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Overview

Straight Line Regression

In Chapter 2 we defined the regression function py (x;, ..., x;) of a response vari-
able ¥ on & predictor variables X, ... ., X; and introduced many of the basic concepts
underlying regression. In particular we learned that the best function for predicting
the Y value of an item using the values of X,, ..., X; is the regression function
Hy(x;, ..., x;). In this chapter we focus on the simple but important special case of
straight line regression. Accordingly, throughout this chapter, we assume that there
is only one predictor variable X and that the graph of the regression function of ¥ on
X is a straight line, i.c.,

1y () = By + Byx B41)

The quantity B, is the slope and B, is the intercept of the regression line. Thus
the mean of the Y values in the subpopulation determined by X = x is given by
Ky (x) = By + B, x. Recall that oy (x) denotes the standard deviation of this subpop-
ulation. If the entire population data are available, then we can calculate exactly
the values of B, B,, and oy (x) for every allowable x, but since the entire popula-
tion is almost never available in a real problem, we cannot know the values of £,
B> and oy (x) exactly, so we must rely on sample data to estimate these and other
unknown quantities (parameters). In this chapter we consider point and confidence
interval estimation of various quantities of interest, and we also discuss statistical
tests. Section 3.3 introduces two sets of assumptions under which the theory of
linear regression has been well developed. Section 3.4 discusses point estimation of
parameters of interest. Methods for examining the validity of regression assumptions
are discussed in Section 3.5. Confidence interval procedures and statistical tests are
described in Sections 3.6 and 3.7, respectively. Section 3.8 introduces the analy-
sis of variance. The coefficient of correlation and the coefficient of determination
are described in Section 3.9. The effect of measurement errors on inferences about
various model parameters is explained in Section 3.10. Section 3.11 considers the
special case of the straight line regression model, where the regression line is known
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to pass through the origin. Chapter exercises appear in Section 3.12. Laboratory as-
signments describing the use of a statistical computing package (MINITAB or SAS)
for straight line regression are in Chapter 3 of the laboratory manual.

Before proceeding further, we present a detailed illustrative example where the
entire population of numbers is assumed to be available, even though it never is in
a real problem, so that you can get a better grasp of the concepts. This example
will also point out how various questions of interest, arising in real problems, can
be answered exactly when the entire population of numbers is available. Statistical
inference procedures, discussed in this chapter and throughout this book, attempt
to provide answers to such questions when only sample data, and not the entire
population, are available.

An Example of Straight Line Regression

Table D-3 in Appendix D contains a set of data consisting of 2,600 pairs of numbers
(¥Y,X), where Y is the score (in percent) obtained by a student on a standardized
calculus test administered at a certain university, and X is the number of hours
(recorded to the nearest hour) that the student spent studying for this test. These data
are also stored in the file grades.dat on the data disk. For purposes of illustration,
we suppose that these data form a bivariate population {(Y, X )}. The size of the
population is thus 2,600. An examination of these data shows that there are 13
distinct values of X in the population, and they are 0, 1, 2, ..., 12. The number of
observations, the means, and the standard deviations for each of the corresponding
13 subpopulations of Y values are exhibited in Table 3.2.1. A plot of the means of the

TaABLE 3.0.1
Subpopulation Counts, Means, and Standard Deviations for Population Data in Table D-3

Hours Number Subpopulation Subpopulation
X of Items Mean Standard Deviation
0 200 45.0 2.881
1 200 49.0 2.881
2 200 53.0 2.881
3 200 57.0 2.881
4 200 61.0 2.881
5 200 65.0 2.881
6 200 69.0 2.881
7 200 73.0 2.881
8 200 71.0 2.881

-9 200 81.0 2.881 -
10 200 85.0 2.881
1 200 89.0 2.881
12 200 93.0 2.881
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Y values of these 13 subpopulations against the corresponding X values (i.e., a plot of
iy (x) against x for all allowable x values) is shown in Figure 3.2.1. This plot clearly
shows that the regression function of Y on X is of the form uy(x) = B, + ;%
i.e., the subpopulation means for Y lie on a straight line when plotted against the
corresponding values of X. Furthermore, we can calculate the values of §, and B,
explicitly. In fact, the value of B is 45.0 because the mean value of Y corresponding
to X = 0 is 45.0 (see Table 3.2.1). Also the value of B, is 4.0 because the increase
in the mean value of Y for a unit increase in X is easily seen to be 4.0%. Hence the
population regression function is

Hy(x) =45.044.0x
Observe also that the subpopulation standard deviations are all equal to 2.881.

FIGURE 4.1.1
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Note These data are specifically concocted for the purpose of illustration so that
the population regression function of ¥ on X will be exactly a straight line and,
in addition, the subpopulation standard deviations will all be the same. In most real
problems, we cannot expect the population regression function to conform exactly to
a straight line model, and the subpopulation standard deviations cannot be expected
to all be exactly the same. But in many situations, these idealized conditions may
be met approximately. You should also be-aware that in actual investigations the
number of subpopulations of Y values, determined by X, can be quite large, and
the sizes of the subpopulations need not all be the same. In this particular example,
however, we have deliberately kept the number of subpopulations rather small (13
to be precise) and the sizes of the subpopulations all equal (200 observations in each
subpopulation) for ease of discussion.
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Thus, because we know the entire population {(¥, X )} in this example, we are
able to determine exactly the values of B, B, and the subpopulation standard devi-
ations oy (x). Any other population summary quantity (parameter) can be calculated -
exactly as well.

Some Questions of Interest

A student who is considering taking this calculus test may be interested in knowing
the answers to the following questions:

1 What is the average increase in score per additional hour of studying time?

2 What is the average score of students who did not study at all for the test?

3 What is the best predicted value of the score of a student who spent 10 hours
studying for this test?

4 Of all the students in the population who spent 10 hours studying for the test,
what proportion obtained a score of 90% or above?

(3.21)
We give answers to these four questions by three methods.

a Answers based on the entire population data
Answers based on only population parameters
¢ Answers based on only a random sample from the population
Of course in any real problem we can use only method (c) to obtain answers, but

we give the answers to questions (1)—(4) of (3.2.1) by all three methods to help you
understand that samples really can help answer questions about the population.

a Answers Based on the Entire Population Data

Answers to the preceding questions based on the entire population data are as fol-
lows:

1 The increase in the average score for each additional hour of studying time is
equal to B, the slope of the regression line of Y on X, which has the value 4.0.

2 The average score of students who did not study at all for the test (i.e., X = 0)
is uy (0), which is equal to the intercept B, of the regression line, which has the
~ value 45.0.
3 The best predicted value of the score of a student in this population who spent
10 hours studying for this test is uy(10) = 45.0 + 4.0(10) = 85.0.

4 In Table D-3 in Appendix D, an examination of the subpopulation of ¥ values
corresponding to X = 10 shows that 11 out of the 200 students in this subpopu-
lation obtained a score of 90% or above. Thus the required proportion is 0.055.
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b Answers Based on Only Population Parameters

Clearly, we are able to obtain exact answers to the questions in (3.2.1) when the
entire population {(¥, X))} is available to us. In many situations, we can answer
various questions concerning the population even if we do not know the entire
population but know only certain important summary quantities (parameters) of the
population. To demonstrate this in the present example, we begin by examining the
histogram of the subpopulation of ¥ values determined by X = 10. The histogram is
in Figure 3.2.2, which suggests that this subpopulation is approximately Gaussian.
In fact, we should examine the subpopulation of ¥ values for each distinct X value
to determine if each is approximately Gaussian.

FIGURE J.2.1
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Now suppose that we do not have the entire population {(Y, X )} available to
us, but suppose we do know that the regression function of ¥ on'X is given by
iy (x) = 45.0 + 4.0x and that each subpopulation of Y values has a standard de-
viation equal to 2.881. Thus we know the values of §, and 8,, which are 45.0 and
4.0, respectively, and we also know that oy (x) = 2.881 for each allowable x. Further-
more, by plotting the histogram of ¥ for each distinct value of X, we can demonstrate
that each subpopulation of Y values is (approximately) Gaussian. With this informa-
tion we can answer questions (1)~(4) in (3.2.1). Questions (1)~(3) can be answered
knowing only that the regression function of ¥ on X is py(x) =45.0 +4.0x. To
answer question (4) we first observe that the mean Y value for the subpopulation
corresponding to an X value of 10 is equal to 45.0 4 4.0(10) = 85 and that its stan-
dard deviation is 2.881. We now use the fact that this subpopulation of Y values is
approximately Gaussian. The proportion of values in a Gaussian population, with
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mean equal to 85.0 and standard deviation equal to 2.881, that equals or exceeds 90
(actually 89.5, to account for the fact that the scores were rounded to the nearest
integer) is equal to 0.0594 using Table T-1 in Appendix T. This is close to 0.055,
the exact answer to question (4). (The reason for the slight discrepancy between
the value 0.055 calculated directly from the population data and the value 0.0594
obtained using a table of Gaussian percentiles is that the theoretical Gaussian distri-
bution is only an approximation to the actual subpopulation distribution.) Thus we
can obtain answers to questions (1)—~(4) in (3.2.1) if we have the appropriate popula-
tion parameters B, B,, and oy (x) for allowable values of x, even if we do not have
the entire population.

To summarize, we can find exact answers to questions of interest concerning the
population in Table D-3 because we have the entire population data available to us.
We also see that we can obtain (nearly) exact answers based only on certain pop-
ulation parameters (summary quantities) because we know that the subpopulations
of Y values are (nearly) Gaussian and the subpopulation standard deviations are all
equal to 2.881. It is for this reason that regression analysis focuses its attention on
the estimation of various population parameters such as By, B;, ity (x), oy (x), etc.

¢ Answers Based on a Random Sample

We now illustrate how to obtain answers to questions (1)~4) in (3.2.1) by using a
sample rather than the entire population. We do this by calculating, approximately,
the values of the parameters S, 8,, and oy (x) and hence obtaining an approximation
to the population regression line, using sample data from the preceding population.
For this purpose we selected a sample of size 26 from the population in Table D-3 by
randomly selecting two items from each subpopulation with preselected X values of -
0,1,2,...,12. Thus, the data are obtained by sampling with preselected X values.
The sample data are displayed in Table 3.2.2, and. they are also stored in the file
grades26.dat on the data disk.

The 13 subpopulations (one subpopulation of ¥ values for each value of X =
0,1, ..., 12) are displayed in Figure 3.2.3. The sample values are indicated by e. In
Figure 3.2.4 the sample values are displayed together with a line that was visually
fitted to the data. Figure 3.2.5 shows the sample data, the visually fitted line,. and
the population regression line py (x) = 45.0 + 4.0x; of course in a real problem only
the sample data are available and 1y, (x) is not known, but we display p, (x) to show
how the sample data are grouped around it.

If we use the visually fitted line as the estimate of the population regression line,
then the estimated values of 8, and B, are the values of the intercept and the slope
of this line which, from Figure 3.2.4, we judge to be 43.0 and 4.25, respectively
(the change in Y as X changes from 0 to 12 is visually approximated as equal to 51
units, and so the slope of the line is estimated to be 51/12 = 4.25). Based on these
sample estimates, we obtain the following approximate answers to questions (1)—(3)
of (3.2.1).

1 On the average, the increase in score for each additional hour of studying time is
estimated to be 4.25%.

2 The average score of students who did not study at all is estimated to be 43%.
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TABLE J.1.1
Grades26 Data. Sample of Size 26 from the Population Data in Table D-3 (Sampling with
Preselected X Values)

Sample Score (in percent) | Hours

Item Number Y X
1 42 0
2 44 0
3 51 1
4 48 1
5 51 2
6 54 2
7 57 3
8 54 3
9 57 4
10 63 4
11 61 5
12 69 5
13 70 6
14 70 6
15 70 7
16 72 7
17 74 8
18 83 8
19 84 9
20 81 9
21 84 10
22 85 10
23 91 11
24 86 11
25 91 12
26 95 12

3 The predicted value of the score of any student who studies for 10 hours is
43 + 10 x 4.25 = 85.5%.

The answer to question (4) of (3.2.1), based on sample data, depends on procedures
to be discussed later (see Problem 3.4.6). Thus we see that even when we have only
a sample of values from the population, we can obtain useful (though approximate)
answers to questions of interest.
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Systematic Methods of Estimation

Although we found an estimate of the population regression line using a straight
line that was visually judged to provide a good fit to the sample data, we did this
for illustration only. It is desirable to obtain an estimate of the population regression
line based on a more objective and scientifically sound procedure. Several such
methods are available in the literature, and one method that is widely used and has
a long history is based on the so-called method of least squares. Another method
that is becoming increasingly popular is the method of least absolute deviations.
We use primarily the method of least squares for estimating unknown parameters
because it is mathematically simpler than most alternative approaches and because
estimates obtained using the method of least squares are best estimates when certain
assumptions about the population and the sample are satisfied. If you are interested
in circumstances under which other approaches may be desirable, you should consult
more advanced books on regression. "

In straight line regression, we are usually interested in estimating .y (x), B, 8,
oy(x), and Y (x), where Y(x) is the Y value of an item chosen at random from the
subpopulation whose X value is x. We may also be interested in estimating py y,
Ky, iy, Oy, and oy. The estimation of oy (x) for all x is, for all practical purposes,
impossible unless we make some simplifying assumptions regarding the population
{(Y,X)}. In the next section we discuss two commonly used sets of assumptions
regarding the population {(¥, X)} and sampling procedures under which the theory
of straight line regression has been extensively studied.
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Problems 3.2

321 Using simple random sampling, a sample of size 26 was selected from the population
data in Table D-3 in Appendix D, consisting of scores and hours studied for 2,600
students. The sample data are given in Table 3.2.3 and are also stored in the file
table323.dat on the data disk. Here X is the number of hours studied, and Y is the
percent score obtained on the test for each student in the sample. Examine these
data. Plot Y against X, and examine this plot. Does it appear from this plot that the
population regression function of ¥ on X is a straight line?

322 InProblem 3.2.1, visually fit a straight line to the plotted data. Use this fitted line to
obtain approximate values for §, and §;.

323 Use the data from Problem 3.2.1 to answer questions (1)<(3) of (3.2.1). How do the
answers compare with the answers obtained using the entire population?

TABLE J.2.3

Sample Score (in percent) Hours

ftem Number Y X
1 4 0
2 86 10
3 87 10
4 58 3
5 85 10
6 55 1
7 63 4
8 48 0
9 57 3
10 54 2
11 82 10
12 90 12
13 56 3
14 67 5
15 81 8
16 57 4
17 47 1
18 47 1
19 44 0
20 48 0
21 54 3
22 45 0
23 51 1
24 91 12
25 58 3
26 100 12
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Compare a plot of the data in Table 3.2.3 with a plot of the sample data in Table 3.2.2
(these data are plotted in Figure 3.2.4), and with a plot of the population regression
line py (x) = 45.0 4 4.0x. Which set of sample data do you think best estimates the
population regression line? Does this give you any reason to prefer one sampling
method over the other?

A simple random sample of size 10 was selected from the population in Table D-3.
The data are given in Table 3.2.4 and are also stored in the file table324.dat on the
data disk. Repeat problems 3.2.1-3.2.3 for these data.

Which sample would you prefer, the one in Problem 3.2.5 or the one in Prob-
lem 3.2.1, to estimate the population regression function? Why?

TABLE 3.0.14

Sample Score (in percent) Hours

ftem Numher Y X
1 41 1

2 59 4

3 9 11

4 88 11

5 52 2

6 53 2

7 53 1

8 63 5

9 87 10

10 74 8

Straight Line Regression Model—Assumptions (A) and (B)

To obtain useful point and confidence interval estimates and tests for parameters
associated with a population {(¥, X )}, we must make some assumptions about the
population and about the method used to collect the sample data. One such set of
assumptions, which we refer to as assumptions (A), under which the theory for
straight line regression has been well developed, is given in Box 3.3.1. Three of
these assumptions concern the population and two concern the sample.
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¥ B 0 X 3 3 l Assumptmns(A)for Stralghtl.lne Begtessmn . S
s Atwo—vanable populatxon {(Y X)}i is the study populanon R i

(Populatlon) Assumptlon 1 " The mean of all the Y values in the subpopu- . i
latlon whose X value isx 1s denoted by uy(x) and 1t 1s ngen by o

,u,Y(x) ﬁo-f-ﬁl - fora<x<b

N where ﬂo and /31 are unknowri parameters and the allowable values of x he. '
-___betweenaandb ) . o E . .
_' .-(Populatlon) Assumptlon 2 The standard dev1anons (and hence the van— -
ances) of the subpopulatlons do not depend on the value of X (ie., they .
L are the same for each subpopulatlon) This assumptxon is referred to as the
- .assumpuon of homogenelty of standard deviations or, equxvalently, homo- .
' geneity ‘of variances. This common standard deviation of all the subpop- *
..~ ulations is denoted by o*,,,x When there is nio possibility of confusion, we
- simply wnte o mstead of 0 aY]X to denote tlns common subpopulatlon standard_ o
. deviation. - .. - _ )
;(Populatlon) Assumptlon 3 Each subpopulatxon of ¥ values determmed _" :
- by the distinct values of X, 1saGauss:an populatxon NS .
' (Sample) Assumptlon 4 The data are obtained either by sunple random -
samplmg or by samplmg w1th preselected X values as’ d1scussed 1n Sec- oo
‘tion23.; RN R
o (Sample) Assumptnon 5 Thc X and Y values of the nems m the sample o
ER are mcasured W1thout error (hOWever, see Sectlon 3. 10) R S

Associated with the two-variable population {(¥, X )} are several quantities of
interest. The most commonly needed quantities are B, B;, uy (x), Y (x) (the Y value
of a randomly chosen item from the subpopulation with X = x), and . Assumptions
(A) in Box 3.3.1 are sufficient for making inferences about these parameters.

s In some situations, we may also be 1nterested in uy, ay, “x' ax, and' e

o pY  and, if data are obtained by samplmg with preselected X values," S
. .we cannot make valid inferences about these parameters un]ess every - “{331) .
L _subpopulatxon is sampled and the relanve subpopulatlon sizes are oo

_f o known (wluch is almost never the case in real problerns)

A more restrictive set of assumptions for straight line regression, referred to as
assumptions (B), given in Box 3.3.2, is sufficient for making inferences about all of

the quant_ities ﬂO’ ﬂl, [Ly(X), Y(X), g, ﬂ'}’, Uy, I'LX9 UX, and pY,X-
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B OX 3 3 2 Assumptions (B) for Straight Line Regression

(Populatioh)_Assumption 1 The two-variable population {(¥, X )} that is
to be studied is a bivariate Gaussian population.

(Sample) Assumption 2 The data are obtained by simple random sam-
pling as discussed in Section 2.3.

(Sample) Assumption 3 The X and Y values of the items in the sample
are measured without error (however, see Section 3.10).

Comments

1

For assumptions (B) in Box 3.3.2 to be met, wé must obtain sample data by sim-
ple random sampling. If, instead, we obtain data by sampling with preselected X
values, then no random sample from the {X} population or the {Y} population is
available.

If {(Y, X))} is a bivariate Gaussian population as in population assumption 1 of
Box 3.3.2, then population assumptions 1, 2, 3 in Box 3.3.1 are automatically
satisfied. Conversely, if population assumptions 1, 2, and 3 in Box 3.3.1 are satis-
fied and, additionally, if the one-variable population {X} is also a Gaussian pop-
ulation, then population assumption 1 of Box 3.3.2 holds; i.e., the two-variable
population {(¥, X)} is bivariate Gaussian. Thus, (population) assumptions (B)
Jor straight line regression imply (population) assumptions (A), but the converse
is not generally true.

When the two-variable population {(Y, X )} is bivariate Gaussian, then the one-
variable populations {Y} and {X} are both Gaussian populations. However, {Y}
and {X} may both be Gaussian populations and yet {(Y, X )} may not be a bivari-
ate Gaussian population. An example of this situation was given in Section 1.9.
Let Y; and X, be the Y and the X values corresponding to population item /.
The predicted Y value for this item is uy (X;) = B, + B,X,, which is the mean Y
value for the subpopulation with X = X,. We write E; for the difference between
the actual value ¥; and the corresponding subpopulation mean 8, + §,X;. Thus
E; =Y —(By+ B,X;). Equivalently,

Y, =F+BX +E @332)

which is referred to as the population regression model. Under either assump-
tions (A) or assumptions (B) the population {E} is Gaussian with mean zero and
standard deviation o.

It can never be determined if any of these assumptions are exactly satisfied

in a real problem. Investigators may not know for certain that the graph of the
population regression function gy (x) is a straight line, but they may know that this
is approximately so. The same can be said for all of the assumptions. The sample
assumptions mainly concem collecting the data, and often investigators can make
certain they are satisfied. On the other hand, investigators are often restricted by
money, time, or other constraints, so the data collection methods may not exactly
meet the requirements of randomness, etc. Sometimes the investigators who must
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analyze the data and draw conclusions from them are not the ones who collected the
data. They may know or suspect that errors were made in the sampling procedures
or in recording the data. The view we take is that all data contain some information,
and the investigators are in the best position to determine whether the assumptions
are close enough to being satisfied to allow valid conclusions to be drawn about the
population under study. Investigators should always be aware of abnormalities in the
data and deal with them. )

The next section treats point estimation for the unknown parameters in the
straight line regression model. Following this, in Section 3.5, we give methods for
examining some of the assumptions in Box 3.3.1 and Box 3.3.2. If they appear not to
hold, alternative procedures are sometimes available, and we discuss some of these
in Chapter 8.

-

34

Point Estimation

The primary objective in a regression study is to use the sample data to obtain point
and confidence interval estimates for the unknown quantities 8, B,, o', uy(x), and
Y (x) and also for various meaningful functions of these quantities. These estimates
in turn aid investigators in gaining insight into quite complicated questions about the
population under study. In this section we focus our attention on point estimation.

Recall that a point estimate of an unknown parameter is a number, computed
from observed sample data, that may be used in place of the unknown value of the
parameter of interest for making practical decisions. When assumptions (A) or (B)
hold, it can be shown mathematically that the best estimates of 8, and 8, in (3.1.1)
are obtained by the method of least squares. Using these estimates we can obtain the
best estimates of other quantities of interest. We first describe the method of least
squares.

Method of Least Squares

Suppose (¥, %), ..., (¥,» X,) is a sample of size n from the bivariate population
{(Y, X))}, selected using either simple random sampling or sampling with preselected
X values, and the population regression function is

uy(x) = By + By1x (34.1)
The quantity ¢; defined by
€=y, I‘y(xi) =y - (ﬂo + ﬂlx,-) {342}

is the prediction error when we use ﬂy (x)) = By + Byx; topredicty; fori=1,...,n.
The relationship among the observed value y;, the value of the regression function at
x;, viz., B, + B,x;, and the prediction error ¢;, is given by

CYi=BytByxite (34.3)

This is referred to as the sample regression model.
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Since B, and B, are unknown parameters, we want to use sample data to obtain
estimates of them. Under assumptions (A) or (B) it can be shown that the best esti-
mates of B, and B, are obtained by the method of least squares. The resulting
estimates are denoted by ﬂo and ﬂl, respectively. The corresponding estimate of the
regression function is denoted by

Ry ) = By + Byx (3.44)

The prediction error when using fiy(x;) = ﬁo + ﬁlx,- to predict y; is denoted by
¢; and is given by

& =y,—By— By, (345)

The quantities ¢; fori =1, ...,nare called residuals. They are useful in examining
the validity of the assumptions given in Box 3.3.1 as well as those given in Box 3.3.2.
This is discussed in Section 3.5.

The least squares estimates p, and ﬁl are chosen in such a way that the quantity
SSE(X), called the sum of squares of prediction errors when X is used to predict ¥,
and defined by

n n
SSEXy=)Y 0, —Bp—Bx)*=)_& (3456)
i=1 i=1
has the smallest possible value among all the possible choices we could make for ﬁo
and ﬁl. When there is no possibility of confusion, we will simply write SSE instead
of SSE(X) and refer to it as the sum of squared errors or error sum of squares.
Note that we are really not interested in predicting the Y values of sample items
that were observed because we already know their true values, namely the data
values y,, ..., ,. But if the estimated regression function

ﬁy(x) = ﬁo + ﬁlx
is a good predictor of the known sample values y; foreachX = x;fori=1,2,...,n,
then we have reason to expect that it will be a good prediction function for all values
of Y in the population corresponding to all allowable values of X. Thus we use the y;
and the x; values of the items in the sample to assess the performance of the estimate

of the population regression function at the sample points. We now enunciate the
principle of least squares.

The principle of least squares states that the best estimate of the population
regression function uy(x) = B, + B,x is obtained by choosing f, and B, in
(3.4.6) in such a way that the sum of squares of the prediction errors,

SSE = Zez Z(y By — Bix)? @4)

i=1

attains the least possible value.
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Point Estimates of B, ﬂl, Wy (x) and Y (x)

It can be mathematically proven that the values of ﬂl and 50 that minimize e2 in
(3.4.6) are given by :

a =1 O —X y
B = Yim O = D0; - = (348)
Zt—l (x - x)
and
B, =5 — B,x (34.9)
where '
- 1¢& _ 1<
i=1 i=1

The quantities 31 and ﬁo, defined in (3.4.8) and (3.4.9), respectively, are known as
the least squares estimates of the population parameters B; and f,. As mentioned
earlier, when assumptions (A) or (B) for straight line regression are satisfied, these
are in fact the best estimates of B; and g, respectively. The best estimate of py (x)
is
Ay =By +Bx (3.4.10)
As stated in Section 2.3, the regression function of Y on X is also the best
prediction function for predicting Y using X. As a result, when only sample data are
available, the best predicted value Y (x) of a randomly chosen observation Y (x) from

the subpopulation with X = x is in fact equal to the estimated subpopulation mean
Ay x); ie.,

PG =By + Bx =iy (3.4.11)

Point Estimates for Linear Functions of 8, and S,

While g, and B, are important parameters in straight line regression, investigators
are quite frequently interested in making inferences about certain linear combina-
tions of B, and ;. Suppose 6 denotes the linear combination ay 8, + a, 8, of B, and
B, where a, and a; are known numbers. The best pomt estimate of @ is equal to 6
where

Observe that u1;,(x) is a quantity of the form gy 8, + a; 8; withay = 1anda; = x; B,
is also a special case with @y = 0 and a; = 1; B, is a special case with ay = 1 and
a; = 0; py(x;) — puy () = (By + B1x) — (By + Bixy) = (x; — x,) B, is a special
case withay = 0 and a; = x; — x,.
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Notation

It is customary to use the notation

n
SXY =" ;= D, — ) {3.4.13)
i=1
n
SSX =) (x,— B)? (34.19)
i=l1
and
SSY =Y ;- 3’ (34.15)
i=1

so that the formula for ﬁl in (3.4.8) may be conveniently written as

SXY

= .16
1= 358 (3.4.16)

B
Remark

The following alternate (but equivalent) expressions for SXY, SSX, and SSY are
sometimes useful.

n n n
SXY = Z xiyi _ (2:’;1 xi)n(Zi=l yi) = xy;— ,&y (3".17)
i=1 i=1
n n 2 n
ssx=) f- T g2 Bate
i=1 i=1
and n 2 n
SSY=Z)%—.(2"_'.=’:&.)_.=Z)%—"}2 (3.4.19)

i=1 i=1
Point Estimate of o

Recall that o is the common standard deviation of the subpopulations of ¥ values
determined by the distinct values of X. The estimate G of o' can be calculated using
the formula

SSE
(n—-2)

where SSE is given by any one of the following equivalent expressions:

n n n ;
SSE=Y 8=y~ iyl =Y 0;— By~ Byy?
i=1 i=1 i=1

o= (3.420)

The quantity (;f—f%, which is under the square root symbol in (3.4.20), is called mean
square error for predicting Y using X and is denoted by MSE(X), or MSE for short.
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Thus
SSE
MSE = 34.21)
=2 (3421)
With this notation the estimate & of o is given by
0 = vMSE (34.22)
A convenient formula for calculating SSE using a hand-held calculator is
(SxY)?
SSE = §SSY — 34.23
SSX ( )

Table 3.4.1 exhibits in detail how the residuals &; enter into the calculation of &,
which is obtained by dividing the sum of the numbers in the last column by n» — 2
and then taking the square root (see 3.4.22).

It can be easily verified that the residuals e; in (3.4.5) must sum to zero. This fact
is sometimes used to check the arithmetic involved in the calculation of &.

All computational formulas for evaluating ﬁo, ﬁl, fiy(x), ¢, and & are influ-
enced by rounding errors, so it is advisable to carry as many significant digits as
possible when performing the required arithmetical operations. The final result may
be rounded to the desired number of significant digits.

The calculations required to estimate §,, B;, and o may be conveniently carried
out using any standard statistical computing package. We explain the use of a statis-
tical computing package (MINITAB or SAS) for these calculations in Section 3.4 of
the laboratory manual.

Terminology

For convenience, Box 3.4.1 summarizes terminology associated with straight line
regression, and Box 3.4.2 summarizes the formulas for various parameter estimates
of interest.

=~ T A B L E 34]

Sample Observed Observed Prediction Residuals Residuals
Item X Ay(x) = By + Byx; &=y - ﬁygx,.) Squared
=Yi—Bo— P &
1 N x Ay =By tB | =y BBy | OB - élxl):
2 Y2 x by =By +B1x, | &=y,~By—Bix, | 02— By~ Bx)
n In *n ﬁY(xn) =ﬁo+ﬁ1xn én =Yn _ﬁo_ﬁlxn (yn_ﬁo_ﬁlxn)z
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B O X 3 . 4 . I Population regression function, or simply, the regression function:
uy(@) = By +Bix fora<x<b

Sample regression function:

Ay = By + Byx
Population regression model, or simply, the regression model:

Y, =By + B X, +E for/=1,...,N
Sample regression model:
Yi=Byt+Bx te fori=1,...,n
A randomly chosen Y value from the subpopulation determined by X = x:
Y(x)
Sample prediction function, or simply, prediction function:
Y() =By + Byx

Note: jiy(x) = Y ().

B OX 3 . 4 . 2 Point Estimates of Various Population Quantities
Suppose a sample (y;, X;), - .., (., X,) Of size n is obtained from a study

population {(¥, X )} by simple random sampling or by sampling with prese-
lected X values. Then

nx'2 u;z

n n n 2
SSX: Z(xi __i)2 = fo _ (Zi:] xi)

M: N

SSY = Z (y }')2 Z )'2 (Ez—l yl

l"‘l

SXY = Z(x D - = Z (Zl—l Xi )(Z.=1 )

i=1 n

é; =y; — By — Byx; = residual for sample item i
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| SSE =-i b’x’ B ﬁY(xi)F- =.Z O’i - B_o "-"-314‘}5.2:-':". Zézz |
L=l Rl

) i=1. .
(sxY)?: "
kit >
MSE = SSE o | |
6= Yra 0= By = Bix) L Z:l-_—]'é:z__m S

For 8 =éoﬁo + a8, théPQihteétiméte ié o

o é:doﬁo“f‘aiﬁl   :

" Comment

In the sample regression function in (3.4.4), we can substitute y — ,3133 for Bo and
write

Ay®) =3+ B (x—3) (3424)

Thus /iy (X) = y, which demonstrates that the graph of the sample regression func-
tion passes through the point (x, y), which is the “center” of the data.

Tasks 3.4.1 and 3.4.2 are intended to provide you with an opportunity to better
grasp the concepts discussed so far in straight line regression and also to illustrate
the use of the formulas for point estimation of various parameters of interest. The
questions in these tasks are posed as word problems and are indicative of the types
of questions arising in real applications.

34.1

Crystalline forms of certain chemical compounds are used in various electronic
devices, and it is often more desirable to have large crystals rather than small ones.
Crystals of one particular compound are to be produced by a commercial process,
and an investigator wants to examine the relationship between the size of a crystal, as
determined by its weight Y in grams, and the number of hours X it takes the crystal
to grow to its final size. The following data are from a laboratory study in which 14
crystals of various sizes were obtained by allowing the crystals to grow for different
preselected amounts of time. The data are listed in Table 3.4.2 and are also stored in
the file crystal.dat on the data disk. From the data in Table 3.4.2 we compute

14 14
D ox=210, =15 Y y=10574, §=17.5529
i=1

i=1
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Crystal Data

Crystal Weight Time

Number Y X

{in grams) (in hours)

1 0.08 2

2 1.12 4

3 443 6

4 498 8

5 492 10

6 7.18 12

7 5.57 14

8 8.40 16

9 8.81 18

10 10.81 20

11 11.16 22

12 10.12 24

13 13.12 26

14 15.04 28

3.4 Point Estimation

L]

14 14
Y x5 -B2=SX=910 ) (y,—*=SS¥ =244.159

i=1 i=1

14
Y ;= —3) = SXY =458.12
i=1
A plot of the data is displayed in Figure 3.4.1.
Suppose the investigator is reasonably certain that assumptions (A) for straight
line regression are (at least approximately) satisfied for x values between 2 hours
and 28 hours, i.e.,

py() = By + B;x for2<x<28

She is interested in finding answers to the following questions (our answers appear
in italics). _
1 Estimate how much the crystals grow per hour on the average.

Because py(x) = By + Bx is the regression function of Y on X, the average
growth per hour is equal to B,. The estimate of B,, calculated using the formula
inBox34.2,is

. SXY 45812

B = X 010 = 0.5034 (to 4 decimals)
Also from Box 3.4.2 we get
Bo=5—B,x=00014 (104 decimals)
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If a crystal is allowed to grow for 15 hours, what is its predicted weight?

Here we wish to predict the weight of a single crystal that is allowed to grow
for 15 hours. This is considered to be a random observation, Y(15), from the
population of all crystals grown for 15 hours. The best predicted value of Y(15)
is

7(15) = By + B,(15)

Using the values ﬁo = 0.0014 and ﬁl =0.5034 calculated in (1) above, the
Izest predicted value for the weight of a single crystal at the end of 15 hours is
Y(15) = 0.0014 + 0.5034(15) = 7.55 grams.

The crystals are priced depending on the time taken to grow them as well
as their actual weight. Crystals that are grown for 8 hours or less are priced
at $2 per gram, those that are grown between 8 hours and 16 hours are priced at
$10 per gram, and those that are grown for more than 16 hours are priced at $16
per gram. These prices reflect the additional amount of operator intervention
necessary to grow crystals for longer periods. Estimate the additional dollars that
a crystal will sell for if it is allowed to grow for 24 hours instead of 12 hours.
The weight of a crystal that is grown for 24 hours is estimated to be
Y4 = ﬁo + 3] (24) = 12.08 grams, whereas the weight of a crystal grown for
12 hours is estimated to be ¥ (12) = /§0 + ﬁl (12) = 6.04 grams. Hence the addi-
tional dollars that a crystal grown for 24 hours will fetch compared to a crystal
grown for 12 hours, is estimated to be 12.08 x 16 — 6.04 x 10 = $132.88.
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4 An electronic components manufacturer places an order for 100 crystals weigh-
ing 12 grams each with a tolerance of +0.5 gram, i.c., weighing between 11.5
and 12.5 grams. How long should the crystals be allowed to grow? If 100
crystals are grown for this amount of time, how many crystals may be expected
to meet the specifications?

Suppose crystals that are allowed to grow for xo hours have an average size
equal to 12 grams. Then

py(xg) =By +Bixg=12

which implies that

_ 12- 8,
X = ﬂl

The estimated value of x, is

1
Using the formula for & in Box 3.4.2, the subpopulation standard deviation is
estimated to be

. |1 ($x7)?
"‘\ n-2) [SSY" SSX ]
_ |1 @4s58.12% |
= \ 5 [244.159— T ] = 1.062 grams

Hence the proportion of crystals, which .are grown for 23.84 hours, whose
weights lie in the range from 11.5 grams to 12.5 grams, is approximately equal
to the proportion of values in a Gaussian population, with mean equal to 12
and standard deviation equal to 1.062, that lie between 11.5 and 12.5. This is
equivalent to the proportion of values in a standard Gaussian population that
are between

115 - 120 o, 125-120
1.062 a 1.062

i.e., between —0.471 and +0.471. Using Table T-1 in Appendix T, we calculate
this proportion to be 0.362. If 100 crystals are grown for 23.84 hours, then we
expect 100 x 0.362 = 36 (rounded to the nearest integer) crystals to meet the
required specifications. This result is approximate because the calculations are
based on estimated values of population parameters since their true values are
unknown.

Task 3.4.2 further illustrates how regression techniques can be useful in real
problems.
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34.2

An investigator wants to evaluate the performance of a new laboratory method for
analyzing the concentration of arsenic (As) in water samples that is much cheaper
than the existing method. If the new method is proven to be scientifically acceptable,
then it will be adopted by environmental research groups for monitoring the quantity
of As in industrial waste water. To investigate the relationship between measured
concentrations of As (Y) and actual concentrations (X), the investigator makes sev-
eral water samples containing known (preselected) amounts of As. These water sam-
ples are analyzed by a laboratory technician (who is unaware of the actual amounts
of As in these solutions) using the new method of analysis. The concentrations are
reported in micrograms/milliliter (¢g/ml). The data are exhibited in Table 3.4.3 and
are also stored in the file arsenic.dat on the data disk.

Suppose that, based on experience, the investigator feels assumptions (A) for
straight line regression hold at least approximately. In particular the population re-
gression function is

Ilvy(x) = ﬂo + ,le

and the subpopulation standard deviations for Y are all the same, each equal to .

To start an analysis, the first thing you should always do is to obtain a plot of
Y against X. This plot is shown in Figure 3.4.2. It appears from this plot that the
assumption of a straight line model is quite reasonable. Next we compute some basic
sums, sums of squares, and sums of crossproducts, the ingredients in the formulas
for obtaining estimates of population parameters. We get

32 32
Y ox=112 x=35 ) y=11397 5=3.5616
i i=1

SSX =168  SSY =16495  SXY = 165.935

From these we compute

.  SXY 165935
{x ‘ﬁ‘_lcs = 0.9877
=3 — B,% = 3.5616 — 0.9877(3.5) = 0.1046
. (SXY)? 1 (165.935)2
= - 1 —_
g \J n— 2) SY SSX ] J 30 [ 64.95 168

— [164 95 — 163.89538] = -l-% = 0.1875

You should venfy these calculations.
Suppose the investigator is interested in obtaining answers to the following ques-
tions.
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TABLE J.4.3

Arsenic Data
Sample Measured True
ltem Concentration Concentration
Number Y X
(in pg/ml) (in pg/ml)
1 0.17 0
2 0.25 0
3 0.01 0
4 0.12 0
5 1.25 1
6 0.86 1
7 1.25 1
8 1.10 1
9 2.01 2
10 2.03 2
11 2.14 2
12 1.74 2
13 3.18 3
14 299 3
15 3.23 3
16 337 3
17 391 4
18 3.90 4
19 361 4
20 427 4
21 4.88 5
2 533 5
23 496 5
24 498 5
25 6.09 6
26 6.17 6
27 6.07 6
28 -5.97 6
29 6.67 7
30 7.02 7
31 7.14 7
32 7.30 7

1 On the average, does the chemical analysis correctly report the absence of As
when this is indeed the case? That is, is py (x) = 0 when x = 0? Is 8, = 0?7
In individual instances, due to the presence of various kinds of disturbances
or errors, the analysis may report a nonzero value of As even when the actual
concentration of As is zero. The measured concentration of As for water samples
containing no As (i.e., x = 0) is equal to B, on the average. Thus the investigator
wants to know whether or not B, is indeed zero.
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FIGURE 3.4.2
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From the preceding computations, the least squares estimate éo of By is
0.1046. Before the investigator can decide whether or not B, may be regarded as
equal to zero for practical purposes, he needs to know how good this estimate is.
This is discussed in the section on confidence intervals.

On the average, does the chemical analysis result in an underestimate or an
overestimate of the true As concentration, or does it provide an unbiased estimate
of the true As concentration?

In individual instances, the presence of various kinds of errors leads to a
measured value that is higher or lower than the true As concentration, and
only very rarely will the measured value be exactly equal to the true value.
However, if the average of the subpopulation of measured Y values equals the
true concentration X for each possible value of X, then the analysis is said to be
unbiased. Thus, if the analysis is unbiased, then the regression function of Y on
X must be py(x) = x; i.e., By = 0 and B, = 1. Here we examine whether or not
the value of B, is equal to 1.

From the preceding computations, the least squares estimate B 1 of By is equal
to 0.9877, which is close to 1.0. Before the investigator is able to decide whether
or not B, can be regarded as equal to one for practical purposes, he needs to
know how good this estimate is. This is discussed in the section on confidence
intervals.

Suppose, based on the calculations in (1) and (2), the investigator is fairly con-
fident that the new method of chemical analysis for As is unbiased; i.e., the
regression function of Y on X is uy(x) = x. However, in order for the method to
be adopted by water quality monitoring agencies, 99% or more of the reported
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concentrations must be accurate to within 1.0 xg/ml. Based on the data at hand,

can he conclude that this is indeed the case?

Assuming that py(x) = x and that assumptions (A) are valid, 99% of the
measured concentrations corresponding to a true concentration x will be be-
tween py(x) —~ 2.5760 and py(x) +2.5760. Hence we want to know whether
2.5760 is less than 1.0. The estimate of o calculated earlier is 0.1875, and so
the estimated value of 2.5760 is equal to 0.483. This is well within the accept-
able upper limit of 1.0. However, the investigator realizes that the estimate of o
is itself subject to sampling errors, and so he wants to know if the estimate is
sufficiently accurate for decision-making purposes. A confidence interval for o
would be useful for this purpose. This is discussed in the section on confidence
intervals.

You should bear in mind that in most instances X and Y are physical quantities
that have certain units of measurement associated with them. In this connection the
investigator may want to find out what happens if he decides to change the system
of units. For instance, the original measurements may have been made in terms of
pounds or miles, and it may be necessary to transform the measurements so they are
expressed in terms of grams or meters. We discuss this next.

Effect of Change of Units on the Parameters and Their Estimates

The values of the population parameters such as §, 8,, and o depend on the system
of units in which ¥ and X are measured. If X is a measure of distance, then the units
of X may be miles, kilometers, inches, feet, millimeters, etc. If X is a measure of
weight, then the units of X may be tons, pounds, kilograms, etc. Similarly if Y is
a measure of temperature, then the units of ¥ may be degrees Fahrenheit, degrees
Celsius, or degrees Kelvin. Therefore we want to know what effect the choice of
units has on the values of population parameters and their point estimates.

Let X;, Y; be the values of X and Y for the Ith population item measured using
one system of units, and let Xj, ¥; denote the X and Y values of the same item
rmeasured using a second system of units. In most practical applications, different
systems of units are linearly related. For instance,

degrees Fahrenheit = 32 + 2 (degrees Celsius)
and
kilometers = 1000 meters

With this in mind, suppose X7 and Y; are defined in terms of X, and ¥, as
follows:

X] =a+bX
Y} =c+dY,
Suppose that the population regression function is
ny(x) = By + Byx
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when X and Y are measured using the first system of units. Also suppose the regres-
sion function is

Kys ) = g5+ Bix*

when X* and Y* are measured using the second system of units. Then it can be
proved mathematically that

and

d
Bs =c+ 3 (bPy—aBy)

Furthermore, if o is the subpopulation sté.ndard deviation when the first system of
~ units is used and o™* denotes the subpopulation standard deviation when the second
system of units is used, then '

o* =|dlo
The estimated values of the parameters are related in the same manner, viz.,
) A d A
*
,31 = Eﬂl

A

d A A
By =c+ E(bﬂo —apyp)
and
6* = \dla

We use the following example to demonstrate these relationships.

ExaMmPLE 341

The output Y, in kilograms per hour, of a chemical process is related to the tempera-
ture X, in degrees Celsius, at which the process is run, and the population regression
function has the form uy(x) = B, + B,x. The data in Table 3.4.4 were obtained
from a pilot plant experiment using preselected X values and are also stored in the
file processl.dat on the data disk. The estimates of g, B,, and o are calculated to
be

Bo=—495 B, =00499 & =0.4095

Now suppose the process output is measured in grams per second instead of kilo-
grams per hour, and the process temperature is measured in degrees Fahrenheit
instead of degrees Celsius. This gives us

1000 9
V=geoVt md Xf=32+gX, fol=1..N @42

Let the sample data expressed in the new system of units be denoted by y; and
x}, respectively, for i =1, ..., n. Then using (3.4.25) we have the sample data in
Table 3.4.5 in terms of the new system of units, and these data are stored in the file
process2.dat on the data disk. Using the data in Table 3.4.5 we obtain the estimates
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of the slope and the intercept relative to the new system of units as
By =-1624 B} =00077 G*=0.1137

Note that we have X;' =a + bX; and Y] = c+dY;, wherea =32, b=9/5=1.8,
¢ = 0.0, and d = 1000/3600 = 0.2778. We may now verify that

gﬁ, = ——0'37:8 (0.0499) = 0.0077 = fi}

c+ g(bﬁo —-af) =0+ %[(1.8)(-4.959) —~ (32)(0.0499)] = —1.624 = fi}

|dié = (0.2778)(0.4095) = 0.1137 = 6"

TAaBLE J.4.4
Chemical Process Data for Example 3.4.1.

Run Number Process Qutput(Y) Process Temperature (X)

(in kg/hour) °C)

1 100 300
2 -10.5 310
3 115 320
4 115 330
5 119 340
6 123 350
7 12.8 360
8 13.1 370
9 144 380
10 139 390
11 15.7 400

TaABLE J.4.5

Transformed Data for Table 3.4.4.
Run Number Process Output (Y*) Process Temperature (X*)
(g/s) R
1 2.77778 572
2 2.91667 590
3 3.19444 608
4 3.19444 626
5 3.30556 644
6 3.41667 662
7 3.55556 680
8 3.63889 698
9 4.00000 716
10 3.86111 734
11 4.36111 752
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Thus it is a simple matter to switch from one system of units to another as long as
the two measurement systems are linearly related. =

Point estimates for B, B;, linear functions of B, and B;, uy(x), Y(x), and o,
discussed in this section, are best estimates if assumptions (A) or (B) are satisfied.
Valid estimates of 11y and oy (respectively, uy and oy ) are obtained using (1.6.1) and
(1.6.2) provided the data are obtained by simple random sampling. These estimates
are best estimates if assumptions (B) are satisfied.

Before applying any of the inference procedures discussed in this book, we rec-
ommend that the investigator carefully examine the data and, combined with his
or her own prior experience and knowledge, make a judgment as to whether or
not the assumptions underlying the inference procedures are at least approximately
met. Statistical procedures are not meant to take the place of good subject matter
Jjudgment but to assist in this judgment.

In the next section we present some simple graphical procedures for examining
the validity of some of the assumptions underlying regression. But first we explain
in the following conversation the difference between fitting straight lines to data
using the method of least squares and fitting straight lines by eye.

Conversation 3.4

Investigator:
Statistician:

Investigator:

Statistician:

Good morning! Do you have time to talk to me now?
Certainly. What's on your mind?

A scientist I work with has a large data set that includes two variables ¥ and X. I
plotted the data and drew a line through it by eye. It seems to him and to me that
the line is a good summarization of the data. The line goes through y = 11.7 and
X = 11.7, the means of the Y values and X values in the data set. The slope of the
line is approximately (as close as we can estimate it by eye) 1.0; i.e., 7° = 1.0. The
plot of the data and the line are shown in Figure 3.4.3. Figure 3.4.4 shows the plotted
data with the line we fitted by eye (solid line) and the least squares line (dashed line).

- The least squares line has slope ﬁl = 0.734, which is considerably different from

the slope ﬁf‘” = 1 of the visually fitted line. Isn’t this unusual?

No, it’s not unusual. If the data were obtained from a two-variable Gaussian popula-
tion by simple random sampling, you would expect the data to be roughly elliptical
in shape. The ellipse, the visually fitted line, and the least squares line are shown
in Figure 3.4.5. The solid line that you drew by eye is a line such that the data are
symmetrical around it: i.e., a line of symmetry. However, the least squares line (the
dashed line) is the line that minimizes the sum of squares of vertical distances from
the line to each point, and the least squares line will always have a slope that is
closer to zero than the line of symmetry (unless, of course, both slopes are zero).



Investigator:

Statistician:

Investigator:
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Both lines go through the point (%, ¥), where ¥ and ¥ are the means of the X and Y
values in the data set.

I see. But it seems to me that the line of symmetry summarizes the data better than
the least squares line. .

I agree that the line of symmetry is more appealing to the eye. However, if assump-
tions (A) or (B) are satisfied, the least squares line is the best line for predicting Y
using X. Thus one must be careful in using a visually fitted line.

I think I understand. Perhaps I will come to see you again next week.

FIGURE J.4.3
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Consider the crystal data in Task 3.4.1. A different laboratory collects data on crystal
growth at 14 preselected times. The data are given in Table 3.4.6 and are also in the
file Table346.dat on the data disk. Assumptions (A) are presumed to be valid, and
the data are obtained by sampling with preselected X values. Calculate the least
squares estimates of §, B, and 0.

Using the results of Problem 3.4.1, answer questions (1)—(3) of Task 3.4.1.

In Problem 3.4.1, what is the estimate of the average weight of crystals that have

grown for 19 hours? For 25 hours? For 40 hours?

Twenty-five cars are selected, using simple random sampling, from the car data in

the file car.dat on the data disk (see also Table D-1 in Appendix D). The first-year

maintenance cost ¥ for these 25 cars and the number of miles X they were driven
during the first year after purchase were recorded. The following quantities were

computed using these sample data: x = 11,364; y = 532.44; SSX = 224,617,600;

SSY = 279,764; SXY = 7,391,396.

a Find B, B;, and 1, (x).

b A prospective new car buyer wants to purchase a-car similar to those in the pop-
ulation of Table D-1 and plans to drive it 13,000 miles during the first year. What
population quantity is the buyer interested in to predict the first-year maintenance
cost for this car, ¥(13,000) or u2,,(13,000)? Explain. Obtain a point estimate for
this quantity.

TABLE J.4.0

Crystal Weight Time

Number Y X
{in grams) (in hours)

1 0.10 2
2 1.01 4
3 3.89 6
4 5.14 8
5 5.19 10
6 6.89 12
7 5.29 14
8 8.70 16
9 9.42 18
10 11.38 20
11 11.38 22
12 11.73 24
13 12,95 26
14 15.10 28
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¢ What population quantity should buyers be interested in if they want to know
the average first-year maintenance cost of all cars to be driven 16,000 miles next
year? Explain.

345 Consider the simple random sample of size 26 for the grades example given in
Table 3.2.2. These data are in the file grades26.dat on the data disk. For these data
‘compute the following quantities: X; y; SXY; SSX; SSY; B,; B,: SSE; and 6.

346 InProblem 3.4.5, compute ji,(10). Using /i (10) in place of 11,(10) and & in place
of 0y (10), answer question (4) of (3.2.1).

347 Sometimes it is desirable to work with the transformed data
X=x—-c Y=y —d

for suitably chosen constants ¢ and d rather than the original data when the computa-
tions are done using a hand-held calculator. Many software packages also transform
the data in this manner to combat rounding errors. The quantities SSX, SSY, and SXY
can be shown to be the same whether the calculations are done using the untrans-
formed data or the transformed data. Thus the estimates of the slope parameter 8,
and the subpopulation standard deviation o, calculated using the transformed data,
can be shown to be the same as those calculated with the untransformed data. Once
51 has been calculated, ,30 can be obtained using (3.4.9). To become familiar with
this transformation do the following.

a Compute y; and x] for the data of Problem 3.4.1 using ¢ = 14andd = 7.

b Using the transformed data in (a), compute SSX, SSY, and SXY. Using these
compute B and 6*. How do these compare with 8, and & obtained in Prob-
lem 3.4.17

34

Checking Assumptions

Inference procedures for regression analyses are strictly valid only when the model
assumptions on which the procedures are based are satisfied. However, models are
approximations to reality, and so model assumptions will never hold exactly. Never-
theless, if a model is a reasonable approximation of reality, then inferences based on
the model may be adequate for real applications.

In an applied problem, an investigator usually knows that some of the assump-
tions are satisfied, but she cannot be sure if others are. For example, an investigator
will generally know whether (sample) assumptions (A) or (B) are satisfied, but she
may not know if the (population) assumptions are satisfied. In this section we discuss
some procedures for examining the validity of the population assumptions.

For convenience we reproduce here the population regression model given in
(3.3.2):

Y, =By + B X,+E
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If assumptions (A) or (B) are satisfied, then the population of all £ is a Gaussian
population with mean equal to zero and standard deviation equal to o (.., oyy).

Hence we would like to examine the E,; to determine if they indeed form a
Gaussian population with zero mean. However the E; are population values and
are unavailable, so we consider examining the n values of E;, which we denote by
€1reeer€ps corresponding to the n sample items. However, even these e;’s are not
observable, but we can estimate them. An estimate of the e; corresponding to the ith
sample item is the residual é;, defined by (see (3.4.5))

&=y, - byx)=y;—Bo—Byx;, fori=1,...,n (351)

These residuals are used to help decide whether the E; form a Gaussian population
with mean zero. If we decide that the E; do not constitute such a population, then we
can conclude that one or more of assumptions (A) or (B) are violated.

We begin by discussing some graphical procedures which—by examining the
sample data, the residuals €;, and other related quantities—will help us in detecting
major violations in model assumptions.

Scatter Plot of Y Against X

You should routinely plot the sample Y values against the corresponding X values
and study this plot carefully before using any of the inference procedures for straight
line regression. Failure of the population assumption that u, (x) is of the form g, +
B, x is often revealed by such a plot because this assumption states that the graph of
the regression function of ¥ on X is a straight line. If this assumption is correct, then
the plotted points should all lie roughly along a straight line.

Figure 3.5.1 is a plot of the sample Y values against the corresponding X values
in the crystal data of Task 3.4.1. This plot seems to support the assumption that the
regression function of ¥ on X is of the form py(x) = B, + B,x. On the other hand,
if the plots were as shown in Figures 3.5.2-3.5.4, this would tend to suggest that
the regression function of Y on X is not of the form uy(x) = B, + B,x. The plot in
Figure 3.5.4 is particularly interesting because, if we ignore the two points indicated
by the symbols +, all remaining points would tend to support the assumption of a
straight line regression function. This is not an uncommon situation in practice. Such
points are often referred to as outliers. We discuss outliers, and how they should be
dealt with, in greater detail in Chapter S.

Standardized Residuals

We have stated that the residuals ¢; are useful for checking the validity of the model
assumptions. Numerous graphical and numerical techniques for checking assump-
tions using residuals can be found in the regression literature [1], [2]. Most of these



1% Chapter 3: Straight Line Regression

FI1GURE 4.9.1

15
T

10
—T

Weight ( grams)

Time (hours)

FIGURE 1.5.1

20
|

15
I

10
T

15

20

25

30

5 10

20

25



3.5 Checking Assumptions 135
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methods standardize the residuals é,- before using them because the residuals éi, cor-
responding to observations with x values that are far from the center of the range of x
values, tend to vary more from sample to sample than those corresponding to obser-
vations with x values that are closer to the center. Consequently, they are not directly
comparable with one another. The following explanation may help you understand
the reason for this.

Recall that the estimated regression line must pass through the ‘center’ (x, y) of
the sample data. A slight change in the estimated value of ﬁl will result in a greater
change in the value of ¢; for a point whose x value is far away from the middle (i.e.,
far from x) than for a point that is closer to X (see Figure 3.5.5). You can think of
the line as a see-saw with the point (¥, ¥) (which itself varies from one sample to
another) serving as the pivot. Points on the see-saw closer to the plvot move through
a smaller vertical distance than points far from the pivot.

FIGURE 3.0

The residuals é; may be made comparable with each other by standardizing
them appropriately. It can be shown mathematically that the correct standardization
procedure is to divide & by 6. /1 — h; ;, fori = 1,..., n, where

1 x-n% '
=+ = (352)
and SSX is in (3.4.14). The quantities k; ; are usually referred to as hat values. More
is said about them in Chapter 5.

We are thus led to define the standardized residual r; for observation i as

= —t {35.3)
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If assumptions (A) or (B) are satisfied, then the standardized residuals
ry, ..., r, are (approximately) equivalent to a simple random sample
of n observations from a Gaussian population with zero mean and
unit standard deviation. (354}

This fact may be used to check the validity of some of the model assumptions.

Plotting Standardized Residuals Against Sample X Values

In some instances a plot of the standardized residuals r; against x; is more revealing
than a plot of y; against x;. When assumptions (A) or (B) are satisfied, the points on
the plot of 7; against x; should be scattered in a random fashion about the horizontal
line through the origin (see the dashed line in Figure 3.5.6 for an example), showing
no obvious trends or other patterns. If this is found not to be the case, then one or
more of these assumptions is likely to be false.

Residual plots corresponding to the scatter plots in Figures 3.5.1-3.5.4 are given
in Figures 3.5.6-3.5.9, respectively. Note how the departures from linearity in the
plots of Figures 3.5.2 and 3.5.3 appear more prominently in the corresponding resid-
ual plots in Figures 3.5.7 and 3.5.8. Also note that the two outliers in the plot shown
in Figure 3.5.4 are easily spotted in the residual plot of Figure 3.5.9.

FIGURE J.0.0
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Plotting Standardized Residuals Against Fitted Values iy (x;)

The estimated subpopulation means fiy (x;) are often referred to as fitted values
or predicted values corresponding to the X values, Xys .+« .5 X,, in the sample.

The fitted values can be shown to be unrelated to (independent of) the stan-
dardized residuals r; when assumptions (A) or (B) are satisfied. Hence the points in
the plot of r; versus fiy(x;) should be randomly scattered about the horizontal line
through the origin (see the dashed line in Figure 3.5.10 for an example) with no
particular pattern. Any systematic pattern observed would indicate that one or more
of assumptions (A) or (B) may fail to hold.

In some instances where a pattern is observed instead of a random scatter, it
may be possible to diagnose the cause of the observed pattern. In Figures 3.5.10—
3.5.15 we show hypothetical plots of standardized residuals versus fitted values for
illustration. In each plot the horizontal axis represents the fitted values, and the
vertical axis represents standardized residuals.

Figure 3.5.10 is typical of a plot we expect when there are no violations of as-
sumptions. Figures 3.5.11, 3.5.12, and 3.5.13 indicate a possible violation of the as-
sumption of homogeneity of standard deviations; i.e., they suggest that the standard
deviations of the subpopulations of ¥ values, determined by the predictor variable
X, may not all be the same. Figure 3.5.11 suggests that the standard deviations of
the Y values in the various subpopulations increase with increasing values of the
subpopulation means, and Figure 3.5.12 indicates that the standard deviations of
the Y values in the various subpopulations decrease with increasing values of the
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FIGURE 3.5.10

Standardized residuals

‘ Standardized residuals

o

-2
i
(@]

-3

0 10 20 30 40 50 60 70

Fitted values

1cgurRE J.5.11

[}
(@)

-3

0 20 40 : 60
Fitted values




3.5 Checking Assumptions L]

FIGURE 3.0.11
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subpopulation means. Figure 3.5.13, on the other hand, suggests that the standard
deviations are larger for subpopulations with small means as well as those with large
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means, whereas the standard deviations are smaller for subpopulations with means
near the middle of the possible range of values.

Figures 3.5.14 and 3.5.15 show plots of standardized residuals r; versus fitted
values fiy(x;), which indicate lack-of-fit (i.e., they indicate that the graph of the
regression function of Y on X is not a straight line). A plot of y; against x;, or a
plot of r; against x;, should also reveal this. When lack of fit is indicated by one
of these plots, the investigator may want to formulate an alternate candidate for
the regression function, i.e., a quadratic function, a cubic function, a logarithmic
function, an exponential function, etc.

Gaussian Rankit-Plot

The Gaussian rankit-plot is a graphical tool for checking whether a given set
of numbers appears to be a simple random sample from a Gaussian population.
Although we primarily use this procedure to assess whether or not the standardized
residuals from a regression analysis appear to be a simple random sample from a
Gaussian population, the procedure is applicable to any set of numbers. Hereafter,
unless otherwise stated, when we say rankit-plot we mean a Gaussian rankit-plot.
The procedure is as follows.

To obtain a rankit-plot of a given set of numbers, say y,, ..., y,, we must first
arrange these numbers in increasing order. The ordered data values are denoted
bY Y(1ys - + - » Ymy» With gy denoting the smallest of the y; and y,,, the largest.
A rankit-plot of the data values y,,...,y, is a plot of the ordered data values
Y(ay -+~ »Y(n) 28AINSE the quantities zg"), cees zf,"), called Gaussian scores (or
normal scores, or rankits), which may be thought of as a typical sample of
size n (arranged in increasing order) from a standard Gaussian population (a
Gaussian population with mean zero and standard deviation one). f y,, ..., y,
is a simple random sample from a Gaussian population, then the plot of y,
against z§") should produce points that more or less all lie on a straight line. If,
in addition, the y; come from a Gaussian population with zero mean and unit
standard deviation, then this line should more or less be a line through the origin
with unit slope.

Figure 3.5.16 shows the rankit-plot of the data from a simple random sample
of size 25 from a Gaussian population with mean 2 and standard deviation 3, while
Figure 3.5.17 shows the rankit-plot for a simple random sample of size 30 from
a standard Gaussian population. In contrast, Figure 3.5.18 is the rankit-plot for a
simple random sample of size 28 from a population that is not Gaussian.

Notice how the points in Figure 3.5.16 all lie approximately on a straight line
(the dashed line), and the points in Figure 3.5.17 all lie approximately on a straight
line through the origin with unit slope (dotted line), but the points in Figure 3.5.18
clearly show a systematic departure from a straight line pattern.
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FIGURE 3.5.16
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As stated in (3.5.4), when assumptions (A) or (B) are satisfied, the standardized
residuals ry, ..., 7, are (approximately) equivalent to a simple random sample of n
observations from a standard Gaussian population. So a Gaussian rankit-plot can be
used to help determine if assumptions (A) or (B) appear to be violated. We discuss

this in some detail, but first we discuss Gaussian scores.

Gaussian Scores {or Norma! Scores, or Rankits)

We now explain the Gaussian scores z,("). Suppose we repeatedly obtain simple
random samples of size n from a Gaussian population with mean zero and unit

standard deviation (from the population {Z}, say) and order the sample values from

smallest to largest. Suppose the first sample yields the ordered observations
NS =,
and the second sample yields

B1= S5,

and so forth. If we repeat the process a large number of times, say m times, (i.e., m

samples of size n) we will obtain m sets of ordered samples of size n each, which

may be organized as in (3.5.5).
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Z < < Ik < < L
22’1 < e < 22,k < e < 22"'
: < < : < <
5 < < e < < 5
: < < : < < :
Zp1 < < Zk < < Zpn
Means g") < < zi") < < )
(3.5.5)
Here z(”) is the mean of the smallest values obtained in each of these m simple

random samples of size n, and ) is the mean of the 2nd smallest values obtained in

each of these m random samples of size n, etc. In general, z; 2™ refers to the average of
the kth smallest values in simple random samples of size n from a standard Gaussian
population; i.e.,

n) 1 m
= — Z.

where z; , , are as in (3.5.5). The values {z(") } are called Gaussian scores or normal
scores or rankits, and they can be obtamed from various computer programs. In
Section 3.5 of the MINITAB and SAS laboratory manuals we show how to use
computer commands to obtain the numbers

zg") < zg‘) <:oo<z® (356)

Rankit-Plot of Standardized Residuals
Recall from (3.5.4) that

xf assumpnons (A) or (B) are sansﬁed ‘then rhe standardlzed reszduals r; are ..
L ( approxzmately ) equzvalem toa s:mpIe random sample from a standard Gausszan' -
- population. This can be checked graphlca]ly by examining a ranklt-plot of the - -

" ordered standardized residuals, which should be (approximately) a smught lme o

o through the ongm wuh slope equal to 1 when assumpuons (A) or (B) hold s

To obtain a rankit-plot of the standardized residuals, we first order the standard-
ized residuals r; and denote the ordered values by ray @y ** 5 Twy SO that we
have

TW=<T) <" <Tw
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Then we compare these with the Gaussian scores in (3.5.6) by plotting the pairs
(z,"), r(o) fori=1,...,n, with @ as ordinates and z; (n) as abscissas. If the plotted
points appear to dev1ate systematically from the line through the origin with slope
equal to 1 (which should be plotted on the same graph for ease of reference), this
indicates that some or all of the assumptions may be violated. Tables that contain the
values z{™ for various values of n are available, but the rankit-plot of standardized
residuals is more conveniently obtained by computer.

Rankit-Plots of Linear Combinations of y; and x;

For inferences on certain parameters (for instance the correlation coefficient py y to
be discussed in Section 3.9), we need assumptions (B) in Box 3.3.2. In particular, the
population {(Y, X )} is assumed to be bivariate Gaussian. To check this assumption
we must investigate whether or not the sample data, (y,, x,), - - ., (¥, X,,), appear to
be a simple random sample from a bivariate Gaussian population. This can be done
by examining the rankit-plots of linear combinations of y; and x;. Based on the dis-
cussions in Section 1.9, we know that a population {(Y, X )} is bivariate Gaussian if
and only if the univariate population {aY + bX} is Gaussian for every possible choice
of values for a and b. Because we have only sample data available, we can examine
linear combinations ay; + bx; of y; and x; in the sample. In practice it is impossi-
ble to examine every linear combination of y; and x;, but we can consider several
linear combinations and examine the corresponding rankit-plots. For instance, if
v; = ay; + bx; is one such linear combination, then we can examine a rankit-plot of
the v; and form an opinion about whether the v; values appear to be a simple random
sample from a Gaussian population. If we consider several such linear combinations
(several different values of a and b), and if every linear combination we consider
appears to be a simple random sample from a Gaussian population, then we can
feel somewhat assured that the bivariate population {(Y, X )} under consideration is
at least approximately bivariate Gaussian. We give a numerical illustration of this
procedure in Example 3.5.2, which is one of two examples we use to illustrate the
procedures discussed in this section.

You should study a large number of rankit-plots corresponding to simple random
samples from Gaussian populations, as well as non-Gaussian populations, to gain
experience in judging the plots and deciding whether or not the plot indicates
violations of the assumption of a Gaussian random sample.

For convenience, we list the formulas for computing fiy(x;), €;, h;;, and r;, in
Box 3.5.1.
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o Box351 L

Formulas for Computing i r&:) é,-, h; g and r;

jFitted values fy(x,):
) = By +Brx;
Residuals ¢;: '

&=y~ Py~ B =y~ iyly)

1, -0}
|

_ Standardized residuals 7;:

" Hat values h; b

EXAMPLE 4.5.1

We illustrate the preceding discussions using the crystal growth data in Task 3.4.1;
the data are in the file crystal.dat on the data disk. Recall that for these data n = 14,
& = 1.062, x = 15, SSX = 910, and the sample regression function is

fiy(x) = 0.0014 + 0.5034x

Since the X values in this data set are preselected, we know that assumptions (B) are
not satisfied, so we examine the data to determine if assumptions'(A) appear to be
satisfied.

In Figure 3.5.19 we plot y;, the crystal weights, against x;, the time it takes to
grow to their final sizes. This plot seems to support the assumption that the graph
of the regression function of ¥ on X is a straight line. We calculate the fitted values
fiy(x;), the residuals é ¢;, the hat values ; ;, and the standardized residuals r; using
the fonnulas in Box 3. 5 1, and we list them in Table 3.5.1 along with x; and y;.
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-+ TABLE 3.0.1
k...«  Fitted Values, Residuals, Hat Values, and Standardized Residuals for Crystal Data

Weights Times Fitted Values Residuals Hat Values Standardized Residuals
Yi x; Ay(x) & Ry r
0.08 2 1.0083 —0.92829 0.257143 —1.01438
1.12 4 20151 —0.89514 0.204396 —0.94518
443 6 3.0220 1.40800 0.160440 144726
498 8 4.0289 095114 0.125275 0.95781
492 10 5.0357 -0.11571 0.098901 —0.11481
7.18 12 6.0426 1.13743 0.081319 1.11767
557 14 7.0494 —1.47943 0.072527 —1.44682
8.40 16 8.0563 0.34371 0.072527 0.33614
8.81 18 9.0631 -0.25314 0.081319 —0.24874
10.81 20 10.0700 0.74000 0.098901 0.73420
11.16 22 11.0769 0.08314 0.125275 0.08373
10.12 24 12.0837 -1.96371 0.160440 —2.01847
13.12 26 13.0906 0.02943 0.204396 0.03107
15.04 28 14.0974 0.94257 0.257143 1.02999

In Figure 3.5.20 we plot the standardized residuals r; against the the fitted values
i Y (x,‘)-
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FIGURE 1.5.20
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Notice that the points on this plot seem to be randomly scattered about the
horizontal dashed line and show no apparent pattern. Based on this plot we do not
see any evidence of violations of any of assumptions (A).

Finally we obtain the rankit-plot of r; shown in Figure 3.5.21.

FIGURE 3.5.71
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The points on this plot seem to all lie (approximately) on a straight line of
unit slope through the origin (the dashed line in Figure 3.5.21), and so this plot is
consistent with assumptions (A).

To summarize, for the crystal growth data in Table 3.4.2, the graphical proce-
dures discussed in this section do not point to any violations of assumptions (A).
(As stated earlier, we already know that assumptions (B) do not hold because the
X values in this data set are preselected.) We can feel somewhat confident that the
inference procedures discussed in this chapter, which are based on assumptions (A),
are valid. «

EXAaMPLE 3.5.1

For another illustration, consider Example 2.2.2 where we are interested in the re-
lationship of Y, the first-year maintenance cost of new cars, and X, the number of
miles driven during the first year after purchase. Twenty cars were selected by sim-
ple random sampling from the population in Table D-1, in Appendix D, and we want
to examine the plausibility of assumptions (A) or (B) for this population, using only
the sample data. The data are given in Table 3.5.2 and are also stored in the file
car20.dat on the data disk.

We begin by plotting y; against x; (see Figure 3.5.22) to see if it is reasonable
to assume that the graph of the regression function of Y on X is a straight line. The
plot seems to suggest that the regression function of ¥ on X may not be a straight
line because there is some evidence of curvature. We should be able to better assess
this possibility by examining a plot of the standardized residuals r; against x; and
also of r; against the fitted values fi, (x;). To do so, we first calculate the estimated
regression function fiy (x) using (3.4.10) and we get

fip () = 177.01 + 0.031307x

Next we calculate the fitted values /iy (x;), residuals ¢;, hat values hi‘i, and standard-
ized residuals 7; using formulas in Box 3.5.1. These are listed in Table 3.5.3.

Next we examine a plot of the standardized residuals r; against x;. This plot is
given in Figure 3.5.23. It strongly suggests that the regression function of ¥ on X
is not a straight line because the points are clearly not randomly scattered about the
horizontal line corresponding to 7; = 0 (shown as the dotted line in Figure 3.5.23),
and there seems to be clear evidence of curvature.
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TABLE 3.h.10
Car20 Data (Sample Data from the Population in Table D-1)

Car Maintenance Cost Miles
(in dollars) Driven

. Y X
1 456 1 11200
2 - 828 17300
3 500 11100
4 489 11000
5 387 6700
6 553 13700
7 531 12400
8 650 15300
9 475 11300
10 " 474 8200
11 " 533 12300
12 ' 396 7700
13 618 14300
14 : 474 8800
15 639 13600
16 457 7100
17 460 8700
18 433 6500
19 621 13100
20 460 9900

FIGURE J.5.11
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— TABLE J.5.3
...  Fitted Values, Residuals, Hat Values, and Standardized Residuals for car20 data

3.5 Checking Assumptions 18

Maintenance Miles Fitted Hat Standardized
Costs Driven Values Residuals Values Residuals
Y X fy(x) ¢ h;; 5
456 11200 527.648 —-71.648 0.050206 —1.58529
828 17300 718.623 109.377 0.275645 2.77121
500 11100 524.518 -24.518 0.050046 —0.54243
489 11000 521.387 —32.387 0.050001 -0.71652
387 6700 386.766 0.234 ,0.155945 0.00550
553 13700 605.917 -52917 0.091269 —1.19700
531 12400 565.217 -34.217 0.061019 -0.76144
650 15300 656.008 —6.008 0.154964 —0.14094
475 11300 530.779 -55.719 0.050480 —1.23435
474 8200 433.726 40.274 0.095034 0.91290
533 12300 562.086 —29.086 0.059491 —0.64674
396 7700 418.073 -22.073 0.112486 -0.50523
618 14300 624.701 —6.701 0.111733 - -0.15332
474 8800 452.511 21.489 0.077855 0.48254
639 13600 602.786 36.214 0.088258 0.81782
457 7100 399,288 57.712 0.137192 1.33975
460 8700 449.380 10.620 0.080433 0.23881
433 6500 380.504 52.496 0.166005 1.23954
621 13100 587.132 33.868 0.074912 0.75930
460 9900 486.949 —26.949 0.057027 —0.59842
E FIGURE 3.5.13
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Figure 3.5.24 shows the plot of the standardized residuals r; against fitted values
fiy(x;). The points in this plot are also not randomly scattered about the horizontal
dashed line; instead, they suggest the existence of curvature in the regression curve

of YonX.

FIGURE 4.5.24
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Thus we tentatively conclude that a straight line regression model is not appro-
priate for the data of this example. You should refer to Figure 2.3.4, which shows a
scatter-plot of maintenance cost against miles driven for the population in Task 2.3.1
from which these data are sampled. Notice that the population scatter-plot definitely
exhibits curvature. This should give you some confidence that a sample, properly
selected, does indeed reflect aspects of the population.

For illustrative purposes, we now examine a rankit-plot of the standardized resid-
uals in Figure 3.5.25 (the dashed line is the line through the origin with unit slope).
There does not seem to be anything unusual about this plot that would make us
suspect any violations of the assumptions. So based on this plot alone we are unable
to detect any departure from assumptions (A) or (B).

Because the sample data in this example are obtained using simple random
sampling, it is reasonable to ask if assumptions (B) appear to be satisfied; i.e., it
is reasonable to examine whether the data appear to be a simple random sample
from a bivariate Gaussian population. This can be done by examining whether or not
various linear combinations of y; and x; (including y; and x; themselves) appear to be
a simple random sample from a univariate Gaussian population (see Section 1.9) by
using the rankit-plot. We illustrate this by examining rankit-plots of y;, x;, and two
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other linear combinations of y; and x;, namely x; + y; and x; — y;. These four plots
are given in Figure 3.5.26.

Based on these plots we conclude that it is not unreasonable to assume the x;
values are a simple random sample from a Gaussian population. The rankit-plot for
Y shows a hint of curvature, thus suggesting that the population {¥} may not be
Gaussian.

The rankit-plots for y; + x; and x; — y; appear to be consistent with the Gaussian
assumption. You are invited to obtain the rankit-plots for several other linear com-
binations of y; and x; for practice in judging them. However, because the sample
y; values do not appear to be a simple random sample from a Gaussian population,
the data (y;,x;), ..., (59, X9) appear not to be a simple random sample from a
bivariate Gaussian population. =

We should point out that if the population {(¥, X )} is a bivariate Gaussian pop-
ulation, then the regression function of ¥ on X must necessarily be of the form
Ry (x) = By + By x. Because some of the residual plots have already supplied evi-
dence against this possibility, we should have concluded that it is not very likely for
the population {(¥, X )} to be bivariate Gaussian. However, we proceeded with the
examination of various linear combinations of y; and x; to illustrate the procedure.
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FIGURE 4.5.20
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Bear in mind that while some of the procedures for checking assumptions may
not detect any violations, other procedures may. It is only with the combined evi-
dence based on many different checks of assumptions that we can arrive at a conclu-
sion regarding the validity (or at least, approximate validity) of the assumptions in
any given situation.

' Many diagnostic procedures exist for examining the validity of assumptions (A)

- or (B). Even when these procedures do not suggest the failure of any of the
assumptions, there is no guarantee that the assumptions are actually met. This is

* a necessarily subjective exercise, and at some point the investigator has to either
conclude that assumptions (A) or (B) are satisfied (for all practical purposes) and
proceed with analyses and inferences, or he/she must conclude that one or more
of the assumptions are seriously violated and look for alternative procedures. For
certain types of violations of assumptions, we discuss alternative procedures in
later chapters. '
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Authors’ Recommendation

When you perform a straight line regression analysis of a set of data
01, %), - .., (5 X)), We suggest you take the following steps:

1 Ploty, against x;. Assess the plausibility of a straight line regression model. If
the plot indicates that a straight line regression model is not appropriate, then
you may want to investigate alternative candidates for a regression function.
Chapters 4-9 will be of assistance in this regard.

2 If a straight line regression model appears to be a plausible candidate, then
calculate the sample regression function as discussed in Section 3.4. Obtain
the standardized residuals r; and the fitted values i (x,).

3 Plot r; against x; and r; against the fitted values /1y (x;). Examine these plots
for evidence of unequal subpopulation variances or of lack of fit of the model.

4 Obtain a Gaussian rankit-plot of r; to evaluate the validity of the assump-
tion that each subpopulation of Y values, determined by X, is a Gaussian
population.

5 If you want to determine whether the bivariate population {(Y, X )} is Gaus-
sian, and if you obtained data by simple random sampling, then examine the
Gaussian rankit-plots of y;, x;, and several linear combinations of y; and x; to
assess whether or not the data appear to be a simple random sample from a
bivariate Gaussian population.

6 Make an overall evaluation of the validity (at least approximately) of assump-
tions (A) or (B) within the context of the particular application in question.

Note: Checking assumptions as recommended here involves a great deal of com-
puting, plotting, etc., which are easily done using one of several statistical
computing packages. In Section 3.5 of the laboratory manuals we explain in
detail how to do these computations using MINITAB or SAS.

3.5

Use the following information for Problems 3.5.1-35.6.

A coal burning power plant is located a distance of 25 miles from a national park.
Emissions from the power plant contain the gas sulfur dioxide (SO,) (which is linked
to acid rain), and consequently a certain fraction of the emitted SO, is transported
through the atmosphere to the national park. A certain amount of background SO,
that is not emitted by the power plant is always present at the national park. To assess
the power plant’s SO, contribution to the national park, recordings were made of X,
the SO, output by the plant in tons/hour, as well as Y, the SO, concentrations at
the national park in micrograms/cubic meter (ug/m3), at various randomly selected
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times during a particular year. The data are given in Table 3.5.4 and are also stored
in the file so2.dat on the data disk.
From these data we compute the following quantities.

14 14
D> x = 55760 >y = 12335
ii__41 i1=41
D x? = 253.907 > y? = 122027
ial i=1

D yx = 549355

The variations in the Y values for a given X value occur because of changes in the
wind direction and wind speed, variations in the rate of dispersion of the gas, etc. We
want to find out if higher levels of SO, at the national park are associated with higher
levels of SO, emitted by the power plant. In similar investigations, assumptions (B)
have been used, but for these data the experimenter wants to assess the validity of
these assumptions.

Plot the values of SO, at the national park (y;) against the values of SO, emissions at
the power plant (x;). After examining this plot, do you think a straight line regression
function uy (x) = B, + B;x seems reasonable?

Obtain the least squares estimates of 8, and j,. Also obtain an estimate of o.
Table 3.5.5 contains y;, x;, the fitted values /i, (xi); the residuals é;, the hat values

h; ;» and the standardized residuals 7;. These quantities are also stored in the file

table355.dat on the data disk. Plot the standardized residuals r; against the fitted

TABLE J.0.4
Power Plant 802 Data

Time Y X
(ug/m°) (tons/hour)
1 5.21 1.92
2 7.36 3.92
3 16.26 6.80
4 10.10 6.32
5 580 2.00
6 8.06 4.32
7 4,76 2.40
8 6.93 2.96
9 9.36 3.52
10 10.90 424
11 12.48 5.12
12 11.70 5.84
13 744 3.60
14 6.99 2.80
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TABLE J.0.5 |
Fitted Values, Residuals, Hat Values, and Standardized Residuals for Power Plant SO, Data

Fitted Hat Standardized
¥ x; Values Residuals Values Residuals
521 1.92 5.0465 0.16352 | 0.205148 0.12115
7.36 392 8.6960 | —1.33601 | 0.071553 —0.91583

16.26 6.80 13.9513 2.30865 0.320817 1.85031
10.10 6.32 13.0755 | —297546 | 0.243072 —2.25895
5.80 2.00 5.1925 0.60754 | 0.194978 0.44725
8.06 4.32 9.4259 | —1.36592 | 0.075000 —0.93807
4.76 240 59224 | -1.16237 | 0.150159 -0.83283
6.93 2.96 6.9442 | —0.01424 | 0.104305 —0.00994
9.36 352 7.9661 1.39389 0.078161 0.95892
10.90 424 9.2799 1.62006 0.073506 L
12.48 5.12 | 10.8857 159426 | 0.112062 1.11750
11.70 584 | 121996 | —0.49957 | 0.179808 —0.36435
7.44 3.60 8.1121 -0.67209 | 0.076035 —-0.46183
6.99 2.80 6.6523 033773 | 0.115395 0.23718

values i, (x;). Does this plot suggest any violations of assumptions (B)? If so, what
assumption seems to be violated? Round the numbers to two decimals for plotting.

Plot the standardized residuals r; against x,. What does this plot suggest regarding
assumptions (B)?

The ordered standardized residuals r,;, and the corresponding Gaussian scores z{",
where n = 14, appear in Table 3.5.6. Obtain a rankit-plot of these standardized
residuals. What do you conclude from this plot? For plotting purposes you may
suitably round the values of Gaussian scores.

Examine the plausibility of the assumption that the data (y;, x;) are a simple random
sample from a bivariate Gaussian population by obtaining and examining the rankit-
plots of y;, x;, x; +y;, and x; — y;. The Gaussian scores for y;, x;, x; + y;» X; — ¥;
appear in Table 3.5.7. Based on these plots, what is your conclusion as to whether
(;» x;) is a simple random sample from a bivariate Gaussian population? For plotting
purposes you may suitably round the values of Gaussian scores.
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= T ABLE J.5.0

Ordered Gaussian
Standardized Residuals Scares

—2.25895 —1.70991
—0.93807 —1.20448
—-0.91583 —0.89743
—0.83283 —0.65862
—0.46183 —0.45321
—0.36435 —0.26585
—0.00994 —0.08767
0.12115 0.08767
0.23718 0.26585
0.44725 0.45321
0.95892 0.65862
1.11171 0.89743
1.11750 1.20448
1.85031 1.70991

TABLE 3.5.]

ftem| y; | GaussianScores| x; | Gaussian Scores | x; +y; | Gaussian Scores | x; — y; [ Gaussian Scores
fory; for x; for {x; +y,) for (x; — y;)
1| 521 —1.20448 1.92 —-1.70991 7.13 ~-1.70991 -3.29 1.20448
2 | 736 ~0.26585 392 0.08767 11.28 -0.08767 -3.44 0.89743
3 [ 16.26 1.70991 6.80 1.70991 23.06 1.70991 —9.46 —1.70991
4 |10.10 0.45321 '6.32 1.20448 16.42 0.65862 -3.78 0.45321
5] 580 —0.89743 2.00 ~1.20448 7.80 —0.89743 —3.80 0.26585
6 [ 806 0.08767 432 0.45321 12.38 0.08767 -3.74 0.65862
7 476 —1.70991 240 —0.89743 7.16 —1.20448 -2.36 1.70991
8 | 693 ~0.65862 2.96 -0.45321 9.89 —0.45321 -3.97 ~0.08767
9 | 936 0.26585 352 ~0.26585 12.88 0.26585 ~5.84 —0.45321
10 [ 1090 0.65862 4.24 0.26585 15.14 0.45321 ~6.66 -0.89743
11 1248 1.20448 5.12 0.65862 17.60 1.20448 -7.36 —1.20448
12 | 1170 0.89743 5.84 0.89743 17.54 0.89743 ~5.86 —0.65862
13 | 744 —0.08767 3.60 —0.08767 11.04 —0.26585 -3.84 0.08767
14 | 699 —0.45321 2.80 —0.65862 9.79 —0.65862 -4.19 —0.26585
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Confidence Intervals

An interval estimate of a parameter, along with a point estimate, is generally very
useful for making decisions because an interval estimate implicitly tells the inves-
tigator how well the parameter in question is being estimated, i.e., how close the
point estimate is likely to be to the true value. In this connection you should recall
the discussions in Section 1.6. In this section we discuss procedures for computing
confidence intervals for B, B, py(x), Y(x), o, and linear functions of the form
ayB, + a,B,. The results are valid under both assumptions (A) and (B). Note that
confidence intervals for uy, oy, py, and oy are obtained using the formulas given in
Table 1.6.2 and are valid under assumptions (B).

General Form of Confidence Intervals for 8, B;, uy(x), Y (x), and Linear
Functions a8, + a, 8,

The general form for a 1 — & two-sided confidence interval for £, B, Y (x), uy (%),
and the linear function ay8, + 4,8, (let @ denote any one of these quantities and 6
denote the point estimate of ) is '

6 — (table-value) x SE(6) <6 < + (table-value) x SE@)  (36.1)

where table-value is the quantity ¢, _,, .4 obtained from a student’s #-table (Table
T-2 in Appendix T) with df = degrees of freedom = n — 2 in the case of straight line
regression. The quantity SE(8), called the standard error of 8, is an estimate of the
precision of 6 and is calculated from sample data.

The point estimates for ,, By, pmy®), Y(x), and ayf, +a;p, are given in
Box 3.4.2. Their respective standard errors are given in (3.6.2)—(3.6.6).

SE(B,) = 6 /85X 362)
SEB,) =6 1+—’-‘2— (363)
B =9, * 5%
Lo a1, =3P
SE([LY(X)) =0 n + _SEF— (36.4)
S A 1, =32
SE(Y(x)) = 6‘/ 1+ - + SSX (365)
. s . |dd  (a, —ag%)?
SE(ayfy + ay b)) = 0'\/'”—0 + ——IES—X— (3.6:6)
The following relationship between SE(ﬁY(x)) and SE(Y(x)) is sometimes

useful.

SE@()) = /8 + [SE(y )12 @57
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Note that SE(F (x)), is really an abbreviation for SE Fx) — Y(x)).

Remarks

1 SE(By). SE(B,), and SE(fiy (x)) can be obtained from SE(ayf, + a, ;) by sub-
) stituting the appropriate values for a; and a.

2 By studying (3.6.4) we see that the further that x is from X, the larger SE(fy (x))
becomes. This can be intuitively explained as follows. Recall that the estimated
regression line always passes through the point (%, ¥). Think of the estimated line
as a see-saw with its pivot at (¥, ¥). A slight rotation of the line about the pivot
causes large deviations far away from the pivot but only small deviations close to
the pivot (see Figure 3.5.5 and the discussion pertaining to it). As a result, points
on the line (which are the estimated means of subpopulations) close to (%, 3)
are estimated with greater precision compared to points far away from (%, ). A
similar explanation applies to SE [0 x). :

3 In any particular application, it is important for you to determine whether a con-
fidence interval for w1, (x) or a confidence interval for Y (x) is required. Some
authors call the confidence interval for Y(x) a prediction interval because the
term confidence interval is traditionally reserved for parameters, but ¥ (x) is a
random variable (it is the Y value of a randomly chosen item from the subpopu-
lation corresponding to X = x).

4 Note that even though /iy (x) = Y, ie.,

Ay =Y =By +Byx

the standard error of fiy(x) is not the same as the standard error of ¥ (x). This
is so because there is greater uncertainty in predicting a single randomly chosen .
value from the subpopulation corresponding. to X = x than in estimating the
mean of the entire subpopulation.

5 For each quantity being estimated, the investigator should be given a point esti-
mate, its standard error, and the degrees of freedom associated with this standard
error for obtaining the table ¢-value. The investigator can substitute these quan-
tities into (3.6.1) and compute the desired confidence intervals by selecting the
confidence coefficient 1 — « that he wants to use.

Confidence Intervals for o

A two-sided 1 — « confidence interval for o is given by

(@) 62
Xg/z:df

=l-a (36.8)

where df =n—2 and XZ 2.4r @nd X2, /2. are obtained from Table T-3 in Ap-
pendix T. The formula for a confidence interval for o is not of the general form
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given in (3.6.1). In fact the general form for a two-sided (1 — «) confidence interval
for a parameter that is a standard deviation (such as oy, oy, 0, etc.) is

(df) (estimated standard deviation)? <o
X 12 —aj2:df B

< (df) (estimated standard devia!:ion)2
- 2
Xaf2:df

(369)

where df represents the number of degrees of freedom associated with the estimated
standard deviation. Note that the number of degrees of freedom associated with Jy
or Gy is n — 1, whereas that associated with 6 is n — 2. It is also worth observing
that while the confidence intervals for the quantities, 8, 8;, iy (x), Y (x), and a8, +
a, B, are symmetric about the corresponding point estimates, this is not so in the case
of o. However, the confidence interval for ¢ in (3.6.9) is equal-tailed, contains the
point estimate &, and gives us some indication of how close 6 may be to the true
value o.

One-Sided Confidence Bounds

In this section, the discussion so far has been about two-sided confidence inter-
vals for parameters of interest. However, in some applications one-sided confi-
dence bounds are more useful because an investigator may be interested in only
the lower bound or the upper bound for a parameter in a decision-making situa-
tion. As discussed in Section 1.6, if a confidence interval is equal-tailed, we can
obtain one-sided confidence bounds with confidence coefficient 1 — a by first
constructing a two-sided confidence interval with confidence coefficient 1 — 2
and reading off either the lower or the upper endpoint as appropriate. This is
valid for all of the quantities, £, B;, uy(x), Y(x), and agB, + a, B, as well as
o, Oy, and oy, because these confidence intervals are equal-tailed.

The following two tasks illustrate the computations required for obtaining confi-
dence intervals in the context of real applications.

3.6.1

Consider the problem discussed in Task 3.4.2 where an investigator wants to evaluate
the performance of a new laboratory method, which is less expensive than the current
method, for analyzing the concentration of arsenic (As) in water samples. The data
appear in Table 3.4.3. For convenience they are reproduced in Table 3.6.1 and are
also stored in the file arsenic.dat on the data disk.
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TABLE J.6.1
Arsenic Data

Sample Measured True
ftem Concentration Concentration
Number Y X
{.g/ml) {pg/ml)

1 0.17 0
2 0.25 0
3 0.01 0
4 0.12 0
5 1.25 1
6 0.86 1
7 1.25 1
8 1.10 1
9 2.01 2
10 2.03 2
11 2.14 2
12 1.74 2
13 3.18 3
14 2.99 3
15 3.23 3
16 3.37 3
17 391 4
18 3.90 4
19 3.61 4
20 4.27 4
21 4.88 5
22 ) 5.33 5
23 496 5
24 498 5
25 6.09 6
26 6.17 6
27 6.07 6
28 5.97 6
29 6.67 7
30 7.02 7
31 7.14 7
32 7.30 7

. Suppose, based on experience, the investigator feels that population assumptions
(A) for straight line regression should hold, at least approximately, where the data
are obtained by sampling with preselected X values. In particular, the population
regression function is

uy (@) = By + Byx

and the subpopulation standard deviations for Y are all the same, each equal to 0.
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Some basic sums, sums of squares, and sums of crossproducts——the ingredients
in the formulas for obtaining point and confidence interval estimates of population
parameters—are as follows:

n n
dYox=112 x=35 Y y=1397 j=356156
i=1

i=1

SSX = 168 SSY = 164.95 SXY = 165.935
SSE = 1.0544 MSE = 0.03515

From these we compute the point estimates

. SXY 165935
b= = e = 09871

By =5 — B,% = 3.56156 — 0.98771(3.5) = 0.10458
fiy(0) = By + Byx = 0.10458 + 0.98771x = P (x)
6 = vMSE = +/0.03515 = 0.1875

We now calculate appropriate confidence intervals for £, B,, and o that will
help the investigator obtain practical answers to the following three questions (using
1 — a = 0.95). In Section 3.6 of the laboratory manual we show how a computer
can be used to calculate all quantities needed in this section.

1 On the average, does the chemical analysis correctly report the absence of As
when this is indeed the case? (That is, is sty (x) = 0 when x = 0? In other words
is By =07)

To answer this question we first compute a 95% two-sided confidence interval

Jor By. Using the formula in (3.6.3) we compute

2 ./1 2 [1 as?
SE(By) =6 ;+§s7—(0.1875) §+ 168 = 0.0605

From Table T-2 in Appendix T we obtain t,_, ;530 = t g75.39 = 2.042, corre-
sponding to 1 — o = 0.95 and degrees of freedom = n — 2 = 30. Hence a 95%
two-sided confidence interval for B, is given by

C[—0.019 < B, < 0.228] = 0.95

Based on this confidence interval, the investigator can decide whether f, can
be considered close enough to zero to be regarded as negligible for all practical
purposes for this problem.

2 Now suppose the investigator wants to examine how close g, is to 1 in the model
uy(x) = By + B, x. Compute a 95% two-sided confidence interval for B, to help
determine this.

Using the formula in (3.6.2) we calculate

SE(B,) = 6 /55K = 0.1875/+/168 = 0.01447
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From Table T-2 in Appendix T we obtain t,_, ;».30 = ¥ 97539 = 2.042. Hence a
95% confidence interval is given by the confidence statement

C[0.958 < B, <1.017] = 0.95

On the basis of this information, the investigator can decide whether B, can be
regarded as close enough to 1.0 for all practical purposes in this problem.

3 Suppose that, based on data and previous experience, the investigator is fairly
confident that the new method of chemical analysis for As is unbiased; i.e.,
the regression function of ¥ on X is u,(x) = x. However, for the method to
be adopted by water quality monitoring agencies, they want to know whether
a proportion 0.99 or more of the measured concentrations will be accurate to
within 1.0 pg/ml. Use the data at hand to help the investigator make a decision.

If py(x) = x, then 99% of the measured concentrations corresponding to a
true concentration x will be between x — z, 950 and x + 2y o950, i.e., between
x—2.575¢ and x+2.5750. Hence we want to know whether 2.5750 is less
than 1.0. The estimate of o from the preceding calculations is equal to 0.1875,
and so the estimated value of 2.5750 is equal to 0483. This is well within
the acceptable upper limit of 1.0. However, the investigator realizes that the
estimate 0.1875 of o is subject to sampling errors, so he wants to know if the
estimate is sufficiently accurate for decision-making purposes. To investigate this
the investigator wants a 95% one-sided upper confidence bound for o. We use
the formula for a 90% two-sided confidence bound for o given in (3.6.8), and
from this we can obtain a one-sided 95% upper confidence bound. The necessary
x? table-values, obtained from Table T-3 in Appendix T, are X&os::’.o = 18.493
and x& 95:30 = 43.773. Thus we get the confidence statement

30(0.1875)° 30(0.1875)% |
C\W—a73 =7S{ 18403 |~

C[0.1552 < 0 < 0.2388] = 0.90

.

and hence
*C[0.3996 < 2.5750 < 0.6149] = 0.90

Thus the investigator has 95% confidence that 2.5750 < 0.6149. Based on this
confidence statement the investigator will perhaps conclude that the variability
in the new method of analysis for measuring As is within acceptable limits and
may be adopted for routine use in environmental monitoring.
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3.6.2

A sample of size 24 was randomly selected using simple random sampling from a
population of individuals of a particular ethnic group with ages ranging from 21 to
70 years, and their ages and blood pressures were recorded. The response variable
is the average systolic blood pressure Y at 8 A.M. over a two-week period, and the
predictor variable is age X of the individual in years. The sample data are listed in
Table 3.6.2. They are also stored in the file agebp.dat on the data disk.

It is supposed that assumptions (B) in Box 3.3.2 are valid. (You are encouraged
to examine the validity of these assumptions using the methods of Section 3.5.) In
particular, the regression function of ¥ on X is of the form p1,(x) = B, + B,x, where
B, and B, are unknown parameters. Also the subpopulation standard deviations
are all equal, and their common value is denoted by o, which is also an unknown
parameter.

TABLE J.0.2

Age and Blood Pressure Data
Sample Blood Pressure Age
tem {systolic) (in years)

Number Y . X
1 116 34

2 112 26

3 151 51

4 161 58

5 122 34

6 129 40

7 119 3t

8 158 57

9 144 46

10 150 53

11 111 .29

12 148 50

13 135 40
14 126 34
15 172 67
16 100 23
17 139 47
18 135 42
19 163 61
20 128 38
21 159 57
22 177 66
23 135 4?2
24 149 53
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Some of the basic quantities needed to answer the following questions using

sample data are

1

24
x=1019 >y =333

i
i=1 i=1

M

24 24
D (-0 =55X=3,60896 ) (y;—7)7=55¥ =9,514.63

Li=1 i=1

24 )
D =Xy —F) =SXY =5,805.13  SSE=176.896  MSE = 8.04075

i=1

B, =16085 f,=66.8081 & =28356 &y =20.3391

What is the average age of the individuals in the population?

The average age of the individuals in the population is uy; it cannot be
exactly determined from the sample data but must be estimated. The estimated
average age is jly = X = 45 years (rounded to the nearest integer). Note that if
data had been obtained by sampling with preselected X values, then, in general,
no valid estimate of uy would be available (see (3.3.1)).

What is the average blood pressure of the individuals in the population?

The average blood pressure of the individuals in the population is py; it
cannot be exactly determined from the sample data. The estimated value of py is
fby =¥ = 139 units (to the nearest integer). Note that if data had been obtained
by sampling with preselected X values, then, in general, no valid estimate of Ly
would be available (see (3.3.1.))

Without using age as a predictor factor, predict the blood pressure of a randomly
chosen individual from this population. Compute a number d such that you can
be 95% confident that the predicted value will be within 4 units of the actual
value.

Without using age X as a predictor factor, the best predicted value of the
blood pressure Y of a randomly chosen individual from the population is Y =
¥ = 139.125 and the standard error of Y is oy % +1=20.3391/1.04167 =
20.7585. (As we explained earlier, this is actually the standard error of ¥ — Y.)
From Table T-2 in Appendix T we get t, _, J2n-1 = 10.975:23 = 2.069. So a 95%
confidence statement forY is '

C[96.176 < Y < 182.074] = 0.95
ie.,
CllY — 139.125| < 42.95] = 0.95

(You should verify this.) Hence we can be 95% confident that the predicted value
of 139.125 will be within d = 42.95 units of the actual Y value.
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4 What is the average blood pressure of all individuals in the population who
are 65 years old? How well can we estimate it based on the sample data (use
1 — o =0.95)? .

The average blood pressure of all individuals in the population who are 65
years old cannot be determined exactly from sample values. However, based
on sample data, we estimate the average blood pressure of all individuals in
the population who are 65 years old to be jiy(65) = B, + B,(65) = 66.8081 +
1.6085(65) = 171.361. To find out how good this sample estimate is we calculate
its standard error using the formula for SE(jiy(x)) in (3.6.4). We first calculate
the value of 6 as 2.8356. So SE(jiy(65)) = 1.109. To obtain a 95% confidence
interval we use Table T-2 in AppendixT to find that 8, _, ., _» =1y 975.00 = 2.074.
So using (3.6.1) we obtain a 95% two-sided confidence interval for p.y(65) as

[171.361 — 2.074 x 1.109, 171.361 + 2.074 x 1.109]

which is [169.06, 173.66]. Thus we are 95% confident that the average blood
pressure of all the individuals in the population who are 65 years old is in the
interval [169.06, 173.66].

§ On the average, does blood pressure increase with age? If so, by how much?

The slope of the line relating the average blood pressure py(x) of the sub-
population with X = x to age X is the parameter B,. The estimated value of B,
is 1.6085, which means that the average blood pressure is estimated to increase
with age at the rate of 1.6085 units per year. A confidence interval for B, will
tell us how good our estimate of B, is. We first calculate SE(ﬁl) using (3.6.2)
and obtain the value 0.0472. Hence a 95% two-sided confidence interval for B,
is [1.6085 — 2.074 x 0.0472, 1.6085 + 2.074 x 0.0472], i.e., [1.5106, 1.7064].
So we can be 95% confident that the average rate of increase of blood pressure
with age is between 1.51 units and 1.71 units per year (rounded to two decimal
places).

" 6 Based on the sample data, can we estimate the average blood pressure of the
subpopulation of all newborn babies?

Newborn babies are zero years old, and so the average blood pressure of
all newborn babies would be py(0), which'is equal to B,,. The calculations for
the estimate of B using the sample data would yield the value 66.808. However,
there is no guarantee that the population regression function py(x) = By + pyx
is valid for all values of X. Noting that the smallest age in the sample is 23, we
immediately know not to extrapolate the estimated regression function to obtain
an estimate of the average blood pressure of newborn babies. In short, while
we can carry out the calculations for fiy(0), the result will not necessarily be
meaningful because this involves an excessive amount of extrapolation.

7 Calculate a 95% two-sided prediction interval for the blood pressure of an indi-
vidual who is 60 years old.

If an individual is randomly chosen from the subpopulation of all individuals
who are 60 years old, this individual’s blood pressure value would be predicted
to be in the interval

[7(60) — 2.074 SE(Y(60)), 7(60) + 2.074 SE((60)))
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with 95% confidence. The value of ¥(60) is fiy(60) = B, + B,(60) = 163.32,
and the value of SE(Y (60)), using (3.6.5), is 2.98. So this prediction interval is
calculated to be [157.139, 169.501], and the confidence statement is

C(157.14 < Y(60) < 169.50] = 0.95

Simultaneous Confidence Intervals for uy(x) for Several Values of x

Problems

361

362

There are situations when we want confidence intervals for uy (x) for several (or all)
values of x such that we have confidence 1 — « that all the intervals are simultane-
ously correct (refer to Section 1.6). For example, in evaluating the performance of
a rocket during a certain 30-second interval (say, 15 < X < 45), the linear model
Ky (X) = By + Bx is assumed to be valid, where Y is the speed of the rocket in feet
per second and X is time after the launch in seconds. Data are collected from test
firings of small models and estimates are obtained for 8, By and o by the formulas
in (3.4.8), (3.4.9), and (3.4.22), respectively. A decision must be made about a piece
of equipment that is to be installed on the rocket, and the correct decision depends
on knowing the average speed at 15 seconds, 20 seconds, 25 seconds, 30 seconds,
35 seconds, 40 seconds, and 45 seconds after the launch. Thus confidence intervals
are needed for 1y (x) for x = 15, 20, 25, 30, 35, 40, and 45 seconds such that we have
confidence at least I — « that all the confidence intervals are simultaneously correct.
Thus we can have confidence 1 — « that the decision is correct.

To obtain confidence intervals for uy (x) for m different values of X so that we
can have at least 1 — o confidence that they are all simultaneously correct, we use
the formula in (3.6.1) with the table-value given by

table-value = smaller of the two values #;_,, 5., and [2F| 42 n_2

Table T-4 in Appendix T contains table t-values for m simultaneous two-sided
confidence intervals with simultaneous confidence coefficient greater than or equal
tol —aform=2,3,...,6. Table T-5 contains F values.

3.6

For the population data in Table D-1 in Appendix D, which is also in the file car.dat
on the data disk, what parameters must be estimated to obtain the difference between
the average first-year maintenance costs of cars driven 15,000 miles and cars driven
10,000 miles? ‘

Parts (a)—(e) refer to the data in Table 3.5.2, which were obtained by simple random
sampling from the population data in Table D-1 in Appendix D. These data are also
in the file car20.dat on the data disk. Assumptions (B) are presumed to hold so the
regression function of maintenance cost Y on miles driven X is of the form

uy) = By + Byx
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For these data we have computed the following quantities: y =521.7; x =
11,010; SSY = 210,568; SSX = 175,337,952; SXY = 5,489,360.

a Obtain a point estimate for the quantity of interest in Problem 3.6.1.
b Obtain a 90% confidence interval for the quantity in Problem 3.6.1.

¢ A company has purchased three cars of the same make as those in Example 3.5.2.
One of the cars is to be driven 5,000 miles during its first year, and the other two
cars will be driven 12,500 miles each. Predict the total first-year maintenance
cost for all three cars together.

d Compute a 90% two-sided confidence interval for the average maintenance cost
of all cars driven 12,500 miles during their first year.

¢ The predictor factor X (miles driven) will be considered to be a useful predictor
of Y if o is less than $50. Compute an 80% confidence statement to help the
investigator arrive at a decision.

Consider the arsenic data of Task 3.4.2. Recall that the investigator is interested in
determining whether or not the new method of analysis for determining the concen-
tration of As is unbiased. Compute confidence intervals for B and g, in Task 3.4.2
such that both confidence intervals are simultaneously correct with 90% confidence.
Based on these, help the investigator arrive at an appropriate decision. Give reasons.

Questions (a)—(c) refer to the crystal data of Task 3.4.1.

a Calculate an appropriate 90% confidence statement to help the investigator de-
cide whether the average rate of growth of the crystals is at least 0.4 gram per
hour.

b Compute a 95% confidence interval for the weight of a crystal that is allowed to
grow for 15 hours.

¢ Obtain simultaneous two-sided confidence intervals for the weights Y (10) and
Y (25) of two individual crystals, one of which is to be grown for 10 hours and the
other for 25 hours, such that the investigator can be at least 90% confident that
borh confidence intervals are simultaneously correct. (Hint: Use the Bonferroni
method described in Box 1.6.3.)

Investigators often use statistical tests in an attempt to arrive at answers to practical
questions. To do so the investigator is required to formulate a pair of hypotheses,
called the null hypothesis (NH) and the alternative hypothesis (AH), and to perform
appropriate statistical calculations to obtain a measure, called the significance prob-
ability or the P-value of the evidence contained in the sample data against NH.
(The results of these calculations do not tell the investigator how much evidence is
provided by the sample data in favor of the null hypothesis.) If the evidence against
NH is strong, which would be the case if the P-value is small, then it is custom-
ary to reject the null hypothesis. In the contrary case—i.e., when the P-value is
not small—the null hypothesis is not rejected. Neither is it accepted without further
analysis.
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At this point we refer you back to Section 1.6 (in particular, to the conversation).
The discussion in Section 1.6 should convince you that statistical tests are often
inappropriate for making practical decisions. Confidence intervals can be much more
useful for this purpose. ‘

Formulas and procedures for some statistical tests of size « that pertain to the
straight line regression model are summarized in Boxes 3.7.1-3.7.5. The procedures
are valid under assumptions (A) or (B).

B OX 37] Testsforﬂ(., _
' Letgbea specified uumber.ACompute the statistic
Bo—
o= ——
SE(By)
-a For testing NH: By =¢q versus AH: ﬂo # q, the P- value is the value of o
such that |te| =t _, /5. _»-
b For testing NH: f, < g versus AH: §, > g, the P-value is the value of o such
that ic = #1_gun—p- '

c. For testing NH: 480 q versus AH: B, < g, the P- value is the value of « such
- that —f, = ¢, :

—a:n—~2°

B O X 372 » Testsforﬁlv
Let g be a specified number. Compute the statistic
Bi-a
SE(ﬂl) . :
~a For testing NH: B, = q versus AH: 8, # g, the P-value is the value ofe
such that || = ¢, _, f2n-2" .
b Fortesting NH: 8, < g versus AH: 8, > ¢, the P-value is the value ofesuch
thatto =¢_ ... ». -
¢ Fortesting NH: B, > g versus AH /31 <gq, the P-value is the value of o such )
that ‘—'tC - tl —a: Il-2 - . '

te=

- B O X 373 Tests for uy(x) _ _
' ’ Let ¢ be a specified number. Compute the statistic
| Ll
€ SE(y ()
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3.7 Tests

a For testing NH: py(x) = g versus AH: py(x) # g, the P-value is the value
b For testing NH: uy(x) < q versus AH: uy(x) > g, the P-value is the value
ofa suchthatto =t ... ,.

¢ For testing NH: p(x) > g versus AH: u,(x) < g, the P-value is the value
of a such that "'c =1 _g:n—2°

Tests for gy 8, +a,8,

Let g be a specified number. Compute the statistic

o= @By ‘t“nﬁl) —4

SE(aoﬂo + alﬂl)

a For testing NH: a8, + a, B, = q versus AH: qyB;, + a, B, # q, the P-value
is the value of o such that |1-| = Y af2in-2-

b For testing NH: gy, + a, 8, < q versus AH: a8, + a8, > ¢, the P-value
is the value of ¢ such thatt(c =1, .. ,.

¢ For testing NH: ay8, + a,8, = q versus AH: gy, + a,8, < q, the P-value
is the value of & such that —t =1¢, .. .

The P-values for the tests in Boxes 3.7.1-3.7.4 can be found (at least approxi-

mately) by consulting Table T-2 in Appendix T.

Testsforo
Let g be a specified positive number. Compute the statistic
, (-256% SSEX)
e 7
a For testing NH: o = g versus AH: o # g, the P-value is equal to o where
is a number between 0 and 1 and satisfies

Xt = Xa/z:n-z or x¢= Xlz-a/Z:n-Z
(only one of these two equalities can be satisfied unless @ = 1).
b For testmg NH o < g versus AH: o > g, the P-value is the value of « such
that x& = x{_gn—2-
¢ For testmg NH o >qgversusAH: 0 < g, the P-value is the value of « such
that X3 = xZ.n_o-
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P-values for the tests in Box 3.7.5 can be found (at least approximately) by
consulting Table T-3 in Appendix T. We illustrate these procedures in the following
task. '

3.7.1

Consider the problem described in Task 3.4.2 in which an investigator wants to
evaluate the performance of a new laboratory method for analyzing the concentration
of arsenic (As) in water samples. The data appear in Table 3.4.3 and also in the
file arsenic.dat on the data disk. Recall that the regression function is uy(x) =
By + B, x, and the investigator is interested in knowing

= Whether or not f, is zero
= Whether or not §, is equal to one

Some investigators attempt to answer these questions using statistical tests as fol-
lows: :

1 Can we conclude that B, is zero for all practical purposes?
This question is sometimes translated as follows: How much evidence do the
data provide against the hypothesis that B, = 0?
To answer this question, some statisticians and mvesttgators carry out a test
of
NH: g, =0 against AH: B, #0

In Task 3.6.1 we obtained f, = 0.10458 and SE(f) = 0.0605. From Box 3.7.1
we get

- 0.10458 -0

€ 0.0605
Because n = 32 for this problem, the degrees of freedom are n — 2 = 30 and,
using Table T-2 in Appendix T, the P-value for this test is between 0.05 and 0.10.
If the investigator uses an o value equal to 0.05, then NH will not be rejected.
If an « value equal to 0.10 or greater is used, then NH will be rejected and the
investigator will conclude that B is not equal to zero. This hypothesis test does
not help the investigator make a practical decision. If NH is not rejected, then the
investigator is still not sure whether B, is close enough to zero to be considered
equal to zero from a practical point of view or whether there are.not enough data
to arrive at a practical decision. On the other hand, the confidence interval for
By given in part (1) of Task 3.6.1 should help the investigator in this regard.

=1.729

2 Can we conclude that 8, = 1 for all practical purposes?

This question is often translated as follows: How much evidence do the data
provide against the hypothesis that | = 1?



37Tests 1

To answer this question, some statisticians and investigators carry out a test
of
NH: B, =1 against AH: B, #1

InTask 3.6.1 we obtained B, = 0.98771 and SE(B,) = 0.01447. From Box 3.7.2
we get

' _ 098771 1.0 _

‘= "ooaam T
From Table T-2 in Appendix T the P-value for this test is approximately 040, so
the data do not provide sufficient evidence (at any reasonable value of & such as
0.2,0.1,0.05, etc.) to conclude that B; # 1.0.

Again, this hypothesis test does not help the investigator make a practical
decision. If NH is not rejected, then the investigator is still not sure whether p,
is close enough to 1 to be considered equal to 1 from a practical point of view or
whether there are not enough data to arrive at a practical decision. On the other
hand, the confidence interval for B, given in part (2) of Task 3.6.1 should help
the investigator in this regard.

-0.85

Task 3.7.2

Now consider the problem discussed in Task 3.4.1 where an investigator is interested
in predicting Y, the weight of crystals used in electronic devices as a function of X,
the pumber of hours the crystals grow. We perform an appropriate statistical test in
an attempt to find an answer to the following question.

1

Suppose that crystals are allowed to grow for 24 hours instead of 12 hours. Do
the data provide enough evidence to conclude, on the average, that the amount of
money the larger crystals can be sold for is more than $50 over what the smaller
crystals would fetch?

The average weight of crystals that are aIIowed to grow for a total of 24
hours is puy(24) grams, whereas the crystals grown for 12 hours have an average
weight of puy(12) grams. Thus the additional money that the larger crystals
would bring (on the average) is equal to 16p,(24) — 1012, (12) = 68, + 2648,
dollars. This leads to the pair of hypotheses

NH: 6B,+264B, <50 against AH: 6B,+2648, >50

So g =50 and let 6 = 6, + 264p,.

Now recall that in Task 34.1 we computed the following quantities: X =
15; S§X =910; ﬂo = 0.0014; ﬂl =0.5034; and & = 1.062. Thus we have
6= 6ﬁ0 + 264ﬂl = 132.906. Also using (3.6.6) we calculate SE(B) = 6.36. Us-
ing the test statistic in Box 3.7.4 for testing @ we get

, _6-50 _ 3
€T SE@)
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Because n = 14 for this problem, the degrees of freedom are 12 and the P-
value for this test, obtained from Table T-2 in Appendix T, is less than 0.0005,
indicating that the data contain strong evidence against the null hypothesis in
- favor of the alternative hypothesis.
It is instructive to compute a one-sided 95% lower confidence bound for 6. As
usual, this may be obtained as the lower endpoint of a 90% two-sided confidence
interval, which is given by ‘

C[121.58 <6 < 144.240] = 0.90
Thus we get
C[121.58 <01 =095

Therefore we are 95% confident that the larger crystals can be sold for at least
8121 more than the smaller crystals, so we would be led to conclude that they can
"be sold for at least $50 more than the smaller crystals. Note that the confidence
interval supports the result of the test, but it gives considerably more information
than the test.

Problems 3.7

3721 A particular brand of cough syrup comes in %-litre bottles and the manufacturer ’
recommends that after a bottle is unsealed it be kept under cool conditions. The
shelf-life of the cough syrup in question is dependent on the temperature at which it
is stored. The quality control laboratory of the manufacturing company has obtained
the data in Table 3.7.1 on the shelf-life of the cough syrup in question. The data are
also in the file shelflif.dat on the data disk.

Some basic quantities that are needed for obtaining point estimates and confi-
dence intervals are as follows:

18 18
S Y oy=11341 Y x =387

i=1 i=1

18 18
0= =S55Y =962949 3 (x,~ %)’ = SSX = 4845

i=1 =1

18 .
Y &; = Hx; — %) = SXY = —6663.49
i=1 .
The regressioh function of shelf-life ¥ on storage temperature X is assumed to be

a straight line py(x) = B + B;x for values of x in the range 10°C to 35°C, and
assumptions (A) are presumed to be satisfied.

a Define an appropriate target population for this investigation.
b Define an appropriate study population for this investigation.
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=~ TABLE J.1.1

Shelf-Life Data
Bottle Shelf-Life Storage Temperature .
Numher (Y, in days) (X,in°C)
1 727 13
2 760 14
3 730 15
4 . 716 16
5 683 17
6 665 18
7 641 19
8 663 20
9 653 21
10 615 22 .
11 585 23
12 614 24
13 592 25
14 564 26
15 537 27
16 537 28
17 552 29
18 507 30

Are the data in this investigation obtained by simple random sampling or by
sampling with preselected X values?

Plot y; versus x;. Examine this plot and decide whether a straight line regression
model seems reasonable.

The director of the laboratory wants to determine whether the data provide evi-
dence (at the 0.05 level) indicating that shelf-life does indeed depend on storage
temperature, so he decides to use a statistical test. State an appropriate pair of
hypotheses, suitably designating one as the null hypothesis and the other as
the alternative hypothesis, and calculate the P-value for this test. What is your
conclusion?

Estimate, if possible, the average shelf-life for this cough syrup if it is to be
stored at 0°C.

Estimate the average shelf-life for this cough syrup if it is to be stored at 15°C.
Also compute a 95% confidence interval for this quantity.

Answer part (e) using an appropriate confidence interval instead of a hypothesis
test.

Do the data provide evidence (at the 0.05 level) indicating that the average shelf-
life for bottles of cough syrup stored at 13°C is at least 650 days? Carry out an
appropriate statistical test and state your conclusions.

Construct an appropriate confidence interval to answer part (i).
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Analysis of Variance

For the straight line regression model (and also for more general linear regression
models), it is customary to summarize, in a table, certain key numerical quantities
that are useful for making inferences. The process of calculating and examining
these key numerical quantities is called an analysis of variance. The resulting table
containing these quantities is called an analysis of variance table. The first key
quantity is

n
SSY =) ;- ) . (38.1)
i=1
which was defined in (3.4.15). Recall that SSY can also be written as
n
SSY =) " y? — ny?

i=1

The quantity 37, y? is called the uncorrected total sum of squares for Y, the
quantity ny? is called correction for the mean, and SSY is called the-corrected total
sum of squares for Y. The adjective corrected is often omitted, and SSY is usually
simply referred to as the roral sum of squares for Y.

. We know that the best predictor of the Y value of a randomly chosen item from
the population, in the absence of any knowledge about its X value, is My, the mean
Y value of all items in the population, and that o}, is a measure of how well u,
represents the entire population. If data are obtained by simple random sampling,

then we can estimate u, by the sample mean ¥, and oy by

YRS N 0
YENT - V-D

The quantity SSY /(n — 1) is sometimes written as MSY and is called the total mean
square for Y. The divisor, n — 1, of SSY is called the degrees of freedom associated
with SSY .

The second key quantity is SSE(X), or SSE for short, the sum of squares of the
prediction errors when the sample regression function of Y on X is used to predict
the Y values of the sample items. Recall that we defined SSE in (3.4.6), but for
convenience we reproduce the definition here.

n 2
SSE = 22’12 = Z 0; = Bo — Bx)’ B82)
i=1 i=1

and it has (» — 2) degrees of freedom associated with it. The quantity SSE/(n — 2)
is often denoted by MSE(X), or simply by MSE, and it is referred to as the mean
squared error or residual mean square. Thus

SSE(X)

MSE(X) = MSE =
n—2

(3.8.3)
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More generally, when a quantity that is a sum of squares of estimated errors of
prediction is divided by its associated degrees of freedom, the resulting quantity is
referred to as a mean square error. Recall that +/MSE = ¢ is the estimate of 0. .

The third key quantity is the difference SSY — SSE, which is the amount by
which the total sum of squares SSY is reduced, by using the regression of ¥ on X,
to obtain SSE. This difference is called the sum of squares due to regression and is
denoted by SSR(X), or simply as SSR. Thus

SSR = SSY — SSE (38.4)

It can also be easily verified that SSR is in fact equal to the quantity AZ(SSX).
In general, the quantity

SSR
degrees of freedom associated with SSR

is referred to as the mean square due to regression. For straight line regression, the
degrees of freedom associated with SSR is 1, and hence the mean square due to
regression, which is denoted by MSR(X), or MSR for short, is the same as the sum
of squares due to regression.

The quantities SSY, SSR, and SSE are generally displayed in a table, called an
ANalysis Of VAriance (ANOVA) table, as in Table 3.8.1.

— 1T ABLE J.0.1
3 ANOVA for Straight Line Regression
Source Degrees of Sum of Mean square Computed F-Value
Freedom df Squares SS MS
Regression 1 SSR MSR Fo= ¥R
Error n—-2 SSE MSE
Total n-1 SSY MSY

The statistic F. in the last column of Table 3.8.1 is sometimes used to test NH:
B, = 0 against AH: B, # 0. The P-value for the test is equal to the value of « for
which Fo =F,_,, ,_. This test is equivalent to the s-test of NH: B, = 0 against
AH: B, # 0, which is a special case of the test of NH: B, = q against AH: B, # g
described in Box 3.7.2. The reason is the following. It can be shown that the square
of the student’s # table-value t;_ ».,, is equal to the F table-value Fy_,,.{ ,,; i..,

‘ tf—aﬂ:m = Fl—a:l,m
Thus to test NH: B, = 0 with AH: B, # 0, instead of using the test statistic

B, BSX

t, = = =
€ SE@) 6
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and comparing it with a student’s ¢ table-value, we could use the statistic
BiSSX _ MSR
62 = MSE ,

and compare it with an F table-value. The P-value based on the ¢-test will be identical
to the P-value based on the corresponding F-test.

te=Fc=

Caution:

Do not forget the fact that the F-test in an ANOVA table for straight line regres-

 sion can be used only to test NH: 8; = 0 against AH: B; # 0 and cannot be used
to test NH: B, = g against AH: B, # g for nonzero values of g, nor can it be
used for one-sided tests of hypotheses regarding 8,.

EXAMPLE J.0.1

For the age and blood pressure data in Table 3.6.2 we compute an analysis of vari-
ance table and illustrate the F-test for NH: g, = 0 against AH: B, # 0. The analysis
of variance is displayed in Table 3.8.2. The entries are obtained from the compu-
tations in Task 3.6.2. The P-value corresponding to F = 1161.31 with 1 and 22
degrees of freedom is less than 0.01 using Table T-5 in Appendix T. The hypothesis
that B, = 0 can be tested using the ¢-statistic in Box 3.7.2. From Task 3.6.2 we get

1.6085 -~ 0
agaifl yielding a P-value less than 0.01 (actually less than 0.0005). Note also that
t?; = 1161.38 = F - (to within rounding error). If assumptions (B) are satisfied, then

Gy = v/MSY = ,/9514.6/23 = 20.34 is a valid estimate of 5. ®

TABLE J.8.1
ANOVA for Age and Blood Pressure Data in Table 3.6.2

Source Degrees of Sum of Mean square Computed
Freedomdf | SquaresSS MS F-Value

Regression 1 9337.7 9337.7 Fo= MR — 116131

Error 22 176.9 8.0

Total 23 9514.6 413.68

Problems 3.8

381 The following questions refer to the shelf-life data in Table 3.7.1, which are also
stored in the file shelflif.dat on the data disk.

a Present an analysis of variance table.
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b Use F from the ANOVA table in part (a) to test NH: B, = 0 against AH:
B, # 0. What is the P-value for this test? Interpret the result.

¢ Calculate ¢ for testing NH against AH in part (b). What is the P-value for this
test? Interpret the result.

d  Verify that the square of . in part (c) is equal to F in (b). Further verify that
the P-value calculated from the ¢ statistic in part (c) is the same as that calculated
from the F statistic in part (b).

e What conclusion do you draw regarding 8, based on the test in part (b)?

f Compute a 99% confidence interval for g,. How will you use this confidence
interval to decide whether or not B, is close enough to zero to be considered
negligible for this problem?

g Write a short paragraph outlining your conclusions in parts (b)~(f) and give
reasons for your statements.

The following refer to the age and blood pressure data discussed in Task 3.6.2. The

data are in Table 3.6.2 and also in the file agebp.dat on the data disk.

a Present an analysis of variance table.

b Use F from the ANOVA in part (a) to test NH: B, = 0 against AH: B, # 0.
Compute the P-value for this test. Interpret the result.

¢ Compute ¢ for testing NH against AH in part (b). Compute the P-value for this
test. Interpret the result.

d  Verify that the square of ¢ in part (c) is equal to F. in part (b). Further verify
that the P-value calculated from the ¢ statistic in part (c) is the same as that
calculated from the F statistic in part (b).

e What conclusion do you draw regarding B, based on the test in part (b)?

f Compute a 99% confidence interval for B,. How will you use this confidence

. interval to decide whether or not B, is close enough to zero to be considered
negligible for this problem?

g Writea paragraph outlining your conclusions in parts (b)~(f) and justify how you
reached them.

Consider the grades26 data gwen in Table 3.2.2, whlch are also stored in the file

grades26.dat on the data disk. Repeat parts (a)(g) of Problem 3.8.2 for these data.

Coefficient of Determination and Coefficient of Correlation

We have seen that for a two-variable population {(Y, X)}, the best prediction of the
Y value of a randomly chosen item, given that its X value is x is py(x), the value
of the regression function of ¥ on X evaluated at X = x. If the X value of the item
in question is not used, then the best prediction of the Y value of the item is py.
Clearly, investigators have a choice. They can use uy(x) to predict the Y value of
the selected item, or they can use py to predict its Y value. Of course to use py(x)
to predict the ¥ value of the item, we must know its X value, and there may be some
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costs involved in determining the X value.. Also, there is no guarantee that using
My (x) rather than uy to predict Y will improve the prediction sufficiently to justify
the cost associated with measuring or observing X. The following example makes
the point clearer.

ExAMpPLE J.5.1

Suppose a physician advising a patient with a brain tumor wants to predict the length
of time the patient will live if no surgery is performed to remove the tumor. Also
suppose that this patient may be regarded as a randomly chosen subject from a
population of subjects afflicted with the same type of brain tumor who elected to
forego surgery. We assume that the durations between diagnosis and death (referred
to as survival times) are available for this population of subjects. It is thought that
survival time Y is related to tumor severity score X on a scale of 1 to 10, which can be
determined from various brain scans. The physician has two options. He can use 1y,
the average survival time of all the patients in the population, to predict the survival
time (i.e., the Y value of his patient, in which case there is no need to know the
value of the severity score for this patient’s tumor), or he can measure the severity
score of the tumor, say its value is X = 7, and use iy (7), the average survival time
for all such tumor patients whose tumor severity at the time of diagnosis was equal
to 7, to predict the patient’s survival time. If uy (x) is not much better than u, for
predicting the Y values (i.e., the survival times), then he has to decide whether the
cost of obtaining the X value can be justified. =

Thus the decision to choose between iy, and py (x) for predicting ¥ usually de-
pends, at least in part, on (a) the cost of observing the X value, and (b) the improve-
ment in prediction that is made possible by using the X value. In this connection the
investigator may be interested in knowing the answers to the following questions:

1 How good is uy as a predictor of the Y value of an item that is to
be randomly chosen from the population?

2 How good is py(x) as a predictor of the Y value of an item that is
to be randomly chosen from the population (note that in order to
use iy (x) to predict the ¥ value of an item, we must know its X
value)? 39.1)

3 How much better is 1y (x) than uy for predicting the Y value of a
randomly chosen item?

4 Is py an adequate predictor of Y?
5 Is uy(x) an adequate predictor of Y?

We “answer these questions using population standard deviations of prediction
errors as summary measures of how good predictors are.

1 The quantity oy is the measure of how good py is as a predictor of the value
of Y.
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2 The quantity o = 0y is the measure of how good py () is as a predictor of the
value of Y because, if we know that the X value of the chosen item is x, then we
restrict our attention to the subpopulation of all items with X = x; uy(x) is the
mean and o is the standard deviation for this subpopulation. Recall that to use
iy (x), we must know the X value for the item whose Y value is being predicted.

3 oy/o,or a} /o2, or oy — 0o, 0r 0,3 — o2 (or some other meaningful function of
oy and o) is a measure of how much better 1y (x) is than u,, for predicting the
value of Y. In this book, we will use oy /o to describe how much better py(x) is
than u,, for predicting Y.

4 Whether or not uy is adequate for predicting the value of ¥ depends on the
particular problem. An investigator may consider py to be an adequate predic-
tor of the value of Y if most of the ¥ values, say at least a proportion p of
the population, lie close to py, say within a distance of d units from uy (p
and d are specified by the investigatar). It can be shown that when population
assumptions (B) for straight line regression are satisfied, a proportion p of the
population values lie in the interval py -z, 207 10 ty +2 4520y SO at
least a proportion p of the population values will lie in the interval u, —d to
Ky +d provided

Z(4p)/20y < d (39.2)
ie., if
oy < d/z(l +p)/2 (3.83)

§ Asin item (4), an investigator may consider py(x) to be an adequate predictor
of the Y value of a randomly chosen item whose X value is known to be equal
to x if at least a proportion p of the Y values in the subpopulation with X = x
is within d units from the predicted value u,(x). When population assumptions
(A) or (B) for straight line regression are satisfied, this will be true provided that

Zaapy® < d (39.4)
ie., if

o< d/z(l )2 (3.9.5}

Note Keep in mind that 41 (x) and 1, may both be adequate for predicting Y or that
neither one may be adequate. Also note that we are discussing population prediction
functions. In practice we use estimates of these prediction functions based on sample
data. The sample prediction functions do not perform as well as the population
prediction functions, but if the estimates are based on sufficiently large samples,
then we can expect the sample prediction functions to perform almost as well as the
population prediction functions.

A further complication arises in judging the adequacy of various prediction func-
tions, viz., in practice we do not know the values of oy or 0. However, sample data
may be used to obtain confidence bounds for these quantities that will allow us to
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determine whether or not the prediction function is adequate. The following task
illustrates this point.

Task 3.9.1

To illustrate the preceding ideas, consider the crystal data of Task 3.4.1 where we
want to predict the weight Y of a crystal using the amount of time X for which the
crystal is grown.

1 Suppose that p1,(x) will be considered an adequate predictor of the ¥ values if,
for each allowable value x of X, a proportion p = 0.90 or more of the Y values lie
within 0.5 gram of the predicted values. Compute a 95% confidence statement to
help decide whether or not w1, (x) is an adequate predictor of Y.

Here p = 0.90 and d = 0.5. Since assumptions (A) are presumed to be valid,
we can conclude using (3.9.5) that .y (x) is an adequate predictor of Y provided

o< d/z(l+p)/2

Because Z(4p)/2 = Z0.95 = 1.645 from Table T-1'in Appendix T, we can conclude
iy (%) is an adequate predictor of Y if

0 < 0.5/29 95 = 0.5/1.645 = 0.304

Unfortunately we do not know the precise value of o, and so we do not know
whether or not o < 0.304. In Task 34.1 we calculated the point estimate of
o and obtained & = 1.062. Using (3.6.8) we get the following 95% two-sided
confidence interval for o : '

C[0.76 <o < 1.75]1 = 0.95

Thus we can be 95% confident that o is between 0.76 and 1.75; Using this we
would perhaps conclude that j1y (x) is not an adequate predictor of Y .

There are instances where it is difficult, or even impossible, to specify a criterion
of adequacy for a prediction function. In such instances, the investigator may be in-
terested in comparing the standard deviations of the prediction errors corresponding
to each regression function under consideration. In the present situation there are
two possible quantities, py and iy (x), for predicting Y, and hence the investigator
may be interested in comparing oy, with 0. She may want either to examine oy and
o individually or to examine some function of ¢}, and o that may be particularly
meaningful in a given problem. One function of oy, and & that has found widespread
use in the literature is the coefficient of determination, which we discuss next.

Coefficient of Determination

A commonly used measure that summarizes the performance of uy (x) as a predictor
of Y, relative to iy, is the coefficient of determination of Y with X, denoted by n%/, X
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This is defined by ( n is the Greek letter eta )

2 2
Oy — O
11% X= Y 3 (3.9.6)
Oy .

Recall that oy is the standard deviation of the prediction errors when p, is used to
predict Y, whereas o is the standard deviation of the prediction errors when y(x) is
used to predlct Y. It can be shown that, under assumptions (A) or (B), o cannot be
greater than ay, and therefore the quantity on the right-hand side of (3.9.6) cannot
be negative. Thus r),z,,x is the proportional reduction in the variance of prediction
errors when using 1y (x) rather than py to predict Y.

An alternative measure of relative performance of piy (x) relative to py is 8y y,
the proportional reduction in the standard deviation of prediction errors, and it is
defined by

O'Y—O'

8y v =
Y. X
O'Y

These two measures are related by the equation

2
Syx=1—y1-nyx

so that either quantity can be obtained from a knowledge of the other. Because 1;%’ X
is the measure that is traditionally used by statisticians and practitioners, we consider
only this measure although we believe that 8y y is also a meaningful measure.

Relation of nﬁ'x to (Pearson’s) Coefficient of Correlation py y

Recall that Pearson’s coefficient of correlation (also called the simple correlation
coefficient or product moment correlation coefficient), defined in (1.5.1) and denoted
by py x» is a measure of the linear association between Y and X. It can be shown
that when the regression function of Y on X is of the form

Il-y(x) = ﬁo + ﬂ]x

(in particular, when population assumptions (A) or (B) are satisfied), the coefficient
of determination, 9y x, of Y wnth X, is in fact the square of Pearson’s correlation
coefficient py y, i.e., n% X= =p} X-

This is the reason that the symbol py x is often used to denote the coefficient of
determination of Y with X, but you should be aware that if the regression functlon of
Y on X is not of the form py,(x) = B, + B, x (i.e,, it is not linear in x), then ny X is
not equal to Qy x- To avoid any possibility of confusion, we should use the symbol
s x to denote the coefficient of determination of Y with X. However, because thls
chapter deals with only straight line regression, we are allowed to use r)y x and pY X
interchangeably in the discussions that follow. Accordingly, we use the symbol py x
to denote the coefficient of determination in the rest of this chapter.

Suppose that (population) assumptions (A) or (B) are satisfied. Then p,(x) =
By + B,x, and the statements in Box 3.9.1 are true.
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Properties of py x

BO gy T e e

o <oy and consequently py x=0.

: pyx -—Olfandonlylfﬂl =0;ie., 1fandonly1fcr = ay

. When B, # 0, the sign of Py x I is the same as the sign of ﬁl _
If py x=0, then ,uy(x) By + Byxis no better for predxctmg Y than [LY is. -
: py x = 1ifand only if ,u,Y(x) is a perfect predictor of Y. In this case o=0.

" The larger the value of py x is, the better the predlctlon of ¥ will be usmg X
. Le, the predxcted values will tend to be closer to the true values :

Remark As stated in item (4) of Box 3.9.1, the statement p;‘;’ y = 0 means that the
regression function of Y on X, namely uy(x) = B, + B,x, is no better for predicting
Y than the population mean uy is. However, if uy(x) is not of the form B, + B,x,
then we cannot draw such a conclusion.

When the straight line regression model does not hold, it is quite possible that
pf,'X =0 and n,zf'x # 0, so the function py (x) may be a much better predictor (in
fact, uy (x) may even be a perfect predictor) of ¥ than py is. An illustration of this
is given in the conversation later in this section.

Point Estimation for py

The quantities py y and py x are population parameters, and the discussion about
them has centered around their use and meaning in the population. Valid point
estimates of py x and py y can be calculated from sample data according to the
formulas given in (3.9.7) and (3.9.8), respectively, provided that assumptions (B) are
satisfied. In particular, the data must be obtained by simple random sampling.

.o _ SSY—SSE(X) _SSR(XX) _  (SXY)?

- = - 97
Pr.x SSY SSY . (SSX)(SSY) (387)

and
SXY

Prx = RS0 @)

If data are obtamed by sampling with preselected X values, then no valid esti-
mate of py x or py x is available from the sample data.

As we have stated several times, in the case of straight line regression, inves-
tigators can use py x to decide whether uy(x) is better than u, for predlctmg Y.
Technically, if population assumptions (A) or (B) are satisfied and py y # 0, then
we can conclude that u (x) is better than p, to predict Y because if pY x # 0, then
it follows that o < oy. However, in practice, we generally want to know how much
smaller o is than oy. To find this out, we can examine the estimated values of o and
oy. An alternate approach is to compute a confidence interval for the ratio o /o and
use this information in making the required decision about how much smaller o is
than oy.

(39.8)
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It tuns out that to compute a confidence interval for the ratio oy /o, it is prudent
to compute a confidence interval for py y as an intermediate step because the table-
values that are necessary are readily available in the case of py y, but that is not
the case for oy /0. Hence we first describe the procedure for obtaining a confidence
interval for Py x- .

Confidence Interval for o,

The procedure for computing a two-sided 1 — & confidence interval for py y is given
in Box 3.9.2, and it is valid when assumptions (B) are satisfied.

Two-sided 1 — & Confidence Interval for py,

1 Denote the estimated correlation coefficient 5y y by r.

2 Select the chart in Table T-7 in Appendix T corresponding to the desired
l1-a.

3 Find the number corresponding to the computed correlation coefficient r.

4 Go vertically up the graph along the line at r until you encounter the first
curve corresponding to sample size n.

5 Go horizontally from this point on the curve toward the left margin (the p
margin) until you encounter the vertical axis, say at the point corresponding
to p = L. Then the number L is a 1 — &/2 lower confidence bound for py x5

- ie,CIL < pY.x] =1-a/2

6 Go vertically up the graph along the line at r until you encounter the second
curve corresponding to sample size n.

7 Go horizontally from this point on the curve toward the left margin (the p
margin) until you encounter the vertical axis, say at the point corresponding
to p = U. Then the number U is a 1 — /2 upper confidence bound for py X
i.e., c[py’x S U] = l -0/2.

8 A two-sided 1 — a confidence interval for py y is L < Py x < U, and the
confidence statement is C[L < py x =< Ul=1-aqa.

Note When 5Y,x is close to zero or one, the charts in Table T-7 are difficult
to read. However, if you are careful in reading the charts, the procedure is
adequate for most problems.

Confidence Interval for oy /o

The procedure for computing a two-sided confidence interval for oy /o is given in
Box 3.9.3, and it is valid under assumptions (B).
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Two-Sided 1 — « Confidence Interval for oy /o

1 Obtain L as in Box 3.9.2 corresponding to the desired value of 1 — V
2 Obtain U as in Box 3.9.2 corresponding to the desired value of 1 —

3 Let Q, denote the larger, and @, the smaller, of the two numbers L2 and U2
respectively. :

=l
4 LetU;= 7o |
S TIfL and U are of the same sign, then let Lo = J__ilt-_?_Q_; if thgy are qf opposite

signs, then let L, = L. )
6 A1 — atwo-sided confidence statement for oy /o is given by

Clly<oyfo <Upl=1~-

Ly is a 1 — /2 lower confidence bound, and Upisal—ua/2 upper -confi-
dence bound, respectively, for oy /0.

The following example illustrates the computations discussed in this section.

ExAaMPLE 3.1

Consider the power plant SO, data given in Table 3.5.4 where we want to study the
association between SO, concentrations Y at a national park and SO, emissions X
from a nearby power plant. The data are also in the file so2.dat on the data disk.
Suppose the investigator wants to know how much improvement in prediction is
possible if uy(x), the regression function of Y on X, is used to predict Y instead of
Kys i.e., the investigator wants to know how much smaller o is than oy,. Thus an
appropriate population parameter of interest is ny x> Which is equal to py y because
the regression function of ¥ on X is assumed to be a straight line. For these data we
have

SSX = 31.823 SSY = 133.468 SXY = 58.0696

Using (3.9.8) we obtain

R SXY 58.0696
Oy x = = =0.8910
’ J/(SSX)(SSY)  /(31.823)(133.468)
Therefore ,6}2,’X = Ay x = 0.7939. Thus we estimate that the prediction error vari-
ance can be reduced 79.39% by using uy (x) rather than p, to predict Y.

A 95% two-sided confidence interval for py y is obtained, using the procedure
described in Box 3.9.2, as follows. From the chart in Table T-7 we obtain L = 0.77
and U = 0.95 (approximately), corresponding to n = 14 and py’X = 0.89. Hence
we get the following confidence statement:

Cl0.77 < py x < 0.95] = 0.95

Now let us use the procedure in Box 3.9.3 to compute a two-sided 95% confidence
interval for oy, /0. We have, as previously calculated, L = 0.77 and U = 0.95 so
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that O, = 0.90‘25. z;nd Q, =0.5929. Because L and U are of the same sign, we get

Ly = 1/4/1-0.5929 = 1.57, whereas U, = 1/+/1 —0.9025 = 3.20. Thus we have
the confidence statement '

Cl1.57 < oy/o <3.20) =0.95
In particular if we want only a lower confidence bound for oy /o, we have
CI1.57 < oy /o] = 0.975

so we have 97.5% confidence that the standard deviation of the prediction errors
when using py to predict Y is at least 1.57 times as big as the standard deviation of
the prediction errors when using 1, (x) to predict Y. The investigator can use this
information to decide whether to use uy (x) or py to predict Y. =

Remark While the coefficient of determination may be useful for comparing the
performance of py(x) relative to py for predicting the values of Y, it cannot be
used to determine whether or not 1y (x) is an adequate prediction function. This is
illustrated in the following example.

ExamMpLE J.5.]

Consider the problem discussed in Task 3.6.2 concerning the relationship between
age and blood pressure. The data are in Table 3.6.2 and also in the file agebp.dat on
the data disk. The investigator wants to know how much improvement in prediction
is possible if the regression function 2, (x) of blood pressure on age is used for
predicting blood pressure instead of j1,, the mean blood pressure of all individuals
in the population (i.e., the investigator wants to know how much smaller o is than
oy). Thus an appropriate population parameter of interest is nf,,x, which is equal
to ,o,z,,x since the regression function of ¥ on X is a straight line. Using (3.9.8) we
obtain '

SXY 5805.13

Prx = JSSX)BSY)  +/(3608.96)(9514.63)

The fact that the estimated value of pf x is 0.981 means that the improvement in
prediction, by using py(x) rather than p, to predict ¥, appears to be substantial.
However, this does not necessarily imply that age is an adequate predictor of blood
pressure. That depends on the particular application at hand. For instance, suppose
the investigator wants to predict blood pressures of individuals accurately to within
d = 5.0 units for at least a proportion p = 0.99 of the individuals in the population.
If he uses uy (x) to predict the Y values, then from (3.9.5) this would be true provided
that

= 0.9907

o <3/244pp2
ie., if

because z, g5 = 2.575 from Table T-1 in Appendix T . Unfortunately, we do not
know the exact value of o based on the sample data, but for these data we have
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6 = 2.836, and a 95% confidence interval for o is given by the confidence state-
ment C[2.193 < o < 4.014] = 0.95. Using this confidence statement the investiga-
tor would perhaps conclude that uy (x) is not an adequate prediction function for this
problem.

Observe that 6, = 20.34, which is much greater than 6 = 2.836. Consequently
using age to predict blood pressure does appear to reduce the prediction error con-
siderably, but not quite enough to make it an adequate predictor of blood pressure
for this problem. = -

Authors’ Recommendation

The use of p, y or p%!x to determine whether X is an adedudte' predictor of Y is
incorrect. Instead the investigator should use o to judge the adequacy of py (x)

"as a predictor of Y in the context of the study. When an investigator needs to

decide whether uy (x) or uy should be used to predict ¥, we recommend that the
investigator examine both & and 6y and appropriate functions of them. Do not
make this decision based only on the estimated value of py y or p;‘,’,’x. _

Conversation 3.9

Investigator:

Statistician:

Investigator:

Statistician:

I'd like to get your help in interpreting correlation coefficients. One of our scientists
says some of his data suggest that the population correlation coefficient between ¥
and X is about 0.98, and that this means factor X is an adequate predictor of Y. Is
that true?

No, it is not necessarily true. For example, suppose that oy = 100 and o = 20. If
the regression function is py (x) = By + B,x, then

, (10,000 — 400)
Prx 10,000 %

and so the magnitude of py y is +/0.96 = 0.98. But if the scientist decides that
Ly (x) is an adequate predictor of Y only if o is less than 10 units, then X is not
an adequate predictor of Y for this problem (because o = 20 in this example) even
though py y = 0.98. The thing to remember is that py y (or P% x) by itself is of
almost no value in determining whether factor X is an ddequate predictor of Y. What
we do learn from a knowledge of p%yx, in the case of straight line regression, is
relatively how much better uy(x) = By + B,x is than j, as a predictor of Y .

I see what you’re saying, but if py y = 0, doesn’t that mean that factor X is of no
value in predicting Y?

It does if we know a priori that the regression function is py(x) = By + B;x (ie.,
if the regression function is linear in x). Otherwise Py x = 0 cannot be interpreted
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to mean that X is of no use in predicting Y. I have concocted some data that I will-
show you and let you make up your own mind as to whether factor X is useful for
predicting Y. The data are

Y X
1.335 -19
0.050 59
1.230 19
0.052 —6.1
0.858 40
1.489 0.3
0.861 —-4.2

and the estimated correlation coefficient, gy x of Y and X, is 0.008; i.e., ﬁ% x=
0.000064. So the data suggest that the square of the correlation coefficient between
X and Y is essentially equal to zero. We’ll plot the data (see Figure 3.9.1) to see what
it looks like.

FIGURE 3.5.1
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It appears that there is a strong relationship between y; and x;. In fact, it appears
from the graph that Y can be predicted very well by some function of X, in this case
by the square of X. So factor X is clearly very useful in predicting ¥ even though
p%'x is essentially zero.
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I’'m getting more discouraged by the minute. First you tell me that a correlation
coefficient of 0.98 may not indicate that X is an adequate predictor of Y, and then
you tell me that even if py x = 0, factor X may be quite useful for predicting Y.

That is correct. The correlation coefficient of X with Y is mainly useful when the
regression function is uy(x) = By + Byx (i.e., linear in x), and in other situations
it can in fact be misleading. Of course when the population {(Y,X )} is bivariate
Gaussian, then the regression function of Y on X is of the form py(x) = 8, + B;x,
and in that case correlation can be a useful summary measure for that population.
However, even in that case a correlation coefficient, when used alone, does not tell
you how good factor X is for predicting Y. It is the value of ¢ that tells you how good
factor X is for predicting Y. So my advice for the scientists you work with is this: Do
not use the correlation coefficient to decide whether factor X is useful for predicting
Y. On the other hand, if you want to determine how much better uy (x) = g, + B;x
is than py for predicting Y, then compare oy, with 0. One way to compare them is
by examining their ratio, and we see that

2 2 2
Oy — 0O 4
prx=—"T—5—=1- (—) (399)

From this we get

g
J1- Py =— , (3.9.10)
Oy

Thus we see that correlation coefficients can be useful in determining how much bet-
ter iy (x) = B, + B,x is than uy for predicting Y. Of course we’ve been discussing
populations and population parameters, but in a real problem sample values have to
be used and the required population quantities have to be estimated.

Suppose I have two predictor factors X; and X2, and the regression functlons of Y
on X, and Y on X, are both linear. Suppose that py X, is two times larger than py X,
Does this mean that X, is two times better than X, for predicting Y?

No, it doesn’t. Because we are using Oyx, and Oyjx, as the appropriate measures of
2

how good X, and X, respectively, are for predicting Y, it is better to compare them

with one another From equation (3.9.10) we get

2
vi—Prx,  oyx /oy oyx
2 o oy o
J1- PY X, Y|Xz/ Y YIX,

Soif pj x =0.90and pf y = 0.45, then o}, x, = 20p 5 and

9y1x,
—* =,/0.10/0.55 = +/0.18182 = 0.4264

9yix,
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On the other hand, if pf x = 0.40and pf 5 = 0.20, then again pj x =27 x_but

O,
aﬁ = /0.60/0.80 = +/0.75 = 0.866
YIX,
So oy = 042640y, when pj x =2py x With pj y =0.90and pf x = 0.45,
but oyy = 0.8660y,y when pfx =207 x With pfy =0.40 and pf x =0.20.

Thus if one value of ,o2 is twice as large as another, that does not tell us how much
better X, is than X, for predicting Y.

I understand what you’re saying, but I'll have to think about all this. Thank you for
your time. Perhaps I'll have more questions next week.

3.9

Consider the sample data in Table 3.2.3, which is also in the file table323.dat on the
data disk. Assumptions (B) are presumed valid.

a Ploty; against x; to determine whether it appears that the regression function of

Y on X is linear in X. Based on this plot, do you think it is?
b Estimate Py x the coefficient of correlation between Y and X. Based on this
estimate can you tell
i how good X is for predicting Y? ‘
il how much better it is to use py(x) rather than “y for predicting ¥?
iii relatively how much better it is to use uy(x) for predicting Y than to use pp,?
¢ Estimate o and oy. Based on these estimates can you decide whether s, (x) is
an adequate predictor of Y?
Consider the blood pressure data given in Table 3.6.2.
a-cRepeat (a)—(c) of Problem 3.9.1 for these data.

d The investigator wants to know whether age is an adequate predictor of blood
pressure Y. In other words he wants to know if 1, (x) = B, + B,x is an adequate
predictor of Y. He will decide that py(x) is an adequate predictor of Y if a
proportion p = 0.95 of the blood pressures of all individuals who are x years
old is within 10 units of the predicted value s, (x). What information about o is
needed for the investigator to determine whether or not uy (x) = B, + B;x is an
adequate predictor of ¥?

e In(d) compute an appropriate 90% confidence staternent that will help the inves-
tigator decide whether uy (x) = B + B, x is an adequate predictor of Y.

Consider the crystal data in Table 3.4.2.
a2—¢ Repeat parts (a)~(c) of Problem 3.9.1 for these data.
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d The investigator wants to decide whether X, the number of hours that crystals
grow, is a good predictor of Y, the weight of crystals. In particular she wants to
. decide whether uy(x) = B, + B, x is an adequate predictor of crystal weight Y.
She will decide that uy (x) is indeed an adequate predictor of Y if she determines
that a proportion p = 0.99 of all crystals that grow x hours will weigh within 1
gram of the predicted value 1,(x). What information about ¢ is needed for the
investigator for her to determine whether or not 4, (x) is an adequate predictor

of Y? '

e In (d) compute an appropriate 95% confidence statement that will help the inves-
tigator decide whether 1y (x) is an adequate predictor of Y.

310

‘Regression Analysis When There Are Measurement Errors

Thus far in this chapter we have used assumptions (A) or assumptions (B), which
among other things require that the response variable Y as well as the predictor
variable X can be observed without measurement error. For instance, in Task 3.4.1
it is assumed that the measured (observed) values of crystal weight ¥ and time X
are the true values. The results based on these assumptions are generally satisfactory
when measurement errors are present but negligible. However, in many instances the
measurement errors are not negligible and it becomes necessary to explicitly account
for the presence of these errors in the theoretical development and in the application
of linear regression analysis. In this section we consider regression when there are
errors in measuring the predictor variable X and/or the response variable Y.

Note In this section we consider several two-variable populations, so to avoid pos-
sible confusion we use the more complete notation oy y, instead of the simpler
notation o, to denote the standard deviation of the ¥ values in any subpopulation
determined by X.

Measurement Error

Let (1, %), - -+, O, X,,) represent sample data from the population {(Y, X )} ob-
tained either by simple random sampling or by sampling with preselected X values.

Suppose the true Y value of sample item i is y; and the observed (or recorded
or measured) Y value is denoted by v;. The measurement error in observing the ith
sample value of the response variable Y is defined by

DEFINITION
Y measurement error (for sample item i) = observed Y value (v;) — true Y value
> =

So we write

d=v,—-y for i=1,...,n (3.10.1)
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Thus d; is the error in measuring the ¥ value of the ith sample item.

Suppose the true X value of sample item i is x; and the observed (or recorded
or measured) X value is denoted by u;. The measurement error in observing the ith
sample value of the predictor variable X is defined by

DEFINITION
X measurement error (for sample item i) = observed X value (;) — true X value

(x,')- u

So we write
e, =u—x; for i=1,...,n {3.10.2)

Thus e, is the error in measuring the X value of the ith sample item.

In this situation it is useful to introduce some additional notation so that we
can easily distinguish between true values and measured values. Suppose, as usual,
Y,, X, denote the true Y and X values for population item /. Now imagine that we
measure the Y and X values of each population item. The (conceptual) measured Y
value for population item / is denoted by V;, and the (conceptual) measured X value
for this item is denoted by U,. Thus we have a conceptual two-variable population
{(V, U)} consisting of the measured values of ¥ and X for each population item.
The true Y and X values for sample item i are denoted by y; and x;, respectively.
Likewise, the measured Y and X values for sample item i are denoted by v; and
u;, respectively. Keep in mind that the quantities y;, x; will remain unknown due
to imprecise measuring techniques, but the quantities v;, 4; will be known for each
sample item.

The assumptions in Box 3.10.1 are made about the measurement errors.

B OX 3 ] UI Assumptions about Measurement Errors

1 The errors d; in measuring the response variable Y are assumed to be a
random sample from a Gaussian population with mean zero and standard
deviation o, ’

2 The errors ¢; in measuring the predictor variable X are assumed to be a
random sample from a Gaussian population with mean zero and standard
deviation o,.

3 For the Berkson model to be discussed, the errors are all assumed to be
statistically independent of each other and of Y and U (i.e., the value of any
one error is not related to the values of any other errors and is not related to
the values of U nor to the values of Y).

4 For the classical errors in variables model to be discussed, the errors are all
assumed to be statistically independent of each other and of ¥ and X (i.e., the
value of any one error is not related to the values of any other errors and is
not related to the values of X nor to the values of Y).
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One of the principal reasons for studying the population {(Y, X)} is to obtain
valid point estimates and confidence intervals (by valid we mean point estimates that
are unbiased, or nearly so, and confidence intervals with specified confidence coeffi-
cients, or nearly so) for various population quantities of interest. When assumptions
(A) or assumptions (B) are satisfied, the regression function of Y on X is given by

py(X) = By + By (3.10.3)

with subpopulation standard deviations all equal to oy y. In this case we are typically
interested in the following population quantities:

B By =Fy+Bx Y@, ayfy+aib (3.104)

where a,, and a, are specified constants, and x is a speciﬁed value of X. Often we are
also interested in

oyx  Prx (3.105)

If there are measurement errors in X and/or Y, it may not be possible to obtain valid
estimates for all the quantities in (3.10.4) and (3.10.5).

When the two-variable population {(Y, X )} satisfies populatlon assumptions (A)
(respectively, population assumptions (B)), and when the measurement errors sat-
isfy the conditions in Box 3.10.1, it can be shown that the two-variable population
{(V, U)} must also satisfy population assumptions (A) (respectively, population as-
sumptions (B)). In particular, the regression function of V on U is also a straight line
function. We denote this function by

pwy W) = B + Biu (3.10.6}

where Bg, B{ may or may not be different from B, 8; in (3.10.3). The standard
deviation of the subpopulations of V' values determined by U is denoted by oy,
More is said about this later. Because we want to predict ¥ using the measured
value U of X, it is useful to consider another two-variable population, viz., the pop-
ulation {(Y, U)}. Again we can mathematically prove that this population satisfies
population assumptions (A) (respectively, population assumptions (B)) and that the
regression function of Y on U is given by

wy(u) = Bg + Biu {3.10.7)

where the regression coefficients B3 and Bt 1 in (3.10.7) are identical to the regression
coefficients in (3.10.6). It is this fact that enables us to use U to predict Y even though
we cannot observe the true Y values of the sample items. Since we can observe the
values of V and U for each sample item, it is possible to obtain valid estimates for
wy (). But py,(u) is identical to py (u). Thus fiy,(u) can be used to predict the true
Y value of a randomly chosen item from the study population. Specifically, we can
use sample data v;, u u; to estimate By, B and p, (1), and we can use this to predict
the true Y values using the measured values of U. The standard deviation of the
subpopulation of Y values determined by U is denoted by oy,

We now examine the consequences of measurement errors in some detail. First
we consider the case when there are errors in measuring the response variable ¥

only, but the predictor variable X is measured without error.
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Measurement Errors in the Response Variable Y But Not in the Predictor Variable X

Suppose {(Y, X)} is the population under study, and assumptions (A) (respectively,
assumptions (B)) are satisfied except that the values of the response variable Y
are measured with error. Here we assume that the values of the predictor variable
X are measured without error. Thus the true X values x;,...,x, of the sample
items are available; however, the true Y values y,, ..., y, of these items are not
available, but their measured values v,, ..., v, are. Thus we consider the population
{(V, X)}, which also satisfies population assumptions (A) (respectively, population
assumptions (B)) with the regression function given by

py(x) = By + Bx

where B, B, are the same as in (3.10.3).

In this situation, point estimates for the quantities in (3.10.4) are computed as
usual using the formulas in Box 3.4.2, and confidence intervals are computed us-
ing the formulas (3.6.1)(3.6.7) using the data (v;,x,), ..., (9,,x,) in place of
Ops Xps -+ +» Op» X,,) because yy, ..., y, are unavailable; the quantity &le is used
in place of 6 (i.e, &YIX) in (3.6.2)«3.6.7). The results are valid if the measurement
errors satisfy the assumptions in Box 3.10.1. However, oyy > oy, and so these
point estimates tend to have larger standard errors, and the confidence intervals tend
to be wider than when there are no errors in observing Y.

On the other hand, there is no valid point estimate or confidence interval for o},
or for py x in (3.10.5) unless additional information is available about the value of
0, the standard deviation of the errors in measuring Y.

‘When measurement errors are present in the predictor variable X, the procedures
are somewhat more complicated than when there are measurement errors only in the
response variable Y. When there are measurement errors in the predictor variable
X, we consider two distinct models: (1) the Berkson model, named after Joseph
Berkson, who first discussed it in detail, and (2) the classical errors in variables
model. These are discussed next.

Berkson Model and Classical Errors in Variables Model

Suppose {(¥,X)] is the population under study and assumptions (A) (respectively,
assumptions (B)) are satisfied except that measurement errors are present in the pre-
dictor variable X. Measurement errors may also be present in the response variable
Y. Then the Berkson model applies when data are obtained by preselecting the mea-
sured values of X, (i.e., by sampling with preselected U values), for example when
the recorded values u,, ..., u, of the predictor variable X are values on a dial or
a gauge, etc., that are set at preselected levels. Although the dial or gauge settings
are the values that are recorded for X, the true X values may be different because
the gauge or dial may be in error. On the other hand, the classical errors in vari-
ables model applies if data are obtained by simple random sampling. In this case
it is impossible to preselect the observed (recorded) value for the predictor variable
X because the items are randomly selected. We illustrate these two situations with
examples.
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EXAMPLE J.10.1 BerksonMode

Consider the problem where an engineer is interested in studying how the tempera-
ture X used in manufacturing aluminum cans is related to the strength Y of the cans.
Data are collected by making aluminum cans at various temperatures and measuring
their strength. It is known that there are nonnegligible errors in measuring X. The
process is run by setting the temperature gauge at a preselected value, say 300°C, and
measuring Y, the strength of the can; the temperature gauge is then set at another
value, say 325°C, and the Y value is measured; etc. Even though the temperature
gauge is set at (say) 300°C, the actual temperature at which the process runs may
not be exactly 300°C; i.e., even though 300°C is recorded by observing the gauge,
this may not be the true temperature at which the process was run because the gauge
may be in error. The true temperature may be 298°C or 304°C, etc. In this problem
there may also be errors in measuring the response variable Y. =

EXAMPLE J.10.2 classical Moer

Suppose a biologist is interested in the relationship between the number of damaged
blood cells ¥ and blood sugar levels X in female rats. A random sample of rats is
obtained for the study, and a small vial of blood is drawn from each rat. The vials
of blood are sent to a laboratory for analysis. Both the counts of damaged cells and
the blood sugar levels reported by the laboratory are likely to be different from the
unknown true values because of measurement errors. For instance, the laboratory
may have recorded the number of damaged cells by examining only a small drop of
blood (instead of the entire vial of blood) under a microscope. Similarly, the blood
sugar value determined by the laboratory may also be in error. Thus the measured
values of X and Y, which we denote by u,, ..., u, and v, ..., v,, respectively, are
not the true values, and the measurement errors may be nonnegligible. =

Consequences of Measurement Errors: Berkson Model

Suppose {(Y, X)} is the population under study and assumptions (A) are satisfied,
except the values of the predictor variable X, and perhaps the values of the response
variable Y, are observed or measured with errors. Further suppose that the data
are obtained by preselecting the measured values of X, i.e., preselecting the values
of u;, ..., u,, using dials or gauges that are subject to measurement errors. If the
measurement errors satisfy thte assumptions in Box 3.10.1, then it can be shown
that the quantities By and B} in (3.10.6) and in (3.10.7) are the same as B, and B;,
respectiyely, in (3.10.3). So valid estimates for By, B,, uy(x), Y (x), and ayB, + a, 8,
in (3.104) can be obtained by the formulas in Box 3.4.2 using the measured data
values (v, uy), ..., (v,, u,) in place of the true values (y,,x,), ..., (¥, x,). Also,
confidence intervals for all the quantities in (3.10.4), except Y (x), can be obtained
using the formulas (3.6.1), (3.6.2), (3.6.3), (3.6.4), and (3.6.6) with &VI v replacing
0 =6y y.

Ony t)ile other hand there are no valid prediction intervals for Y(x) and there
are no valid point estimates or valid confidence intervals for Oyix OF Py x unless
additional information is available about the standard deviations o, and o, of the
measurement errors.
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Consequences of Measurement Errors: Classical Model

Suppose the study population is {(¥, X)} and assumptions (B) hold, except that the X
values, and perhaps the Y values, are observed with errors due to imprecise measure-
ment procedures. We suppose that the measurement errors satisfy the assumptions
given in Box 3.10.1. Thus data are obtained by simple random sampling; i.e., a sim-
ple random sample of n items is chosen from the population and the Y values and the
X values are measured for each item. Because the items in the sample are randomly
sampled from the population, the X values cannot be preselected. The measured Y
and X values for the sample items are denoted by (v;, ¥;), ..., (v,, u,) as usual.

Since population assumptions (B) hold for the study population {(Y, X)}, the
regression function of ¥ on X is a straight line function. We have denoted this
regression function by

ty(x) = By + Bx

(see (3.10.3)). However, under the classical errors in variables model, unlike the
Berkson model, the quantities B3 and B} in (3.10.6) and (3.10.7) are in general dif-
ferent from the quantities B, and B, in (3.10.3). Therefore, no valid point estimates
or confidence interval estimates are available for B, or B, unless we have informa-
tion about the size of the measurement errors for X (such as a knowledge of o,).
Moreover, because the X value of a randomly chosen item cannot be observed (due
to errors in measurement), it does not make sense to attempt to use the true X value
of the chosen item to predict its ¥ value. Fortunately, it is possible to obtain valid
predictions of the Y value of a randomly chosen item using U, the measured value
of X for that item. This is discussed next.

The usual formulas for straight line regression given in Box 3.4.2 are used to
compute valid point estimates for fg, 7, uy(u) = By + Byu, and ayfy + a, By,
whereas formulas (3.6.1)—(3.6.4) and (3.6.6) are used for confidence intervals with
v; and y; replacing y; and x;, respectively (i.e., regress V on U), and with &V|U
taking the place of 6 = Gy x. The quantity ji,, (u) is also the point estimate for
Y (u). Because piy,(#) = py(u), the computed confidence interval for py,(u) is a
valid confidence interval for s, (u). However, no valid estimate of oy, or Py x is
available, and no valid confidence interval is available for ¥ (4) without additional
information regarding the measurement error standard deviations o, and o,.

Summary

For the classical model where assumptions (B) apply, except that there are mea-
surement errors in the predictor variable X (and possibly in the response variable
Y), and where the measurement errors satisfy the assumptions in Box 3.10.1,
there are no valid estimates or confidence intervals for the regression coeffi-
cients B, and B, in the population regression function of Y on X, given in
(3.10.3), without additional information regarding the measurement error stan-
dard deviations o, and o,. However, if the observed sample data v,, u; are used
in place of the true but unobservable y;, x;, respectively, in the formulas in
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Box 3.4.2, valid point estimates are obtained for B and B} (see (3.10.6) and
(3.10.7)) and ayBg + a, 1, respectively. Valid confidence intervals for g, 5,
and aoﬂa‘ +a By are obtained using (3.6.1) with (3.6.2), (3.6.3), and (3.6.6), re-
spectively, and replacing &YiX in these formulas by 6, ju- Using v; and u;, we can
also obtain a point estimate and a confidence interval for p,, (1), and these give
a valid point estimate and a valid confidence interval for py(u). Also we can
compute a point estimate and a confidence interval (prediction interval) for V (u).
The point estimate of V (u) is also a valid point estimate of ¥ (u), but the predic-
tion interval for V(i) is not a valid prediction interval for ¥ («). Furthermore, no

- valid point estimates or confidence intervals exist for

ry@ =By +Bx,  Prx. Oy

unless information is available about the values of o, and o, the standard devia-
tions of the measurement errors associated with ¥ and X, respectively.

In the following two tasks, we discuss several typical problems encountered
when measurement error is present.

3.10.1

In this task we discuss the Berkson Model using the setup of Example 3.10.1.
We suppose that an engineer preselected S different sets of measured values for
temperature and ran the process by setting the temperature gauge at each of these
preselected values. The measured values of the strength of the aluminum cans, along
with the measured values of the predictor variable, are displayed in Table 3.10.1 and
are also stored in the file cans.dat on the data disk.

Assumptions (A) are presumed to be valid except that Y and X cannot be ob-
served due to measurement errors. We suppose that these measurement errors satisfy
the assumptions in Box 3.10.1. Thus the regression function of the true values of the
response variable Y on the true values of the predictor variable X is of the form

hy () = By + By ' {3.108)

Since the U values were obtained by setting the temperature gauge at several pre-
selected values, Berkson’s model is applicable, and valid point estimates and confi-
dence intervals for 8, B,, and py (x) can be calculated by using the measured data
values (v, u;), ..., (05, #y5). We simply use the formulas in Box 3.4.2 for point
estimates and the formulas (3.6.1), (3.6.2), (3.6.3), and (3.6.4) for confidence inter-
vals with v; and u; replacing y; and x;, respectively, in the calculations, and 6V| U
taking the place of 6}’]}('
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{u«- TABTLE 3]".]

Aluminum Cans Data

Run Observed Observed
Number Strength Temperature
{newtons) °c)
\ "4 U

1 18.6 300.0

2 263 3000

3 315 300.0

4 20.0 400.0

5 29.2 4000

6 329 400.0

7 29.2 500.0

8 325 500.0

9 419 500.0
10 315 600.0
11 376 600.0
12 41.1 600.0
13 34.7 700.0
14 432 700.0
15 4.5 700.0

The following quantities can be calculated easily.
o = 32.9800 u =500 SSV = 860.044

SSU = 300,000 SUV = 12,0100

SSE(U) =379.244  MSE(U) =29.1726 Gy, = 5.40117

By=12963 B, =0040033 SE(By) =5.124  SE(B,)) = 0.009861

Now consider the following questions.
1 What is the estimate of the true average strength of aluminum cans that were
manufactured with a true temperature of 350° C?
The true average strength of aluminum cans that were manufactured with
a true temperature of 350°C is py(350) = B, + 3508,. This is estimated by
By + 3508, = 26.975 newtons.
2 What is the estimate of the true average strength of aluminum cans that were
manufactured with the temperature dial set at 350° C?
The answer again is fiy(350) = 26.975 newtons, because ji,,(350) = Bo +
' ﬁl (350) = 12.963 + 0.040033(350) = 26.975 newtons and i, (u) = fiy(u) for
any allowable value of u, the temperature dial setting.
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3 What is a 95% two-sided confidence interval for sty (), where u = 350° C is the
temperature dial setting during the manufacturing process?
We first compute a 95% two-sided confidence interval for ., (350). We get

C[22.58 < py(350) < 31.37] = 0.95

Because py(u) = py(u), a 95% two-sided confidence interval for j14(350) is
given by

C[22.58 < uy(350) < 31.37] = 0.95

4 What is a 95% two-sided confidence interval for uy (x), where x = 350° C is the
true temperature during the manufacturing process?
The quantity py(x) for x = 350 is B, + 3508, and is identical to the quantity
wy () with u = 350. A 95% two-sided confidence interval was computed for
y (u) with u =350 in question (3). So the required confidence interval for
Ly (x) with x = 350 is given by

C[22.58 < uy(350) <31.371=0.95

5 Compute a point estimate and 95% confidence interval for oy y.
The answer to this question cannot be obtained without some information
about the values of 6, and o, the standard deviations of the errors in measuring
Y and X, respectively.

In the following task we illustrate the procedures for the classical errors in vari-
ables model.

3.10.2

A researcher in the exercise science department of a university conducted a study to
evaluate the relationship between dietary fat and body fat of competitive runners who
ran at least 12 hours per week. A random sample of 18 such runners was obtained,
and their body fat Y (in percent) and dietary fat X (in percent), were measured. It is
known that there are measurement errors in both ¥ and X, so the measured dietary fat
(the measured value of X) is denoted by U, and the me¢asured body fat (the measured
valueof Y) by V. :

The classical errors in variables model is presumed to apply for this problem.
Thus the regression function of ¥ on X is of the form

uy(x) = By + Bx (3.10.9)

But since the true X values are not observable, we cannot obtain valid estimates of §,
and B, without additional information concering the measurement error standard
deviations o, and o,. However, it is possible to obtain valid predictions of the true
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values Y using the measured values U. In fact, the regression function of Y on U is

my(u) = By + u (3.10.10)

where B and B are also the regression coefficients in the regression function of V
onUi.e.,

By (W) = py(u) = By + Bju (3.10.11)

Note that B3 and B} in (3.10.11) are not the same as the corresponding quantities
By, B, in (3.10.9).

The researcher wants to estimate the regression function sty () for predicting an
individual’s true body fat Y using u, the measured value of dietary fat. The data are
in Table 3.10.2 and also in the file fat.dat on the data disk.

The following key quantities can be calculated.

0 = 10.3167 u=25.8333 SSV = 36.2650
SSU = 1010.50 SUV = 117450

SSE(U) =22.6138  MSE(U) =14134 &, = 1.1889

Br=0.116230  SE(B}) =0.03740 B3 =7.31407  SE(B]) = 1.006

TABLE 1.10.1

Fat Data
Runner Measured Measured
Body Fat Dietary Fat
V (%) U(%)
1 98 22
2 11.7 22
3 8.0 14
4 9.7 21
5 10.9 32
6 7.8 26
7 9.7 30
8 116 21
9 8.6 17
10 ©11.2 35
11 123 35
12 10.2 24
13 12.0 24
14 116 36
15 104 20
16 10.8 .37
17 11.5 35
18 79 14
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A careful study of the following questions and our answers to them will help you

understand the concepts related to the classical errors in variables model.

1

What is the estimate of the true average body fat of runners with a true dietary
fat of 25%; i.e., what is the estimate of py (x) for x = 25?

The required true average body fat is uy(x) with x =25; i.e., By +258,.
But we do not have valid estimates for B, and B, without additional information
about the value of 0,, the standard deviation of the errors in measuring X. So we
cannot answer this question with available information.

What is the estimate of uy(x), the true average body fat of runners who have a
measured dietary fat of u = 25?7 . )

The answer is fiy(u) = fi,(u) = g + B{u with u =25, which gives
7.31407 4 0.11623(25) = 10.22 for the required estimate.
What is a 95% two-sided confidence interval for uy (u), where u = 25 is the
measured dietary fat?

We first compute a 95% two-sided confidence interval for u,(u) by using
formulas (3.6.1) and (3.6.4) with &VIU = 1.1889 substituted for &6 = 6le. We
get

C[9.622 < uyy(25) < 10.818] = 0.95

But since py (1) = py (u), the 95% two-sided confidence interval for iy (u) with
u = 25 is also [9.622, 10.818). Note that for this to be a valid confidence in-
terval, the body fat u = 25 must be measured by the same procedure that was
used to obtain the sample values u,.

What is a 95% two-sided confidence interval for uy(x), where x = 25 is the true
dietary fat of runners?

The answer to this question cannot be obtained without some information
about the value of o,,, the standard deviation of the errors in measuring X.

If an individual’s dietary fat is measured to be u = 25, estimate this individual’s
true body fat; i.e., obtain ¥ ().

The formula in (3.4.11) can be used to obtain Y (w), the point estimate for the
true body fat, using the measured dietary fat u = 25. We get

V) = fyw) = B + 258} = 7.31407 + 0.11623(25) = 10.22

In question (5), compute a 95% two-sided confidence interval for the true value
of this individual’s body fat if the measured value of dietary fat is u = 25; i.e.,
compute a 95% two-sided confidence interval for Y () with u = 25.

A valid 95% confidence interval for Y (u) for any specified value of u cannot
be determined based on available information.

Compute a point estimate and 95% confidence interval for oy |x and for py x.

The required point estimates and confidence intervals cannot be obtained
without additional information about the values of 0, and o,, the standard devi-
ations of the errors in measuring Y and X, respectively.
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Note A valid point estimate and confidence interval for oy, can be obtained using
the usual formulas in (3.4.20) and (3.6.8) with y;, x; replaced by v;, u;. Likewise,
a valid point estimate and confidence interval for py ;; can be obtained by using
the formula in (3.9.8) and the procedure given in Box 3.9.2, respectively, with y;, x;
replaced by v;, u;.

Conversation 3.10

Investigator:

Statistician:

Investigator:

Statistician:

Investigator:

Statistician:

Investigator:

Statistician:

Investigator:

Good afternoon. I have some questions about regression when there are measure-
ment errors present. Is this a good time to discuss them with you?

Certainly.

In Example 3.10.1, suppose the gauge is extremely accurate so there is no error in

"measuring X, but there is error in measuring Y, the strength of the aluminum cans. (I

am presuming that assumptions (A) are satisfied, except that ¥ cannot be observed
due to errors in measurement.) The observed value of Y is denoted by V. Can I
ignore the fact that there are measurement errors and proceed as if there are none?

You can regress V on X and use all the formulas in Sections 3.4 and 3.6 for point
estimates and confidence intervals, except there is no valid estimate for oy (and

Py x)-

Does that matter?

Only if you need to know Oy x to make your decisions.

Because &YIX (i.e., &) appears in the formulas for SE (ﬁ,-), and hence in confidence
intervals for B;, don’t I need to compute it?

For the standard errors and confidence intervals you refer to, the quantity &le
(i.e., 6) is replaced with &VIX’ and this can be computed. In fact, this is equal to
+/MSE(X), and it is computed, as usual, by regressing V on X.

If assumptions (B) are satisfied except there are errors in measuring X (and perhaps
in measuring Y), you state that one cannot estimate the g; in (3.10.3) and hence one
cannot use the estimate of

my(x) = By + B1x

to predict Y using the true value x of X. It appears to me that even if the B; are known
exactly, one cannot use

py(x) = By + Bx (3.10.12)

in (3.10.3) to predict Y because the true value of X cannot be observed so I have no
X value to use in (3.10.12). So why are we ever interested in it?
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You are correct in noting that (3.10.12) cannot be used to predict Y when the true x
is unavailable. However, if §, and B, are known, then you can use the quantity 8, +
B, u to predict Y where u is the measured value corresponding to x. So if By and B,
are known, they can certainly be useful even if the true x is not known. Furthermore,
the investigator might want to examine (3.10.12) to see how the average value of Y is
affected by the values of X. To illustrate, consider Example 3.10.2. An investigator
might want to know how much the true average number of damaged blood cells
My (x) changes when the true amount of blood sugar X changes by one unit. The
answer is 8, in (3.10.12). Additionally, the investigator may want to use the estimate

of B, or B, in another formula in another context. For these reasons it is useful to
. 0 1 .

know the values of B and B, but no valid estimate of B, or B, is available for this
problem without some additional knowledge about the measurement error standard
deviation o,,.

In practlcc we can actually predict the true average value of Y by using U, the
measured value of the predictor, and this can be done as usual by regressing V on U
(i.e., use the formulas in Sections 3.4 and 3.6) to obtain point and confidence interval
estimates for the B; and for i, (#). Then use the fact that p,(u) = py(u) to obtain a
point estimate and confidence interval for uy (u).

I see what you're saying. In general we can obtain valid estimates for many of the
quantities we want even if there are measurement errors in ¥ and X.

That is correct, but we have to understand the underlying assumptions, limitations,
and interpretations.

You’ve said that in some problems the measurement errors are small enough to be
considered negligible. How do I determine whether measurement errors are small
enough to be considered negligible in a given problem?

It isn’t possible to give a simple answer that will be appropriate for every problem.
What you need to do is first specify the objectives of the study and the quantities
needed for making decisions, and then examine how the estimates of thése quantities
will change as a result of errors in measurement. If these changes are small enough
so that the decisions aren’t affected, then the measurement errors can be considered
negligible for that problem. These calculations are best done with the help of a
professional statistician.

You have stated that some answers aren’t available unless o, the standard deviation
of the errors in measuring X, is available. Will I ever know it?

Probably not, but sometimes an estimate of o, is available if the study is planned
carefully. This subject is discussed in more advanced books. See reference [7].

I see. Are there any other important pomts I should know in connection with mea-
surement errors?

There are many other important considerations you should be aware of in connec-
tion with measurement errors, but we will have to discuss them some other time.
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However, I'd like to bring to your attention the fact that, in both the Berkson model
and the classical model, oy < - You can use the measured data to compute a
1 — & upper confidence bound for oy, and get the confidence statement

' C[va < ‘/ SSE(U)/XE;n_z] =]l-a

Then it follows that -

Cloyy < {SSEQ)/x2psl 2 1—a

is a valid confidence statement. This confidence statement about Oy)x can be useful
in practical applications.

I think I understand. Thank you. Perhaps I'll come again when I have more ques-
tions.

3.10

A researcher wants to evaluate how different soil temperatures X affect the rate of
growth Y of a particular variety of cabbage plants. He conducts an experiment in
a greenhouse using seven different soil temperatures (in degrees Fahrenheit). The
soil temperatures are controlled by thermostats, but the actual soil temperatures
are not necessarily the same as the temperatures at which the thermostats are set.
The temperature setting of the thermostats is denoted by U, whereas the true soil
temperature is denoted by X. The measurement of growth rate (rate of change of
biomass in grams per week) is also subject to errors, and the measured growth rate
is denoted by V, whereas the true growth rate is denoted by Y. Due to nonnegligible
errors in measurement, only U and V are observable. The data from the experiment
are given in Table 3.10.3 and are also stored in the file cabbage.dat on the data disk.

It is presumed that (population) assumptions (A) hold for the two-variable pop-
ulation {(Y, X)} for 60 < X < 90. In particular, the regression function of ¥ on X is
of the form

ny(x) = By + Byx for 0<x<9% (3.10.13)

We further suppose that the measurement &rrors satisfy the assumptions given in
Box 3.10.1. The results from a regression analysis of V on U are as follows:

5 = 46.7500 & = 75.0000 SSV = 399.235
 SSU=140000  SUV =578.996

SSE(U) =159.78  MSE(U) = 13.315 &VIU = 3.6489

Br=04136 SE(B} =009752 B} =15732  SE(B}) =17379
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TABLE J.10.3 4

Cabbage Data
Plant Growth Rate Temperature
Number V (grams/week) U(°R
1 35.1 60
2 43.6 60
3 453 . 65
4 373 65
5 445 70
6 49.5 70
7 46.8 75
8 47.7 75
9 50.2 80
10 51.5 80
11 45.8 85
12 53.8 85
13 544 90
14 49.0 90

Using the sample data in Table 3.10.3 estimate the parameters f, and 8,. Obtain
a two-sided 85% confidence interval for the average growth rate of this cabbage
plant when the thermostat is set at 72° F, Use £ g5s.1, = 1.538. ‘

‘What is the change in the average growth rate of this particular variety of cabbage
plants if the thermostat setting for soil temperature is increased by 5° F? Obtain
a two-sided 80% confidence interval for this quantity.

If an increase of 5° F in the thermostat setting for soil temperature fails to result
in an increase in average growth rate of at least 5 grams per week, then the
researcher will conclude that soil temperature is not an important factor relative
to his objectives. What will his decision be, based on the confidence interval in
part (b)?

Suppose the researcher conducts a statistical test to reach a decision in part (c).
State the appropriate null and alternative hypotheses for this purpose. Carry out
the test and report the P-value. What should his decision be if he uses o = 0.10?

Predict the growth rate of a cabbage plant if the soil temperature is set at 75° F.
Also, if possible, obtain a two-sided 95% confidence interval for the growth rate
of this cabbage plant.

Obtain a valid estimate, if possible, for the quantity Oyix-
Obtain a valid estimate, if possible, for the quantity oy -

Suppose a researcher wants to predict the first-year maintenance cost ¥ for minivans
purchased next year, using the number of miles X the minivan will be driven during -
its first year after purchase. The target population is clearly a future population and is
unavailable for sampling. Instead, the researcher uses a similar population of mini-

vans from last year as the study population. She selects a simple random sample of
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15 minivans from the study population and records the first-year maintenance costs
and the miles driven. However, because of inaccurate odometers, the recorded values
of miles driven are not the true values but are subject to nonnegligible measurement
errors. The maintenance costs may also contain nonnegligible errors becuse of in-
accurate record keeping of the minivan owners. Let Y and X represent the true
maintenance cost and true miles driven (which are unavailable), respectively, and let
V and U represent the corresponding observed, i.e., recorded values. The data are
given in Table 3.10.4 and are also stored in the file minivan.dat on the data disk.

It is presumed that (population) assumptions (B) hold for the two-variable popu-
lation {(Y, X)}. In particular the regression function of ¥ on X is of the form

my(x) = By + Bx (3.10.13)

We further suppose that the measurement errors satisfy the assumptions given in
Box 3.10.1 so that the regression function of V on U is of the form

py@) = B3 + Blu _ (3.10.15)
and the regression function of ¥ on U is also of the form
py() = fo + Blu (3.10.16)

where the parameters S and g} in (3.10.15) are the same as those in (3.10.16).
a What is the estimated regression function of ¥ on U?

b What is the average true first-year maintenance cost for all minivans that will be
driven exactly 12,500 miles during the first year (give the appropriate population

TaABLE J.10.4

Minivan Data
Van Maintenance Costs Miles Driven
V (dollars) U
1 652 16500
2 422 8000
3 724 14200
4 746 18400
S 571 9300
6 644 13900
7 548 11000
8 553 : 13400
9 792 17200
10 739 16500
11 742 18400
12 763 18700
13 698 17700
14 568 : 10100
15 663 16300
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quantity)? Obtain a valid point estimate of this quantity if possible. If no valid
point éstimate exists, state why.

¢ What is the average true first-year maintenance cost of all minivans whose
odometer readings indicate that they were driven 12,500 miles during the first
year after purchase (give the population quantity)? Obtain a valid point estimate
of this quantity if possible. If not, state the reason why it is not possible.

d Is a valid two-sided 90% confidence interval available for the quantity in part
(b)? If so, compute it. If not, explain why not.

e Is a valid two-sided 95% confidence interval available for the quantity in part
(c)? If so, compute it. If not, explain why not.

Regression Through the Origin
Recall that when assumptions (A) or (B) for straight line regression are valid, the
. regression function of ¥ on X is of the form

ﬂy(x) = B, + ﬂlx

In some situations the investigator may know, based on subject matter considera-
tions, that the intercept B, must equal zero. In such cases the population regression
function reduces to :

py(x) = Bx (3.11.1)

and the graph of this function is a straight line that passes through the origin. In this
situation, the formulas for computing ﬂl, fy () Y, é SE(ﬂl) SE(uy(x)) and
SE(¥ (x)) must be modlﬁed The appropriate formulas are as follows:

5 Zt—l x,y i
B, = (3112)
' AZ::
fy(x) = Byx (3.11.3)
Y(x) =Bx : (3.11.8)
< (Zl—l xly 1)2
J — [g B (3.115) |
SE(B,) = ——u (3.116)
X
SE(y () = e @113)
i x?

SEQe) = 6 1+ : (3.11.8)

6+ [SE(uY(x))]z (3.11.9)
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The quantity SSE(X) is now given by

n
SSEX) =) _0; — Bix)? (3.11.10)
i=1
which on simplification reduces to
n n 2
SSEX) = 37 - Eim1 ) @1
i=1 ot
The mean square error MSE(X) is now given by
MSEXX) = S:E—(Xl) (3.1.12)

which is the estimate of o'2.

Note that the quantity SSE(X) is divided by n — 1 rather than by n — 2 as in
(3.4.21) to obtain MSE(X) because the number of degrees of freedom associated
with SSE(X) is n— 1 and not n — 2. More generally, the number of degrees of
[freedom associated with a sum of squares of errors is calculated by subtracting from
the sample size n, the number of unknown parameters (the B’s) in the population
regression function. Thus, when the population regression function is uy(x) = B, +
B,x, the degrees of freedom associated with the sum of squares of errors

SSEXX) = Z(Y, - l}y(x,'))z = Z(yl - ﬁo - ﬁlxi)z

is n — 2, and when the population regression function is py (x) = B (in which case
By = ny), the degrees of freedom associated with the sum of squares of errors

SSY =3 0; = Ay o)’ = 30—’

isn—1.

Formulas for confidence intervals for B, uy(x), and Y (x) are the same as in
(3.6.1), with the understanding that the standard errors to be used are those given
in (3.11.6), (3.11.7), and (3.11.8), respectively, and the degrees of freedom to be
used for finding table-values is # — 1. The corresponding procedures for statistical
tests for B, and p,(x) are in Boxes 3.7.2 and 3.7.3. The formula for confidence
intervals for o is in (3.6.8), where the degrees of freedom for finding table-values is
n — 1. The procedure for statistical tests for o is given in Box 3.7.5, where again the
degrees of freedom are n — 1 instead of n — 2.

The following example illustrates the computations for straight line regression
through the origin.

ExAaMpLE J.11.1

It is well known (based on the laws of physics) that when an object is dropped from
rest, it will fall because of gravity with continually increasing speed. The speed Y,
at the end of X seconds after release, may vary from trial to trial because of air
resistance and other random experimental errors. However, the average speed Y (in
feet per second) of the object, after a specified amount of elapsed time X in seconds,
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is given by the regression function
uyx) = ﬁ]x

The quantity B, is a constant and is referred to as the acceleration due to gravity. If
y; and x; are the observed distances and times, respectively, the sample regression
model is .

Yi=Bx;te

In an experiment conducted to estimate the value of 8,, an object is dropped
from rest repeatedly, and each time its speed at the end of a preselected amount
of time is recorded. The data appear in Table 3.11.1 and are also stored in the file
gravity.dat on the data disk.

TABLE J.11.1

Gravity Data
Trial Y X
Number (ft/sec) (sec)
1 63 2
2 128 4
3 194 6
4 257 8
5 322 10
6 387 12
7 451 14

We comphte the following quantities:

Y y=1802 ) x=56
O Y %y =18,036 Y xF=560 Yy =580,892

B, =322071 6=08136 SE(B)) =0.0344

A 95% two-sided confidence interval for B; (using #; g5.¢ = 2.447 from Table T-2
as the table-value) is given by the confidence statement

C[32.2071 — (2.447)(0.0344) < B, < 32.2071 + (2.447)(0.0344)] = 0.95
ie., A
. C[32.12 < B; < 32.29] =0.95

A 90% two-sided confidence interval for o (using x&os:G = 1.635 and x&95:6 =
12.592 from Table T-3 as the table-values) is

6(0.8136)? 6(0.8136)?
— L <o < —_—
12592 — 1.635
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ie.,
0.562 <o < 1.559

Suppose we want to test (using @ = .01) NH: g, = 32 against AH: B, # 32. We

-32
compute f = ?E — =6.02andty =1)_, 5.6 = ¥ 995.6 = 3.707, 501 > 1 and

NHis rejected at @ = 0.01. =

Caution

For some situations it may seem that ¥ must equal zero whenever X is zero and
that a straight line regression function with no intercept term is the correct model
(ie., y(x) = B,;x). This is not always the case. For example, when studying
the growth Y of a population of plants as a function of time X, it is true that at
time X = 0 none of the plants have grown, so the Y value is zero for each plant.
Consequently, uy(0) = 0, so the model uy (x) = f;x may appear to be correct.
If the study period is 30 days to 70 days from germination, the model with no
intercept would be very inadequate because in these situations the growth model
is often of the form given in Figure 3.11.1 (i.e., not a straight line but a nonlinear
curve passing through the origin). In the range from X = 30 to X = 70, a model
that is linear in X may fit quite well (dotted line in Figure 3.11.1), but if it is
forced through the origin (i.e., if B is required to be zero), the fit will be bad.
So if we use a straight line model for this situation for 30 < x < 70, we do not
require B, to be zero even though we know that 1, (0) = 0.

F1GURE J.11.1

sy(0)
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3.11

Consider the crystal data of Task 3.4.1. These data are given in Table 3.4.2 and are
also stored in the file crystal.dat on the data disk. You should refer to Task 3.4.1 for
a description of these data. Suppose that assumptions (A) hold with the regression
function u, (x) given by

ty(x) = Byx for 0<x<30 (3.11.13)

i.e., a straight line through the origin.

a PlotY against X and visually evaluate whether or not a straight line through the
origin appears to be a reasonable model for these data.

Obtain point estimates for 8, and 0.

¢ On the average, what is the increase in weight of crystals for each additional
hour of growth? Give the population parameter that answers the question.

d Compute a two-sided 80% confidence interval for the quantity of interest in part
(©).
e Compute a two-sided 90% confidence interval for o.

f  The regression function uy (x) in (3.11.13) will be considered adequate for pre-
dicting the weights of crystals provided the predicted weights will be within 3
grams of the true weights for at least a proportion p = 0.9 of the crystals in the
population. Compute an appropriate 95% confidence interval to help the inves-
tigator determine whether or not iy (x) in (3.11.13) is adequate for predicting
values of Y.

Consider the arsenic data of Task 3.4.2. These data are given in Table 3.4.3 and are
also stored in the file arsenic.dat on the data disk. Refer back to Task 3.4.2 for a
description of these data. Suppose assumptions (A) hold with the regression function
of Y on X given by -

ny(x) = B x for 0<x<1, (3.11.18)

i.e., a straight line through the origin. The chemical analysis will be deemed to pro-
vide unbiased estimates of the true As concentrations if the slope 8, is between 0.96
and 1.04. Compute an appropriate 99% confidence interval to help the investiga-
tor decide whether or not the chemical analysis provides unbiased estimates of As
concentrations.

Give two examples (preferably from your own field) in which you want to study
the relationship between a response variable Y and one or more factor variables for
the purpose of prediction or other reasons. Describe carefully the target population,
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the study population, and convenient sampling methods for each example If possible
describe the form of py (x).

The SAT scores X and the the corresponding GPAs (Y) at the end of the first term
for a simple random sample of ten students from a major university are as follows:

SAT
Scores 321 358 640 270 443 669 582 451 791 594
GPA 197 219 298 189 266 314 220 202 307 3.1

If assumptions (B) are valid, for which of the following parameters can a valid
estimate be obtained?

ﬂoy ﬂ]s 0', I"’Y(x)v ”'Y! ”’Xv UXa UY1 py'x

b Find point estimates of all parameters in part (a) for which valid estimates are
available. Show all your calculations.

¢ Find 90% two-sided confidence intervals for all parameters in part (a), except
Py x» for which valid confidence intervals are available. Compute a 95% two-
sided confidence interval for py y.

d Plot y; versus x;. From the plot do you have reason to believe that the regression
function of Y on X is a straight line function?

e Estimate how much better My (x) is than py for predicting GPA.
Using population parameters, write an expression for the difference between the
average GPA of all students whose SAT score is 550 and the average GPA of all
students whose SAT score is 500.

g Obtain a point estimate and a 95% two-sided confidence interval for the quantity
in part (f).

h  Repeat parts (f) and (g) for SAT scores of 700 and 600 (mstead of 550 and 500),
respectively.

A simple random sample of twenty U.S. males was selected, and the following

information was recorded for each individual.

X = Number of grams of fat consumed per day. (This is usually calculated from a
detailed record of food intake over a period of several days and then averaged to
obtain fat intake per day).

Y = Total cholesterol in blood in milligrams per deciliter. (This is obtained from a
blood test).

Suppose assumptions (B) for straight line regression are satisfied so the model is
My(x) = By + Byx. The data are given in Table 3.12.1 and are also stored in the file
chol.dat on the data disk.
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taBLE J.12.1

Cholesterol Data
Sample Total Cholesterol Daily Fat Intake
ftem Number Y, {in mg/dI) X, (ing)

1 130 21

2 163 29

3 169 43

4 136 52

5 187 56

6 193 64

7 170 77

8 115 81

9 : 196 84 .
10 237 93
11 214 98
12 - 239 101
13 258 107,
14 283 109
15 242 113
16 289 120
17 298 127
18 271 134
19 : 297 148
20 - 316 157

a o6 oo m

- o

Some basic numerical summaries that you will need are: ) x; = 1,814
Z y; =4,403 SSX =27,674.2 SSY =72,098.6 SXY = 39,495.9

Plot y; against x;.

Estimate the regression function of total cholesterol on daily fat intake,

Plot this regression line on the same graph as in part (a).

Compute the stagdard errors for the intercept and slope estimates (i.e., compute
SE(By) and SE(B))).

Estimate o,

Construct a 95% upper confidence bound for the population intercept Bo-
Construct a 99% two-sided confidence interval for the population slope 8, . Does
it appear that ; = 07 Why?

Construct a 95% two-sided confidence interval for o.

Construct a 99.5% lower confidence bound for the population slope 8, . Interpret
this confidence bound (see part (g)).

Find the estimate of the average value of total cholesterol for those people whose
daily fat intake is 50 grams (i.e., find {i,(50)). Find the estimate of the choles-
terol of an individual chosen at random from this subpopulation (i.e., ¥(50)).
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Construct a two-sided 95% confidence interval for Y(50) and p(50). Obtain
a 95% two-sided confidence interval for the cholesterol level of an individual
whose daily fat intake is 60 grams. '

Construct a 97.5% upper confidence bound for the mean cholesterol level of the
subpopulation for which the daily fat intake is 25 grams.

Estimate the correlation coefficient between total cholesterol and fat intake (i.c.,
find 5y.x)' Construct a 95% two-sidcq confidence interval for py y, the popula-
tion correlation coefficient between Y and X."What does this say about the linear
relationship between cholesterol and fat intake?

Perform the following test of hypothesis:

NH: B, < 2 against AH: 8, > 2
Compute the P-value. What is your interpretation of the result of this test if you
decide to reject NH when P < 0.005?

Use the confidence interval in part (g) to decide between NH and AH in part (m).
What is your interpretation?

This is a continuation of Exercise 3.12.3.

e
f

Estimate oy and 0.
Exhibit an analysis of variance table.

From the analysis of variance table, obtain the computed F statistic F for the
test of NH: B, = 0 versus AH: B, # 0.

What is the P-value for this test?

Obtain a 95% confidence interval for oy /0.
What do you conclude about the relationship between cholesterol and fat intake?

In Exercise 3.12.4 suppose that a company manufacturing margarine makes the
following claim: The difference between the average blood cholesterol level for the
subpopulation of individuals consuming 100 grams of fat per day and the average
cholesterol level of the subpopulation of individuals consuming 50 grams of fat per
day does not exceed 40 milligrams per deciliter (mg/dl). If the manufacturer’s claim
is true, then perhaps some people would be willing to include extra fat in their diets,
thinking that the resulting increase in cholesterol is small enough so that there is no
need for concern.

State the appropriate null hypothesis and alternative hypothesis to test the manu-
facturer’s claim.

Use the data of Exercise 3.12.3 and calculate the P-value for this test.

What do you conclude about the manufacturer’s claim?

Compute an appropriate confidence interval and make a decision about the man-
ufacturer’s claim.






