bivariate population {(Y, X)}, the estimate
of the coefficient of correlation between Y and X that is widely used is given by

p Z,—l (y b / ) (x -X )
Y X =

VI 0= PP T O — B2
Note Throughout this book we use a hat symbol ~ over an unknown parameter to

indicate a point estimate of that unknown parameter. For example, 6y represents a
point estimate of the unknown population parameter oy .

(163)

Unbiased Estimates To assess whether a procedure for estimating a population pa-
rameter is a good procedure, we must investigate the estimates given by the proce-
dure for every sample that could have been obtained. Consider the procedure just
given of using the sample mean for estimating the population mean. If a population
{Y} has N items and if the sample size is n, then there are H = (%) possible samples
of size n, any one of which could have been selected and, under simple random sam-
pling, each of these possible samples has the same probability of being the actual
sample chosen. Conceptually, for each of the H possible samples of size n, we could
compute the sample mean. This would result in H sample means y,, ..., y, some of
which would be close to the population mean and others would not be; some would
be larger than the population mean and others would be smaller, but any one of the
H possible sample means could end up as the mean of the actual sample selected
by the investigator. It can be shown mathematically that the average of all of the
H possible sample means is equal to the population mean. We express this fact by
saying that the sample mean is an unbiased estimate of the population mean. Many
investigators and statisticians consider unbiased estimation procedures desirable.
More generally, suppose we want to estimate a parameter 6 of a population. We
select a random sample of size n from the population and compute an estimate 6
of 6 using the sample values according to some procedure or formula. In principle,
for every possible sample of size n (recall there are H of these), an estimate can be
obtained using the same procedure This would result in H estimates 01, .. OH If
the mean of these H estimates, 8, ..., 8, of 0 is equal to 6, then the procedure



W Chapter 1: Review of Basic Statistical Concepts and Matrices

used to compute these estimates is said to be an unbiased estimation procedure. Of
course, in any given problem we compute only one of these H values of § because
we have only one sample of size n available. If we compute this one value § using
an unbiased estimation procedure, then we say that 6 is an unbiased estimate of 6.

We stated earlier that the sample mean is an unbiased estimate of the population
mean. If the sample size n is very large, then 6, as defined in (1.6.2) is approximately
an unbiased estimate of o7,. For further discussion of the concept of unbiasedness and
other desirable properties of estimators, you should consult books on mathemancal
statistics [15], [19], [25], [31].

To summarize, a point estimate of a parameter 6 is a number 6, obtained from
sample data, that is often used as the value of 8 for making various decisions. In
addition to a point estimate of 6, we would like to have some way to determine how
close § is to the unknown parameter 6. For most applications in this book, confidence
interval procedures provide one way of obtaining such information; this is our next
topic of discussion.

Confidence Intervals

Suppose an investigator is interested in determining the value of some parameter 6
associated with a population under study. As discussed earfier, a point estimate of ¢
gives us a single value that can be used as the value of 6 for making decisions. An
alternative approach to estimating the value of @ is to provide, not a single value,
but a range of values, say an interval of values, and specify how confident we are
that 6 is contained in this interval. Such an interval is called a confidence interval
for 8. This is a reasonable approach because it is often the case that only a range of
possible or plausible values of 0 is needed for making decisions and not its exact
value. -

A two-snded conﬁdence interval for a populanon parameter, say 6.
. .(where 6 could be uy, ay, a%, etc. ),is ‘an interval whose lower end-'_ R
..~ - point, say L, and upper endpoint, say U, are computed from sample = ..
" data. The procedure for computing the confidence interval has the .'
- property that the probability of the resulting interval actually con- - -{1.64) -
~* taining @ is a prescribed value 1 — o, which is referred to as the .- . . .-
- confidence coefficient or the confidence level associated with the -
", computed confidence interval. We say we are 100(1 — a)% conﬁdent T
: 'thatL<9<UandwewnteC[L<9<U]..1- ' '

As an illustration, suppose the computations lead to the statement C[3.86 < 6 <
6.12] = 0.80. Then an investigator has 80% confidence that the interval 3.86 to 6.12
contains 6; i.e., we have 80% confidence that 8, the unknown population parameter,
is between 3.86 and 6.12.

The confidence level 1 — a is selected by the investigator. Values of « that are
typically used are 0.01, 0.05, and 0.10, with corresponding confidence levels 1 — ¢
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of 0.99, 0.95, and 0.90. The correct value of « to select will depend on the particular
problem under consideration, and it need not be restricted to one of the values 0.99,
0.95, 0.90, etc. It may be the case that 1 — a = 0.80 or 0.85 is appropriate for a
particular problem. The value of & (and of 1 — &) must, of course, lie in the interval
fromOto 1.

The Meaning of a 1 — « Confidence Interval

The meaning of a 1 — & confidence interval for an unknown population parameter
6, computed using a simple random sample of size n from a population of N items,
is as follows:

There are H = (I,Y ) possible samples of size n that could be selected
from the population. Conceptually, every possible sample of size n
could be selected from the population, and a confidence interval for 6
could be computed from each sample; there would be H confidence
intervals. The proportion of these H intervals that would include the
unknown parameter 9 is equal to 1 — a. Of course in a real problem (165)
an investigator selects only one sample of size n and computes only
one confidence interval for 6. Our level of confidence can be quanti-
fied by the number 1 — e because it is known that a 1 — & proportion
of all H possible intervals would include the true unknown value of
the parameter 6.

Equal-Tailed Conﬁdencé Intervals and One-sided Confidence Bounds

In (1.6.5) the proportion of the H confidence intervals that will fail to contain 6
is a. Suppose that in half of these cases the actual value of @ is greater than the
corresponding computed upper endpoint U and that in the other half of these cases
@ is smaller than the corresponding computed lower endpoint L. Then the confi-
dence interval procedure is said to be equal-tailed. Nearly all of the confidence
interval procedures discussed in this book are equal-tailed. In this case a two-sided
confidence statement

CIL<0<Ul=1-a
has the following additional interpretations.

= If we know before looking at the data that only an upper bound for
0 is needed for making decisions, then we can be 100(1 — «/2)%
confident that @ is less than or equal to U. We will write this
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as C[# < U] = 1 — /2 and say that U is an upper confidence
bound for 8 with confidence coefficient equal to 1 — e/2." - -

= If we know before looking at the data that only a lower bound for
6 is needed for making decisions, then we can be 100(1 — a/2)% -
confident that @ is greater than or equal to L. We write this as = (15.6)
C[L <68] =1 — /2 and say that L is a lower confidence bound . :
for 8 with confidence coefficient equal to 1 — a/2.

Note If, before looking at the data, we do not know whether the
upper bound or the lower bound for @ is needed for making decisions,
but after computing the two-sided 1 —« (equal-tailed) confidence
interval and looking at L and U we dcc1de to use only L or only
U to make a decision, then the appropriate confidence coefficient
associated with the decisionis 1 —~oandnot | —@/2." © B

Symmetric Confidence Intervals_

In most applications discussed in this book (important exceptions are confidence
intervals for standard deviations, variances, and correlation coefficients), a two-sided
confidence interval for the unknown parameter 6 will be symmetric about the best
point estimate 6 of 0; i.e., the values L and U will be of the form L = 6 — D and
U =0 +D, where § and D (and hence L and U) are computed from the data, and

= (U — L)/2. In these cases the following is a useful way to view a two-sided
confidence interval associated with the point estimate &:

Iféisa point estimate of @ and L< 8 <U is a 1 ~-a two-snded

confidence interval for 6 that is symmetric about 6, then we have (16.7)
100(1 — )% confidence that § i is within D = (U — L)/2 units of the .. '
true unknown value 8. ' : .

For example, a useful alternative way to describe the confidence statement
C[3.86 < 6 < 6.12] = 0.80, symmetric about a point estimate 6 of 6, is to say we
have 80% confidence that 6 is within (6.12 — 3.86) /2 = 1.13 units of 6.

Note Some authors use the symbol P instead of C; for example, some authors
write P[6 < 9.67] = 0.80 and say that the probability is 80% that @ is less than or
equal to 9.67. This is an incorrect use of the word probability because the statement
6 < 9.67 is either true or false and hence P[8 < 9.67] is either 0 or 1 (we do not
know which), but it is certainly not equal to 0.80. To avoid this incorrect usage of
the term probability, we use the symbol C instead of P and say confidence instead
of probability where the word confidence has the meaning given in (1.6.5).
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For many, and in fact most, applications in this book, a l — «a confidence interval
is of the form

6 — table-value x SE(6) <0 < + table-value x SE(9) (168)

where SE(6) denotes the standard error of 6, which is a measure of how precisely 6
estimates 6. The detailed meaning of SE (9) is as follows:

Suppose the population under study has N items, and a simple ran-
dom sample of size n is selected. The total number of different pos-
sible samples of size n is denoted by H, which equals (). Con-
ceptually, each possible sample of size # could be selected from the

pulation, and both an estimate 6 of 6 and the error of estimation
6 — 6 could be computed from each sample. The standard deviation (169}
of the collection {9 6} of estimation errors, which we may write as
SD( — 0), tells us how good the estimation procedure is for estimat-
ing 6. Calculation of SD(9 — 6) requires that the entire population
of numbers be available. However, a valid estimate of SD(G —0) can
often be computed from sample data; it is denoted by SE ©é—6),o0r
simply by SE(O) for ease of notation, and it is called the standard
error of 0.

Authors’ Recommendation

‘When the coﬁﬁdence interval for an unknown parameter 6 is of the form given
in (1.6.8), the investigator should be given the following:

1 The point estimate 8 of 6.
2 The standard error of 8, viz., SE (é).
3 The degrees of freedom (df) associated with SE(6).

With this information the investigator can easily compute confidence intervals
for 6 with any confidence coefficient 1 — & as needed.

We now illustrate the procedures for computing point estimates and confidence
intervals.

ExamMpPLE B

Company A manufactures compact cars whose gas mileages Y (in miles per gallon)
form a Gaussian population with mean uy and standard deviation oy, both of which
are unknown. The manager of a car rental company is interested in purchasing a
large fieet of these cars from company A next year. In order to adhere to company
policy, she will do so only if she is reasonably confident that the average gas mileage
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of all cars of this type, to be manufactured by company A next year, will be at least
25 miles per gallon when driven over a test route. Thus the target population of
numbers is the collection of gas mileages of all cars of this type manufactured by
company A next year. This population is unavailable for study now, so the manager
decides to study the population of gas mileages of all cars of the type required,
manufactured by company A last year, because she feels that the study population
resembles the target population for all practical purposes. So she obtains a simple
random sample of 10 cars manufactured by company A last year and determines
their gas mileages. The data are shown in Table 1.6.1 and are also given in the file
tablelé61.dat on the data disk.

Only one-sided lower confidence bounds are of interest in this problem. The
manager wants a 90% lower confidence bound for 1y, and she will buy the fleet of
cars from company A only if the lower bound exceeds 25. The required lower bound
can be obtained from a two-sided 80% confidence interval as explained in (1.6.6).
We first compute the following quantities:

fiy = = 25.302

10
SSY = (v, — 5)* = 3.67796
i=1
&y = 0.63927
SE(fiy) = Gy /+/n = 0.63927/+/10 = 0.20215

A two-sided 80% confidence statement for uy (using 7,_, /2n-1 = lo.90:9 = 1.383
obtained from Table T-2 in the appendix) is

Clity — t00.0SE(fy) < py < iy +15,909SE(iiy)]
= C[25.02 < py < 25.58] = 0.80

Thus the required one-sided 90% lower confidence bound for py is 25.02. Observe
that the lower endpoint of 25.02 in the two-sided 80% confidence statement can in
fact be used as a one-sided 90% lower confidence bound since we knew without
looking at the data that it is the lower bound that is needed to make a decision. Thus
the manager can be 90% confident that the average gas mileage for cars manufac-
tured last year by company A is greater than or equal to 25.02 mpg. To extrapolate
this result to cars that will be manufactured next year by company A is a judgment
decision.

Note In this book, when we demonstrate computations, we may carry several sig-
nificant digits for all intermediate calculations and report the final results to more

TABLE I.0.1

Car number

Gas mileage
(mpg)

25.72] 2524 25.19| 25.88{ 26.42| 24.48| 25.11| 24.29| 25.06] 25.63
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significant digits than is perhaps necessary. In actual applications we advise that the
Jfinal results be rounded to an appropriate number of significant digits. =

Prediction Intervals

In many problems the interest is not in estimating the mean u;, of a population {Y}
but in predicting the Y value of an item that is yet to be chosen from the population.
We denote this value by Y, and call it a future value to be randomly chosen from
the population {Y}. For instance, consider Example 1.6.1 and suppose you plan to
purchase a new car to be made by manufacturer A. You would like to know what
you can expect your maintenance cost to be the first year after you purchase it. Thus
a future observation ¥, is to be randomly chosen from a population {Y}, and you
want to predict its value now.

Suppose y;, ¥,, - - » ¥, is a simple random sample of size 7 from this population.
The predicted value of Y, using these sample data is y, the sample mean. Suppose
you also want to obtain an interval, say L < ¥, < U, such that you are 95% confident
this interval will contain the value ¥, that will be selected from the population.
It may be tempting to use a 95% confidence interval for uy, the mean first-year
maintenance cost of all cars in the population, as the required interval for Y,,. This
is incorrect. Whereas we can have 95% confidence that the interval for u) will in
fact contain py, our confidence will be lower than 95% that the interval for u,, will
contain the future value ¥, because individual values in the population can be, and
generally are, different from the population mean. To account for this fact, a 95%
confidence interval for a future value Y, has to be wider than a 95% confidence
interval for . This interval for Yy is called a95% prediction interval and is given
by (1.6. 8) with @ replaced by Y, and é replaced by Yo =3y. Also SE@) is replaced
by SE(YO) a1+ /n ). Thus a 1 — & confidence statement for Y, is

We generally distinguish between a prediction interval and a confidence interval
because a confidence interval is for a fixed unknown parameter in a population,
and a prediction interval is for a future observation to be randomly selected from a
population.

The Meaning of a 1 — « Prediction Interval

The meaning of a 1 — & prediction interval for ¥, a future random observation to
be selected from a population {Y}, computed using a simple random sample of size
n from a population of N items, is as follows:

Choose a simple random sample of size n and use this to compute a
1 — o two-sided prediction interval for a single future observation.
This prediction interval may or may not contain the future observa-
tion. Repeat this procedure over and over where each time a new
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~ simple random sample of size 7 is selected and a prediction inter- (1.6.11)
val is computed for a new future observation. Then in the long run,

100(1 — a)% of all the prediction intervals will include the corre-

. sponding future observation. Our level of confidence that this interval

- will include the single future observation can be quantified by the

number 1 — a.

ExampLE 101
Consider Example 1.6.1 and suppose that you are planning to purchase a new car
to be made by company A next year. You want to predict what the miles per gallon
(mpg) will be for the car you will buy. You also want an interval for the miles
per gallon this car will get so you can have 80% confidence that your interval is
correct. The gas mileage for the car you will buy is a future random observation
obtained from the population of gas mileages of all cars that will be-manufactured
by company A next year. If we believe that the study population (last year’s cars)
closely resembles the target population (next year’s cars), we can use last year’s data
for inference.

From Example 1.6.1 we get jt, =¥ = 25.302 and 6y = 0.63927. Thus 170 =
25.302 and SE(?O) = 0.63927./1 + (1/10) = 0.670. Hence we get

C[24.37 < Y, <26.23] = 0.80

and you have 80% confidence that the new car you will purchase will get between
24.37 and 26.23 miles per gallon of gasoline. = :

For convenience, in Table 1.6.2 we have summarized the procedures for comput-
ing confidence intervals for the mean (1, and the standard deviation oy, of a Gaussian
population. In the same table we also describe the procedure for obtaining a confi-
dence interval (prediction interval) for a randomly chosen value Y, from a Gaussian
population.

Statistical Tests of Hypotheses

Often an investigator conjectures that a parameter 8 of a population is equal to, less
than, or greater than a specified value g. Statistical tests, performed using sample
data, are often used to help decide whether or not the data provide evidence against
the conjecture. The investigator formulates an appropriate pair of hypotheses, one
of which is designated as the null hypothesis (NH) and the other as the alternative
hypothesis (AH), and a statistical test is used to determine what evidence the sample
data can provide against NH in favor of AH.
A statistical test typically consists of the four steps below.

1 For a population parameter of interest, say 8, and for a specified value g, we
suppose that an investigator is interested in one of the three pairs of hypotheses
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TABLE |.0.2
Point Estimates and Confidence Intervals for pty, oy, and Y, in a One-Variable Gaussian Population

o1 )
Notation: y = ; Z i SSY = Z 0’.' _ y)2

Inference Fermulas and Procedures
Point estimate Ay=3
of uy,oy Gy =J/S5Y/(n—1)
Two-sided ﬁY - tl—a/Z:n—lSE(ﬁY) = hy = ﬁ'Y + tl-—a/2:n—lSE(ﬁ'Y)
1 — « confidence where
intervals for uy - &
SE(fiy) = =
Two-sided
1 ~ a confidence SSY < gy < SSY
intervals for o Xi-a/2:n-1 Xay2:n—1
Two-sided
1 — « confidence N . 1 N N 1
intervals for ¥, by = ‘l—a/2:n—la}'\/ 1+ 7= Yo<py+ ’1—«/2:;.-1"1!\/ 1+ n
(a)—(c) in Table 1.6.3 and wants to determine what evidence the data provide
against NH in favor of AH.

2 A random sample of size n is selected from the study population and an appro-
priate number, say O, called the test statistic, is computed using the sample
data (the subscript C in Q. stands for computed value).

3 This number Q. is referred to an appropriate table of percentiles of a theoretical

distribution, known as the reference distribution, and a number P is determined
such that if the NH is indeed true, then the probability of obtaining a value of
Qc. as unfavorable as or more unfavorable than the value actually obtained,
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tTaBLE I.G.3

NH AH

@ | 0=q 6#q
®) | 6<q - 6>q
© 02q 0<gq

is equal to P. This number P is called the significance probability or the P-
value associated with the test of NH versus AH. Since P is a probability, it is
a number between 0 and 1. The value of P is a measure of the evidence that
the data provide against NH in favor of AH. Small values of P indicate that
the data provide evidence against the null hypothesis in favor of the alternative

- hypothesis, whereas large values of P imply that the data do not provide evidence
against the null hypothesis (note that large values of P do not necessarily imply
that the data provide evidence in support of the null hypothesis).

Note Computation of exact P-values usually requires detailed statistical tables

for the ¢-distribution, the xz-distribution, the F-distribution, etc. Such detailed

tables are not easily available, but statistical packages such as MINITAB and

SAS may be used to obtain exact P-values in most situations. Alternatively,

approximate P-values may be computed by suitably interpolating table values.

Appendix T has tables that can be used to obtain bounds for P-values, and these
- are generally adequate.

4 The investigator decides, based on a detailed knowledge of the problem, what
values of P are to be considered small. It seems to be common practice among
many investigators to arbitrarily select a number « (called the size of the test)
equal to 0.05 or 0.01 and to consider the value of P to be small if it is less than
a. The investigator would then reject NH if P < a and would not reject NH
if P > a. If this procedure is followed by the investigator, then the probability
of rejecting NH when NH is in fact true is guaranteed to be no greater than «.
However, the probability of rejecting NH when it is actually false can generally
not be determined without further computations.

EXAMPLE |.b.1]

For an illustration consider Example 1.2.1. Suppose the company is interested in
building a store in city A only if the average annual income per family is greater
than $20,000. Here 6 = My, the average annual income per family in city A, and
q = $20,000. The null hypothesis and the alternative hypothesis that are appropriate
for this problem are '

NH: uy < 20,000
AH: puy > 20,000
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If the investigator chooses a = .05, then the probability of rejecting NH (and decid-
ing py > 20,000) when g1y, is indeed less than or equal to $20,000 is at most 5%. By
choosing the value of & appropriately and using a statistical test, the investigator can
control the probability of incorrectly deciding to build a store if the average annual
income is too low (i.e., the probability of rejecting NH if NH is indeed true).

However, it should be pointed out that the probability of the company deciding
to build a store when in fact the average annual income is greater than $20,000
may be unacceptably small unless the sample is sufficiently large. This probability
is determined by computing the power of the test. =

The test statistic to compute and the appropriate table to consult for various sta-
tistical testing situations have been determined by mathematical theory, and they are
described as appropriate. In particular, Boxes 1.6.1 and 1.6.2 summarize statistical
tests for the mean uy and the standard deviation oy, respectively, of a univariate
Gaussian population.

Hypothesis Tests for 12
Let g be a number specified by the investigator. Compute the statistic
o= Pr=9
€™ Gyl

a For testing NH: py = q versus AH: uy # g, the P-value is the value of a
such that |tcl = 1y _g 9.y

b For testing NH: py < g versus AH: py > ¢, the P-value is the value of
suchthatt, =#; ., ;. .

¢ For testing NH: iy > g versus AH: py < g, the P-value is the value of «
such that - =1;_,., ;-

Hypothesis tests for o
Let g be a positive number specified by the investigator. Compute the statistic
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a For testmg NH aY = g versus AH: o, ;é g, the P-value is equal to «, where
« is a number between 0 and 1 and satisfies one of the following two condi-
tions (it is not possible for both conditions to be satisfied unless @ = 1):

2 __ 2.
XC = X1Za/2:n—1

or

2 2
XC = Xaj2:n—1
b For testmg NH: O’Y < g versus AH: oy > g, the P- value is the value of o
such that XC = xl :

—an—1

¢ For testmg NH: 9 2 > g versus AH: oy < g, the P-value is the value of o
' such that Xc = xa o1

Relationship Between Tests and Confidence Intervals There is a relationship between
size o tests about € and 1 — & equal-tailed confidence intervals for 8, and it is as
follows.

1 Suppose we want a size o test of NH: 6§ = g against AH: @ # q. Then NH is
rejected if and only if the two-sided 1 — & confidence interval for & does not
contain q.

.2 Suppose we want a size a test of NH: 8 < g against AH: @ >'q. Then NH is
rejected if and only if g is less than the one-sided 1 — o lower confidence bound
L. Recall that this lower confidence bound L is actually the lower endpoint of the
1 — 2« two-sided (equal-tailed) confidence interval for 6.

3 Suppose we want a size ¢ test of NH: 8 > g against AH: 6 < ¢. Then NH is
rejected if and only if g is greater than the 1 — o one-sided upper confidence
bound U. Recall that this upper bound U is actually the upper endpoint of the
1 — 2a two-sided (equal-tailed) confidence interval for 6.

Note From a 1 — « confidence interval (if it exists), we can obtain the result of a
statistical test of size ., but from the result of a statistical test we cannot obtain the
corresponding confidence interval.

For example, suppose we want to test (with @ = 0.05) NH: py = 6.0 against
AH: py # 6.0 by using a random sample from a Gaussian population with unknown
mean (i and unknown standard deviation oy. If a 1 — a = 0.95 confidence intervat
for uy is 13.1 < uy < 18.9, then NH is rejected because 6.0 is not contained in this
interval. On the other hand, suppose the 1 — & = 0.95 confidence interval for uy is
3.5 < puy < 10.7; then NH is not rejected because 6.0 is in this interval.
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Authors’ Recommendation

We recommend that traditional statistical tests of hypotheses for a parameter,
say @ (where one rejects or does not reject NH), never be used if a confidence
interval for 0 is available because confidence intervals are always more informa-
tive than tests, and tests alone (without the accompanying confidence intervals)
can be misleading. Since tests are taught and widely used by investigators, we
discuss them in this book, but as a general rule we advise against their indiscrim-
inate use.

‘We now illustrate the procedures just discussed for testing statistical hypotheses.

ExampLE LG4

Consider Example 1.6.1 where the manager of a car rental company is interested in
purchasing a large fleet of cars from company A if it can be determined that uy,
the average miles per gallon of all automobiles of this type, is at least 25 when the
cars are driven over a specified test route. If the manager uses a statistical test to
determine this, the appropriate NH and AH are

NH: py, <25
AH: py,>25
You may want to refer to Box 1.6.1 for details of the calculations. We obtain
25.302 - 25
= ——— = 1494
‘e = 020215 g

From Table T-2 in the appendix we find that the P-value corresponding to this value
of 1 is between 0.05 and 0.10. Linear interpolation gives a P-value equal to 0.0877.
The P-value obtained from the statistical computing package MINITAB is equal to
0.085 (rounded to 3 decimals).

Suppose the manager chooses & = 0.10; i.e., the manager decides to reject NH
if P < 0.10 (which would correspond to a confidence level of 1 — a = 0.90 for the
lower confidence bound). Then she would reject NH, and decide that the data provide
enough evidence to conclude that the gas mileage will exceed 25 mpg. Observe that
the significance probability gives us more information than the result of a test using
a fixed prechosen value of a. It tells us that NH will be rejected for any value of
a greater than 0.0847, but NH will not be rejected for any value of « less than or
equal to 0.0847. Notice, however, that much more information is obtained from the
two-sided 80% confidence interval for py. It actually tells us what the value of py
is likely to be. In particular, we recall from Example 1.6.1 that the two-sided 80%
confidence interval for py, is given by the confidence statement

CI25.02 < py < 25.58] = 0.80

On the basis of this confidence interval, the manager may conclude that uy, is close
enough to 25 to be considered to be equal to 25 mpg for all practical purposes. =
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Simultaneous Tests (Tests about Several Parameters)
and Simultaneous Confidence Intervals (Confidence Intervals
for Several Parameters)

We have discussed how to test a hypothesis about a single parameter 8, how to obtain
a confidence interval for a single parameter 4, and we have discussed the relationship
between tests and confidence intervals. Researchers often conduct investigations
where several parameters 6,, ..., 6, are involved, and they want to examine the
relationships among them. We illustrate with two examples.

ExAaMprLE LB

A company has developed four new chemicals, any one of which can be added
to cement in an attempt to increase the strength of cement building blocks. An
experiment is conducted to examine the differences among the average strengths,
say py, My, 3, g, Of the cement blocks made with each of the four chemicals;
i.e., an experiment is conducted to examine the differences

My — Uy By — Rz, Uy — Wy, Uy — U3y Mo — My, B3 — My

To determine if the average strengths of cement blocks made with the four chemicals
are different, many practitioners would conduct a statistical test of

NH:p; =p,=pn; =p, against AH: atleast one equality does not hold
: {(1.6.12)

ExAaMPLE .56

An experiment is conducted to determine how different water temperatures, at which
a new fabric is laundered, affect the strength of the fabric after 100 launderings.
Three different water temperatures, 100° C, 140° C, and 180° C, were used, and five
different pieces of the fabric were laundered at each of these three temperatures (a
total of 5 x 3 = 15 different pieces of the fabric were used altogether). After the
launderings, the strength of each piece of the fabric was measured. The investigator
wants to examine the differences among the average strengths of the various pieces
of the fabric laundered at different temperatures. To do this, it is common practice to
conduct a statistical test of

NH:pu, =u, =p; against AH: atleast one equality fails (1.6.13)

where p,, u,, and p4 are the average strengths of the fabric after being laundered
100 times in water at 100° C, 140° C, and 180° C, respectively. =
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Simultaneous Tests

Suppose 6, ..., 6, are m parameters of interest and that a researcher conjectures
that the equalities 6, = q,, ..., 6,, = q,, are all true (¢, .. ., q,,, are specified num-
bers). This is often expressed by a null hypothesis of the form

Ioz_qzl
O =4y

The alternative hypothesis AH states that at least one of the equalities in NH is false.
A statistical testing procedure will help decide whether or not the NH should be
rejected in favor of AH at a specified level . Such a testing procedure is called a
simultaneous test if m > 2.

In Example 1.6.5 let 0, = p; — u,, 0, = p; — py, and 63 = p; — p,. The null
hypothesis in (1.6.12) can be expressed as

8, =0

The alternative hypothesis states that at least one of ,, 6,, 6; is nonzero. Hence
the corresponding statistical test is a simultaneous test (i.e., several hypotheses are
tested simultaneously).

In Example 1.6.6 let 6, = pu; — p, and 6, = p, — p5. The NH in (1.6.13) can

be expressed as

NH: l 6,=0 ]
The alternative hypothesis states that at least one of 6, and 6, is nonzero. Again this
leads to a simultaneous statistical test.

We have recommended that tests about a single parameter 6 not be used without
the accompanying confidence interval for 9 (if it is available). The same recommen-
dation applies for simultaneous tests about several parameters 8,, ..., 6,,. However,
when m > 2, there are two types of confidence intervals that can be used: (1) one-
at-a-time confidence intervals and (2) simultaneous confidence intervals. We discuss
these next.

One-at-a-Time Confidence Intervals

For one-at-a-time confidence intervals with confidence coefficient 1 — &, we com-
pute confidence intervals for each parameter 8, and for any one of the statements
below,

156, =0,
L,<6,=0,
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Lmsemsvm

weé have 1 — o confidence that it is correct. However, we do not have 1 — « confi-
dence (in fact, in most situations we would have less than 1 — a confidence) that all
preceding m statements are simultaneously correct.

Simultaneous Confidence Intervals

For simultaneous confidence intervals with confidence coefficient 1 — a, we com-
pute confidence intervals for each 6; such that we have 1 — & confidence that all of
the confidence intervals below are simultaneously correct.

Lt<6,<U;
L<6,<U;

L, <6, <U,

The difference between the interpretation of one-at-a-time confidence statements
and simultaneous confidence statements is made clear by the following example.

ExavmpLE 1G]

Consider a group of 100 students of whom 80 are females and 20 are males. It is
known that 70 of the females and 10 of the males are math majors. Suppose a student
is to be randomly selected from this group. We are 80% confident that the chosen
student will be a female (because 80 of the 100 students are females). We are also
80% confident that the chosen student will be a math major (because 80 of the 100
students are math majors). However, we cannot be 80% confident that the chosen
student will be, simultaneously, a female and a math major! In fact we can be only
70% confident that the chosen student is a female math major (because 70 of the 100
students are female math majors).

In the same way, we may have 1 — « confidence in the statement L; < 6, < U,
and also have 1 — & confidence in the statement L, < 6, < U,, but this does not
imply that we have 1 — & confidence in the simultaneous statement L; < 6, < U,
and L, < 6, < U,. Such simultaneous confidence statements can, however, be made
if appropriate table-values and computational procedures are used. =
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Authors’ Recommendation

For each problem, the investigator must decide which type of confidence inter-
val (one-at-a-time or simultaneous) to use. We recommend that simultaneous
confidence intervals be used only in situations when an investigator must make
a decision that depends on knowing all of the values 6; simultaneously, with a
specified level of confidence. That is, an investigator wants to have 1 — a con-
fidence that a decision is correct and, for the decision to be correct, all of the
confidence intervals, L; <6, < U,;, i=1,..., m, must be simultaneously cor-
rect. Thus the investigator wants to have 1 — a confidence that all m intervals are
correct.

We illustrate with an example.

ExampLE 0.8

To be in compliance with environmental regulations, the manager of a coal-fired
power-generating plant makes periodic measurements of emissions from the
smokestacks. Using these measurements, she can estimate u;, for i=1,2,3,4,
the average weekly emissions of four different toxic components. These estimates
are used to determine whether the plant is in compliance with the regulations. The
manager computes upper confidence bounds

and she wants to be 99% confident that all four of the preceding statements are
simultaneously correct. If the value of each U; is less than the value required by
the environmental regulations, she would perhaps conclude that the plant is in com-
pliance. Here, the correctness of the overall decision dépends on all of the four
confidence statements being simultaneously correct. Thus simultaneous confidence
statements are needed. =

For many of the problems that we discuss, the formula for confidence intervals
for6,,6,,...,6,, is given by (this formula does not apply to confidence intervals on
standard deviations, variances, and correlation coefficients):

6; — table-value x SE(f) < 6; <, + table-value x SE@J) for i=1,...,m

and the table-value determines whether these m confidence intervals are one-at-a-
time or simultaneous. Also, there are several different methods for obtaining simul-
taneous confidence intervals, each one requiring a different table-value. Which one
of these to use depends on the particular problem being studied. We give you the
appropriate table-values to use for each situation required in this book.

There is, however, one general method for obtaining simultaneous confidence
statements that is easy to apply. This is called the Bonferroni method, which is
explained in Box 1.6.3.
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Bonferrom Method for Slmultaneous Conﬁdence Statemenls - h

. _Suppose m one—at—a-ume confidence intervals are computed each thh a conﬁ- o
© . .dence coefﬁcxent equal tol~— (cx /m) leadmg to the followmg conﬁdence state- .
. -.ments. S . . it L )

cty i'?l 5'”.1]=_11_‘_;_ o
Ol =6 sUpl=1-~

ClL,, < 9 <U ]_1—__'-._'-
. m

Then the followmg 31multane0us conﬁdence statement 1s vahd
{L1<91<U1' '
L2<92<U2
c |21-a

L, <6,<0,]
Example 1.6.9 illustrates the use of the Bonferroni method.

ExampLE 16 |
Consider the situation described in Example 1.6.1. Suppose we wish to compute a
simultaneous 90% two-sided confidence statement for 1, and oy of the form

L <py sV

o and >0.90

L,<oy<U,
Since we want to make wo statements with simultaneous confidence coefficient
greater than or equal to 0.90, we have m = 2 and a = 0.10. According to the Bon-
ferroni method, we must compute a confidence interval for uy with confidence
coefficient 1 — o¢/m = 0.95 and a confidence interval for oy with confidence co-
efficient 1 — a/m = 0.95. Then the simultaneous confidence coefficient is at least
1 — a =0.90. You should verify the following confidence interval calculations.

A two-sided 95% confidence statement for 11, can be computed using the for-

mula given in Table 1.6.2. For this we need the table value £, o;5.9, which can be

'~ obtained from Table T-2 i in the appendix and is equal to 2.262. The required confi-

dence statement is

Clity — to.975:95E(@y) < Ry < fy + 10 975:0SE(fiy)]
= C[25.302 — (2.262)(0.20215) < uy < 25.302 + (2.262)(0.20215)]
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= C[24.845 < py < 25.759]1 = 0.95

A two-snded 95% confidence statement for oy, using the table-values xo 0259 =
2.699 and Xo 975:9 = 19.031 (obtained from Table T-3 in the appendix) in the for-
mula given in Table 1.6.2, is

[ / SSY ssy
Xo9759
_c /3678 /367
19.023 =Y =Y 3700

= ([0.4397 < oy <1.1674] = 0.95

Hence the following simultaneous confidence statement is valid.
24.845 < py < 25.759
C and >090 =
0.4397 < oy < 1.1674

Just as there is a relationship between tests and confidence intervals in the case
of single parameters, there is also a relationship between simultaneous tests and
simultaneous confidence intervals when several parameters are of interest. This
relationship is often somewhat complex, and interested readers should consult more
advanced books for details [11].

Note From time to time we present conversations between a professional statisti- .
cian and an investigator who routinely uses statistical methods to interpret results of
experiments. This is intended to emphasize and clarify various topics that are dis-
cussed and to show how some of the statistical procedures can be applied to practical
problems.

Conversation 1.6

Investigator:

Statistician:

Investigator:

I am a professional statistician with a Ph.D. in statistics. One day I received a
telephone call from a person, whom 1 call the investigator, who wanted to discuss
some statistical problems. We set up an appointment and the investigator visited me
the following day. Following is an excerpt from our conversation.

Good morning, I am an investigator, and I'd like to ask you some questions about
statistics.

Okay, but first give me some information about your background in statistics, and
tell me about the company that employs you.

The company I work for makes and sells agricultural products, plastics, soap, over-
the-counter medications, canned fruits and vegetables, cosmetics, greeting cards,
and many other products. We have a large research and development group and 1



Statistician:

Investigator:

Statistician:

lnvesﬁgator:

Statistician:
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work in this group. I have a bachelor’s degree in computing science, and I have had
three courses in statistics—a course in statistical methods, a course in regression,
and a course in statistical computer packages. :

How can I help you?

Our agricultural research division has developed a new commercial fertilizer and has
conducted a large experiment to determine whether or not the average yield per acre
of corn is greater when using the new fertilizer than when using the old fertilizer.
The experiment was conducted in five different locations so that we could examine
different climatic conditions and soil types. For each location a statistical test of

NH:6 =0 against AH:0 #0
was conducted with ¢ = .05, where

0 = told — Bnew
is the difference between the average yields of corn in bushels per acre when the two
fertilizers, old and new, are used. Here are the results in table form. Will you please
examine the entries and see if the computations and conclusions for each location
are correct? '

Decision
Location P-value {Using & = 0.05)

0.0474 Reject6 =0
0.0066 Reject6 =0
0.0003 Reject8 =0

0.1280 Do not reject 6 =0
0.0772 Do not reject & =0

W oh W=

Your calculations are correct, but your conclusions would be much more informative
if you used 95% confidence intervals instead of 5% tests.

‘What do you mean?

A statistical test should never (I repeat, never) be used alone when a confidence
interval can be computed, because a confidence interval is always more informative
than a statistical test. I can illustrate by using your data and computing a 95%
confidence interval for 8 for each location. I’ll organize the results in a table for each
location along with your decision based on a statistical test.
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Statistician:
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Location Your Decision 85% Confidence
Based on a Test Interval
1 Reject 8 =0 006 < 0 < 16.67
2 Reject 6 =0 1005 < 6 < 33.19
3 Rejectd =0 0.101 <9 < 0.114
4 Do not reject § =0 —0034 <0 < 0021
5 Do not reject 0 =0 —009 <@ < 856

Note The data in this conversation are artificial so that we can make our point in
a dramatic fashion. However, results such as these are not uncommon in applied
problems. .

A test tells you only whether or not you should reject the null hypothesis that
6 = 0. In other words, a test tells you what the value of 8 is not, but a confidence
interval tells you what the plausible values of 8 are. And if you know, with a specified
confidence (95% in this case), what the plausible values for @ are, then you can make
practical decisions based on this knowledge.

For example, for locations 1, 2, and 3, the test indicates that you should reject
NH : 8 = 0 in each case, but the confidence interval yields the following results. (1)
For location 1, farmers who must decide whether or not to use the new fertilizer
might conclude that the results are not definitive enough to make a decision, because
if @ = 0.06 bu/acre, then the farmer would surely conclude that @ is so small as to
be considered negligible in a practical sense. However, if 8 = 16.67 bu/acre, then
the farmer would surely conclude that @ is not zero and the old fertilizer is better.
Since we have 95% confidence that # is somewhere between 0.06 and 16.67, we
need more data to make a definite decision. (2) For location 2, you would surely
reject NH that 6 = 0 and conclude that & # 0 because we have 95% confidence that
10.05 < 6 < 33.19 bu/acre. (3) For location 3, you would undoubtedly decide that
6 is so small that it can be considered negligible for all practical purposes, and it
wouldn’t make any difference which fertilizer was used.

On the other hand, for locations 4 and 5, the test indicates that NH shouldn’t
be rejected. But for location 4, you would surely accept NH that § = 0 because we
have 95% confidence that 8 is so small as to be practically no different from zero for
this problem. And finally, for location 5, we see that you don’t have enough data to
make a definite decision. Thus you can readily see that a confidence interval gives
information that a test does not. If, in fact, the only result of this investigation you
were allowed to see was either the conclusion of the tests of size & = .05 or the 95%
confidence intervals, which would you prefer?

I think I see youf point. I would definitely choose to see the confidence intervals.
It is always true that if the result of an « level test of NH : 8 = g is “do not reject,”

this implies that the corresponding 1 — a confidence interval for 6 will contain the
value g specified by NH, which is zero in your problem.
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I remember studying that. And I remember that when the result of an « level test
of NH : 8 = g is to “reject,” then the corresponding 1 — & confidence interval won’t
contain the value g specified by NH. Is this correct?

Yes it is. So you can easily see that confidence intervals give all the information that
tests do plus a great deal more.

I also remember my statistics instructor telling us that if the result of a test is to not
reject NH, this doesn’t mean that one can accept NH.

That’s true. But as you can see from the calculations for locations 4 and 5, even
if the result of a test is “do not reject NH,” when you examine the corresponding
confidence interval the practical result could be (a) accept NH for all practical pur-
poses or (b) there are not enough data to make a decision. Thus a confidence interval
in these cases gives considerably more information about the population parameter
than a test does. '

I understand—the test says “reject NH,” yet when the corresponding' confidence
interval is examined, the practical result could be (a) reject NH, (b) accept NH, or
(c) there aren’t enough data to make a definite decision. Similarily, when the test says
“do not reject NH,” the corresponding confidence interval may indicate (a) accept
NH or (b) there aren’t enough data to make a definite decision. Is that correct?

That’s correct.

I see what you are saying, but scientists are constantly formulating scientific hy-
potheses and they want to determine whether they are correct or incorrect. How can
I tell them not to test hypotheses?

I am not telling you that scientists should not formulate and test scientific hypothe-
ses. But what I am telling you is that, whenever possible, they should use confidence
intervals rather than statistical tests to evaluate scientific hypotheses, particularly
when a hypothesis concerns a well-defined population parameter.

I do have a question about your table. What exactly do you nigan by the statement
“not enough data” in locations 1 and 5?

By “not enough data” I mean that the confidence interval is too wide to make a
definitive statement about the value of the parameter under study, which in this case
is 8. To make the case more dramatic, suppose that a confidence statement for a
location is

C[—16.24 bujacre < p 13— K,,,, < 19.67 bu/acre] = 0.95

new —

So we have 95% confidence that u,; — i, is some value in this interval. But
if Koy — By, = —16.24, the lower endpoint of this interval, this means that x4,
is 16.24 bu/acre larger than u,, so the new fertilizer is certainly better. On the
other hand, suppose that u,,; — = 19.67, the upper endpoint of this interval.

l"’new
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This means that p ,, is 19.67 bu/acre larger than y ., and so certainly the old
fertilizer is better. But since all that the confidence interval tells us is that . ,; —
K, is somewhere between —16.24 and 19.67 bu/acre, we can arrive at two different
conclusions depending on which value in the interval we use. But if the confidence
interval were based on enough data, the width of the interval would be small enough
so that, with a specified confidence level (say 95%), a single decision would result
using any value of 1, — K,,,,. in the confidence interval.

It seems to me that in this problem, what your scientists want to know is how
much larger (or smaller) u,,,,,. is than u1,;4, and a two-sided confidence interval will
give you this information.

I think I understand the importance of what you’re saying. But since the scientists
in our company have always used statistical tests, it won’t be easy to get them to
change.

If they insist on a statistical test to evaluate their scientific hypotheses, then give
them a confidence interval too. I think they’ll see that confidence intervals are much
more informative and are really what they want to help them make decisions.

I'll try to convince them. But before I leave, will you clarify something for me about
prediction intervals? It has to do with the interpretation of a prediction interval.

Certainly.

Suppose 1 compute a 90% prediction interval for ¥, and 1 get C[15.3 <Y, <
19.4} = 0.90. Does this mean that I have 90% confidence that all future observa-
tions will be between 15.3 and 19.4?

No! It means that you have 90% confidence that a single future observation you
obtain will be between 15.3 and 19.4 as explained in (1.6.11).

Does it mean that if I select many future observations, 90% of them will be between
15.3 and 19.4?

No! As 1 stated above it means that you have 90% confidence that any one future
observation you obtain will be between 15.3 and 19.4.

But I will obtain m future observations, and I want to compute a lower bound, say
L, and an upper bound, say U, such that I can be 90% confident that all m future
observations are between L and U. Is it possible to compute these bounds L and U?

Yes, it is possible. One way to do this is by using the Bonferroni method.

You keep referring to future observations. What exactly do you mean by a future
observation?



6 c hapter 1: Review of Basic Statistical Concepts and Matrices

Statistician: I mean any observation that is randomly selected from the population that is be- .
ing studied and the observation is not known at the time the prediction interval is
computed. Generally a future observation is a number to be observed in the future,
but it is important to know something about its value before it can be observed for
decision-making purposes.

Investigator:  One other thing. When you compute a confidence interval for a parameter, say 6, you
may never know if the interval is correct because 6 may never be known. But when
you compute a prediction interval for Y, a future observation, you can eventually
determine whether the interval is correct because, presumably, the future observation
will eventually be selected and observed. Is that correct?

Statistician:  Yes, you are absolutely right.

Investigater: ' Thank you. You have certainly helped me understand many fundamental statistical
concepts. Can I come to see you again if I have more statistical questions?

Statistician:  Certainly. You’re welcome anytime.

- Problems 1.6

16.1 A random sample of size n = 30 is obtained from a Gaussian population with un-
known mean u, and unknown standard deviation oy. The data are given in Table
1.6.4 and also in the file table164.dat on the data disk.

a Compute jiy and a two-sided 80% confidence interval for .

Write the confidence statement for the confidence interval in (a).

Compute a one-sided 95% lower confidence bound for p.

Write the confidence statement corresponding to the confidence bound in (c).
State in words the meaning of the confidence statement in (d).

Write a short paragraph explaining to an investigator why confidence intervals
are more informative than tests.

- 0o a 0 =T

g Suppose an investigator wants to test NH: oy < 5.0 against AH: o}, > 5.0
with ¢ = .05. Perform this test. What is your conclusion?

rasrLE 1.0.4

3.48 7.68 12.96 0.65 12.44 0.16 4.34 3.7 4.67 3.47
591 6.73 3.64 10.90 6.37 4.62 9.18 11.67 8.29 5.19
430 11.67 8.63 7.84 11.92 11.16 6.13 10.21 8.16 3.59
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h  Compute a 90% two-sided confidence interval for oy. What is your conclusion
about the test in (g) using the confidence interval?

i Compute a 99% two-sided confidence interval for 1. Compare the width of this
interval with the width of the 80% confidence interval in (a).

Functional Notation

Functions

The concept and notation of functions are used throughout the book. Here we present
a short discussion of this topic.

Let D be a set of numbers. A function f(-) on the set D is a rule that describes
how numbers in the set D are changed, transformed, or mapped to produce other
numbers. If x represents a number in D, then the result of applying the rule, i.e., the
function £(-), to x results in a number, say z, and this is symbolically denoted by
writing f(x) = z or z = f(x). The set D is called the domain of the function f(-).

As an example, let D be the set of positive real numbers and f(-) be a function that
is defined by the rule “square each number in the set D.” Then the result of applying
the function f(-) to the number 2 is 4, and this is denoted by writing f(2) = 4.
Likewise, £(0.5) = 0.25, f(12) = 144, etc. In general, the result of applying the
function £(-) to a number x in D produces the result *2. This is described by writing
f(x) = x*. If the symbol z is used to denote the result of applying the function f(-)
to the number x, then we can also write z =f(x) orz = *2. For another illustration,
let £(-) be defined by the equation f(x) = 6x% + x — 5 for any real number x. Then
fB3) =6(3)* +3-5=52,(8) = 387, etc.

When a function f(-) is specified, its domain D must be specified also. Any
letter can be used to represent a function; some examples are f(-), Y(-), and u(-).
Sometimes a letter with a subscript is used to represent functions; some examples
are £, (), £,(), py (), and ().

Although, strictly speaking, the symbol f(-) stands for a function and the symbol
J(x) stands for the value of the function when applied to the number x in the set D,
sometimes people use phrases such as “f(x) is a function” or “let f(x) be a function
of x,” etc. These phrases are to be interpreted to mean that ‘/f(-) is a function, x is a
typical member of the domain D of f(-), and f(x) is the value of the function when
applied to the number x.” This rarely leads to any confusion because the meaning of
the symbol f(x) is usually quite clear from the context.
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Independent and Dependent Variables

In the equation z = f(x), x is called the independent variable and z is called the
dependent variable. Other letters can be used for dependent and independent vari-
ables; for example, we could write the following: z = f(z), s = v(u), r = g, (). Some
examples of functions appear in (1.7.1), (1.7.2), and (1.7.3).

s=fi®, 0=<t=<3 where fi(t) = 2:2:21 (1.79)
z=py(x), —5<x<8 where py(x)=6x+4 (1.12)
v=r@), 0<u<oo where r(u)=logou—6u+ 2 (1.2.3)

The value of s for t =3 in (1.7.1) is s = f;(3) = [2(3)2 + 11/(3 + 2) = 19/5. The
value of z for x = 0 in (1.7.2) is z = uy(0) = (6)(0) + 4 = 4, and for x = 7 we get
z = py(7) = (6)(7) +4 = 46. The value of z in (1.7.2) for x = 10 is not defined
because z = iy (x) is defined only for x in the interval -5 <x < 8.

Functions of Many Variables

The functions just discussed are functions of one (independent) variable, say x.
In this book we also need functions of more than one independent variable. A
function of three independent variables, say x,, x,, x5, could be denoted by ¥ =
Y(x, %3, X3), 2= py(x;, Xy, X3), OF 2= g(x;, Xy, X3), etc. Examples are given in
(1.7.4) and (1.7.5). :
z=f(x),%,%), 0<x <1, 3<x, <8, —4<x3<15where (174)
Frys x5, 3) = 4] + 3x,%, — 62

z=py(x;, %5, %3), 0<x;, <00, 0<x, <00, —00 <Xx3 <00 (115
Bo» B1» By B Tepresent constants

The value of py(x;,x;,x3) in (1.7.5) for x; = 1, x, =6, and x; = —4 is
By (1,6, —4) = By + B,(1) + B,(6) + B3(—4) = By + B, + 6B, — 4B;, and this
is an unknown number unless values are given for B, B,, B,, and B;. Neverthe-
less, the symbolic representations py(x,x,,x3) = By + Byx; + Brx; + B3x; and
uy(1,6, —4) = B, + B, + 68, — 4B, are useful.

Linear Functions

A function f (x) of a single variable x is said to be linear in x if it can be written as
f&)=ax+b (1.2.6)

where the values of ¢ and b do not depend on the value of x.
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A function f(x,, ..., x;) of k variables x, ..., x; is said to be simultaneously
linear in x;, ..., x; if it can be written as '

f(xl"..,xk)=ao+alxl +"'+a‘llk (1.1-1)

where the values of g, g, ... ., a; do not depend on the values of x,, ..., x;.

Consider the function uy(x) = 6x +4 in (1.7.2). It is of the form ax + b with
a =6 and b = 4, both of which are free of x. So uy(x) in (1.7.2) is linear in x.
The function f(x;, x,, X3) = 4 + 3x,x, — 623 is not a linear function of the vari-
ables x,, x,, and x; because it cannot be written in the form given in (1.7.7). You
should verify that the functions in (1.7.1) and (1.7.3) are not linear functions in the
corresponding independent variables.

For further illustration, consider the functions

1y (1. %5, By, Bys By) = By + Byxy + €82 (1.28)

and

ty (12 %9, Bor Brs B2) = By + B3y + Brxy 179)

It can be verified that the function in (1.7.8) is linear in B, linear in 8,, and linear
in x;, but it is not linear in B,, not linear in x,, and not simultaneously linear in B,
and x,;. The function in (1.7.9) is linear in each of the variables x,, x,, By, B,, B>;
is simultaneously linear in x,, x,; is simultaneously linear in ,, B, B,; but is not
simultaneously linear in x,, x,, B¢, B, B,-

1.7

The function f(x) is defined by f(x) = 622 + 3x!/2 — 9x 4 4 for 4 < x < 49. Find
the following. :

a f(4)

b f(16)/f(36)

c f(A+16

d f34)+£(13)
e f(64)

1722 Problems (a)—(c) refer to the function defined by py (x;, x,) = B + By x; + ﬁzx"z for

—00 < x; < 400, —00 < Xy < +00.

a Compute uy(6, 1).

b Compute py (15, —4).

¢ Is the function py(x,,x,) linear in x,? Is it linear in x,? Is it simultaneously
linear in x; and x,?
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Matrices and Vectors

In this section we introduce some of the basic operations of matrix algebra because
numerical computations arising in regression analysis can be presented effectively
using the language of matrices. You may want to omit this section initially and read
appropriate portions of it when matrices are discussed in later chapters.

What Is a Matrix ?

A matrix is defined as a rectangular array of elements. The elements of a matrix are
called scalars, and they are either numbers (such as 1.3, ~6.0, 0, etc.) or symbols
(such as x, log(xs), xy, etc.) that represent numbers. This array is enclosed in large
parentheses or brackets. (We use brackets.) The quantities in (1.8.1)~(1.8.3) are
matrices, but (1.8.4) is not because it is not a rectangular array.

[xl x2] (1.8.1)
6 2 3 '
[ ] (1.82)
4 x y
5 x, 4 .
y, log(x) 6 (1.83)
5 9 6
1 2 3
4 5 (1.84)
7 89 o

The matrix in (1.8.2) has two rows and three columns and is called a “2 by 3 matrix.”
If a matrix contains r rows and ¢ columns, it is said to be an “r by ¢ matrix” (or a
matrix of size “r by ¢”). The number of rows is always given first when stating the
size. The matrix in (1.8.1) is 2 by 2 matrix, and the one in (1.8.3) is a 3 by 3 matrix.

Row Vectors and Column Vectors

If a matrix has only one row, it is usually called a row vector. For example, the
following 1 by 6 matrix is a row vector. :

[32 16 4 3] {1.8.5)
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If a matrix has only one column, it is called a column vector. The following 7 by 1
matrix is a column vector.

1
X
X3
X, (1.£6)
Xs
%6

L x;
It is generally clear from the context whether a vector is a row (or a column) vector,
and so the word row (or column) is usually omitted. If a matrix contains only one
row and one column, it is a 1 by 1 matrix, say [x]. In this case, the brackets are
omitted and the matrix [x] is replaced by the number x. For example, [16)isal by 1
matrix, so we write it simply as 16.

We use boldface italic capital letters to represent matrices and boldface italic
lowercase letters to represent column vectors. Scalars are not boldface. For example,
A is a matrix, and it could denote

A=

N =
N = O W
O NN W s

In this case, A is a 4 by 3 matrix. If

2
then a is a column vector of length 5 (i.e., a § by 1 matrix).

Matrix Elements

It may be desirable to identify the individual elements of matrices or vectors in some
systematic manner, S0 we sometimes write a matrix G as [g;;] or the matrix K as [k,-j],
etc., where the quantity in brackets denotes the element in tﬂe ith row and jth column
of the matrix. For a vector, say @, we sometimes write [;]. A single subscript is used
because there is only one row or one column in a vector. Therefore a; denotes the ith

element of a vector . To illustrate, if we let A denote the following 3 by 2 matrix
3 1
4 -4
6 O
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we could write

3 1

A=14 -4

6 O

"or we could write

3 1
[aij] =14 -4
6 O

Notice that a,, denotes the element in the first row and the second column, and so in
this case a;, = 1. Verify thata;; = 6.
As a further illustration, we let @ or [4;] denote the vector

6

Here a3 is -2, a; = 6, etc.

Equality of Matrices
Two matrices are said to be equal if and only if the following are true:

1 They are the same size.
2 Al corresponding elements are equal.

For example, consider the matrices A, B, C, and D where

A=[6 9] B=[6 9] C=[6 9 0] D=[6 9]
15 3 18 3 15 3 0 18 3
Matrix A is not equal to matrix B because element a,, is not equal to element b,,.
Matrix C is not equal to matrix A, B, or D because it is not the same size. Matrix D
is equal to B, and we write D = B because all corresponding elements are equal.

In order to effectively use matrices, vectors, and scalars in our discussion, we
- need to define various operations such as addition, subtraction, multiplication, trans--

position, etc., for matrices, vectors, and scalars. Because scalars are numbers, the
usual rules of arithmetic apply, but matrices and vectors have different definitions.

Transposition of Maﬁ'ices

For evéry matrix, say A4, there is another matrix derived from it called the transpose
of A. The transpose of a matrix A is obtained by replacing each row of A by its
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corresponding column. Thus, if A is given by
3 -1
N
2 6
302
[ -1 4 6]

the transpose of 4 is

It is easy to see that if A is a matrix of size r by c, then the transpose of A is a matrix

of size ¢ by r. The column vector

has as its transpose the row vector

é [alv az’ a31 a41 as]

which is obtained by arranging the elements g; in their original order in a row. Thus
the transpose of a column vector is a row vector. If the original vector is of size 5 by
1, its transpose is of size 1 by 5. Verify that the transpose of a row vector is a column
vector. The transpose of a vector @ or a matrix A is indicated by the notation " and
AT (some authors write &’ and A’). Notice also that (AT)T = A; that is, the transpose

of the transpose of a matrix A is equal to the matrix A.
An 11 by 2 matrix D and its transpose DT follow:

-52  0.627
43 0.74
36 0.65
32 071
27 0.68
D=]|26 059
22 049
37 0.67
24 0.64
19 0.56
13 0.51

DT—[52 43 36 32 27 26 22 37 24 19 13
062 074 065 071 068 059 049 067 064 056 0.51

]
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Addition and Subtraction of Matrices

Addition is defined for two matrices if and only if they are of the same size. For
example, consider the matrices A, B, C, and D where

-1
3 402 3 > 9 3 10 4
A=|0 4| B= c=|-16 4| D=
026 10 -1 06
2 6 . 0 6
(187)

Matrices A and C are both 3 by 2 so we can add A and C to form a new matrix, say
G. Thus, we write A + C =G or

[a;] + [c;] = [g;]

and the resultant matrix G is the same size as A (and, of course, the same size as C).
We cannot add A and B because they are not the same size, and we cannot add B and
C for the same reason. The matrix G that results from adding two matrices A and C
is obtained by adding the corresponding elements of A and C; that is, 8 =a;+¢;
for all i and j. We obtain

3 -1 59 3+5 —1+49 8 8
G=A+C=|0 4]+|:—16 4|=|0—16 4+4|=]|-16 8
2 6 06 240  6+6 2 12

Notice that A + C = C + A.

The matrix S that is the result of subtracting a matrix € from a matrix 4, which is
written as § = A — C, or as [s,-j] = [a,.j] - [c,-j], is obtained by subtracting elements
of C from the corresponding elements of A. Hence, subtraction is defined if and only
if the two matrices A and C that are involved are the same size; the resulting matrix
S is also the same size as A and C. For an illustration, consider the matrices defined
in (1.8.7):

3 -1 59 3-5 -1-9 -2 -10
S=A-C=|0 4]|-]|-16 4:| = |:0—(—16) 4—4:| = 16 0]
2 6 0 6 2-0 6—-6 2 0

The transpose of the sum (or difference) of any two matrices is equal to the sum (or
difference) of the transpose of each matrix; that is,

A+OT=AT+(T
and

A-OT=AT-cT
You should verify this for the matrices in (1.8.7).

Multiplication of Matrices

The process of adding and subtracting matrices is very similar to that of adding
and subtracting numbers. This is not the case for multiplication. For example, with
numbers, 6 times 3 and 3 times 6 are both equal to 18, but in multiplying two matrices
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it is generally not true that A times B and B times 4 are equal. The quantity A times
B, usually written as AB, is defined as multiplying B on the left by A (or A on the
right by B), and BA is defined as multiplying A on the left by B (or B on the right by
A). The product AB is defined if and only if the number of columns of A (the matrix
on the left) is equal to the number of rows of B (the matrix on the right). The matrix,
say C, that results from this multiplication has size r by ¢, where r is the number of
rows of A and c is the number of columns of B.

As an illustration, consider the matrices in (1.8.7). Suppose we want to see
which of the multiplications AB, AC, and DC are defined. A convenient procedure is
to write the size of the two matrices in their corresponding places; that is, we write

A B
3by2 2by4

where the quantity “3 by 2” is the size of A and is placed to the left of the quantity
“2 by 4,” which is the size of B, because A is to the left of B. Now if the two inner
numbers (in this case 2 and 2) are equal, the multiplication is defined, and the matrix
that results from this multiplication has size 3 by 4, which is obtained from the two
outside numbers in (1.8.8). In general, if the matrix A has size r by s (r rows and s
columns) and if B has size ¢ by ¢ (f rows and ¢ columns), then to test whether the
multiplication AB is defined, the sizes of A and B are written in the order in which
they are to be multiplied; that is, (r by s} by c). The multiplication AB is defined if
and only if the two inside numbers, s and ¢, are equal. If AB is defined, the resulting
matrix has size 7 by ¢, the two outside numbers. Is the multiplication AC in (1.8.7)
defined? We get

(188)

A C
3by2 3by2

The two inside numbers 2 and 3 are not equal, and so this multiplication is not
defined. The multiplication DC is defined, and the resulting matrix is of size 2 by 2.
The same is true for DA. Notice that BA, DB, and BC are not defined; neither are
BD and CA.

Before we give the rule for multiplying two matrices, we give the rule for multi-
plying a row vector a’ on the ri;ht by the column vector b, where @ and & are both
column vectors of length k (so @ is a row vector of length k). Of course @ and b are
matrices, because a vector is a special kind of matrix. First we check to see if the
multiplication a’ b is defined according to the preceding discussion. We write

a b
1byk kby1
and observe that the middle two numbers are both k so the multiplication is defined;
the result is a 1 by 1 matrix that is a scalar; that is, a number. We define a'b as
follows:
k
b= apb, (189)
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For example, if

af =[6 -2 0 3] and b= o

7
then a’ b is defined and is equal to
4
db=[6 -2 0 3] _: = (6)(4) + (-=2)(9) + 0)(-8) + 3)(7) =27
7

This method of multiplying a row vector on the left by a column vector on the right is
very important because this is the basic calculation needed for multiplying matrices.

If A is a matrix of size r by ¢ and B is a matrix of size ¢ by c, then AB is defined.
Let the resulting matrix of size r by ¢ be denoted by P. We write

P=AB

The (i, j) element of P is obtained by multiplying the ith row of A (the matrix on the
left in the multiplication AB) by the jth column of B (the matrix on the right in the
multiplication AB) by the rule in (1.8.9). If this is done for every row in A with every
column in B, all the elements in the matrix P are obtained. Another way to state this
is

t
p;= Z aimbmj
m=1

where [pij] =P;[a,,]=A; and [bmj] =B.
As an illustration, we compute P, where

P=A4B

and A and B are as in (1.8.7). We obtain
3 -1 402 3 12 -2 0 -1
P=AB=|0 4 =] 0 8 24 4
. 0 2 6 10
. 2 6 8 12 40 66
"For example, the element in the second row and third column of P—that is Pa3»

which is 24—is obtained by multiplying the second row of A by the third column of
B according to the rule in (1.8.9). We obtain
4 . _
Py =1[0 4] [6_; = (0)(2) + (4)(6) =24

Similarly, p,,, which is equal to 66, is the product of the third row of A and the
fourth column of B. We get

3
P =102 6] [10 = (2)(3) + (6)(10) = 66
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You should verify the remaining elements in P.
For another illustration, let us evaluate S, where S = RQ and R and Q are defined

as follows: .
5 4 9 1
35 -1
R= 2 6 0 0=|1-3 0 5 4
. 61 2 6
We get
-6 11 50 17
S=RO =
2 [—8 8 48 26]

As a final example, let us evaluate Ax, where A is a 2 by 2 matrix (that is, a matrix
of size 2 by 2) and x is a 2 by 1 matrix (x is therefore a column vector) defined as

follows:
2 1 X
4= [ 1 3] = [xz]

_ 2 1 nl_[24 + x ]
Ax—[l 3] [Xz]—[ x + 3x, (a1

Clearly, the result of Ax in (1.8.10) is a 2 by 1 matrix, ‘which, of course, is a column
vector with two elements; the first element is 2x; + x,, and the second element is
x; + 3x,. If we set the product Ax equal to a 2 by 1 vector b where

=3]

Ax=Db

2 1)Ix] _J4

[1 3] [xz] - [7]

This becomes (by performing the mulitiplication Ax)
% % %]=[0]

x + 3] |7

Because two matrices are equal if and only if the corresponding elements are equal,
we get the two equations

We get

we get

or

2xl+ XZ=4
X +3np =1

as a result of Ax=5. In other words, matrix equations can be used to represent
systems of linear equations.

To multiply more than two matrices, we simply multiply any adjoining pair, then
multiply this result by any adjoining matrix, and continue until all multiplications
are completed. For example, suppose we want to evaluate P, where P = ABCD and



5 .Chapter 1: Review of Basic Statistical Concepts and Matrices

where we assume that the sizes are such that all multiplications are defined. One
way of calculating P is to first compute AB, then multiply this result on the right by
C, and then multiply this result on the right by D.

The Transpose of Products of Matrices

The transpose of the product of two or more matrices is equal to the product in
reverse order of the transposes; that is, (AB)T =BTAT, (CDE)T =E'D CT, etc.

The Multiplication of a Matrix and a Scalar

For further development of the arithmetic of matrices, we define the multiplication
of a scalar and a matrix. This multiplication is defined so that any matrix can be
multiplied by any scalar. Also, the result is the same whether the scalar is multiplied
on the left or the right of the matrix. The product of a scalar and a matrix is obtained
by multiplying every element in the matrix by the scalar. For example, let a scalar ¢
and matrix A be defined as follows:
4 —
c=20, A= 10
3 21
Then
4 -1 0 4 -1 0
A=Ac=20 = 20
a=ac [3 2 1] [3 2 1 ]
_[20x4 20x-1 20x07_[8 -20 O
“[20x3 20x2 20x1f |60 40 20

Note that the operation of dividing vectors or matrices by nonzero scalars is equiv-
alent to multiplying the vector or matrix by the reciprocal of the divisor. Thus, if
division by 20 had been intended in the previous example, the matrix A would be
multiplied by 1/20, or 0.05. This would lead to the result

A 1 1 4 -1 0 4 -1 0
—_— T — —— —— = U. = B 5
20 20A A20 005[3 2 1] [3 2 1}00

_[0.05x4 005x-1 005x07] [0.20 =005 O

T [005x3 005x2 005x1] [015 0.0 005

Special Matrices

Certain matrices arise quite often in applications, and they have been given special
names. Some of these special matrices are defined next.
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Square Matrix

A matrix having the same number of rows as columns is called a square matrix. The

matrix
3 -1
A=1]0 4]

2 6
in (1.8.7) is not a square matrix but

[+ 3]

A=

1 3

in (1.8.10) is a square matrix. In a square matrix A, the elements a;; are called the
diagonal elements. In the square matrix A in (1.8.10), the numbers 2 and 3 are the

diagonal elements of A. The elements not on the diagonal (nondiagonal elements)
are called off-diagonal elements.

Identity Matrix

A square matrix whose diagonal elements are each equal to 1 and whose off-diagonal
elements are equal to O is called an identity matrix and is denoted by I. The size of I
is usually clear from the context. For example,

1 00

1 0
I=[01] and I=]0 1 0
0 01

are both identity matrices. An important feature of an identity matrix is that when it
is multiplied by any matrix K for which the multiplication is defined, the result is K.
This is written as KI=IK=K. Readers can verify this fact for the matrices in (1.8.7)
and for identity matrices of appropriate sizes. In many cases, the identity matrix
plays a role for matrices similar to that played by the number 1 for numbers. It is
also the case that IT = I.

Zero Matrix

A matrix whose elements are all 0 is called a zero matrix and is denoted by 0. The
size of a zero matrix is usually clear from the context of the discussion. In many
cases, the zero matrix plays a role for matrices similar to that played by the number
0 for numbers.

Diagonal Matrix

A matrix is a diagonal matrix if and only if (1) it is a square matrix and (2) all the
off-diagonal elements are equal to zero. For example, I is a diagonal matrix, and any
square zero matrix is also a diagonal matrix. For another illustration, the following
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matrix is also a diagonal matrix.

00 O
0 4 0
00 -1

Symmetric Matrix

A matrix is called a symmetric matrix if it is equal to its transpose. Thus if A is
symmetric, AT = A. This requires a symmetric matrix to be a square matrix. Notice
that I is a symmetric matrix, and every diagonal matrix is also a symmetric matrix.
The following matrix is symmetric.

6 -2 3
-2 5 0
3 0 4

Matrix Inversion

Although matrices can be added, subtracted, and multiplied (when their sizes allow
these operations), division of matrices is not defined. However, an operation that is
similar to division, called the inversion of a matrix, takes the place of division in
certain situations. It is a basic operation in matrix algebra, and it is much used in
regression calculations.

Let A denote a square matrix. If there exists another matrix B such that AB = I,
then B is called the inverse of A and is generally denoted by A~! Thus we have
AA™! =L If matrix A has an inverse A~!, then AA™! =1 and A~'4 =1. For
example, let A be defined by

7 2
B [10 3]

This matrix has an inverse, which is given by

“l-10 7

You should verify that for this matrix A™1A = A4~ =I.

Not all matrices have inverses; for example, the zero matrix does not have an
inverse. One difficult problem in using matrices is finding the inverse of a matrix.
A computer is generally used for finding inverses except when we are dealing with
small matrices (2 by 2 or perhaps 3 by 3 matrices) .

Matrices are very useful for solving systems of linear equatlons a frequent step
in regression analysis. To illustrate this let us consider the equations

4B, + 88, =16 (18.11)
8B, + 208, = 36 (18.12)

Using elementary algebra, we can see that the solution to the preceding system of
two linear equations is given by ﬂo 2 and ﬂl = 1. If we use matrices and vectors,
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we can write these equations as

Sﬂ = g (1 .8.13)

4 8 « [ _[1e
s‘[s 20]' ﬁ’[ﬁ.]’ “[36]

The objective is to find the numbers ﬁo and B | (in other words, to find the vector
P) that satisfy the equations in (1.8.11) and (1.8.12). To find the solution, we use
(1.8.13) and multiply both sides of the equation by 51 if it exists. This gives us

where

s\sp=5"g

ie.,
1p=5"g

ie.,
B=57g

Therefore, if we find S~! and multiply it on the right by g, we get the desired result.
We have not yet explained how to obtain the inverse of a matrix, but you can verify
that the following is the inverse of § by showing that S~ = 1.

s-’—[ 125 —o.so]
“L-050 025

] 125 —0.507[161 [2
=51 = =
P=5"¢=| _os0 0.25] [36] [1]

2HEH

and so ﬁo =2and ﬁl = 1 as before. Notice that in this illustration, S is a symmetric
matrix and so is $~! . It is always the case that the inverse of a symmetric matrix is
a symmetric matrix (if the inverse exists).

It is easy to write the inverse of a 2 by 2 matrix when it exists.

Let
a
A= [“u 12]
a4 99
and d = a,,ay, — a,,a;;. If d = 0 then the matrix A does not have an inverse. If
d # 0, then the inverse of A exists and is given by

1 ay/d —alz/d]
4 _A["“zl/d ay/d asu

By straightforward multiplication we can see that AA'=A"A=1

Then

or
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Problems 1.8

181 Problems (a) and (b) refer to the matrices A, B, and C defined as follows:
12 14 3

9 4 3 Y 3 s 12 23 17 2
A=|:4 16 s] B= c=[24 28 19 20]
5 13 21

3 8 12 31 30 41 27

6 2 31 .

a Compute AT,
b Which of the following operations are defined?

C+B', B+C, B+C', AC, cCA, B-(CT
¢ In (b), evaluate the expressions that are defined.

182 Let
31 5
A= =
[1 2] Y [0]

Find the 2 by 1 vector ﬁ = [go] such that Aﬁ =Y. ,
1
183 Problems (a) through (d) refer to the matrices X and y defined as follows:

1 2 1
3 6
=111 Y=13
1 4 2
Find X7X.
b Find XTy.
¢ Find XTX)~1.

~

d Find the 2 by 1 vector ﬁ = I:go:l such that XTXﬁ =XTy.
1

19

Multivariate Gaussian Populations

In Section 1.4 we discussed univariate Gaussian populations. In this section we
discuss multivariate Gaussian populations. This section can be studied now or later
when the k-variate Gaussian population is discussed in Chapters 3 and 4.

We consider a k-variable population

(X1 X 2o e s Xpp)s oo v Kypr Xygs oo Xp))
written {(X;, X, ..., X,)} for short.
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We say that this k-variable population is a k-variate Gaussian population (also
called a k-variate normal population) if the collection of numbers

Z; =alXy +aXp, +---+a Xy,

forl1 =1,2,...,N is a one-variable Gaussian population for every possible choice
of the values of the constants a,, a,, ..., a;.

In reality a population can be Gaussian only if N is infinite as discussed in
Section 1.4. So we use Gaussian populations only as approximations. It is easier
to determine whether a k-variate population is approximately Gaussian when k = 1
than it is when k£ > 1. So to determine if a k-variate (k > 1) population is approxi-
mately Gaussian, we examine {Z} to see if it is approximately a univariate Gaussian
population for every choice of the constants a,, a,, ..., a;. If we find that {Z} is
approximately Gaussian for every choice of the constants a;, then we can conclude
that the k-variate population {(X,, X,, ..., X;)} is approximately Gaussian.

In particular, this implies that if {(X[, X,, ..., X;)} is a k-variate Gaussian popu-
lation, then each of the k univariate populations {X },{X,}, .. ..{X;} must be a Gaus-
sian population. For instance, by choosing a = 0 for all j # i and taking a; =1,
we can conclude that the population {X;} is a Gaussian population. However, even
if each of the k univariate populations {X,}, {X,},..., {X;} is a Gaussian popula-
tion, we cannot conclude that {(X;, X,, ..., X;)} is a k-variate Gaussian population
unless we also verify that the collection of numbers a,X;; + a)X;; +--- +a X,
forI=1,2,...,N is a one-variable Gaussian population for every possible set of
values for the constants a,, a,, . . ., a;. We give two illustrations, one of a bivariate
Gaussian population and the other of a bivariate non-Gaussian population.

ExampLE 1.5

We consider a bivariate population {(X,, X,)} of size 1,000 stored on the data disk
in a file named bivgauss.dat (bivariate Gaussian). Of course a theoretical two-
variable Gaussian population must contain an infinite number of elements, but for
practical applications this is a close enough approximation to a theoretical two-
variable Gaussian population. A scatter plot of the data is displayed in Figure 1.9.1.

The mean of the population of X, values is ¢, = 2.0573, and the mean of
the population of X, values is pu, = 2.9592. The standard deviations of these two
univariate populations are 3.8535 and 9.5729, respectively. Histograms of these two
univariate populations are displayed in Figures 1.9.2 and 1.9.3, respectively.

For illustrations, we examine two different linear combinations of X; and X,.
First, we calculate the quantity Z, = 2X}, + 4X,, for each item in the population.
The Z; form a univariate population with mean equal to 15.951 and standard devi-
ation equal to 38.940. A histogram of the population of numbers {Z} is shown in
Figure 1.9.4.

Likewise, the linear combination W; = 3X;, — 2X, is calculated for each item.
The mean of the population {W} is 0.2535, and its standard deviation is 22.521. A
histogram of the population {W} is shown in Figure 1.9.5.

In Figures 1.9.2-1.9.5, we have superimposed the theoretical Gaussian dis-
tribution curve over the histograms. Note that {X,}, {X,}, {Z}, and {W} are well
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approximated by a Gaussian distribution. It may be verified that any other linear
function of X; and X, is also well approximated by a Gaussian distribution. Thus
the bivariate population {(X,,X,)} is well approximated by a bivariate Gaussian
distribution and we say {(Xy,X,)} is a bivariate Gaussian population (approxi-
mately). =

ExampLE .51

Now consider another bivariate population {(X,, X,)} of size 1,000 stored on the
data disk in a file named bivngaus.dat (bivariate non-Gaussian). A scatter plot of
the data is displayed in Figure 1.9.6.

The mean of the population of X values is p; = 2.7958, and the standard de-
viation is 3.9842. The mean of the population of X, values is u, = 1.4921, and
the standard deviation is 11.836. A histogram of the population {X,} is given in
Figure 1.9.7 and a histogram of the population {X,} is given in Figure 1.9.8.

Both of these histograms suggest that the two univariate populations (X} and
{X,} are Gaussian populations. But consider the linear function Z; = X;; — X,,. A
histogram of the population {Z} is given in Figure 1.9.9.

Figure 1.9.10 displays a histogram of the population {W}, where W, = X,, +
)3( 12> and Figure 1.9.11 shows a histogram of the population {V}, where V;, = 8X,, —

X 1. :
lin Figures 1.9.9-1.9.11 we have also displayed the corresponding theoretical
Gaussian curve to help us assess the adequacy of the Gaussian distribution as an
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approximation to the populations in question. These figures indicate that none of the
three populations {Z}, {W}, {V} is a Gaussian population. We therefore conclude that
the bivariate population {(X;, X,)} is not a Gaussian population. Thus we have an
example of a bivariate population that is not a Gaussian population, and yet the two
univariate populations {X, } and {X,} are Gaussian populations (approximately). =

You need to refer to more advanced books [11] for further information regarding
multivariate Gaussian population models. '

A state health agency wants to determine the average number of days of sick leave
state employees took last year. Define the target and study populations of items and
of numbers. What parameter is to be studied?

In Exercise 1.10.1, the agency wants to predict the average number of days of sick
leave state employees will take next year. Define the target and study populations of
items and of numbers.

A pharmaceutical company wants to determine what proportion of the bottles of
aspirin it will manufacture next month will be damaged before they reach retail
stores. Define the target and study populations. What parameter is to be studied?

For an arbitrary population {X} of numbers, obtain an upper bound for the proportion.
of numbers that are more than 3 standard deviations away from the mean (use
Chebyshev’s theorem). Write down any 20 numbers. Does Chebyshev’s theorem
apply to this set of numbers (check for many different values of ¢)?

Consider a population consisting of the following eight numbers (i.e., N = 8).
3,7,5,2,9,8,5,6

Calculate the mean and the standard deviation for this population. How many distinct
samples of size 3 can be obtained from this population? List all possible samples
of size 3 that can be obtained from this population. For each sample, compute
the sample mean and the sample standard deviation. Is the sample mean an unbiased
estimate of the population mean for this population? Is the sample standard deviation
an unbiased estimate of the population standard deviation for this population?

Suppose a population is Gaussian with mean 16 and variance 2. Find the proportion
of the population that is less than 17.5. Find the proportion of the population that is
between 12 and 16. Find the proportion of the population that is greater than 15.

~ A hospital administrator expects 10,000 patients next year. He wants to determine

p, the proportion of patients who will stay less than 7 days. It is assumed that the
length of stay Y in days is a Gaussian population (approximately) with mean uy
and standard deviation oy. Define the target population of items and of numbers. If
uy =8and oy, =2, find p.

A manufacturer of cement blocks runs an experiment to determine the strength Y (in
pounds per square inch) of the blocks made by a new method. The target population
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consists of the strengths of all blocks that will be made by the new process if it is
adopted. Twenty blocks are made by the new process, and it is assumed that they
are a simple random sample from the target population, which is Gaussian with
unknown mean , and standard deviation oy. From the sample the following are
computed: ) y; = 12,000, 6, = 14. A 95% confidence statement is to be used
to decide if the blocks are strong enough. Which confidence statement gives the
appropriate information—a lower confidence bound, an upper confidence bound, or
a two-sided confidence interval?

In Exercise 1.10.8, the cement blocks that were made by the old process produced
blocks whose average strength was 540 pounds per square inch. To determine if
the new process produces stronger blocks, the investigator wants to carry out a
hypothesis test. State the appropriate null and alternative hypotheses.

In Exercise 1.10.9, will the null hypothesis be rejected at the 5% level? What is your
conclusion about the new process?

In Exercise 1.10.9, compute the P-value for the test. Does this P-value give you
more or less reason to reject the NH than the result of Exercise 1.10.10 ? Why?

In Exercise 1.10.8, compute a 95% lower confidence bound for p,. State your
conclusion based on this confidence bound. Which gives you more information—a
confidence statement or a test?

The matrices A, B, C are defined as follows:

6 -1 0 31
A=13 15 B=j2 6 C=[1; f 1]
2 19 10

Which of the following operations are defined? (a)A+B (b)C—BT (c)AB
@ ca’

In Exercise 1.10.13, evaluate the expressions that are defined.

For the matrix D defined by

52 0.627
43 0.74
36 0.65
32 071
27 0.68
D=|26 0.59
22 049
37 0.67
24 0.64
19 0.56
13 051

find K = D'D.
In Exercise 1.10.15, find K.
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For the function ¥ (x) = 6x° — 5x + 8, 6 < x < 5, find ¥(3) and ¥(—2).
For the function py (x;, x,) = 3x] + 6 — 2x,x, + 4x, + 3x, ~ 9, defined for all

" real values of x,, x,, find uy (3, —1).

For the function My (xy, Xy, x3) = By + Bix + By, + Bsx;, defined for —3 < x5 <4
(1=1,2,3),find uy(1, 3, -2).

Which of the following functions are simultaneously linear in all B;?
a () = By + By =~

R =Ty

Ky (xp ) = B3 + Byxy + Byxy

b
¢ uy() = By+xloglB,| + B,
d

Ky %) = By + Bixy + Byxy + Baxyx,



