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Overview

Multiple Linear Regression

In Chapter 2 we pointed out that the population regression function of Y on
X, ..., X, is the best function for predicting a response variable Y, using the
predictor variables X,,...,X;. In applied problems, the population prediction
function is seldom available, and sample data are used to estimate it.

In many situations we either know or assume the form of the population regres-
sion function so that the regression function is known except for some unknown
parameters (regression coefficients). In Chapter 3 we discussed point estimation,
confidence interval estimation, and tests for unknown parameters when the popu-
lation regression function of the response variable ¥ on the predictor variable X
is a straight line function of X; i.e., uy(x) = B, + B;x. In particular, the number
of predictor variables is one. In this chapter we consider the situation where there
are several predictor (or explanatory) variables, say X, ..., X;, and the population
regression function ¥ on X,, ..., X, is of the form

Il'y(xl,...,xk) =ﬂo+ﬁlxl +"'+ﬁkxt (4.‘.1)

When data for the entire population are available, the constants S, 8,, ..., f; can
be calculated exactly. However, as we pointed out earlier, this is seldom the case
in applied problems, and so the constants B, B, - - ., B; are unknown parameters
that have to be estimated using sample data. This chapter is primarily concerned
with point and confidence interval estimation of the parameters in the multiple
linear regression function of (4.1.1). The formulas and procedures for point and
confidence interval estimation, discussed in Chapter 3, are special cases (withk = 1)
of the formulas and procedures that are discussed in this chapter.

The chapter is organized as follows. Section 4.2 includes definitions and notation
that are used throughout this chapter and elsewhere in the book. Section 4.3 contains
a discussion of the assumptions required for valid statistical inference procedures for
multiple linear regression. Procedures for point estimation are given in Section 4.4.
Section 4.5 discusses some methods for investigating the validity of the assumptions
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required for multiple linear regression. Confidence interval procedures for multiple
linear regression are given in Section 4.6. A discussion of statistical tests is provided
in Section 4.7. Analysis of variance in the case of multiple linear regression is
discussed in Section 4.8. Procedures for comparing two regression functions are
given in Sections 4.9 and 4.10. Section 4.9 also discusses multiple correlation, the
coefficient of determination, multiple-partial correlation, and partial coefficient of
determination. Procedures for evaluating the lack-of-fit of a straight line regression
model are provided in Section 4.11, and Section 4.12 contains exercises.

For a clear and accurate explanation of the concepts developed in this chapter,
we need to introduce some notation that may initially appear complicated. However,
if you take the time to understand the notation, it will help you to understand the
concepts as well as the procedures.

Notation and Definitions

The word multiple in multiple linear regression means there is more than one pre-
dictor variable. Throughout this chapter, it is assumed that there are k predictor vari-
ables that are denoted by Xj, ..., X;. Recall from Section 2.3 that the word linear
means the regression function, denoted by py (x,, ..., x;), is linear in the unknown
parameters By, By, - - ., By (see (4.1.1)). The word regression means that the study
is concerned with the prediction of the response variable ¥ using the relationship

‘between Y and the k predictor variables X, X,, ..., X,.

We begin with two examples illustrating how regression functions can be useful
in practical problems.

ExamPpLE 411

Consider the population of high school graduates who were admitted to a partic-
ular university during the past ten years and who completed at least the first year
of coursework after being admitted. Suppose the director of admissions at this uni-
versity is interested in investigating how well Y, the first year grade point average
(GPA) of a student, can be predicted by using the following quantities:

X, = the score on the mathematics part of the Scholastic Aptitude Test (SATmath)
X, = the score on the verbal part of the Scholastic Aptitude Test (SATverbal)

X; = the grade point average of all high school mathematics courses (HSmath)

X, = the grade point average of all high school English courses (HSenglish)

If a relationship does exist between Y and X, X,, X3, X,, then it may be possible
to predict the performance of new applicants during their first year in college based
on their SAT scores and high school grades; this would provide the director of

admissions with a very valuable tool for making decisions about whether or not an
applicant should be recommended for financial assistance.
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Suppose, in this example, that the population regression function of ¥ on
X, X5, X3, X, is of the form ’
By (%1 X, X3, X9) = By + Byxy + ByXy + Baxy + Byx,y

This is a special case of the multiple linear regression function in (4.1.1) with k = 4.
Methods discussed in this chapter can therefore be used to investigate the relation-
ship between Y and X, X,, X3, X,. ®

ExamprLE }2.1
Consider Example 2.2.9. Suppose that the regression function of ¥, the strength of
plastic containers, on X; and X,, the temperature and pressure, respectively, during
the production process, is of the form

by Gy ) = By + Byx) + By,
This is a special case of the multiple linear regression function in (4.1.1) with k =
2. =

Other situations where multiple linear regression may be applicable are described
in Examples 2.2.3, 2.2.5, and 2.2.6.

Basic Observable Variables and Derived Variables

It is useful to make a distinction between basic observable variables and derived
variables. If Z represents the height of an individual, then Z is a basic observable
variable and +/Z or log Z are derived variables. Thus derived variables are known
functions of observable variables. The quantities x; in the multiple linear regression
function in (4.1.1) may be values of basic observable variables or derived variables.
For instance, if the variables Z, and Z, are basic observable variables and the regres-
sion function is

ry@2) = o+ Bizy + 7t + B3 yT;
then we can define the variables X, X,, X3 by
X,=2, X=Z} X;=/I
and their values x;, x,, x3 by
n=z x=3 x=J5
so that the regression function can be written as
Hy(Xys Xy, X3) = By + B1xy + By + Baxs
This demonstrates the versatility of the regression function in (4.1.1). More examples
are given in (4.2.1).
Ry(z1,2) = By + By2) + By2122 + B2 (621a)
By (24, 25) = By + B, + Bo(coszy +cosz,) + By /z (3.2.1b)
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Ly (21,2, 23) = By + By2, + Boz? + ﬁ3 + B4loglz;] (4.21c)

+z+

Each of these regression functions may be written in the form given in (4.1.1)
by suitably defining variables X;,X,, ..., etc. For instance, in (4.2.1a) we define
X, =2,X,= =Z,Z,, and X; = Z2 SO that the regression function can be rewritten
as |

Ly (31 X9, X3) = By + Bix) + Boxy + Baxy

Here each X; is a known function of the Z; and involves no unknown parameters. In
(4.2.1b) weuse X; = =é, X, = (cosZ, + cosZ,), and X; = ,/Z,, which allow us to
rewrite the regression function as

ry (1, %y, X3) = By + Brxy + Byxy + Bax;

Similarly, in (4.2.1c) weuse X; =Z,,X, = Zl X3 =2Z,/Z+2Z,+2Z3),and X, =
log |Z;) and rewrite the regression function as

By (Xps Xy, X3, X4) = By + By %y + By, + ﬂ3x3 +B4%4

Polynomial Regression

A population regression model that is quite useful in many applied problems uses
the polynomial function given by

py®) =By + Bx+ B + -+ Bt
which is a kth degree polynomial in the predictor X. We can write this as

Ky (X1 Xgs ooy Xp) =ﬂ0 + Bixy + Byxy + -+ Bixy

where X, =X, X, = X3,..., X, = Xk Thisisa multiple regression model using the
- derived variables X, ..., X}, where X is the basic observable variable.

Notation

The starting point of any investigation involving multiple linear regression is the
precise definition of the (k + 1) variable population {(Y, X, ..., X})}. To identify
the elements of this population, we use a double subscript notation for the values of
the predictor variables. In this notation, X; ; refers to the value of the /th population
item corresponding to the Jth predictor variable; i.e., the first subscript 7 is the
reference number or label of the population item under consideration, and the second
subscript J refers to the Jth predictor variable. For example, X, ¢ is the value of
the 8th predictor variable of the 4th population item; X,, ¢ is the value of the 6th
predictor variable of the 24th population item, etc. Of course, Y, denotes the value
of the response variable for the /th population item.

Table 4.2.1 gives a schematic display of the five-variable population {(Y, X, X,,
X3,X,)} discussed in Example 4.2.1. We suppose that this population has N items.
The items in this population are all high school graduates who were admitted to

. the university during the past ten years and completed at least the first year of
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coursework after being admitted. Of course, all of the population values ¥; and X, J
may not be known in a real problem, but conceptually they exist.

In Table 4.2.1, X 4 represents the high school math GPA of the 6th individual,
X3, 2 represents the SAT verbal score of the 32nd individual, etc. The theory for
deriving point estimates, confidence intervals, and tests assumes that N, the popula-
tion size, is infinite, but in most practical applications N is indeed finite. However,
N is generally very large (but unknown) so the theory is approximately valid for all
practical purposes.

E rasLE §0.1

Schematic Display of the Population in Example 4.2.1

item GPA SAT Math | SAT Verbal | High School | High Schoo!
(Individua! | attheEndof | Score Scaore Math GPA English
Student) One Year GPA
I Y X, X, X, X,
1 f X1 Xi2 X3 X4
Y, X1 X52 X3 X24
1 Y, X1 X2 X3 X4
N Yy XN Xn2 XN3 Xna

Parameters of a (k + 1)-Variable Population

A (k+ 1)-variable population {(¥, X,,X,, ..., X,)} has associated with it several
parameters that are useful in describing and summarizing it. The parameters

#Y’“Xl' LR 1l‘l'xk
are the means of each one-variable population, and
Oy:Ox s+ 0y,

are the standard deviations of each one-variable population. They are useful for

summarizing the one-variable populations {Y}, {X,}, ..., {X;}. The parameters
pY'Xl’ e py'xl, ’)xl'xl’ R pxk—l'xl

are the coefficients of correlation of all pairs of variables, which may be useful for

investigating the relationships between pairs of variables. -

The regression function py(x,, ..., x;) can be used for predicting Y using the k
predictor variables X, ..., X,. It is in fact the best prediction function for predict-
ing Y using X, ..., X;. When the regression function py(x,, . . ., ;) is of the form
given in (4.1.1), the parameters f,, B,, . . . , B; completely determine this regression
function. Therefore we are interested in knowing the values of these (and possibly
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other) parameters to help make decisions about the population. Of course the pop-
ulation values are unknown, so the parameters that summarize the population are
unknown. As in simple linear regression, a sample is selected from the population,
and inferences about population parameters are made by using the sample data.

The Population Regression Model

For the Ith item in the population, the true value of the response variable is Y,
and the predicted value using the regression function in (4.1.1), which is the best
prediction function, is

my Xy 1. Xy 00 Xy ) = By +BiXp 1 + BoXy o+ -+ BX

The error of prediction for the /th element of the population is denoted by E,; it is the
differehce between the true value Y, and the predicted value p, (X 11 X250 X, 0
and is given by '

EI = Yl - I‘LY(XI,I’ PR ’Xl,k)
or
E =Y — By+ B X+ +BX; )
This equation is generally written as

Y, =By+ B X+ -+ BX  +E; (4.22)
forI =1,...,N and is called the population regression model. We use the sym-
bol Y(x;,...,%;) to denote the ¥ value of a randomly chosen item with X; =
xl, ...,Xk =xk.

Sample

To make statistical inferences about the unknown parameters in the population re-
gression function in (4.1.1), we must use sample data to compute point estimates
and interval estimates of these unknown parameters, so we select a sample of size
n from the population. A schematic display of the sample data corresponding to the
population in Table 4.2.1 is given in Table 4.2.2. Note that we use lower-case letters
¥, %; j» 1, €IC., 1O emphasize that these quantities refer to the sample and not to the
population. For example, (y;, X; |, X; 5, X; 3, X; 4) are the five measurements on the
ith sample item selected from the population. The sample size n and the sample
observations are, of course, known quantities. '

You are encouraged to carry out the following task to develop familiarity with
the terminology as well as some of the concepts underlying multiple regression.
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Schematic Display of a Sample from the Population in Table 4.2.1

ltem GPA SATMath | SAT Verbal | High Schoo! | High School
_(individual | atthe Endof | Score Score Math GPA English

Student) One Year GPA

i Y X, X, X, X,

1 b)) X1 *1,2 13 *1.4

»2 %21 %22 %23 *2.4

i Yi Xi1 Xi2 Xi3 Xi4

n Yn xu.l xn.2 xn.3 xn.4

T Task 42,1

e e In this task we illustrate the concept of subpopulations when the number of predictor
variables is greater than one.

Table D-4 in Appendix D contains a three-vanable population {(Y, X, X,)}
where Y is the strength of plastic containers, and X, and X, are, respectively, the
temperature (in degrees Celsius) and the pressure (in pounds per square inch) used
during the production process. These data are also in file plastic.dat on the data
disk. There are 1,650 items in this (artificial) population. Column 1 contains the
item numbers for the items in the population. Column 2 contains the strengths of
the plastic containers, and columns 3 and 4 contain the temperatures and pressures,
respectively, used during the production of each item. These population data may
be thought of as having been obtained from the records, for the past two years,
of the research and development division of a company that manufactures plastic
containers.

The means of Y, X, and X, are

uy =30 Hx = 250 uy =15

2

and the standard deviations are
oy =17.39 oy =31.62 ox, = 3.42
1

An examination of the population reveals that there are 66 distinct subpopula-
tions of ¥ values determined by the distinct pairs of values of (X;, X,). Note that this
is a very special population in which the standard deviation of each subpopulation
is the same. We say more about this in Section 4.3. The means and the standard
deviations of these 66 subpopulations of Y values are listed in Table 4.2.3. They are
also stored in the file table423.dat on the data disk.
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ii The Sixty-Six Subpopulation Means and Standard Deviations for the Population Data in
Table D-4
Subpopulation | Temperature Pressure Y Mean Y Standard Deviation

1 200 10 25 1.7076
2 200 12 23 1.7076
3 200 14 21 1.7076
4 200 16 19 17076

5 ¢ 200 18 17 1.7076
6 ¢ 200 20 15 1.7076
7 210 10 27 1.7076
8 210 12 25 1.7076
9 210 14 23 1.7076
10 210 16 21 1.7076
11 210 18 19 1.7076
12 210 20 17 1.7076
13 220 10 29 1.7076
14 220 12 27 1.7076
15 220 14 25 1.7076
16 220 16 23 1.7076
17 220 18 21 1.7076
18 220 20 19 1.7076
19 - 230 . 10 31 1.7076
20 230 12 29 1.7076
21 230 14 27 1.7076
22 230 16 25 1.7076
23 230 18 23 1.7076
24 230 20 21 1.7076
25 240 10 33 1.7076
26 240 12 31 1.7076
27 240 14 29 1.7076
28 240 16 27 1.7076
29 240 18 25 1.7076
30 240 20 23 1.7076
31 250 10 35 1.7076
32 250 12 33 1.7076
33 250 14 31 1.7076
34 250 _ 16 29 1.7076
35 250 18 27 1.7076
36 250 20 25 1.7076
37 260 10 37 1.7076
38 260 12 35 1.7076
39 260 14 33 1.7076
40 260 16 31 1.7076

(Continued)
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(Continued)

Subpopulation | Temperature | Pressure | Y Mean | Y Standard Deviation
41 260 © 18 29 1.7076
42 260 20 27 1.7076
43 270 10 39 1.7076
44 270 12 37 - 1.7076
45 270 14 35 1.7076
46 270 16 33 1.7076
47 270 18 31 1.7076
48 270 20 29 1.7076
49 280 10 41 1.7076
50 280 12 39 1.7076
St 280 14 37 1.7076
52 280 16 35 1.7076
53 280 18 33 1.7076
54 280 20 31 1.7076
55 290 10 43 1.7076
56 290 12 41 1.7076
57 290 14 39 1.7076
58 290 16 37 1.7076
59 290 18 35 1.7076
60 290 20 33 1.7076
61 300 10 45 1.7076
62 300 12 43 1.7076
63 300 14 41 1.7076
64 300 16 39 1.7076
65 3Q0 18 37 1.7076
66 300 20 35 1.7076

Verify that the population regression function of ¥ on X, and X, is of the form
(4.1.1) with k = 2, i.e,, linear in X, and X,, (for those values of the pair (X, X,)
occurring in the population). In particular, what are the values of 8, B,, and §,?

Suppose that the regression function of Y on X, and X, is of the form
by (x), x,) = By + By1x; + Byx,. Then, in particular, the average Y value of each
subpopulation must be equal to the value obtained when the corresponding val-
ues of temperature X, and pressure X, are substituted into the regression func-
tion. For instance, each one of the 66 equations given in Table 4.2 4 (obtained by
examining the subpopulation values in Table 4.2.3) must be satisfied. Consider
the first two equations in Table 42 4, viz.,

By + B,(200) + B,(10) = 25
By + B,(200) + B,(12) = 23
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tTaBLE §.1.4

Subpopulation Value of the Regression Function =
1 200 10 1y (200, 10) = B, + B,(200) + B,(10) = 25

200 | 12 1y (200, 12) = B, + B, (200) + B,(12) = 23

’} 2i0 lb 1y (210, 10) = B, + ﬂ.l (210) + B,(10) = 27

66 300 | 20 1y (300, 20) = B, + ,8; (300) + B, (20) = 35

We subtract the second equation from the first and obtain —28, = 2 or g, = ~1.
Next, consider the first and the last equation in Table 4.2 4, viz.,

ﬂo + B,(200) + B,(10) = 25

By + B,(300) + B,(20) =35
Subtract the first equation from the second equation above and obtain 1008, +

108, = 10. Substituting B, = —1, we get B, = 0.2. Finally, substituting the
value B, = 0.2 and B, = —1.0 into the first equation in Table 4.2 4, viz., into

By + B,(200) + B,(10) = 25

we get B, = —5. Hence, if the regression function of Y on X,, X, is indeed of the
form py(x,, x,) = By + Byx; + Byx,, then it must be given by

My (x), %) = =54+ 0.2x; —x, (4.2.3)

You should verify that all of the subpopulation means for Y are obtained by
substituting the appropriate temperature and pressure values into (4.2.3). Thus
we obtain

By=—5 B;=02 B,=-I1 (424)

2 Examine the Y values in the subpopulation with X; = 220 and X, = 16.
Table 4.2.5 contains these subpopulation values, and they are also stored in
the file table425.dat on the data disk.
3 Compute the mean-and the standard deviation of the Y values in the subpopula-
tion in (2) where X; = 220, and X, = 16.
There are three ways to obtain the Y mean py (220, 16).
i Compute the mean of the Y values in the subpopulation in (2) by direct
calculation; i.e., py(220,16) =Y = (1/25) )Y,
it Look up the Y mean corresponding to subpopulation number 16 in Ta-
ble 4.2.3 where temperature X, = 220 and pressure X, = 16.

iii Use(4.2.3)and plug inX; =220 and X, = 16.
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Row Item Number
I Y X, | X,
1 76 228 220 16
, 2 183 22 | 20 [ 16
3 332 242 220 16
4 473 258 220 16
5 551 24.5 220 16
6 592 222 220 16
7 623 233 220 16
8 683 26.5 220 16
9 858 25.0 220 16
10 883 204 220 16
11 888 21.7 220 16
12 900 20.7 220 16
13 931 223 220 16
14 951 26.7 220 16
15 952 226 220 16
16 978 226 220 16
17 989 215 220 16
18 993 22.7 220 16
’ 19 1165 21.7 220 16
20 1228 24.1 220 16
21 1316 239 220 16
22 1463 20.7 220 16
23 1526 212 220 16
24 1557 222 220 16
25 1572 235 220 16
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To apply method (i) we compute the mean of the Y values in Table 4.2.5 and
get 1y(220,16) = Y = 23.0. To apply method (ii) we look up subpopulation
number 16 and observe that (220, 16) = 23.0. To apply method (iii) we use

(4.2.3) and get

#y(220, 16) = —5.0 + 0.2(220) — 16 = 23.0

There are two ways to get the standard deviation of a subpopulation. For in-
stance, the standard deviation of the subpopulation with X| = 220 and X, = 16
can be obtained using one of the following two ways.

iv By directly computing the standard deviation of the Y values in the subpopu-
lation in (2) using the definition of standard deviation.

v By looking up the Y standard deviation for subpopulation 16 in Table 4.2.3.
By both of these procedures we get oy (220, 16) = 1.7076.
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4 The population regression model is
Yy =P+ BiXi +BXpp H By
For the subpopulation with X; = 220 and X, = 16 we get

E; =Y — uy(220,16) = Y, — B — B,(220) — B,(16)
=Y, +5-0.2(220) + 1(16) = ¥, — 23

The E,’s satisfy the following conditions:
i  The mean of the E; values is zero.

ii The standard deviation of the E, values in any subpopulation is the same as
the standard deviation of the Y; values in that subpopulation.

To see that this is the case in this subpopulation, calculate the values of E; for
the items in the subpopulation referred to in (2). Verify that the mean of these
E; values is zero and that their standard deviation is the same as the standard
deviation of the Y values in this subpopulation, namely 1.7076.

By subtracting the subpopulation mean Y value of 23 from each of the Y
values in the subpopulation in Table 4.2.5, we obtain the E; values, which are

-0.20000 -0.80000 1.20000 2.80000 1.50000 -0.80000 0.30000

3.50000 2.00000 -2.60000 -1.30000 -2.30000 -0.70000 3.70000
-0.40000 -0.40000 -1.50000 -0.30000 -1.30000 1.10000 0.90000
-2.30000 -1.80000 -0.80000 0.50000 ¢

You should check these and also check that the mean of these numbers is 0
(to within rounding error) and that the standard deviation is 1.7076, the same as
the standard deviation of the Y values in Table 4.2.5, as it should be.

In Task 4.2.1 we examined a population and its subpopulations whose values
were all known. However, in applied problems the entire population is seldom known
and so the population parameters must be estimated using sample data. For these
estimates to be valid, certain assumptions must be satisfied, as in the case of straight
line regression. These assumptions are stated and discussed in the next section.

Problems 4.2

Problems 4.2.1-4.2.5 refer to the population data given in Table D4 in Appendix D
and also in the file plastic.dat on the data disk. Consider the subpopulation of Y
values with X, = 240 and X, = 18. This subpopulation has 25 values and they are
given in Table 4.2.6 along with the corresponding E; values. These subpopulation
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Row Population

item Number Y X, X, E;
1 19 24.6 240 18 —0.400
2 4 242 240 18 -0.800
3 71 237 240 18 —1.300
4 174 26.5 240 18 1.500
5 175 243 240 18 -0.700
6 212 242 240 18 —0.800
7 - 216 237 240 18 —-1.300
8 218 246 240 18 —0.400
9 235 227 240 18 ~2.300
10 378 28.7 240 18 3.700
11 407 224 240 18 —2.600
12 584 26.1 240 18 1.100
13 588 278 240 18 2.800
14 948 262 240 18 1.200
15 953 270 240 18 2.000

16 962 253 240 18 *
17 1118 227 240 18 —=2.300
18 1135 248 240 18 —-0.200
19 1209 255 240 18 0.500
20 1285 24.2 240 18 -0.800
21 1302 28.5 240 18 3.500

22 1376 259 240 18 *
23 1406 24.7 240 18 —0.300
24 1447 235 240 18 —1.500
25 1459 232 240 18 —1.800

* These values were omitted and you will be asked to supply them.

values are also stored in table426.dat on the data disk. For this subpopulation, use
the following;:

Y v, =650 ) ¥} =15697.90

£21 a Show that the mean of this subpopulation is 25.0, i.e. uy (240, 18) = 25.0.
b The subpopulation of E; values can be obtained by computing

E[ = Y] - I"y(240v 18) = Y, —By— ﬁ] (240) — ﬁ2(18)
Substituting the values for B, B,, B, from (4.2.4) we get

In Table 4.2.6, the 25 values of E; have been computed except for population
items 962 and 1376 (where the asterisk * appears) . Compute the E; values for
items 962 and 1376.
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¢ Verify that the sum of the E; values in Table 4.2.6 (including items 962 and
1376) is zero.

d Find the standard deviation of the ¥, values in this subpopulation.

e Find the standard deviation of all 25 E; values in this subpopulation.

f In Problem 4.2.1(e), is this standard deviation what you should get? (Examine
Table 4.2.3.)

Predict the strength of a single plastic container that was produced with a tempera-

ture of 280° and a pressure of 10 units.

Predict the strength of a single plastic container if it is produced with a temperature

of 205° and a pressure of 11 units.

What is the average strength of all plastic containers in the study population pro-
duced using a temperature of 280° and a pressure of 18 units? Do you know this
exactly or do you have to estimate it?

For the subpopulation with X; = 280 and X, = 10, find a number L such that 80%
of the plastic containers produced would have strength greater than or equal to L.

Assumptions for Multiple Linear Regression

BO - 43]

To obtain valid point and confidence interval estimates for parameters in the multiple
linear regression function

By Oy, oo x)) = By + Brxy +- o+ By

we must make some assumptions about the (k+ 1)-variable population
{(Y,X,,...,X})} and about the method used to obtain a sample from this
population. One set of assumptions under which the theory for multiple linear
regression has been extensively developed is given in Box 4.3.1 and is referred to
as assumptions (A) throughout this book. Three of the assumptions concern the
population and two concern the sample.

Assumptmns (A) for Mulnple I.mear Regressnon

- " Notation: The’ k+ l)-vanable populatlon {(Y X, re- ,X k)}"i's the'"-_stlxdy popu- - .
- lation. R o L

(Populatxon) Assumptlon 1 The mean py (xl, L xk) of t'he 'subbopulati on
0vaaluesw1thX _xl,., Xk—xkls SRR A
#Y(xl’ . ’xk) ﬁo + ﬁlxl + -4 ﬁkxk

where By. ﬂl, . v+ By are unknown parameters and xl, R belong to the
- set of allowable values (somenmes called the domam) of the predxctor vari-
ables .
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(Population) Assumption 2. The standard deviation of the Y values in the
subpopulations with X 1 =Xp5 .-, X} = x; does not depend on the values
X{, ..., % (ie., the standard deviations are the same for each subpopula-
tion determined by specified values of the predictor variables X, ..., X,).
This common standard deviation of all the subpopulations is denoted by
OYIX,,... X, When there is no possibility of confusion, we use the simpler
notation o instead of the more complete notation OYX,,...X,"

(Population) Assumption 3. Each subpopulation of Y values, determined by
specified values of X, . .., X, is a Gaussian population.

(Sample) Assumption 4. The sample data are obtained by simple random
sampling or by sampling with preselected values of X, ..., X;, discussed
in Section 2.3. The number of items in the sample is .

(Sample) Assumption S. Al sample values y;, x;,,...,x, fori=1,...,n
are observed without error (but read Section 3.10).

Several quantities of interest are associated with the (k + 1)-variable population
{(Y.X,,...,X,)}. They include

a Parameters and randomly chosen Y values associated with subpopulations deter-
mined by X,, ..., X,, viz,,

ﬂo: ﬁp seey ﬂks Y(xli xzv coe 1xk)s I"’}'(xls vy xk)y o= O'YIXI’_._,Xl
b Parameters of individual populations {Y}, {X,}, ..., {X;}), viz,,
Ky Op» By » Ox » Bx,2 Ox > - -2 By, 0 OX,
¢ . Correlation coefficients of all two-variable populations, viz.,

-py'xl' B pY'Xk' pxl’xz' Tt pxl—l’xl

The assumptions in Box 4.3.1 are sufficient for making valid inferences about
the quantities in (a), but in some situations the investigator may also be interested in
making inferences about the quantities in (b) and (c). If data are obtained by sam-
pling with preselected values of X, ..., X;, we cannot make valid inferences about
the parameters in (b) and (c) unless every subpopulation is sampled and the relative
subpopulation sizes are known, which is almost never the case in real applications.
If data are obtained by simple random sampling, then valid point estimates of the
quantities in (b) and (c) are available. See (1.6.1), (1.6.2), and (1.6.3). A more re-
strictive set of assumptions, referred to as assumptions (B) and given in Box 4.3.2,
is sufficient for making inferences about all of the quantities in (a), (b), and (c).

B O X 4 . 3 . 2 Assumptions (B) for Multiple Linear Regression
(Population) Assumption 1. The study population {(¥,X,,...,X})} is a
(k + 1)-variable Gaussian population.
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i (Sample) Assumptlon 2.. Thc sample data are obtamed by s1mp1e random
sampling described in Section 2.3; i.e., a simple random sample of # items
is selected from the populatxon and the values of the variables Y, Xy, ..., X},
are observed. . _ : : _
~(Sample) Assumption 3.- The sample values Yo Xips oo Koo fori=1,...,n
- are measured thhout erTor. S '

'We make several comments about the assumptions.

1 For assumptions (B) to be met, sample data must be obtained by simple random

* sampling.

2 If{(Y,X,,...,X;)}isa (k + 1)-variable Gaussian population as in (population)
assumption 1 of Box 4.3.2, then (population) assumptions 1, 2, 3 in Box 4.3.1
are automatically satisfied, and uy (x;, . . ., x;) is indeed of the form

RyGpseen, X)) =Bo+Bixy+-+ Bxy

Thus, assumptions (B) for multiple linear regression imply assumptions (A);
however, the converse is true only when the k-variable population {(X,, .. ., X})}
is Gaussian and data are obtained by simple random sampling.

3 Strictly speaking, in (population) assumption 1 of Box 4.3.1, we should clearly
state what the allowable values of the predictor variables are. This can be done by
stating a lower.limit and an upper limit for each predictor variable: for instance,
a; <X, by, ..., a <X, < b,. For simplicity of presentation, we often omit
specification of these limits, but investigators and statisticians should know what
these limits are for each given problem.

4 If we are interested only in point estimation and not in confidence intervals or
tests, then (population) assumptions 1 and 2 and (sample) assumptions 4 and
5 of regression assumptions (A) in Box 4.3.1 are sufficient, and the Gaussian
assumption is not needed.

Some Comments on Measurement Errors

In many applied problems, the values of X, ..., X, and Y of the sample items are
not known exactly but are subject to measurement errors. For many applications
of regression, measurement errors can be ignored provided that they are small. For
such situations the inference procedures developed in Chapters 3 through.7 should
be adequate. However, there are situations where measurement errors should not be -
ignored, and certain modifications may be required for the inference procedures to be
valid. For the straight line regression model, these are discussed in Section 3.10. For
the multiple linear regression model involving measurement errors in the predictor
variables X, ..., X;, and possibly in the response variable Y, results similar to those
in Section 3.10 are applicable. You should consult more advanced textbooks [7].
Often, when discussing statistical procedures, we make no mention of measure-
ment errors. While we want you to be aware of the additional complications that may
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arise when measurement errors are not small, we want to assure you that the methods
developed in Chapters 3 through 7, under the assumption of no measurement errors,
are adequate for most applications. '

Unless specifically stated otherwise, we assume that the values of X, ..., X,
and Y of the sample items are measured without appreciable error and that (sample)
assumption 5 in Box 4.3.1 andlor (sample) assumption 3 in Box 4.3.2 are satisfied.

Note that the (artificial) population of Task 4.2.1 satisfies (population) assump-
tions 1 and 2 in Box 4.3.1. It can never be determined if all of the assumptions
in Box 4.3.1 or 4.3.2 are exactly satisfied in a real problem. Investigators may not
know for certain that p,(x,, . .., x;) is of the form in (4.1.1), but they can generally
determine the form of the regression function that fits the problem so that the theory
will be approximately valid. The same can be said for all of the assumptions. The
sample assumptions mainly concern collecting the data, and often the investigator is
restricted by money, time, or other constraints so the data collection methods may
not exactly meet the requirements of randomness, etc. Sometimes the investigator
who must analyze the data and draw conclusions from them is not the one who
collected the data. We may know or suspect that some errors were made in the sam-
pling procedures or in recording the data. The view we take is that all data contain
some information, and the investigator is in the best position to determine whether
the assumptions are close enough to being satisfied to allow valid conclusions to
be drawn about the populations under study. Investigators should always be aware
of abnormalities in the data and deal with them. In this chapter, we give inference
procedures that are valid if assumptions (A) or (B) for multiple linear regression
hold. However, the results are generally reliable and useful when the assumptions
are approximately satisfied or if the sample size is large.

The next section discusses point estimation for the unknown parameters in the
multiple linear regression model. In Section 4.5, we consider some methods for
examining the validity of assumptions (A) and (B) and, if they appear not to be
satisfied, alternative procedures are sometimes available. These are discussed in
Chapter 8.

Point Estimation

One of the main objectives of multiple regression analysis is to use sample data
to obtain point and confidence interval estimates for the unknown quantities
Bps Bys -« s Bps by (Xys - o5 %), Y(x,,...,x), and 0, and also for selected functions
of these quantities. In Section 3.4 we discussed point estimation for straight line
regression. In this section we discuss point estimation for multiple linear regression
with & predictor factors when assumptions (A) and (B) are satisfied. Consequently,
the population regression function is of the form given in (4.1.1). A sample of size n
is selected using simple random sampling or by sampling with preselected values of
Xy, ..., X, from the population {(Y, X, ..., X,)} of N items. The sample data may
be organized as shown in Table 4.4.1.

The method of least squares is used to obtain point estimates of 8, B, ..., B;.
and we discuss this next.



B c hapter 4: Multiple Linear Regression

TAaBLE §4.1
Schematic Representation of Sample Data Values

Y Xl X2 .. ‘. Xk
N1 1.1 *1,2 o X1k
Y2 %2.1 %22 o X2k
Yi X1 X2 e Xik
In Xn,1 Xn.2 n Xn.k

Least Squares Estimates of B, 8, ..., ,B,;

- Consider the population regression function

my(xy, - x) = By + Bix; +e Bixy (4.4.1)

which we would like to use to predict ¥ with X, ..., X, as predictor factors. How-
ever, since the B; are not known, we cannot use this function. Thus we must use
sample data given in Table 4.4.1 to obtain estimates of the B; and an estimate of
My (xy, ..., x) in (4.4.1). To obtain estimates of §;, we use the principle of least
squares. The resulting estimates are denoted by 30, 51, cees ,ék, respectively. The
corresponding estimate of the regression function is denoted by

ApCys..ox) =By + B+ + By (44.2)
Consider the 7 sample observations in Table 4.4.1. The predicted Y value of the ith
sample item, with x; ;, ..., x; , as the values of the predictor variables, is given by
ﬁy(xiyl, cea X)) = ﬁo + ﬁlxi,l +---4+ ﬁkxi,k. The corresponding prediction error
is denoted by &; and is given by :

éi = y, - [B\O + B\lxi,l + -+ ﬁkxl,k] (4'4'3)

The quantities @i, i=1,..., nare called residuals. They are useful in examining the
validity of the assumptions given in Box 4.3.1 as well as those given in Box 4.3.2.
This is discussed in Section 4.5. '

The least squares estimates /§0, ﬁl, cees ﬁk of By, B1 - - - By are chosen in such
a way that the quantity SSE(X|, ..., X}), which is defined by

n . n
SSEQXy, ... X =Y 0= Bo—Bix — =B )* =D ¢ (444)
i=1 i=1

attains its smallest possible value among all the possiblé choices we could make for
estimating B, B, . . . , B;. The corresponding minimum value of SSE(X, ..., X,) is
called the sum of squared errors for predicting ¥ using the estimated regression
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function ,
ﬁy(xl"“'xk):ﬁo-{—ﬁlxl+"'+kak ,
Note that we are really not interested in predicting the Y values of the sample

items because we already know their true values, namely y,,...,y,. But if the
estimated regression function

Py(xys e X)) = ﬁo + ﬁ,xl +--- +ﬁkxk
is a good predictor of the known sample values y; corresponding to the n sample
items, then we have reason to expect that it will be a good prediction function for all

values of Y in the population. Thus we use the y; and the x; jod = 1L.... k, values
of the items in the sample to assess the performance of the estimated regression

function.
For the sake of completeness, we now enunciate the principle of least squares.

The principle of least squares states that the best estimate of the population re-
gression function py (xy, ..., x) = By + B1x| + - - - + Bix,;, using sample data,
is obtained by choosing S, B, ..., B; in (4.4.2) in such a way that the sum of
squares of the prediction errors :

SSE=) &= Oi-hp—Bx —---—Bx® (448
i=1 i=1 .

is the minimum possible.

Normal Equations

It is convenient to use matrices to compute the least squares estimates of

Bgs Bys - -+ By It can be shown mathematically that the least squares estimates
ﬁo, B1s+ - -+ By of the parameters B, B, ..., B, are obtained by solving the follow-
ing matrix equation for 8:

XTxg=X"y {8.46)
where y is an 7 x 1 vector, X is an # x (k + 1) matrix, andﬁisa (k+ 1) x 1 vector,
given by

(1 ox, X2 o X [ B |
” 1 x5 Xp 0 Xy B
Y2 P : : : . :
y=|"" X= B=| (c47)
: DXy Xia o X B;
In D : :
1 Xn1 *n2 7 Xk d L Bk _




138 Chapter 4: Multiple Linear Regression

respectively. Note that the y vector and X matrix are known since the entries are the
data values, except that X has a column of 1’s as its first column. The equations in
(4.4.6) are known as the normal eéquations. The solution of these normal equations
is

B=&"x)"'x"y (4.48)
provided that the inverse of X TX exists (which is always the case in this book). The
estimate of the regression function py (x;, ..., X) is

Ay .oy xy) = ﬁo"l‘ﬂ]xl +"‘+ﬁkxk (4.4.9)

and the best predicted Y value for a randomly chosen item from the subpopulation
withX; =x,...,X; =x, is

?(xl, aney xk) = ﬁo + le, + e + 5kxk (4.4.10)

Note that, as in the case of stralght line regressmn the regression funcnon is the
best function for predlctmg Y using X, ..., X;.

ExaMpLE §41

In this example we use a small (artificial) data set with three predictors (i.e., k = 3)
to illustrate how to form the y vector and the X matrix from the data. We also show
how to use matrix calculations to solve for B. The data are given below in Table 4.4.2
and are also in the file table442.dat on the data disk. The regression function of Y
onX,,...,X, is assumed to be of the form

By (Xys X, X3) = By + Byxy + Boxy + Baxy

tABLE 1.4.1

Y | X | X, | X,
6 | 3 9| 16

9| 6 | 13| 13
12 | 4 3| 17
5] 8 2 | 10
13 | 3 4| 9
2 | 2 4 71
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and assumptions (A) are presumed to hold. Thus the y vector, the X matrix, and the

ﬁvectorare
[ 6] [1 3 9 16 .
9 1 6 13 13 Bo
|12 1 4 3 17 _| 4
=5 X=|138 2 10| P=|}
13 13 4 9 B,
| 2] (1 2 4 7]
From these we get
111111 6 26 35 72 [ 477
r_| 36 4 832 Tv _ | 26 138 153 315 r. _ | 203
X' =1 9133244 XX=[35153205448| X7=| 277
161317109 7 72 315 448 944 | 598 |
So
259578 —0.15375 —0.01962 —0.13737 ][ 477
f= (T \XTy = —0.15375  0.03965 -0.00014 —0.00144 || 203
= ~ | —0.01962 —0.00014 0.01234 —0.00431 277
| —0.13737 -0.00144 —0.00431  0.01406 | | 598 |
[ 3.20975
_ | —0.07573
| -0.11162
0.46691
Thus

B,=320975 B, =-007573 p,=-0.11162 B, =0.46691

fiy(x), Xy, X3) = 3.20975 — 0.07573x; — 0.11162x;, + 0.46691x;
and
Y (xp0 %5, %3) = fiy (), Xy, X3) = 3.20975 — 0.07573x; — 0.11162x, + 0.46691x,

Point Estimates for Linear Functions of B, 8;, ..., B;

A question of interest to an investigator can often be formulated in terms of a

question involving a linear combination of the parameters B, B, . .., B, given by
0 =aopo +alpl + e +akpk =an
where the components g; in the vector @’ = [a,, 4, ..., a,] are specified by the

investigator. For example, we may want to estimate 8, — B,, in which case a; = 1,
a, = —1, and all other g; = 0; or we may want to estimate 28, — B, + 38,, in which
case @y = 2,4, = —1, a; = 3, and all other g; equal zero.
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The point estimate of § = a’ B s
é = aTB‘ = aoﬁo + alﬁl + e + akﬁk (4.4.11)

where the ﬂ are computed by the formula in (4.4.8).

Observe that uy(x,, ...,x;) itself is a quantity of the form « /3 with a5 = 1,
A =X, .00 0 =X L1kew1se every B; is a special case of a’ B with a;=1andall
remaining elements of & equal to zero.

If we use the estimated regression function f(xq, ..., x,) to predict the Y value
of sample item i, which has x; ;,...,x; ; as the values for the predictor variables,
the predicted Y value is ﬁ'Y(xi,l’ ey xl k), and the error of prediction is e =y;—
ﬁY(xi, 1 -+ 2 %; ). See (4.4.3). Thus

g =>’i_ﬁy(xi,1v~- X)) = ﬂo ByXiy = =By for i=1,....n
(4.4.12)
The quantities &; are called residuals and they can be computed from sample data
because YisXi 12 Xig and ﬂ are all known. As discussed in Chapter 3, residuals
are useful in exammmg the validity of assumptions (A) and (B) given in Boxes 4.3.1
and 4.3.2, respectively. This is discussed in Section 4.5.

Point Estimate of o (i.e., oyx | . x)

The estimate of o is given by

. Y& \/Z 10, — Bo— Bixiy — - — B )’
1

o=\ TiD (4.413)
. The quantity
SSEXy,....X) =Y 0= By—Bxy = =B =D &  4amn
i=1 =1 .

is referred to as the sum of squared errors (sometimes also called sum of squares
due to error or error sum of squares or residual sum of squares) for the estimated
regression of Y on X, ..., X;. The quantity

SSEX,, ..., Xp)
EX,.... X)) = ———— 4.
MSE(X, X,) n—F=1) {4.4.15)
is called the mean squared error (or error mean square, or residual mean square)
for the estimated regression of ¥ on X, ..., X;. When there is no possibility of

confusion, we write SSE for SSE(X,, ..., X k) and MSE for MSE(X,, ..., X}). With
this notation, the estimate of o can be wrltten as

6 = +VMSE (4.4.16)
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Equivalently, the estimate of o2 is

62 =MSE = _SSE : (4.4.17)
n—k—1
If we write
él
é
e=| 2 (4.418)
é

for the vector of residuals, then by using (4.4.12) for ¢;, we get
ée=y— Xﬁ

The sum of squared errors SSE can be expressed in various equivalent ways
using matrix notation. For instance, we have

SSE=é"é (8.4.19)
SSE=(y—XP) ¢ —XP) (4.420)
SSE = yTy — B’ Xy (4421)
SSE =yT(I - X(XTX)"'X"]y 422)

Degrees of Freedom Associated with 62

Note that to obtain 62 we divide the sum of squared errors SSE by (n — k — 1) (see
(4.4.17)). This number (n —k—1) is called the degrees of freedom for error or
the degrees of freedom assoclated with &2. Observe that the degrees of freedom
for error equals n, the sample size, minus the number of B’s in the model. This is
a general rule. In Chapter 1 we saw that the estimated variance for a one-variable
population {Y} is
&2 = Z?:l (Yi - ﬁy)z
! -1

the divisor is (n — 1) because the model is y; = py + ¢;, and there is one 8 (say B,
represented by /15) in the model. In Chapter 3 the estimated variance &2 was seen to
be

&2 El—l (yl ﬂ 1% )
(n— 2) .
The divisor is (» — 2) because the straight line regression function py(x) = 8, +
B,x contains two s (ﬁo and B,).
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Straight Line Regression

Observe that the formula in (4.4.8) for ﬁ is also valid for straight line regression. In
that case it is a reexpression of formulas (3.4.8) and (3.4.9) using matrix notation.
Note that for straight line regression, the X matrix is of size n by 2, the vectors 8
and B are 2 by 1, and the vector y is n by 1. We display them here.

1 x N
elia| s3] 0] o] e
1 x, I

Whereas matrix notation is not really necessary for expressing the formulas for
parameter estimates in straight line regression, it is invaluable for multiple linear re-
gression; otherwise the formulas for parameter estimates would be too cumbersome,
if not impossible, to write down.

Estimates of population parameters in a regression problem may be calculated
using formulas (4.4.8), (4.4.9), (4.4.10), (4.4.14), (4.4.15), (4.4.16), etc., but the
computations are tedious. It is often convenient to use any one of several readily
available statistical packages such as SAS, SPSS, SPLUS, BMDP, MINITAB, and
so forth, to obtain the estimates. The printouts from these packages are quite similar
in content, but differences do exist in the style of presentation of the results. We
will present computer output from MINITAB or SAS whenever appropriate. The
following example illustrates a typical computer output (obtained using MINITAB)
for regression analysis that can be used for obtaining estimates of the unknown
parameters in the multiple linear regression model.

ExampLE §.4.1

Consider the situation described in Example 4.2.1. Suppose that the population re-
gression function of ¥ (GPA at the end of one year) on X, (SATmath), X, (SATver-
bal), X; (HSmath), and X, (HSenglish) is of the form

My Xy, Xy, X3, %4) = By + Bix; + Byxy + Byxs + Byxy (4.429)

and that (population) assumptions (B) for multiple linear regression hold. The direc-
tor of admissions decides to obtain an estimate of this regression function based on
a sample of 20 students, obtained using simple random sampling, from all students
who were admitted over the past four years and who completed their first year. The
data for the 20 students in the sample are given in Table 4.4.3. For convenience these
data are also stored in the file gpa.dat on the data disk. The MINITAB output from
a regression analysis of Y on X, X,, X3, X, for the data in Table 4.4.3 is shown in
Exhibit 4.4.1. As mentioned earlier, other computer packages produce similar output
but may differ slightly in the style of presentation. Only portions of the MINITAB
output that are relevant to the present discussion are shown in Exhibit 4.4.1. Other
aspects of the MINITAB output will be discussed as the need arises.



[

[

4.4 Point Estimation
taBLE §.4.3
GPA Data
Student First-Year SATmath SATverbal HSmath HSenglish
GPA
i Y X, X, X, X,
1 1.97 321 247 2.30 2.63
2 2.74 718 436 3.80. 3.57
3 2.19 358 578 298 2.57
4 2.60 403 447 3.58 221
5 298 640 563 3.38 348
6 1.65 237 342 1.48 2.14
7 1.89 270 472 1.67 2.64
8 2.38 418 356 3.73 252
9 2.66 443 327 3.09 3.20
10 1.96 359 385 1.54 346
11 3.14 669 664 321 3.37
12 1.96 409 518 2.77 2.60
13 2.20 582 364 1.47 290
14 390 750 632 3.14 349
15 2.02 451 435 1.54 3.20
16 361 645 704 3.50 3.74
17 3.07 791 341 3.20 293
18 2.63 521 483 3.59 3.32
19 3.11 594 665 342 2.70
20 3.20 653 606 3.69 352

exuHisi1T 441
MINITAB Output for Regression Analysis of Data in Table 4.4.3

The regression equation is
GPA = 0.162 + 0.00201 SATmath + 0.00125 SATverb +

0.189 HSmath + 0.088 HSengl (4.4.25)
Predictor Coef Stdev t-ratio P
Constant 0.1615 - 0.4375 0.37 0.717 (4.426)
SATmath 0.0020102 0.0005844 3.44 0.004 (3427)
SATverb 0.0012522 0.0005515 2.27 0.038 (4.4.28)
HSmath 0.18944 0.09187 2.06 0.057 (4.429)
HSengl 0.0876 '0.1765 0.50 0.627 (4.430}
s = 0.2685 R-sq = 85.3% R-sq(adj) = 81.4% (4.4.31)

LY
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The estimated regression equation is in (4.4.25), and the values of ﬂo, ﬂl , ﬂz, ﬁ3,
and B can be obtained from this. They are also listed under the heading Coef in
(4.4.26), (4.4.27), (4.4.28), (4.4.29), and (4.4.30), respectively. The value of & is the
quantity labeled s in (4.4.31). Thus

By=0.1615 B, =00020102 f, =00012522 B, =0.18944

B, =00876 & =0.2685

Note that the ,8 given in the estimated regression equation are often rounded
values of the ﬁ given under Coef. The estimated regression function of ¥ on
X1, X5, X3, X, is

fiy (51, X%y, X3, X4) = 0.162 + 0.00201x; + 0.00125x, + 0.189x; + 0.088x,
_ (4432)
and the best prediction ¥ (x1, Xy, X3, x,) of the Y value of an item from the subpopu-
lation with X, = x,, X, = x,, X3 = x5, X, = x4 is

¥ (xy, X5, %3, %) = 0.162 + 0.00201x; + 0.00125x, + 0.189x; + 0.088x, (4.433)

" For example, the predicted first-year GPA for an applicant with SATmath = 730,
SATverbal = 570, HSmath = 3.2, and HSenglish =2.7, is

¥(730, 570, 3.2,2.7) = 0.162 + 0.00201(730) + 0.00125(570)
+0.189(3.2) + 0.088(2.7)
= 3.2 (rounded to one decimal)

The director of admissions can use this information to make a decision regarding
whether or not this student should be recommended for financial assistance.

We must not lose sight of the fact that such predictions may not be reliable. For
instance, it is hard to believe that the applicant just referred to would get a GPA of
exactly 3.2 at the end of the first year. To get an idea of how good the prediction
is, we must also compute appropriate conﬁdence intervals. This is discussed in
Section 4.6.

Suppose for a moment that the true subpopulation standard deviation o is in-
deed equal to 0.2685. Then, based on the assumption that the subpopulations of
Y values are Gaussian, a proportion p = 0.8 of the first-year GPAs are within
2y 9 X (0.2685) = (1.28) x (0.2685) = 0.3437 unit of uy(x;, x,, X3, %), the mean
of the subpopulation to which the individual belongs. These calculations suggest
that, if puy(x;, x5, x3, x,) is used to predict the Y values of applicants, then 80% of
the GPAs will be within 0.3437 unit of uy (x;, x,, X3, x,). However, to account for
the fact that the number 0.2685 is the estimated value and not the true value of o,
we must use a confidence interval for o. This is discussed in Section 4.6.

In Exhibit 4.4.2 we give a SAS output for the GPA data of Example 4.4.2
analogous to the MINITAB output in Exhibit 4.4.1. Compare the SAS output with
the MINITAB output and note the similarities and differences. Only those portions
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[TEXHIBIT §.4.2
,,,,, SAS Output for Regression Analysis of Data in Table 4.4.3

The SAS System 0:00 Saturday, Jan 1, 1994

Model: MODEL1
Dependent Variable: GPA

Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Prob>F
Model 4 6.26432 1.56608 21.721 0.0001
Error 15 1.08150 0.07210
C Total 19 7.34582
Root MSE 0.26851 R-square 0.8528 . (4.4.34)
Dep Mean 2.59300 Adj R-sq 0.8135
C.V. 10.35535

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 0.161550 0.43753205 0.369 0.7171 {4.4.35)
SATMATH 1 0.002010 0.00058444 3.439 0.0036 {4.4.36)
SATVERB 1 0.001252 0.00055152 2.270 0.0383 (4.437)
HSMATH 1 0.189440 0.09186804 2.062 0.0570 (4.4.38)
HSENGL 1 0.087564 0.17649628 0.496 0.6270 (4.4.39)

of the SAS output that are relevant to the present discussion are shown in this exhibit.
Other parts of the SAS output will be discussed as the need arises.

The estimates of B, B, B,, B3, and B, are given in (4.4.35)(4.4.39), respec-
tively, under the column labeled Parameter Estimate. The estimate of o is
in (4.4.34) corresponding to the label Root MSE. Compare these results with the
results obtained from MINITAB. = )

In Task 4.4.1 we show how regression can be usefut for solving practical prob-
lems. Use the computer output and perform all the subsequent calculations needed
to solve the problems.
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44.1

The questions in this task refer to the (artificial) population given in Table D-4 in
Appendix D and also in the file plastic.dat on the data disk. Refer to Task 4.2.1 at
this point. .

Suppose we undertake a study to determine the relationship of Y, the strength
of plastic containers with temperature X; and pressure X, for the population in the
file plastic.dat, but the population data are unavailable. However, a simple random
sample of size 16 from this population is available. They are given in Table 4.4.4
and are also stored in the file table444.dat on the data disk.

Even though we have the complete population in this example, we use the sam-
Ple data to illustrate how they can be used to make inferences about population
quantities. This gives us an opportunity to compare the estimated parameter values
with the true population parameter values.

TaBLE .44
A Simple Random Sample of Size 16 from the Plastic Data Population

Sample Population Strength Temperature Pressure
item Number | Kem Number {°C) (psi)

Y X, X,

1 1150 36.6 260 10

2 1186 20.7 230 18

3 200 36.5 290 18

4 1305 16.4 200 16

5 783 232 200 10

6 1066 26.6 230 © 14

7 1023 22.5 210 16

8 448 17.0 200 20

9 945 327 290 18

10 508 344 260 10

11 704 324 260 12

12 1135 24.8 240 18

13 107 26.8 220 12

14 742 377 280 12

15 749 26.7 260 20

16 1585 24.6 250 20

Suppose that assumptions (A) for multiple linear regression are satisfied and that
the regression function is uy (x;, x,) = B, + B;x; + B,x,. For questions (1) through
(7), we express the answer in three parts. They are
a Interms of the symbols for the population parameters, namely 8, B,, etc.

b In terms of the values of the population parameters from Task 4.2.1.
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¢ In terms of estimates of these population parameters based on the sample data

in Table 4.4.4.

Even though part (c) is the answer we seek, we deliberately provide parts (a) and
(b) so you can get accustomed to thinking about the population, the population

parameters, and finally the estimates of these parameters.

A SAS output from a regression analysis of the sample data in Table 4.4.4
appears in Exhibit 4.4.3.

[“‘fEXHIBIT §.4.3

SAS Output for Regression Analysis of Data in Table 4.4.4

Model: MODEL1

Dependent Variable:

Source

Model
Error
C Total

Root MSE
Dep Mean
C.v.

Variable DF
INTERCEP 1
TEMP 1
PRESSURE

[an

DF

13
15

The SAS System 0:00 Saturday, Jan 1, 1994

STRENGTH

Analysis of Variance

Sum of Mean
Squares Square F Value Prob>F
678.56980 339.28490 153.361 0.0001
28.76020 2.21232
707.33000
1.48739 R-square 0.9593
27.47500 Adj R-sq 0.9531
5.41361
Parameter Estimates
Parameter Standard T for HO:
Estimate Error Parameter=0 Prob > [T|
-6.522361 3.36888546 -1.936 .0749
0.192693 0.01235387 15.598 0.0001
-0.834794 0.10145367 -8.228 0.0001

(4.4.40)

(a.441)
(4.4.42)
(4.4.43)

Estimate the regression function uy(x,, x,), the mean strength of the plastic
containers corresponding to a production temperature of x; (degrees Celsius),
and pressure of x, (pounds per square inch); i.e., find By, B;, and fiy(x,, x,).
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8 The population regression function has the form
_ Hy (%)) = By + Brxy + Box,
b InTask4.2.1 we found the population regression function to be
Hy(xy, X)) = —=54+0.2x; —x,
¢ From (4.4.41)-(44.43) the sample estimate of the regression function is
fLy(x;, x,) = —6.52 4+ 0.193x, — 0.835x,

2 Estimate the difference between the average strengths of two batches of plastic
containers if they were produced using the same value for pressure, but their
production temperatures differed by 1°C.

Suppose the production temperature and pressure for one batch of plastic
containers are x, (°C) and x, (psi), whereas for the second batch they are x| + 1
(°C) and x, (psi), respectively.

a The difference between the average strengths of these two batches is
llfy(xl + 19x2) - ﬂy(xpxz) = [ﬂo + ﬁl (x + D+ ﬂzxz] - [ﬂo + ﬂlxl +
Brx;1 = B.

b The population value of B, is 0.2.

¢ The estimate of B, based on the sample is ﬁ, = 0.193 from (4.4.42).

3 Estimate the difference between the average strengths of two batches of products
if they were produced using the same value for temperature but their production
pressures differed by 1 psi.

Suppose the production temperature and pressure for one batch of plastic
containers are x, (°C) and x, (psi), whereas for the second batch they are x,
(°C) and x, + 1 (psi), respectively.

8 The difference between the average strengths of these two batches is

py (g, % + 1) — py(xg, %) = [By + Byx; + By, + D1 = [By + Byx; +

Brx,] = B,. .

b The population value of B, is —1.0.
¢ The estimated value of B, is B, = —0.835 from (4.4.43).

4 Estimate the difference between the average strengths that would result if a
temperature of 260°C is used during production instead of 250°C, while the
pressure is kept fixed at some value, say x,.

a The required quantity is py(260,x,) — 1y (250, x,) = [B, + B,(260) +
- Byxy) — [By + B1(250) + Byx,] = 108,.

b The population value of this quantity is 108, = 10(0.2) = 2.0.

¢ The estimated value of this quantity is IO,BAl = 10(0.193) = 1.93.

Thus, based on the sample, we estimate that on the average the strength of the

containers will increase by 1.93 units if a temperature of 260°C is used during

production instead of a temperature of 250°C, while the pressure is kept fixed at
some value. '
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If a pressure of 16 psi is used during production instead of 14 psi, while the
temperature is kept fixed at some value, say x;, estimate the resulting difference
in the average strength of the plastic containers.

a8 The quantity of interest is py(x;,16) — py(x;, 14) = [B) + Bix; +
B,(16)] — [By + Byx, + B,(14)] = 2B,.

b The population value of this quantity is 28, = 2(—1) = —2.0.

¢ The estimated value of this quantity is Zﬁz = 2(—0.835) = —1.67.

Thus the sample data suggest that using a pressure of 16 psi instead of 14 psi,
while keeping the temperature fixed at some value will decrease the average
strength of the plastic containers by 1.67 units. |

Estimate the difference in the average strengths between containers manufac-
tured at a temperature of 260°C and pressure of 16 psi and those manufactured
at a temperature of 240°C and pressure of 14 psi.

a The quantity of interest is py(260, 16) — uy (240, 14) = [B, + 2608, +
168,]1 — [B, + 2408, + 14B,] = 208, + 28,.

b The population value of this quantity is 20(0.2) + 2(—1) = 2.

¢ The estimated value of this quantity is 20(0.193) + 2(-0.835) = 2.19.

Estimate the standard deviation of the strength of plastic containers manufac-
tured under identical temperature and pressure conditions.

First note that plastic containers, manufactured under identical temperature
and pressure conditions, all belong to the same subpopulation.

8 Recall from the results of Task 4.2.1 that the subpopulation standard de-
viations for strength are all equal. This common subpopulation standard
deviation is denoted by o .

b The population value of the standard deviation is o = 1.7076 (from
Task 4.2.1).

¢ The sample estimaie of this standard deviation is 6 = 1.487 from (4.4.40).

What is the interpretation of the parameter f; in this problem?

The quantity B, is the value of the regression function when X, is zero and
X5 is zero. Do not, however, be tempted to conclude that this is the average
strength of the plastic containers when the process temperature is set at 0°C and
pressure at 0 psi. We know the regression function to be valid only for the range
of values 200-300°C for temperature, and 1020 psi for pressure. The pair of
values, 0°C and 0 psi, are far removed from the allowable range of values, and
no meaningful conclusions can be derived from the value of B, (or ﬁo ) regarding
the average strength of the containers manufactured at 0°C and 0 psi. In all
likelihood, it may not even make any sense to run the process at these values of
temperature and pressure.
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4.4

Use the following information for Problems 4.4.1-4.4.12. A simple random
sample of size 10 is selected from the population discussed in Task 4.2.1, where
an investigator wants to study the relationship of strength (Y) of plastic containers
to the predictor factors temperature (X,;) and pressure (X,). The sample data are
given in Table 4.4.5, and are also stored in the file table445.dat on the data disk.
We suppose that assumptions (A) for multiple regression are satisfied. A MINITAB
output from a regression analysis of ¥ on X, and X, is given in Exhibit 4.4.4.

TaBLE §.4.5

*
Sample Population Strength Temperature Pressure
Item Item

Number Number Y X, X,
1 1001 40.2 290 12
2 260 38.2 270 12
3 1085 30.2 240 12
4 1267 18.5 210 20
5 733 28.2 250 16
6 1173 353 260 12
7 438 27.3 220 12
8 129 28.1 210 10
9 1072 35.0 250 12
10 1381 16.7 210 20

exuHisi1T §.4.4 :
MINITAB Output for Regression of Plastic Data in Table 4.4.5

The regression equation is

strength = - 0.65 + 0.187 temp - 1.07 pressure

Predictor " Coef Stdev t-ratio p
Constant -0.646 4.509 -0.14 0.890
temp 0.18721 0.01477 12.68 0.000
pressure -1.0653 0.1157 -9.21 0.000

s = 1.117 R-sg = 98.4% R-sg(adj) = 97.9%
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Exhibit the X matrix and the y vector for these data (see (4.4.7)).
Compute X7 X and XTy.
The matrix (X TX)‘1 is as follows:

16.300423 -—-0.050442 —0.293043 ]

&Tx)"'=| -0.050442 0.000175  0.000602
—0.293043  0.000602  0.010723

Calculate ﬂ using (4.4.8) and compare the results with the ﬁ given in the computer
output in Exhibit 4.4.4.

Compute SSY, S§X(1), and SSX(2) where SSX (i) is SSX for X;.
Are valid estimates available for the following population quantities?

By My Hx, Oy Ox O
Explain.
What is the value of 6 (i.e., &”x X, )? Compare this with the population value.
Estimate py (300, 16) using the sample data in Table 4.4.5. Compare this estimate
with the population value.

Write the symbol for the population quantity that represents the best predicted value
for the strength of a plastic container that was produced using a temperature of
280°C and a pressure of 19 psi.

In Problem 4.4.8, is that value available from the population? If not, why not?

What is the estimate of uy (280, 18) using the sample data in Table 4.4.57

Use the population values of the parameters and determine what proportion of the
plastic containers has a strength greater than 31 units if they are produced with a
temperature of 250°C and a pressure of 16 psi.

Estimate the quantity of interest in Problem 4.4.11 using the data in Table 4.4.5.

Residual Analysis

Residuals in multiple linear regression were defined in (4.4.12). They are useful
for checking the validity of assumptions (A) and (B). For reasons similar to those
discussed in Section 3.5, it is customary to examine the residuals after appropriately
standardizing them.
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Standardized Residuals

The standardized residuals for multiple linear regression are defined by

DEFINITION

o= — S (45.1)

where A, ; is the ith diagonal element of the matrix

H=XxX"X"1xT = (a52)

The matrix H is sometimes called the hat matrix and the quantities h; ; are
called the hat values. If assumptions (A) or (B) for multiple linear regression are
satisfied, then the standardized residuals r,, . .., r,, will be (approximately) a simple
random sample of n observations from a Gaussian population with mean zero and
unit standard deviation. This fact is useful in examining the validity of some of the
model assumptions.

Plotting Standardized Residuals Against the Predictors

- In some instances a plot of the standardized residuals r; against the sample values x; J
of the predictor variable X; (j =1, ..., k) can be useful in detecting madequac1es
in the assumed regression %uncnon When assumptions (A) or (B) are satisfied, the
points on this plot should be scattered about the X ; axis in a random fashion, showing
no obvious trends or other patterns. If this is found not to be the case, then one or
more of assumptions (A) or (B) are likely to be violated.

Plotting Standardized Residuals Against Fitted Values

The estimated subpopulation means [LY( -+, X; 1) corresponding to the sample
values (x, T ) are often referred to as ﬁtted values or simply fits. When
assumptions (A) or (B) are satisfied, the fitted values are independent of the stan-
dardized residuals 7;. Hence the points in the plot of 7; versus fiy(x; 1o Xig) for
i=1,..., n should be randomly scattered about the horizontal axis (axis of fitted
values), with no specific pattern. If any systematic pattern is observed, then this may
indicate violation of one or more of assumptions (A) in Box 4.3.1 or assumptions
(B) in Box 4.3.2. In some instances where a pattern is observed instead of a random
scatter, it may be possible to diagnose the cause of the observed pattern. Refer to
Section 3.5 for details.

Rankit-Plots of Standardized Residuals

If assumptions (A) or (B) are satisfied, then the standardized residuals r; will be (ap-
proximately) a simple random sample from a standard Gaussian population (Gaus-
sian with mean zero and standard deviation one). This can be checked graphically



4.5 Residual Analysis 183

by examining a (Gaussian) rankit-plot of the standardized residuals (i.e., a plot of
the standardized residuals against the Gaussian scores) as discussed in Section 3.5.

Rankit-Plots of Linear Combinations of X,,..., X, and Y

As discussed in Section 4.3, for inferences on certain parameters we need assump-
tions (B) in Box 4.3.2 and, in particular, we need the assumption that the population
{(Y,X,,...,X})} is Gaussian. To check this assumption, we investigate whether or
not the sample data (yl,xl'], N T n> X, 10 - - » X i) AppeaAr to be a sim-
ple random sample from a (k + 1)-variable Gaussian population. We can do this
by examining the rankit-plots of linear combinations of x; , ..., x;; and y;. Re-
call that a theoretical population {(Y, X,, ..., X})} is Gaussian if and only if every
linear combination byY + b X, + b,X, + - - - + b X, is Gaussian. Since only sam-
ple data are available, we examine linear combmatlons of y; and x; |, . X in
the sample. In practice, it is impossible to examine every lmear combmatlon of Y;
and x; ;, ..., X;, but we can consider several linear combinations and examine the
corresponding rankit-plots. We illustrate in the following example.

ExAampLE .51
A utility company is interested in investigating how Y, the electricity consumption
by each household, is related to monthly income (X,), number of persons (X,)
in the household, and the living area (X;) of the house (or apartment). A simple
random sample of 34 households served by this utility company is surveyed, and the
following information is obtained for each household:

Y = (total) electric bill (in dollars) for the past year
X, = monthly income for the household (in dollars)
X, = number of persons in the household
X, = living area (in square feet) of the house or apartment

The data are displayed in Table 4.5.1 and are also stored in the file electric.dat on
the data disk. The investigator assumes that the regression function of ¥ on X}, X,,
and Xj is of the form (at least approximately)

Ry (xys X5, X3) = B + Byxy + Boxy + Pyxy (453}

for 2,000 < x; < 6,000, x, =1,2,3,4,5,6, and 500 < x; < 4,000. We are inter-
ested in checking the validity of assumptions (A) for multiple linear regression. For
this purpose we carry out a residual analysis of the data. The computations, plots,
etc., were done using MINITAB although any regression package can be used. The
computer output containing these results is given in Exhibit 4.5.1 where we have
also printed the fitted values fiy (x; |, X; 5, X; 3) (labeled “£its), the residuals é; (la-
beled residual), the standardized residuals r; (labeled stdresid), and the
Gaussian scores z(") (labeled nscores)of the standardlzed residuals.



B c ‘hapter 4: Multiple Linear Regression

tTaBLE §.5.1

Electric Bill Data
Houschold Bill Income Persons Area
Y X, X, X,

1 228 3220 2 1160
2 156 2750 1 1080
3 648 3620 2 1720
4 528 3940 1 1840
5 552 4510 3 2240
6 636 3990 4 2190
7 444 2430 1 830
8 144 3070 1 1150
9 744 3750 2 1570
10 1104 4790 5 2660
11 204 2490 1 9200
12 420 3600 3 1680
13 876 5370 1 2550
14 840 3180 7 1770
15 876 5910 2 2960
16 276 3020 2 1190
17 1236 5920 3 3130
18 372 3520 2 1560
19 276 3720 1 1510
20 540 4840 1 2190
21 1044 4700 6 2620
22 552 3270 2 1350
23 756 4420 2 1990
24 636 4480 2 2070
25 708 3820 4 1850
26 960 5740 2 2700
27 1080 5600 3 3030
28 480 3950 2 1700
29 96 2290 3 890
30 1272 5580 5 3270
31 1056 5820 2 - 2660
32 156 3160 2 1330
33 396 2880 4 1280
34 768 3780 3 1950




exais1T 4.5.]
MINITAB Output for Regression Analysis of Electric Bill Data

The regression equation is -

Bill = - 358 +°0.075 Income + 55.1 Persons + 0.281 Area
Predictor Coef Stdev t-ratio P
Constant -358.4 198.7 -1.80 0.081
Income 0.0751 0.1361 0.55 0.585
Persons 55.09 29.05 1.90 0.068
Area 0.2811 0.2261 1.24 0.223
s = 135.4 R-sq = 85.1% R-sg(adj) = 83.7%
ROW Bill Income Persons Area fits residual stdresid
1 228 3220 2 1160 319.75 -91.755 -0.73740
2 156 2750 1 1080 206.86 -50.865 =-0.40260
3 648 3620 2 1720 507.23 140.772 1.08468
4 528 3940 1 1840 509,92 18.084 0.14376
5 552 4510 3 2240 775.36 =-223.361 -1.68098
6 636 3990 4 2190 777.32 -141.322 -1.11948
7 444 2430 1 830 112.54 331.455 2.61553
8 144 3070 1 1150 250.59 -106.586 -0.82029
9 744 3750 2 1570 474.83 269.170 2.05367
10 1104 4790 ) 2660 1024.64 79.362 0.62575
11 204 2490 1 900 136.73 67.270 0.53344
12 420 3600 3 1680 549.57 -129.568 -0.97566
13 876 5370 1 2550 816.95 59.054 0.46565
14 840 3180 7 1770 763.66 76.339 0.70903
15 876 5910 2 2960 1027.86 -151.860 -1,20401
16 276 3020 2 1190 313.16 -37.161 -0.28362
17 1236 5920 3 3130 1131.49 104.514 0.82864
18 372 3520 2 1560 454.74 -82.737 ~0.62388
19 276 3720 1 1510 400.62 -124.622 -0.95231
20 540 4840 1 2190 675.93 -135.926 -1.05102
21 1044 4700 6 2620 1061.72 -17.719 -0.14601
22 552 3270 2 1350 376.92 175.079 1,32665
23 756 4420 2 1990 643.24 112.765 0.85709
24 636 4480 2 2070 670.23 -34.232 -0,25848
25 708 3820 4 1850 668.97 39.026 0.30005
26 960 5740 2 2700 942,00 18.000 0.14687
27 1080 5600 3 3030 1079.33 0.668 0.00538
28 480 3950 2 1700 526.40 ~46.401 -0.35265
29 96 2290 3 890 229.07 -133.067 -1.04615
30 1272 5580 5 3270 1255.47 16.530 0.14132
31 1056 5820 2 2660 936.77 119.234 1.04082
32 156 3160 2 1330 363.03 -207.034 -1.56974
33 396 2880 4 1280 438.12 -42.116 -0.33233
34 768 3780 3 1950 638.99 129.009 1.00438

4.5 Residual Analysis

nscores

-0.57777
-0.41240
1.24834
0.18319
-2.09417
-1.24834
2.09417
-0.66662
1.67229
0.57777
0.49336
-0.86326
0.41240
0.66662
-1.42855
-0.18319
0.76119
-0.49336
-0.76119
-1.10154
-0.03644
1.42855
0.86326
-0.10951
0.33413
0.25790
0.03644
-0.33413
-0.97539
0.10951
1.10154
-1.67229
-0.25790
0.97539

i)
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First we plot the standardized residuals r; against monthly income X;. -

- *

stdresid -
- *
1.5+
- * *
- * * * Xx
- * * * *
- *
0.0+ * * 2 *
- * % % * *
- * *
- * * * X
- * * *
-1.5+ *
- *
+ + -————+ + -———+ s Income
2100 2800 3500 4200 4900 5600
The standardized residuals exhibit only a random scatter about the horizontal
line through the origin with st dresid = 0 (which is not shown in the plot, but you
should draw this line for ease of interpretation) and no definite pattern is seen. So
this plot does not point to any violations of assumptions (A).
Next we plot the standardized residuals r; against X,, the number of persons in
the household.
- *
stdresid-
- *
1.5+
- 2
- 2 2
- 2 * *
- *
0.0+ * * * *
- 3 *
- 2
- 2 2
- * * *
-1.5+ *
- *
+ +--~ + + ===t +--Persons
1.2 2.4 3.6 4.8 6.0 7.2

This plot suggests that perhaps the assumption of homogeneity of standard de-
viations may not be satisfied. The standardized residuals seem to vary over a wider
range for small values of X, than for large values of X,. However, this apparent



stdresid-

stdresid-
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pattern may be due to the fact that there are only seven observations with X, values
equal to 4 or more. Nevertheless, further examination may be warranted.

Next we plot the standardized residuals r; against living area X and also against
fitted values /i (% 10 X; 20 %; 3)-

* *
*k * *
* * *
*
* *x * * *
* * % * *
*
* * *
2 *
*
*
+ + + + + Area
1000 1500 2000 2500 3000
. .
*
* *
2 * *
* * * *
*
* * * & *
* * * *
*
* % * *
* * *
*
*
+ + + + + fits
250 500 750 1000 1250

These plots might suggest the possibility that the standard deviations of subpop-
ulations may not all be the same. There seems to be a greater variability in the values
of the standardized residuals corresponding to small values of £its (and area) than
for large values of £its (and area). It is possible that this apparent pattern arises
due to the two data values giving rise to the two largest positive standardized resid-
uals (check the data values for sample items 7 and 9). Further investigation may be
warranted.
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To examine whether or not the subpopulations determined by X, X,, and X, are
Gaussian, we obtain a rankit-plot of the standardized residuals.

- *

stdresid-
- *
1.5+
- * %
- *kk K
- %k kk
- *
0.0+ 2% k%
- * Xk kK
- * %
- *kxk Kk
- x k x
-1.5+ *
- *
-------- e i ittt etttk el le kbt Sttt ¢ - Todo 3 of -1
-1.60 -0.80 - 0.00 0.80 1.60

This plot appears to be consistent with the assumption that the residuals are a
simple random sample from a standard Gaussian population and there is no indica-
tion of violations of the assumption that subpopulations determined by X, X,, X3
are Gaussian.

To summarize, the only part of assumptions (A) whose validity is in some doubt
is the homogeneity of standard deviations. In a real study, the investigator should
probably consult a professional statistician for advice. =

In Section 4.5 of the laboratory manuals we show how to carry out the computa-
tions and plots to examine the plausibility of assumptions (A) or (B) using MINITAB
and/or SAS.

There may exist other diagnostic procedures which might indicate that the as- -
sumptions for multiple linear regression may be violated. Even when these pro-
~ cedures do not suggest the failure of any of the assumptions, there is no guarantee
- that the assumptions are actually met. This is necessarily a subjective exercise,
~and at some point the investigator must either conclude that the assumptions
- required for a valid analysis are satisfied (for all practical purposes) and proceed
" with the analyses and inferences, or he/she must conclude that one or more of
 the assumptions is seriously violated and look for alternative procedures. For -
- ‘certain types of v1olat10ns of assumptions, we dlscuss altzmanve procedures in
" Chapter 8. ’
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Authors’ Recommendation

When performing a multiple linear regression analysis of a set of data
O Xy g0 eeva X ooy Oy Xy g0+ -2 X 1)» WE suggest that you include the
following steps.

1 Obtain the standardized residuals 7; and the fitted values ,u,Y(x' 1o Xig)s
denoted here by £, for ease of notatlon

2 Plotr; against ji; and also 7; againstx; ; forj =1, -- -, k. Examine these plots
for ev1dence of unequal subpopulaﬂon variances or an incorrect model.

3 Obtain a rankit-plot of r; to evaluate the validity of the assumption that each
subpopulation of ¥ values is a Gaussian population.

4 If you wish to examine the validity of assumptions (B) and the data are
obtained by simple random sampling, then examine the Gaussian rankit-
plots of y;, x; ;,..., and x; ;. and several linear combinations of these, to
assess whether or not the data appear to be a simple random sample from a
(k + 1)-variable Gaussian population. ,

§ Make an overall evaluation of the validity (at least approximately) of assump-
tions (A) or (B) within the context of the particular application in question.

4.5

Consider Task 4.4.1 where an investigator wants to study the relationship of the
strength (Y) of plastic containers to the predictor factors, temperature (X, ) and pres-
sure (X,). A simple random sample of size 16 is selected from the population and
assumptions (A) are presumed to be satisfied. The data are given in Table 4.4.4 and
are also stored in the file table444.dat on the data disk. We want to perform a resid-
ual analysis to determine whether assumptions (A) seem to be valid for this prob-
lem. A SAS output for regression appears in Exhibit 4.5.2, along with a printout of
¥; (STRENGTH), x; | (TEMP), x; , (PRESSURE), fitted values fiy (x; 1, x; ;) (FITS),

residuals &; (RESTDUAL), standardized residuals r; (STDRESID), and Gaussian
scores z{" (NSCORES) with n = 16.

a Plot the standardized residuals r; against fits /i, (x; i1 '2) (for convenience round

all numbers to one decimal).

b Plot the standardized residuals r; against X; = temperature.
¢ Plot the standardized residuals r; against X, = pressure.
d  Plot the standardized residuals r; against the Gaussian scores (i.e., rankits) z{.

What do you conclude regarding the plausibility of assumptions (A) for this
problem?
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exHIBIT §.5.1
SAS Output for Problem 4.5.1

The SAS System 0:00 Saturday, Jan 1, 1994
Model: MODEL1
Dependent Variable: STRENGTH
Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Prob>F
Model 2 678.56980 339.28490 153.361 0.0001
Error 13 28.76020 2.21232
C Total 15 - 707.33000
Root MSE 1.48739 R-square 0.9593
Dep Mean 27.47500 Adj R-sq 0.9531
C.v. 5.41361
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate V Error Parameter=0 - Prob > |T|
INTERCEP 1 -6.522361 3.36888546 -1.936 . 0.0749
TEMP 1 0.192693 0.01235387 15.598 0.0001
PRESSURE 1 -0.834794 0.10145367 -8.228 0.0001
S S P R S
A P T R E’ T N
M 0 R E S D S
P P E S I R C
I I N T S F D E 0
T T G E U I U S R
E E T M R T A I E
M M H P E S L D S
1 1150 36.6 260 10 35.2298 1.37021 1.03884 0.76184
2 1186 20.7 230 i8 22.7707 -2.07066 ~1.47494 -1.28155
3 200 36.5 290 18 34.3322 2.16778 1.68383 1.76883
4 1305  16.4 200 16 18.6595 -2.25947 -1.68822 -1.76883
5 783 23.2 200 10 23.6682 -0.46823 -0.37926 -0.39573
6 1066 26.6 230 14 26.1098 0.49017 0.34362 0.39573 .
7 1023 22.5 210 16 20.5864 1.91361 1.38608 1.28155
8 448 17.0 200 20 15.3203 1.67971 1.34590 0.98815
9 945 32.7 290 18 34.3322 -1.63222 -1.26783 -0.98815
10 508 34.4 260 10 35.2298 -0.82979 -0.62912 -0.56918
11 704 32.4 260 12 33.5602 -1.16020. -0.83814 -0.76184
12 1135 24.8 240 18 24.6976 0.10242 0.07251 0.07720
13 107 26.8 220 12 25.8525 0.94750 0.68899 0.56918
14 742 37.7 280 12 37.4141 0.28594 0.21643 0.23349
15 749 26.7 260 20 26.8818 -0.18185 -0.13559 -0.07720

1585 24.6 250 20 24.9549 -0.35492 -0.26203 -0.23349

Juny
(=2}
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Consider the GPA data of Example 4.4.2, which is also stored in the file gpa.dat
on the data disk. We want to perform a residual analysis to determine if assump-
tions (B) seem to be valid for this problem. A MINITAB output for regression
appears in Exhibit 4.5.3, along with a printout of the data, the residuals ¢, fits
ﬁ.y(xi’[, X; 2% 3 x‘.’4), standardized residuals r;, and Gaussian scores z,(") with
n=20.

a Plot the standardized residuals r; against the fits iy (x; |, X; 5, X; 3, X; 4) (for con-
venience round all numbers to one decimal).

Plot the standardized residuals 7; against X; = SATmath.

Plot the standardized residuals r; against X, = SATverbal.

Plot the standardized residuals r; against X, = HSmath.

Plot the standardized residuals r; against X, = HSenglish. _

Obtain Gaussian rankit-plots for several linear combinations of Y, X;, X, X,,
and X,,.

Based on parts (a)-(f), judge whether or not the five-variable population
{(Y,X,, X;, X3, X,)} may be assumed to be multivariate Gaussian.

In Problem 4.5.2, plot the standardized residuals r; against the Gaussian scores (i.e.,
rankits) z,(”). Assess whether or not the standardized residuals appear to be a simple
random sample from a standard Gaussian population.

Based on the results of Problems 4.5.2 and 4.5.3, decide whether or not assumptions
(B) appear to hold for this problem:

- o o 06 o

exuHisiT §.5.3
MINITAB Output for Problem 4.5.3

The regression equation is
GPA = 0.162 + 0.00201 SATmath + 0.00125 SATverb +
0.189 HSmath + 0.088 HSengl

Predictor Coef Stdev t-ratio P
Constant 0.1615 0.4375 0.37 0.717
SATmath 0.0020102 0.0005844 3.44 0.004
SATverb 0.0012522 0.0005515 2.27 0.038
HSmath 0.18944 0.09187 ) 2.06 0.057
HSengl 0.0876 0.1765 0.50 0.627

s = 0.2685 R-sq = 85.3% R-sq(adj) = 81.4%
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eExHIiBI1T §.5.3

(Continued)
SAT SAT HS HS

student gpa math verb math engl fits residual stdresid nscores
1 1.97 321 247 2.30 2.63 1.7821 0.1879 - 0.7966 0.7420
2 2.74 718 436 - 3.80 3.57 3.1833 -0.4433 -1.9039 -1.8713
3 2.19 358 578 2.98 2.57 2.3945 -0.2045 -0.8595 -1.1269
4 2.60 403 447 3.58 2,21 2.4031 0.1969 0.8708 0.9172
5 2.98 640 563 3.38 3.48 3.0981 -0.1181 - -0.4655 -0.4460
6 1.65 237 342 1.48 2.14 1.5340 0.1160 0.5137 0.5874
7 1.89 270 472 1.67 2.64 1.8429 0.0471 0.1998 0.4460
8 2.38 418 356 3.73 2.52 2.3749 0.0051 0.0226 0.0617
9 2.66 443 327 3.09 3.20 2.3271 0.3329 1.4335 1.4038
10 1.96 359 385 1.54 3.46 1.9600 -0.0000 -0.0000 -0.0617
11 3.14 669 664 3.21 3.37 3.2410 -0.1010 -0.4127 -0.3132
12 1.96 409 518 2.717 2.60 2.3848 -0.4248 -1.6851 -1.4038
13 2.20 582 364 1.47 2.90 2.3197 -0.1197 -0.5717 -0.5874
14 3.90 750 632 3.14 3.49 3.3610 0.5390 2.2510 1.8713
15 2.02 451 435 1.54 3.20 2.1848 -0.1648 -0.6919 -0.9172
16 3.61 645 704 3.50 3.74 3.3302 0.2798 1.2155 1.1269
17 3.07 791 341 3.20 2.93 3.0414 0.0286 0.1549 0.1859
18 2.63 521 483 3.59 3.32 2.7845 ~-0.1545 -0.6295 * -0.7420
19 3.11 594 665 3.42 2.70 3.0726 0.0374 0.1645 0.3132
20 3.20 653 606 3.69 3.52 3.2403 -0.0403 -0.1622 ~0.1859

15

Confidence Intervals

The practical importance of confidence intervals cannot be overemphasized, and you
should recall the discussions of Section 1.6 in this regard. In this section we give
formulas for computing confidence intervals for the unknown parameters in multiple
linear regression.

Conﬁd%nce Interve;ls for B;, y(xy, oo, x), Y(x1, - ., 1),
and ) ;_oa;0;=a B
The general form for 1 — a two-sided confidence intervals for

Bos Bis oo By Crpn oo X)), Y (X1, 0000 Xy)
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and linear functions
k
a'p= Zaiﬂi =aphy+apy +---+ ;B
i=0

for a specified vector a is
6 — table-value x SE(9) < 8 < 6 + table-value x SE@) 46.1)

where 0 refers to any of the quantities
Bos Bys - - -+ B ay(xys ooy 1), Y (xy, <.y ), OF aTﬂ

and 6 refers to the corresponding estimate. The quantity to be used as the table-
value is ¢;_, /2: obtained from a student’s #-table (Table T-2 in Appendix T) with
df = degrees of freedkom=n—k—1=n— (k+ 1), where k+ 1 is the number of
parameters B; in the regression function in (4.1.1). As usual, the quantity SE(9) is
the standard error of 6 and is an estimate of the precision of 6. These confidence
intervals are valid under assumptions (A) or (B).

From the two-sided 1 — & confidence interval in (4.6.1) a 1 — /2
lower confidence bound or a 1 — a/2 upper confidence bound can be
obtained as explained in Section 1.6. 46.2)

Point estimates for g = [, B;, .-, ﬁ,(]T, my (g, .. xp), Y(xq, ..., %), and
aTB are given in (4.4.8), (4.4.9), (4.4.10), and (4.4.11), respectively. The formulas
for standard errors require elements from the matrix C where C is defined by

Cc=xTx)"! (463)

and the matrix X is defined in (4.4.7). We write <i.j for the (i, j) element of the matrix
C. Formulas for standard errors of various estimated quantities of interest are listed
in (4.6.4)4.6.8).

SEB_p=6/c; fori=1,...,(k+1) (as4)
SE(fy Gy, .- X)) = 6V Cx (a65)
SEQ(xy, ... %)) = Gy/1+ (TCx) )
= V62 + [SEGy Gy -, xR 487
SEQ@ D) =6V Ca 452
The vector x in (4.6.5) and (4.6.6) is given by
x=[1L,x,%, ... 51" (869)

and the vector g in (4.6.8) is given by

a=[ayay,....q)" (4£.10)
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where. the linear combination a’ 8 of interest is ayBy+a,8, + -+ +a ;. For
instance, in Example 4.4.2 if we wish to compute a confidence interval for
ny(720,570,3.2,2.7), then we would compute SE(fiy(720, 570, 3.2,2.7)) using
(4.6.5) with x = [1, 720, 570, 3.2, 2.71".

Remarks

1 Note that SE(B) for i=0,...,k and SE(iy(x,,...,x)) can be ob-
tained from (4.6.8) by using appropriate vectors a. For instance, SE (ﬁo)
is obtained from (4.6.8) by taking a4 =1[1,0,..., O]T, SE(ﬁl) is obtained
by taking @=1[0,1,0,...,01", SE(uy(x,,..., %)) is obtained by taking
a=[1,x,... ,xk]T, etc.

2 In any particular application, it is important for the user to determine whether a
confidence interval for py (x;, ..., x;) or a confidence interval for Y (x;, ..., x;)
is required. Some authors call the confidence interval for Y(x;,...,x;) a pre-
diction interval because the term confidence interval is traditionally reserved
for parameters, but Y(x,, ..., x;) is a random variable. (It is the Y value of a

randomly chosen item with X; = x,...,X; = x;.)
3 Note that even though
ﬁy(xl, cen ,xk) = ?(xl, cee ,xk) = ﬁo -+ ﬁlxl + e + ﬁka (4.6.1')

their standard errors are not the same. This is so because there is greater
uncertainty in predicting Y (x;, ..., x;), a single randomly chosen value from
a subpopulation with X; =x;,...,X; =x, than in estimating the mean
Uy (xy, . .., x;) of the entire subpopulation.

Confidence Interval for o

When regression assumptions (A) or (B) hold, a two-sided 1 — & confidence interval
for o is given by

(n—k—1)62 (n—k—1)62

<o = (46.12)

2 2
X1~a/2in—k-1 Xa/2:n—k-1

where x2/5.,_;_, and x{_, 2.,_s1 may be obtained from Table T-3 in Appendix T.
It is worth noting that the quantity (n — k — 162 in (4.6.12) is in fact equal to
SSE = SSE(X,, ..., X,) (refer to (4.4.17)), and so we can rewrite (4.6.12) in terms
of SSE. Thus the (1 — ) two-sided confidence interval for ¢ in (4.6.12) may be
reexpressed in the form

SSE SSE

202 [ (46.13)
Xa/2:n—k—1

The formula for a confidence interval for o in (4.6.12) is not of the general
form given in (4.6.1). In fact, the general form for a two-sided (1 — ) confidence

2
Xi —a/2:n—k—1
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Task
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interval for a parameter that is a standard deviation (when a valid confidence interval
is available) is

(4.6.44)

(df) (estimated standard deviation)? <o
X lz—a/2:df -

<

(df) (estimated standard deviation)?
X3/2:df

where df represents the number of degrees of freedom associated with the estimate
é. Note that the number of degrees of freedom associated with & is n — (k + 1)
when the regression function of ¥ on X, ..., X, is the one given in (4.1.1); i.e.,
it has (k + 1) regression coefficients B, B,, ..., B;. It is also worth observing that
while the confidence intervals for the quantities, B, B, ..., By By (Xps---2 23,
Y(x;5...,X), and a’ B are symmetric about the corresponding point estimates, this
is not so in the case of o. However, the confidence interval for o is equal-tailed and
contains the point estimate &, and hence it gives us some indication of how close &
might be to the population value o. '

Pt e e b e we e ieme s s ety e e

One-Sided Confidence Bounds

In this section, most of the discussion has been about two-sided confidence in-
tervals for a parameter of interest. However, in some applications an investigator
may be interested in only the lower bound or the upper bound for a parameterina
decision-making situation, and hence one-sided confidence bounds are useful. As
discussed in Section 1.6, we can obtain one-sided confidence bounds with con-
fidence coefficient 1 — &/2 by first constructing a two-sided confidence interval
with confidence coefficient 1 — e and reading off either the lower or the upper
endpoint as appropriate. This is valid for all of the quantities, By, By, - -+, B
By, .. %), Y(xy, ..., X;), and @’ B, as well as o, because all of these confi-
dence intervals discussed so far are equal-tailed.

We illustrate the use of the preceeding formulas in the following task.

4.6.1

" Here we consider some practical questions that may arise in the context of Exam-

ple 4.4.2, where a director of admissions is studying how X, = SATmath, X, =
SATverbal, X; = HSmath, and X, = HSenglish can be used to predict ¥ = GPA
at the end of the first year after admission to a certain university. The population
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regression function is assumed to be of the form
Hy Gy X, X3, %4) = Bo + Byxy + Baxy + Byxs + Baxy

and population assumptions (B) are presumed valid. A sample of 20 students was
selected using simple random sampling from all students who were admitted over
the past four years and completed the first year. The data are given in Table 44.3 and
are also in the file gpa.dat on the data disk.

-In Exhibit 4.6.1 we give a MINITAB output from a regression analysis of GPA on
SATmath, SATverbal, HSmath, and HSenglish along with the C = (X7 X)~! matrix.
The matrix C is needed to obtain standard errors and hence confidence intervals for
a’ B. A similar output can be obtained from most statistical computing packages.

exuHib1T 4.0.1
s ~ MINITAB Output for Task 4.6.1

The regression equation is
GPA = 0.162 + 0.00201 SATmath + 0.00125 SATverb +

0.189 HSmath + 0.088 HSengl : {4.6.15)
Predictor Coef Stdev t-ratio P
Constant 0.1615 0.4375 0.37 0.717 (4.6.16)
SATmath 0.0020102 0.0005844 3.44 0.004 : (4.6.17)
SATverb 0.0012522 0.0005515 2.27 0.038 (4.6.18)
HSmath 0.18944 0.09187 2.06 0.057 _ {4.6.19)
HSengl 0.0876 0.1765 0.50 0.627 (4.6.20)
= 0.2685 R-sq = 85.3% R-sq(adj) = 81.4% (4621)

The C matrix is

2.6551249569 0.0013784337 —0.0003619435 —0.2006841873 —0.8521280877
0.0013784337 0.0000047375 —0.0000004016 —0.0003559377 —0.0008620172

C = | —0.0003619435 —0.0000004016 0.0000042188 —0.0001953018 -0.0002966849 {4.6.22)
—0.2006841873 —0.0003559377 —0.0001953018 0.1170561208 0.0472194123
—0.8521280877 —0.0008620172 —0.0002966849 0.0472194123 0.4320523096
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In the computer output in Exhibit 4.6.1, the quantities in (4.6.16)~(4.6.20) under
the heading coef are the ﬂ,, the point estlmates of the corresponding B’s. Also in
'(4.6.16)—(4.6.20) under Stdev are the SE(ﬂ ), the standard errors of the ﬂ s. The

value of 6 is the quantity labeled s in (4.6.21), and the matrix C = &x’x)lis given
in (4.6.22).

Regression calculations are notoriously prone to rounding errors. To minimize
this problem, it is advisable to carry as many significant digits as possible for all
intermediate calculations. For this reason, we have used ten-decimal accuracy in the
matrix C given in (4.6.22). Some computer programs will round results to four or
five decimals unless you specifically ask for more. Final results may, of course, be
appropriately rounded.

We now consider several practical questions concerning the GPA data.

1 Suppose that the current requirement to qualify as a candidate for financial as-
sistance at this university is that applicants must have a grade point average of
L.5 or better in high school mathematics courses. The director of admissions is
considering a recommendation by a faculty committee to increase this require-
ment to 2.5 or better, so it is of interest to know what the difference will be
between the average first-year GPA of students who received a grade point aver-
age of 2.5 in high school mathematics courses and that of students who received
a grade point average of 1.5 in high school mathematics courses, other variables
being equal. The director of admissions would like to have an estimate of this
difference along with an indication of how good this estimate is.

Let the values of X, X,, and X for the two groups of students being com-
pared, be x,, x,, and x,, respectively. Then the required difference is in fact equal
to

By (xy, X5, 2.5, x4) — py(xy, %5, 1.5, x4)

= [By + Bix;, + Byxy + B3(2.5) + Byx] — [ﬂo + B1x, + Byxy + B5(1.5) + Byx,]
= B3[2.5 — 1.5] = (1)B; = B3.

From (4.6.19) above under coe £ we obtain ﬁ_, = 0.18944. A confidence interval
for B tells us how well we can estimate B, using the sample data. For illustra-
tion, we compute a 90% two-sided confidence interval for B using the formula
in(4.6.1). Here 1 — a = 0.90, sowe havea =0.10. Alson—k—1=20—4 —
1 = 15. From Table T-2 in Appendix T we obtain Y —af2in—k—1 = tgs; 15 = 1.753.
From (4.6.21) we get & = 0.2685. To compute the standard error of ﬂ3 we use
the formula in (4.6.4) with i = 4. For this we need Caq the (4,4) element of
the matrix C. This is equal 10 0.11706 (rounded to ﬁve decimals) and is ob-
tained from (4.6.22). So SE(ﬁ3) = 0.2685+/0.11706, which equals 0.09186. We
can also obtain SE(ﬂ3) Jfrom (4.6.19) under stdev in the MINITAB output in
Exhibit 4.6.1. Putting together the various quantities, we get

C[0.18944 — (1.753)(0.09186) < B; < 0.18944 + (1.753)(0.09186)] = 0.90

ie.,
C[0.0284 < B, < 0.3505] =



i) Chapter 4: Multiple Linear Regression

This means that if X, X, , and X, remain fixed, we can state with 90% confidence
that an increase in HSmath of 1 grade point unit (from 1.5 units to 2.5 units) is
associated with an increase in the average first-year GPA of at least 0.0284
grade point unit and not more than 0.3504 grade point unit. The director of
admissions has to decide whether the information provided by this confidence
statement is adequate for the purpose at hand, or if the interval is too wide for
decision-making purposes; in the latter case a larger sample would be necessary
to obtain the required information.

2 One of the applicants has furnished the following information in support of her
application for financial aid. She has a score of 594 in SATmath, a score of 665
in SATverbal, a grade point average of 3.42 in high school mathematics courses,
and a grade point average of 2.70 in high school English courses. The financial
aid committee will grant her financial aid if there is evidence that she will obtain
a GPA of 2.5 or higher at the end of the first year. The committee will use a 95%
lower confidence bound to help make this decision.

So we are interested in a lower bound for Y (594, 665, 3.42,2.70). We
compute a 90% two-sided confidence interval for Y (594, 665,3.42,2.70), the
lower endpoint of which gives us the required 95% lower confidence bound.
The values of ﬁi can be obtained from (4.6.16)~4.6.20), and using these we
obtain ¥(594, 665, 3.42, 2.70) = 3.0726. Next we need the standard error
of ¥(594, 665, 3.42, 2.70). This is computed using the formula in (4.6.6) or
(4.6.7). The vector x is equal to [1, 594, 665,3.42,2.701", and the matrix C is
in (4.6.22). So we get x'Cx = 0.2831. From (4.6.21) we obtain ¢ = 0.2685.
So SE(f’(xl, Xy, X3, X4)) = (0.2685)/1 + 0.2831 = 0.3041. From Table T-2 we
obtaint,_, /2n—k—1 = lp.9s:15 = 1.753. Using (4.6.1) we get

C[3.0726 — (1.753)(0.3041) < Y (594, 665, 3.42,2.7)
< 3.0726 + (1.753)(0.3041)] = 0.90

ie.,
C[2.54 < Y (594, 665,3.42,2.7) < 3.61] = 0.90

In particular we have 95% confidence that this student will have a GPA no
smaller than 2.54 at the end of the first year. The financial aid committee will use
this information to help decide whether or not to grant assistance to this student.

3 The director of admissions wants to determine how good the population re-
gression function My (X1, Xy, X3, %) 1S for predicting ¥ = first-year GPA (it is
assumed that the model uy(x, x,, x5, %,) = By + B x; + B,x, + Bsx3 + Byx,
holds). For this reason the director wants a point and an interval estimate of the
subpopulation standard deviation o.

The quantity o is a measure of how good the four predictor variables
X,, X,, X5, X, together are for predicting the value of Y. The point estimate
of o is given in (4.6.21) and is equal to 0.2685. We now compute a 90%
two-sided confidence interval for o using (4.6.12). We have n—k —1 =15,
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l1-a/2=.95, a/2=0.05, and, from Table T-3, X&OS:]S = 7.261, and
x&%:l 5 = 24.996. Hence the confidence statement is

15(0.2685)? 15(0.2685)2 |
€ [V 24996  =° S\ 7261 | = 0%

C[0.208 < o < 0.386] = 0.90

So we have 90% confidence that the subpopulation standard deviation o is
between 0.208 grade point unit and 0.386 grade point unit.

ie.,

We can directly read &, ﬁi, and the standard errors of ﬁ,- from the regression
output of most statistical computer packages. These are the ingredients required
to compute confidence intervals for each g;. However, the point estimate and the
standard error of @’ B are not given directly in all statistical packages but must be
computed by using the C matrix in (4.6.3). In Section 4.6 of the laboratory manuals
we discuss how confidence intervals can be obtained using computer commands.

Conversation 4.6.1

Investigator:

Statistician:

Investigator:

Statistician:

Investigator:

Statistician:

Investigator:

I want to ask you some questions about confidence intervals and in particular about
confidence coefficients. Can you discuss these with me now?

Certainly.

One of the scientists with whom I work says that 90%, 95%, and 99% confidence
coefficients are part of statistical theory and that we should always use 1 —a =
0.90, 0.95, or 0.99. Is that correct?

No, it is not correct. You can use any value between zero and one for the confidence
coefficient 1 — a.

That’s what I thought. But most statistics books almost always use a confidence
coefficient of 90%, 95%, or 99%. Why is that?

I guess this is partly due to tradition or habit. In the 1930s, when modermn statistical
inference was beginning to include confidence intervals, some books used confi-

_ dence intervals with 90%, 95%, or 99% confidence coefficients, and it appears that

other books continued to use these values. As people read and studied these and sub-
sequent books, these values became quite standard although there is nothing sacred
about these or any other values for confidence coefficients.

What does it really mean to have a confidence of, éay, 95% that an interval contains
a parameter 6?



Statistician:

Investigator:

Statistician:

Investigator:
Statistician:
Investigator:

Statistician:

Investigator:
Statistician:

Investigator:

- Statistician:

Investigator:
Statistician:

Investigator:
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I will try to explain it this way. Suppose that you are handed a box containing 95
white balls and 5 red balls, and the balls are indistinguishable except for color. You
are going to select a ball at random from this box, and we say the probability is 95%
that the ball you choose will be white, or we have 95% confidence that the ball drawn
will be white. Now, theory and experience tell us that if you draw a ball repeatedly
(with replacement) from the box many times, say 100,000 times, the percentage of
white balls drawn will be very close to 95%.

But in practice I'll draw a ball only once.

That’s correct, and it isn’t completely clear what the 95% probability means for this
one draw. But suppose you are handed two boxes. Box 1 contains 99 white balls and
1 red ball, and Box 2 contains 50 white balls and 50 red balls. You can randomly
choose one ball from either box and, if the ball is white, you get a valuable prize.
From which box would you choose this one ball?

I’d choose a ball from Box 1—the box that has 99 white balls and one red ball.
Why would you select Box 1?

Because there are more white balls in Box 1 than in Box 2.

Well, let’s change the problem slightly. Suppose Box 1 still contains 99 white balls
and 1 red ball, but Box 2 now contains 1,000 white balls and 1,000 red balls. Box 2
now has more white balls in it than Box 1 has. Which box would you choose a ball
from now?

I'd still choose Box 1. .
Why?

I just feel that if I select a ball from Box 1, I have a better chance of getting a white
ball than if I select a ball from Box 2. In fact, if I draw a ball from Box 1 100,000
times (with replacement), and if you draw a ball from Box 2 100,000 times (with
replacement), 1l get a white ball about 95% of the time, but you’ll get a white ball
only about 50% of the time.

That’s right, but you are going to draw only one ball. From which box will you draw
it?

Box 1.
Why?
Since the ratio of the number of white balls to the number of red balls in Box 1 is

much greater than their ratio in Box 2, I feel that I'm more apt to get a white ball if I
draw it from Box 1 rather than Box 2.
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More apt? What does that mean?

I have a better chance, or a higher probability. In fact, I'll have 95% probability of
getting a white ball if I draw it from Box 1, but I'll have only a 50% probability of
getting a white ball if I draw it from Box 2.

I guess you've answered your original question: “What does 95% confidence mean?”
When an investigator selects a simple random sample of size n from a population
of size N and computes a confidence interval for a parameter 8, he/she is using
one of H = (V) possible intervals. We can view this process as follows. Suppose
that a box contains H balls, and each ball has written on it a confidence interval
for 8. Now it is known (from theory) that for 95% of these balls, the confidence
intervals written on them actually cover the unknown parameter 8. Color these balls
white. Color the balls red if the confidence intervals written on them do not cover
0. Thus sclecting a sample of size n and computing a confidence interval for 8 with
confidence coefficient 95% is equivalent to choosing a ball at random and noting its
color. Since 95% of the balls are white, we have 95% confidence that the chosen ball
will be white and the confidence interval will cover 6.

I think I see your point, but since scientists want to be certain that their confidence
interval covers the unknown parameter ¢, why should they use a 95% or even a 99%
confidence interval? Why shouldn’t I advise them to use a 99.9999% confidence
interval? Then they can be practically certain that their interval includes 6.

Because, in general, the larger the confidence coefficient is, the wider the confidence
interval will be, and so to reach a decision a scientist must also consider the width of
the interval. Let me give you a simple illustration. Suppose a company is considering
moving to city A, and it needs to know p, the average annual income of wage earners
in the city. Suppose a sample is selected and a 99.9999% confidence interval for u,

. is computed as

$6.59 < u < $750,000

The investigator is quite certain that the confidence interval is correct, but it is so
wide that it is useless for making a decision. Now suppose that a 90% confidence
interval for u is

$21,000 < p < $23,981

(Of course these numbers were chosen to make our point in a dramatic manner.) The
investigator is less certain that y is in this interval, but the interval is useful. So you
can see why a very large confidence coefficient may not be the thing to use.

Are you saying that a confidence interval with confidence coefficient of either 90%,
95%, or 99% will always have a desirable width? Is that the reason these values are
generally used?
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No, I’'m not saying that. That isn’t the case. What I am saying is that the larger
the confidence coefficient is, the wider the confidence interval will be, so using
confidence coefficients very close to 1 may result in very wide confidence intervals
that will be of no help in making decisions.

So what should I do? In one situation the confidence interval is practically certain

(99.9999% confidence) to cover 8, but the confidence interval is so wide that it is
not useful. In the other situation the result is not so certain (90% confidence), but if
it is not too wide it may be useful.

That’s correct, but in many situations we can have a desirable confidence coefficient
(say 95%, 99%; etc.) and still have .the width such that the result is useful.

How do I do this?

By designing the study carefully before any sample values are selected and then
choosing the sample size judiciously! In general, in statistical inference problems
for a fixed confidence coefficient 1 — &, one can reduce the width of the interval by
increasing n, the size of the sample. So in many problems if you choose the proper
value for the sample size n, you may be able to obtain a confidence interval of desired
width and desired confidence coefficient 1 — a. You must remember, however, that
the confidence coefficient you specify may be 0.95, but due to the fact that the
assumptions are generally not exactly satisfied, the actual confidence coefficient will
typically differ from the specified nominal value. It may be 0.94 or 0.96, or even
0.92 or 0.98. But if you choose a confidence coefficient equal to 1 — o, and if the

_ assumptions are approximately satisfied, then the actual confidence coefficient will

becloseto 1 —a. ‘

That sounds good to me, but in almost all of the problems that I've been associated
with, the data have already been collected. Thus the sample size n has already been
fixed.

Then you may be much more restricted in what conclusions you can draw from the
data. That is why it’s important to design the study carefully before samples are
selected. Perhaps we can discuss this later.

I'd like to do that. But let me ask you one final question. What value should I
recommend that the scientists use for the confidence coefficient 1 — a?

I can’t answer that question definitively. You might explain to the scientists you
work with about confidence coefficients as we have discussed them using balls in
boxes and ask them to think about the risk they are willing to take in obtaining an
incorrect conclusion from their experiment. Then let them make their own decision
about what confidence coefficient they want to use.
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I’ll try that. Can I come to see you again after I discuss this with them?

Certainly.

Conversation 4.6.2 .

Investigator:

Statistician:

Investigator:

Good morning. I know ybu didn’t expect to see me again so soon! Do you have time
to talk with me now? This won’t take very long.

Certainly. How can I help?

We’re working on a problem where we must make a census projection of the resident
population of the United States in the year 2010. This will help my company deter-
mine whether or not it should start thinking about plans for expanding its operations
over the next several years. I have obtained the following U.S. Bureau of Census
data of the resident population for every 10 years from 1790 through 1990.

Resident
Population
(in millions) ' Year
Y X

3.929 1790
5.308 1800
7.240 1810
9.638 1820
12.866 1830
17.069 1840
23.192 1850
31.443 1860
39.818 1870
50.156 1880
62.948 1890
75.995 1900
91.972 1910
105.711 1920
122.775 1930
131.669 1940
150.697 1950
179.323 - 1960
203.302 1970
226.546 1980

248.710 1990
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I plotted Y against X for the data, and the result is .
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I used least squares and fitted a seéond-degree polynomial
FG) =By + Bx+ BX
to the data. The fitted least squares polynomial is denoted by f (x) where
Fx) = 21010.7 — 23.3819x + 0.0065068x>

I substituted x = 2,010 and the result is f‘ (2010) = 301.201. So based on these cal-
culations the resident population in the United States in the year 2010 is estimated to
be 301.201 million. Is this a valid estimate? Can I use regression techniques to obtain
a valid confidence interval for f(2010)?

Your estimate of 301.2 million may be a reasonable estimate, but you don’t have a
regression setup that satisfies assumptions (A) or (B). You also do not have a random
sample from a well-defined population. What you have is a set of 21 pairs of points,

" and I don’t see how you can define a target or study population from which you

collected a random sample. The curve that you computed is a way to summarize the
pattern exhibited by these 21 data points. I’'m not saying that the data do not contain
a great deal of information—they do. But they don’t seem to fit into the framework
of regression assumptions.

We want to publish these results along with others in a professional journal, and if
we don’t include the results of statistical tests or confidence intervals, it won’t be
accepted for publication. What would you advise?

As 1 stated earlier, your data contain a great deal of information about the U.S.
resident population for the past 21 decades (in fact, you have the entire set of available
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data for these decades), and you don’t need confidence intervals, tests, etc. to make
useful statements for these decades. However, you want to extrapolate to the year
2010, and extrapolation is always risky unless you can define a population that
includes the extrapolated points. Perhaps you can look at your model as a process
rather than a population and use a stochastic process model. You might want to talk
to a professional statistician who works with such models.

That’s a possibility. I'll look into it. Thanks. I’ll see you again next week.

4.6

The following questions refer to the pfoblem discussed in Example 4.5.1 and the
data in Table 4.5.1, which are also in the file electric.dat on the data disk. Recall
that

Y = (total) electric bill (in dollars) for the past year

X, = monthly income for the household (in dollars)

X, = number of persons in the household

X, = living area (in square feet) of the house or apartment

Suppose that assumptions (A) are met and the data are obtained by simple random
sampling. In particular, the regression function of Y on X/, X,, and X is of the form

hy (X1 Xp, X3) = By + By Xy + ByXy + Byx; 36.23)

The utility company is interested in predicting the electricity usage patterns by
various households for next year so the target population is a future population.
However, the study population is assumed to be very similar to the target population,
and so the sample data from the study population may be used to make inferences
about the target population. A SAS output from a regression analysis of these data
appears in Exhibit 4.6.2.

Note that the C matrix is obtained from the first four rows and columns of
the matrix given in (4.6.24). The rows and columns of the C matrix are labeled
by the names of the predictors corresponding to B, B, B,, and B,, respectively.
Thus the (2, 2)-clement of the € matrix is 0.0000010099689, etc. The first four
numbers in the last row (and column) of the matrix in (4.6.24), labeled BILL, are
the regression coefficients, and the final number in the last row (and column) is
SSE(X;, Xy, X3, X,). Use this information to solve the following problems.

Are valid point estimates available for any of the following parameters?
Bx » Bx,» x,» Bys O > Ox > 9x,» Oy
Explain.

In Problem 4.6.1, find the point estimates of the parameters for which valid estimates
are available.
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ExHIBIT §.0.2
SAS Output for Problem 4.6.1

The SAS System 0:00 Saturday, Jan 1, 1994

Model: MODEL1 _
X’X Inverse, Parameter Estimates, and SSE

INTERCEP . INCOME PERSONS AREA BILL
INTERCEP 2.153683547 -0.001377673 ~0.25570104 0.0021517892 -358.4415686

INCOME -0.001377673 1.0099689E-6 0.000175464 -1.655901E-6 0.075136905
PERSONS -0.25570104 0.000175464 0.046002015 -0.00029998 55.087632718

AREA 0.0021517892 ~1.655901E-6 ~0.00029998 2.7878446E-6 0.2811036938
BILL -358.4415686 0.075136905 55.087632718 0.2811036938 550163.42009
{4.6.29)

Dependent Variable: BILL

Analysis of Variance

Sum of Mean

Source DF Squares Square F Value Prob>F
Model 3 3151504.8152 1050501.6051 57.283 0.0001
Error 30 550163.42009 18338.78067
C Total 33 3701668.2353

Root MSE 135.42075 R-square 0.8514

Dep Mean 619.41176 Adj R-sq 0.8365

C.V. 21.86280

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate " Error Parameter=0 Prob > (T|
INTERCEP 1 -358.441569 198.73583019 -1.804 : 0.0813
INCOME 1 0.075137 0.13609408 0.552 0.5850
PERSONS 1 55.087633 29.04515215 1.897 0.0675
AREA 1 0.281104 0.22610987 1.243 0.2234
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Exhibit the values of

Bo. By By B3, SEBy). SE(B,). SE(By), SE(B3), fiy (xy, X5, X3)
How well can Y, the annual electric bill for a randomly chosen household, be pre-
dicted using X, X,, and X3?
How well can Y, the annual electric bill for a randomly chosen household, be pre-
dicted if no predictor factors are used?

What is the difference between the average annual electric bill of households con-
sisting of five individuals and households with four individuals if they have the same
monthly income and the same living area? Obtain a point estimate and a 95% upper
confidence bound for this quantity.

What is the difference between the average annual electric bill of households with a
monthly income of $4,000.00 and households with a monthly income of $3,000.00
if they have the same number of individuals in the household and the same living
area? Obtain a point estimate and a 95% upper confidence bound for this quantity.

‘What is the difference between the average annual electric bill of households with
a living area of 2,000 square feet and households with a living area of 1,500 square
feet if they have the same monthly income and the same number of individuals in
the household? Obtain a point estimate and a 95% upper confidence bound for this
quantity.

The monthly income of a particular household is $3,200. There are six individuals
in the household, and the living area equals 2,800 square feet. Predict the annual
monthly electric bill for this household.

In Problem 4.6.9, compute a 90% upper confidence bound for the annual electric bill
for this household. '

Repeat Problems 4.6.9 and 4.6.10 for the average annual electric bill of all house--
holds with this monthly income, number of individuals in the household, and living
area. :

What is the difference between the average annual electric bill for houscholds con- -
sisting of seven individuals with a living area of 3,500 square feet and a monthly
income of $5,400.00 and that for households consisting of four individuals with a.
living area of 2,400 square feet and a monthly income of $5,000.00? Estimate this
difference and also compute a 95% two-sided confidence interval for this quantity.

The model in (4.6.23) would be considered adequate for predicting Y if the standard
deviation of the prediction errors—i.e., o—is less than $50.00. If this is not so,
then the investigator will look for additional explanatory variables to include in the
regression model. To assist the investigator in making a decision in this connection,
compute a two-sided 95% confidence interval for o. Do you believe that the investi-
gator needs to look for additional explanatory variables? Or do you believe that the
model in (4.6.23) is adequate? Explain.
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It has been stated several times that statistical tests alone should never be used
in situations where appropriate confidence intervals for parameters of interest are
available. Refer to Sections 1.6 and 3.6 for a more thorough discussion in this
regard. However, as we said earlier, statistical tests are quite popular among many
practitioners. We feel that you should be familiar with some of the commonly used
testing procedures because of their widespread use so that you can properly interpret
published results of investigations. Formulas and procedures for some statistical
tests that pertain to the multiple linear regression model in (4.1.1) are summarized
in Boxes 4.7.1 and 4.7.2. Here 6 denotes any one of the quantities

ﬂ()’ﬂ]v "'!ﬂk’ Iloy(xl, cea ’xk)

or
d'B=ayfy+ai +---+aby
The quantity 6 denotes the point estimate of 6.

Statistical Tests for 8,,i = 0,...,k, uy(x;,...,x;) or a” (0 Stands for Any One of
These) : ‘ ‘ '

Let g be a specified number (the investigator specifies ¢). Compute the statistic

6—q
tC = e——
SE(9) - _
1 For testing NH: 6 = g versus AH: 8 # g, the P-value is the value of @ such - -
that ltcl = )y 2n g1 :
2 For testing NH: 6 < g versus AH: 6 > ¢, the P-value is the value of asuch
that e =1 _gum—i—1-

'3 For testing NH: § > g versus AH 6 < g, the P-value i is the value of o such.'

that —tc =t 2y

Statistical Tests for ¢
Let g be a positive number specified by the mvestlgator Compute the stansnc

2o (n—k-— 1)&2 SSE
2_0n-r- 00
q2 q2

1 For testing NH: o = ¢ versus AH: o # g, the P-value is equal too where a
is a number between 0 and 1 and satisfies

: 2_ .2 .
Xc = Xa/Z:n—k—l or XC = Xi—a/2:n—k-1



47Tests 1

(only one of these two equalities can be satisfied unless a = 1).
2 For testmg NH: o < q versus AH: 0 > g, the P-value is the value of o such
that 2
X2 = Xiain-k-1-
3 For testmg NH o > g versus AH: o < g, the P-value is the value of @ such
that Xc Xanok-1-

We illustrate the use of these procedures with Example 4.7.1.

ExaMmpLE {11

(a) Consider the GPA problem discussed in Task 4.6.1, and suppose the financial
aid committee is interested in knowing whether the average GPA at the end of the
first year of applicants with SATmath = 594, SATverbal = 665, HSmath = 3.42, and
HSenglish = 2.70 would equal or exceed 2.5. We might consider the following pair
of hypotheses:

NH : uy (594, 665, 3.42,2.70) < 2.5
versus
AH : uy(594, 665, 3.42,2.70) > 2.5

Here we have 6 = u,(594, 665, 3.42,2.70) and g = 2.5. The appropriate test pro-
cedure is in part 2 in Box 4.7.1. From (4.6.16)—(4.6.20) we know that

By (53 X, X3, %4) = 0.1615 + 0.0020102x, -+ 0.0012522x, + 0.18944x, + 0.0876x,

so the value of /1,(594, 665,3.42,2.70) is 3.0726. To calculate SE(ji, (594, 665,
3.42, 2.70)) we use the formula in (4.6.5). From (4.6.21) we have ¢ = 0.2685. Also
from (4.6.22) we have the matrix C, and using it we get xTCx = 0.2831 where x” =
[1,594,665,3.42,2.70). So SE(jiy(594,665,3.42,2.70)) = 0.2685+/0.2831 =
0.1429. Also,n —k—1=20—-4—1 = 15. Hence
3.0726 - 2.5
c= "o~ 7

The value of « for which 1, = 4.007 =1, =1¢,__ .5 is less than 0.005 by Table T-2
in Appendix T, so the P-value is less than 0.005. So if NH were indeed true, then the
probability of obtaining a value for ¢ as large as, or larger than, 4.007 is less than
0.005. Since this probability is so small, the committee will very likely conclude
that the average first-year GPA of applicants with SATmath = 594, SATverbal =
665, HSmath = 3.42, and HSenglish = 2.70, is greater than 2.5 (i.e., reject NH). A
confidence interval for 6 = u,(594, 665, 3.42, 2. 70) would provide the committee
with additional information.

(b) Test procedures given in Box 4.7.2 can be used to help decide whether o is
equal to, greater than or equal to, or less than or equal to a specified value q. To
illustrate these procedures, we consider the following problem.

Suppose the director of admissions wants to know how well he can predict the
first-year GPAs of applicants using X, = SATmath, X, = SATverbal, X, = HSmath,
and X, = HSenglish. The prediction would be considered adequate for this problem
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if o is less than 0.2. To help determine whether o is less than 0.2, the director might
consider the following statistical test.

NH:0 >0.2 versus AH:0 < 0.2 4.1.1)

If NH is rejected, then the predictors X, X,, X3, and X, together will be considered
to be adequate for predicting Y.
Using the procedure given in part 3 of Box 4.7.2 with ¢ = 0.2, we obtain

,_(—k—15> SSE _ 1.0815
=022 027 oo

From Table T-3 in Appendix T we find that Xcz' = 27.04 is between xg_ 05:15 = 24.996
and xg.ms,ls = 27.488 so the value of « for which xZ is equal to xZ2,, is between
0.95 and 0.975. Hence the P-value for the preceding hypothesis test is between 0.95
and 0.975. So NH will not be rejected at any of the usual o levels. The director of
admissions would perhaps conclude that the predictors X, X2, X3, X 4 together may
not be adequate for predictingY. =

=27.04

Most computer programs for regression routinely output 7~ values for testing
whether or not the various j; are equal to zero (i.e., ¢ = 0). In Box 4.7.1 note that
when g = 0, the expression for 7 becomes

A

= 0
€7 SEG)
In the computer output in Exhibit 4.6.1, the quantities in (4.6.16)—(4.6.20) under

‘t-ratio’ are the quantities . in Box 4.7.1 when g = 0. These quantities cannot
be used for values of g other than zero.

4.7

The following problems refer to Example 4.5.1. The data are given in Table 4.5.1
and are also stored in the file electric.dat on the data disk. These data are repeated

" in Table 4.7.1 for convenience.

Recall that

Y = (total) annual electric bill (in dollars) for the past year
X, = monthly income for the household (ih dollars)
X, = number of individuals in the household
X = living area (in square feet) of the house or apartment

Suppose that assumptions (A) are met and the data are obtained by simple random
sampling. In particular, the regression function of Y on X;, X,, and Xj; is of the form

Hy (xy, X, %3) = Bo + Brxy + Byxy + Byx (412)
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TABLE §.1.1

Electric Bill Data
Sample ltem Bill Income Persons | Area
Number Y X, X, X,

1 228 3220 2 1160
2 156 2750 1 1080
3 648 3620 2 1720
4 528 3940 1 1840
5 552 4510 3 2240
6 636 3990 4 2190
7 444 2430 1 830
8 144 3070 1 1150
9 744 3750 2 1570
10 1104 4790 5 2660
11 204 2490 1 900
12 420 3600 3 1680
13 876 5370 1 2550
14 840 3180 7 1770
15 876 5910 2 2960
16 276 3020 2 1190
17 1236 5920 3 3130
18 372 3520 2 1560
19 276 3720 1’ 1510
20 540 4840 1 2190
21 1044 4700 6 2620
22 552 3270 2 1350
23 756 4420 2 1990
24 636 4480 2 2070
25 708 3820 4 1850
26 960 5740 2 2700
27 1080 5600 3 3030
28 480 3950 2 1700
29 96 2290 3 890
30 1272 5580 5 3270
31 1056 5820 2 2660
32 156 3160 2 1330
33 396 2880 4 1280
34 768 3780 3 1950

A SAS output containing the results of a regression analysis for this problem is given
in Exhibit 4.7.1. Answer the following.

The utility company wants to know whether the annual electric bill for a household
is dependent on the monthly income in each subpopulation of households having a
specified number of individuals and a specified living area.
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ExuHibs1T §.1.1
SAS Output for Regression Analysis of Electric Data

The SAS System 0:00 Saturday, Jan 1, 1994
Dependent Variable: BILL

Analysis of Variance

Sum of Mean

Source DF Squares Square F Value Prob>F
Model 3 3151504.8152 1050501.6051 57.283 0.0001
Error ) 30 550163.42009 18338.78067 ’
C Total 33 3701668.2353

Root MSE 135.42075 R-square 0.8514

Dep Mean 619.41176 Adj R-sq 0.8365

C.V. 21.86280

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Erxror Parameter=0 Prob > |T|
INTERCEP 1 -358.441569 198.73583019 -1.804 0.0813
INCOME 1 0.075137 0.13609408 0.552 0.5850
PERSONS 1 55.087633 29.04515215 1.897 - 0.0675
AREA 1

0.281104 0.22610987 1.243 0.2234

a Show that, for the model in (4.7.2), the average annual electric bill is not de-
pendent on the monthly income in each subpopulation of households having a
specified number of individuals and a specified living area if and only if 8, = 0.

b Formulate an appropriate pair of hypotheses to test this and calculate the P-value.
Use a = 0.05 and state your conclusion.

472 InProblem 4.7.1, suppose, for company purposes, the manager is willing to conclude
that the annual electric bill does not depend on income if the difference between the
average electric bills of households whose monthly incomes differ by $1,000 (the
other factors being the same) is less than $120. Compute a 95% confidence interval
for the parameter of interest and make a decision. Which is more informative, the
confidence interval of this problem or the test of Problem 4.7.1?

413 The regression function in (4.7.2) is considered adequate for predicting Y if the
standard deviation of the prediction errors—i.e., o0—is less than $50.00. If this is
not so, then the investigator will look for additional explanatory variables to include
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in the regression model. With this in mind, the investigator wants to test (using
a = 0.05)

NH: o0 >50  against AH: 0 <50

Carry out this test and state your conclusions. Which is more informative, the confi-
dence statement obtained in Problem 4.6.13 or this test?

43

Analysis of Variance

Recall that for the straight line regression model we used a table to summarize
certain key numerical quantities that are useful for computing confidence intervals,
standard errors, and tests. The process of calculating, tabulating, and examining
these key numerical quantities was termed analysis of variance, which is often ab-
breviated to ANOVA. We now discuss analysis of variance for the multiple linear
regression model.

As in the case of straight line regression, the first key quantity is

n
SSY =) 0, - (@8.1)
i=1

This is called the total sum of squares (of deviations from the sample mean) for Y.
This is the sum of squares of prediction errors when ji, = ¥ is used to predict the Y
values of the sample items. (Note that we are really not interested in predicting the ¥
values of the sample items because we already know them, but we do this to assess
how good the predictions are likely to be when predicting unknown Y values.)

We know that the best predictor of the Y value of any item in the population
without using any of the predictor variables X, ..., X}, is py, the mean Y value
of all items in the population. We also know that oy is a measure of how well
py represents the entire population of Y values. If data are obtained by sunple
random samplmg, then we can estimate p,, by the sample mean y and estimate ay
by Z,__, jv') /(n — 1) = SSY /(n — 1). The quantity SSY/(n — 1) is sometimes
written as MSY and is called the fotal mean square for Y. The divisor n — 1 of SSY
is called the degrees of freedom associated with SSY (or with ).

The second key quantity is the sum of squares of the prediction errors when
the sample regression function f&y(x,, ..., x;) is used to predict the ¥ values of the
sample items (in order to assess the performance of the sample regression function
as a prediction function for Y). This quantity is called the sum of squared errors
and is denoted by SSE(X|, ..., X}), or SSE for short. It was defined in (4.4.14) to be

n n

SSE = Zéiz = Z ;= Bo— By — - — Bx ) (382)
i=1 i=1

and it has (n—k— 1) degrees of freedom associated with it. The quantity

MSE(X,, ...,X;) (or MSE for short), called the mean squared error, was defined in
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(4.4.15)tobe

SSE
Tti—k-D
Note that MSE(X,, ..., X)) = 42 is the estimate of 02, regardless of whether the
data are obtained by simple random sampling or by sampling with preselected X
values.

The third key quantity is called the sum of squares due to regression and is
denoted by SSR(X, ..., X}) (SSR for short). This quantity is the difference

SSR = SSY — SSE (48.4)

MSE (4.8.3)

and it has k degrees of freedom associated with it. Note that the degrees of freedom
associated with SSR is the difference between the degrees of freedom for SSY and
‘the degrees of freedom for SSE, i.e., & = (n — 1) — (n — k — 1). The quantity

R
MSR = % (4.8.5)

is called the mean square due to regression. All of these quantities are generally
displayed in an ANOVA table such as Table 4.8.1.

When assumptions (A) or (B) hold, the statistic F» in the last column of the
analysis of variance table can be used to test the null hypothesis that uy is equal to
My (x;, ..., x;) against the alternative hypothesis that .y (x,, ..., x;) is not equal to
Ky. An equivalent way of stating this hypothesis is as follows:

NH: 8, =8,=---=8,=0 against
AH: at least one of B, B, ..., B, is not zero (4.8.6)

A test of the NH in (4.8.6) can be carried out using the numerical quantities exhibited
in the analysis of variance table. Specifically, if a statistical test is used, the test
statistic can be calculated as
__ MSR
"~ MSE
If NH in (4.8.6) is true, then the quantity F in (4.8.7) has an F-distribution with
k degrees of freedom for the numerator and n — k — 1 degrees of freedom for the
denominator. The P-value for this test is the value of « such that F, c=Fi_, kn—k—1-
Example 4.8.1 explains how to use an analysis of variance table for multiple
linear regression obtained from a computer output.

F¢ (48.7)

TaBLE §0.1
ANOVA for Multiple Linear Regression

Degrees of Sum of Mean Square Computed
Source Freedom (df} Squares (SS) (MS) F-Value
Regression k SSR MSR c= %;—I;
Error n—k-1 SSE MSE
Total n—1 SSY MSY
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ExampLE §0.1

Table 4.8.2 is an ANOVA table for the GPA data of Example 4.4.2 (see Table 4.4.3).
The quantity SSY is computed by using (4.8.1), SSE by using (4.8.2), and SSR by
using (4.8.4). You will notice that this computing can be quite an arduous task if it
is not done on a computer. The test statistic F. for the test of

NH:ﬂl=ﬂ2=ﬂ3=ﬂ4=0
against
AH: at least one of B,, ,, B;, B, is not zero

is 21.72 with 4 degrees of freedom for the numerator and 15 degrees of freedom for
the denominator. If we use @ = 0.01, then we would reject NH since the P-value
for the test is seen to be less than 0.01 using Table T-5 in Appendix T. Hence we
conclude that at least one of B;, B,, B3, B4 is nonzero so the regression function
My (x;, X5, X3, X,4) is nOt equal to 2y.

An examination of & and 6y gives us an idea of how well p1y (x;, x,, x5, x,) and
Iy, respectively, predict the values of Y. From Table 4.8.2 we find 6, = +/0.3866 =
0.6218. In comparison, 6 = +/0.0721 = 0.2685, which is considerably lower than
0.6218. In Section 4.9 we discuss appropriate confidence interval procedures (valid
under assumptions (B)) for comparing oy and o in any multiple linear regression
problem. We note that for this problem, 6y is a valid estimate of o}, because data are
obtained by simple random sampling. Do not take it for granted that a valid estimate
of oy exists. Check to see what the assumptions are. ®

Exhibit 4.8.1 shows a computer output for regression analysis of the GPA data
(obtained using MINITAB) that includes an ANOVA table. Of course the ANOVA
in the computer output of Exhibit 4.8.1 is the same as the one we computed in
Table 4.8.2, except that the computer output includes a P-value (rounded to three
decimal places in this case) and does not include MSY.

Reminder | The F test in an ANOVA table can be used to test only

NH: B, =5,...= B, =0  against AH: at least one B; # 0

For one-sided tests or tests of g; = B, = ... = f; = q where q # 0, an ANOVA
table cannot be used directly.

~— T ABLE {.0.1
... ANOVA for GPA Data

Source of Degrees of Sum of Mean square Computed
Variation Freedom (DF) Squares (SS) MS F-Value
Regression 4 6.2643 1.5661 Fe= ﬂ =21.72
0.0721
Error 15 10815 00721
Total 19 7.3458 0.3866
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exuHisIrT §.0.1
MINITAB Output for Regression Analysis of GPA Data

The regression equation is
GPA = 0.162 + 0.00201 SATmath + 0.00125 SATverb +
0.189 HSmath + 0.088 HSengl

Predictor Coef Stdev t-ratio jo)
Constant 0.1615 0.4375 0.37 0.717
SATmath 0.0020102 0.0005844 3.44 0.004
SATverb 0.0012522 0.0005515 2.27 0.038
HSmath 0.18944 0.09187 2.06 0.057
HSengl 0.0876 0.1765 0.50 0.627
s = 0.2685 R-sq = 85.3% R-sg(adj) = 81.4%

Analysis of Variance

SOURCE DF ss MS F p
Regression 4 6.2643 1.5661 21.72 0.000 (4.8.8)
Error 15 1.0815 0.0721

Total 19 7.3458

Problems 4.8

481 A MINITAB output from a regression analysis is given in Exhibit 4.8.2 for the
electric bill data of Table 4.5.1. Calculate the P-value for a test of

NH: B, =8,=83=0 against AH: at least one of B,, B,, and B, is not zero

What is your conclusion if you use @ = 0.01?

482 The manager of the marketing division of a grocery store chain wants to conduct a
study in a particular city where the company wants to open a store to understand the
relationship between the number of dollars ¥ a household spends in grocery stores
each month and the following variables—monthly income X, for the household,
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— exure1T 4.0.1
MINITAB Output for Regression Analysis of Electric Data

The regression equation is

Bill = - 358 + 0.075

Predictor Coef
Constant -358.4
Income 0.0751
Persons .55.09
Area 0.2811
s = 135.4 R-sq

Analysis of Variance

SOURCE DF
Regression 3
Error 30
Total 33

Income + 55.1 Persons + 0.281 Area

Stdev t-ratio P
198.7 -1.80 0.081
0.1361 0.55 0.585
29.05 1.90 0.068
0.2261 1.24 0.223
= 85.1% R-sq(adj) = 83.7%
SS MS F p
3151505 1050502 57.28 0.000
550163 18339
3701668

1]

number of children X, in the household, and the number of adults X; in the house-
hold. A group of 27 grocery shoppers are selected by simple random sampling from
a study population and are requested to provide the needed information. The data for

these 27 shoppers are given in Table 4.8.3 and are also stored in the file grocery.dat

on the data disk.
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tTasLE §.0.3

Grocery Shoppers Data
Sample ltem Amount Spent in Monthly Number of Number of
Number Grocery Stores Each Month income Children Adults
Y (in dollars) X, (in dollars) X, X,
1 486 3800 2 2
2 164 1200 1 2
3 245 5000 0 1
4 714 5700 2 2
5 565 5600 1 2
6 728 4500 3 2
7 221 4400 0 1
8 209 2200 1 1
9 299 _ 2300 3 1
10 477 4700 2 1
11 711 4300 4 2
12 379 3100 2 2
13 738 4900 4 1
14 325 3000 2 1
15 517 2000 4 2
16 441 2700 2 2
17 168 3400 1 1
18 525 2200 4 2
19 201 3800 0 1
20 358 4700 0 2
21 202 1400 3 2
22 272 1200 3 2
23 257 1700 2 2
24 376 1900 3 2
25 697 4900 3 2
26 248 2600 0 2
27 507 5100 2 1

Suppose that assumptions (A) for multiple linear regression are satisfied; thus the
regression function of ¥ on X, X,, and X is of the form

py (X1, Xp, X3) = By + B1x; + By + B3y (a89)
A SAS output for a regression of Y on X, X,, X; follows. '
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SAS Output for Regression Analysis of Grocery Data

i

4.8 Analysis of Variance

The SAS System 0:00 Ssaturday, Jan 1, 1994
Model: MODEL1 Dependent Variable: AMOUNT
Analysis of Variance
Sum of Mean )
Source DF Squares Square F Value Prob>F
Model 3 881100.31876 293700.10625 104.399 Q.0001
Error 23 64704.42198 2813.23574
C Total 26 945804.74074
Root MSE 53.0399%4 R-square 0.9316
Dep Mean 408.51852 Adj R-sq 0.9227
c.v. 12.98349
Parameter Estimates
Parameter Standard T fdr HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 -324.608237 51.16247889 -6.345 0.0001
INCOME 1 0.105141 0.00760990 13.816 0.0001
CHILDREN 1 96.601256 8.27176593 11.678 0.0001
ADULTS 1 110.760869 22.58900750 4.903 0.0001

483

Calculate the P-value for a test of

AH: atleast one of B,, B,, and B, is not zero

What is your conclusion if you use a = 0.01?

An investigator is studying a population of males who have lived in mountain iso-
lation for several generations, and she is interested in investigating the relationship
between the heights ¥ of these males at age 18 years and the following variables.

X, = Length at birth
X, = Mother’s height at age 18
X, = Father’s height at age 18

X, = Maternal grandmother’s height at age 18
X5 = Matemnal grandfather’s height at age 18
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X, = Paternal grandmother’s height at age 18
X, = Paternal grandfather’s height at age 18

All heights and lengths are in inches. A simple random sample of 20 males of age 18
or more was drawn from the study population, and all the preceding information was
recorded. The data are given in Table 4.8.4 and are also stored in the file agel8.dat
on the data disk.

Assumptions (B) are presumed to hold. In particular, the regression function is
of the form

Ry (X1, Xp, X3, X4, X5, Xg, X7) = By + Byx) + Boxy + B3xy + Byxy + Bsxs + Bexg + Brxy

A MINITAB output from a regression analysis of ¥ on X, X5, X5, X4, X5, X6, X,
follows in Exhibit 4.8.4.
Calculate the P-value for a test of

NH: By =B, =P3=B,=Bs=ps=p;=0
against
AH: atleast one of B, B,, B3, By Bs» Bg» and B, is not zero

What is your conclusion if you use ¢ = 0.05?

taBLE §.0.4

Heights at Age 18 of a Random Sample of Mountain People
Sample item
Number Y X, X, X, X, X; X X,
1 67.2 19.7 60.5 70.3 65.7 69.3 65.7 67.3 .
2 69.1 19.6 64.9 704 62.6 69.6 64.6 66.4
3 67.0 194 65.4 65.8 66.2 68.8 64.0 69.4
4 72.4 194 63.4 71.9 60.7 68.0 64.9 67.1
5 63.6 19.7 65.1 65.1 65.5 65.5 618 . 709
6 72.7 19.6 65.2 71.1 63.5 66.2 67.3 68.6
7 68.5 19.8 64.3 67.9 62.4 71.4 63.4 69.4
8 69.7 19.7 65.3 68.8 6L.5 66.0 624 61.7
9 68.4 19.7 64.5 68.7 63.9 68.8 62.3 68.8
10 704 19.9 63.4 70.3 65.9 69.0 63.7 65.1
11 67.5 18.9 63.3 704 63.7 68.2 66.2 68.5
12 73.3 20.8 66.2 70.2 65.4 66.6 61.7 64.0
13 70.0 20.3 64.9 68.8 65.2 70.2 62.4 67.0
14 69.8 19.7 63.5 70.3 63.1 64.4 65.1 67.0
15 63.6 19.9 62.0 65.5 64.1 67.7 62.1 66.5
16 64.3 19.6 63.5 65.2 63.9 70.0 64.2 64.5
17 68.5 21.3 66.1 65.4 64.8 68.4 66.4 70.8
18 70.5 20.1 64.8 70.2 65.3 65.5 63.7 66.9
19 68.1 202 62.6 68.6 63.7 69.8 66.7 68.0
20 66.1 19.2 62.2 67.3 63.6 70.9 63.6 66.7
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[FEXHIBIT 4.8.4

MINITAB OQutput for Regression Analysis of Data in Table 4.8.4

The regression equation is
‘Y = - 78.3 + 1.37 X1 + 0.782 X2 + 1.05 X3 - 0.120 X4 + 0.091 X5
+ 0.088 X6 - 0.102 X7

Predictor
Constant
X1

X2

X3

X4

X5

X6

X7

s = 1.004

Coef Stdev t-ratio - P
-78.27 26.96 -2.90 0.013
1.3718 0.5207 2.63 0.022
0.7824 0.1992 3.93 0.002
1.0514 0.1358 7.74 0.000

-0.1199 0.1717 -0.70 0.498
0.0914 0.1301 0.70 0.496,
0.0883 0.1613 0.55 0.594

-0.1017 0.1549 -0.66 0.524

R-sq = 91.7% R-sq(adj) = 86.9%

Analysis of Variance

SOURCE

Regression

Error
Total

43

DF Ss MS F p
7 133.657 19.094 18.95 0.000
12 12.088 1.007

19 145.746

Comparison of Two Regression Functions (Nested Case)
and Coefficients of Determination

The notation is quite heavy in this section and the next, but if you study it carefully,
it will help you to learn and understand the material.

Consider a (k + 1)-variable population {(Y, X, . .., X;)}. We know that the best
function for predicting ¥ using the k predictor variables X, ..., X, is the regres-
sion function py(x,, ..., x;). However, to predict Y, investigators may want to use
a smaller number of variables, which for ease of notation we take to be the first m
variables X, ..., X, (m < k). They may want to know how much better the regres-
sion function of ¥ on X, ..., X, is for predicting Y than the regression function
of Y on X,,...,X,,. It can be shown that when population assumptions (B) hold
for the (k + 1)-variable population {(Y¥, X, ..., X;)}, the regression function of Y
onX,,...,X, cannot be worse than the regression function of Y on X, ... , X, for
predicting Y.
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Notation

In this section, we work with more than one regression function. It therefore be-
comes necessary to introduce some notational conventions to help avoid confusion.
When dealing with two or more regression functions based on different sets of pre-
dictor variables, we distinguish between them by using appropriate superscripts.
For mstance in the discussion in the previous paragraph, we would use the symbol
uy (xl, ..., %) to denote the regressmn functlon of Y on X, .. Xk, which we
will refer to as model A, and the symbol u,y (x1 yeeesXy) tO denote the regression
function of Y on X, ..., X, , which we will refer to as model B. When discussing
subpopulation standard deviations, we must again distinguish between the subpop-
ulation standard deviation for model A and the subpopulation standard deviation
for model B. We do this either by using the more complete notation aYlX X, and
Oyix,....x, OF when there is no possibility of confusion, by abbrev1at1ng ‘these to
o, and orB, respectively. Recall that to judge how good a regression function is
- for predicting Y, the measure we use is the corresponding subpopulation standard
deviation.
We illustrate with an example.

ExampLE §4.1

For an illustration, consider Example 2.2.3 and suppose an investigator wants to

determine if age X; and weight X, together are better than age X, alone for pre-

dicting blood pressure Y and; if so, how much better This can be stated as follows:

How much better is the regression function [LY (xl, x,) than the regression function
)(xl) for predicting Y? So the investigator will be interested in comparing the

subpopulatlon standard deviation Oyix, X, = %A with Oyix, =%p- "

The decision of whether to use the full set X, ..., X, of predictor variables, or
the subset X, ..., X,,, usually depends, at least in part, on
1 The cost of observing the values of the additional van'ables Xpi1r-- %

2 The improvement in prediction that is made possible by using the full set of
predictors rather than the subset of predictors under consideration

As explained earlier, we let p,gfa) (g enaXp) denote the regression function
of Y on the k predictor variables X,,...,X, and call this model A. We let
(B) v (xq,...,x,) denote the regression function of Y on the subset of m predictor

vanables X;,...,X,, and call this model B.
The investigator is likely to be interested in obtaining the answers to the follow-
ing questions.
1 How well does model A predict Y?
Is model A an adequate predictor of Y?
How well does model B predict Y?
Is model B an adequate predictor of ¥Y? .
How much better is model A than model B for predicting ¥?

n A W N
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In this section we discuss methods for answering these and other questions. An im-
portant difference between assumptions (A) and assumptions (B) should be noted,
especially when discussing several regression models. Even though population as-
sumptions (A) may hold for {(Y,X,,...,X,)}, this does not imply that popula-
tion assumptions (A) will hold for {(Y,X,, ...,X,,)}, where {X,, ..., X, } is a sub-
set of the variables in {X,,...,X,}. But if population assumptions (B) hold for
{(Y,X,, ..., X)), then population assumptions (B) must hold for {(Y, X, ...,X,)}
for every subset {X,, ..., X, } of predictors from the full set {X, ..., X;}. This leads
us to make the following assumption.

Throughout this section, we presume that assumptions (B) are valid.

This means that the (k + 1)-variable population {(Y,X;,...,X})}

and the (m + 1)-variable population {(Y,X.,...,X,,)} (where m < (4s.1)
k) both satisfy (population) assumptions (B) in Box 4.3.2. This also

‘means that the data are obtained by simple random sampling.

Remarks

a By vxrtue of (4.9.1), the regression functions uy (xl, .« . Xp)—ie., model A—
and py )(xl, «+ +» X, )—i.e., model B—are of the form

w0y, ) = BE 4 Bix 4+ Blx, (4s2)
and

B0, k) = BE + BBx, + -+ BBx (493)
respectively.

b The regression function for model B is said to be nested in the regression func-
tion for model A because the set of predictor variables in p,y (xl, X)) isa
subsel of the set of predictor variables in u“) (6 NN A )

¢ We use the superscripts A and B to distinguish between the B coeﬂicnents in
the two regression functions u? (xl, -»X) and uf (xl, .. +» X)), Tespectively.
The regressnon coefﬁcnents B2 and BP for i=0,1,2,..., mare different unless
pa == Bt =0,in whnch case the two regressnon functions are identical
andﬁ," _ﬂ, fori=1,.

d As mentioned earlier, we sometimes use o, to denote the subpopulation standard
deviation for model A and o to denote the subpopulation standard deviation for

- model B.

In Example 4.9.1 the set of factors in model B (i.e., {X,}) is a subset of the set of
factors in model A (ie., [X 1 le), and so model B is nested in model A. However, if

model A is p$” (x,) = B + Bix, and model B is p{) (x,) = B8 + Zx,, then the
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set of factors in model B (i.e., {X,}) is not a subset of the set of factors in model
A (ie., {X;}]), so for this case the discussion in this section does not apply, but the
discussion in Section 4.10 does.

Subpopulation Standard Deviations as Measures of Goodness of Prediction

As usual, we use the quantity o, as a summary measure of how well model A in
(4.9.2) predicts Y. Likewise, the quantity oy is a summary measure of how well
model B in (4.9.3) predicts Y.

Relationship Between Subpopulation Standard Deviations in Nested Models

Under the assumption in (4.9.1), it can be shown that
oy <o0p (4.9.9)

i.e., the subpopulation standard deviation for the larger model (model A) is smaller
than or equal to the subpopulation standard deviation for the smaller nested model
(model B). To elaborate on this, consider the k predictor factors X, ..., X}, and let
S, be any subset of these k factors and S, be any subset of the factors in §;. Then the
following inequalities are true.

0<oy = "s, < osz <oy (4.9.5)

For instance consider the five-variable population of Example 4.2.1. Let §; =
{X,,X,,X,} and §; = {X,, X,}. Then g, stands for OYIX, X, X, and o, stands for
Oyix, X,* . By (4.9.5) the following is true:

0 <oy x x x, < %x x,x, <% x, <%
On the other hand, if §; = {X;, X,, X;} and §, = {X}, X,}, then §, is not a subset of
§, (and S, is not a subset of S,), so it is not known whether OyIX XX is larger or

1772273

smaller than oy |y X, However, from (4.9.5) we get

o

0 <oy x x.x, <%, x,x, <%

and
0 <oyx x x x, <% .x, <%

To illustrate inequalities such as (4.9.5), we consider the simple case described in
Example 2.2.2, where Y = first-year maintenance cost of a new car and X = number
of miles the car is driven the first year. The target population {(Y,X)} is the set
of all cars that will be made by company A next year and driven between 5,000
and 20,000 miles. The study population is a set of similar cars made by company
A last year. The quantity oy is the standard deviation of the first-year maintenance
costs of all the cars in the study population. If only the subpopulation of cars that
were driven 10,000 miles is considered, then the standard deviation of the first-year
maintenance costs of all cars driven 10,000 miles the first-year is equal to oyy.
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We would typically expect the first-year maintenance costs of these cars to be more
similar than for the entire population of cars, and hence we would expect Oyix < Oy-

Adequacy of Prediction Functions

Whether or not a prediction function is adequate for predicting ¥ depends on the
particular problem.

We consider a prediction function to be adequate for predicting values of ¥ if a
proportion p (p is taken to be greater than 0.5) of the Y values are within d units
of the corresponding predicted values. The values of p and d are specified by the
investigator.

Let us examine the conditions under which the regression function py (x;, . . ., ;)
may be regarded as an adequate prediction function for predicting values of Y. When
population assumptions (A) or (B) hold for {(Y, X, ... X,)}, a proportion p of the Y
values with X, = Xy, -+, Xp = x; will lie in the interval

ey @ps - X)) = 204y 2Oy, By O - -0 %) + 24 207ix . x ]

Soif py(x,, ..., x;) is to be within d units of a proportion p of the Y values in the
corresponding subpopulation, we must have

204)/20Y1x,...x, = d ie., OYIX,. X, = 4/z04pp2
Sometimes an investigator may say “uy(x;,...,x;) is adequate for predicting Y
valuesif oy is less than a specified value d* 7 In this case d and d* are related
by the equatlon

d* =dfz, )2 ie, d= d“z(l )2

For example, in Problem 4.7.3, the investigator considers the regression function in
(4.7.2) to be adequate for predicting the annual electric bill if Oy, X, x, < < $50. So
here d* = 50. The numbers d and p (or d* and p) specified by an mvestxgator are

based on various practical considerations in the context of the particular problem.
‘We now apply the preceding criterion of adequacy to the regression functions
(A)(xl, ..y X;) and u(YB (x5 - .-, x,) given in (4.9.2) and (4.9.3), respectively.
By (4.9.1), assumpuons (B) for multIple regression hold for both models. So we
can conclude that [Ly (xl, ceesXp) i 1s an adequate predictor of Y if Z(14p)/2%4 = d,

ie.ifo, <d/fz;, )2 Similarly, uy (xl, -eesX,) is an adequate predictor of Y if
d/z(l+p)/2 It is possible that uy (xl, <veaXy) and py )(xl, --+»X,,) are both

adequate for predicting Y or that neither uy (xl, -++sX}) MOF uy (xl, eesX,) iS
adequate for predlctmg Y Of course, in a real problem the regression functmns
].LY (x,, .-+, %) and y.y (xl, .+.,X,) are not known and must be estimated. This
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- adds another source of uncertainty to the problem. Nevertheless, 6, and 6, the es-
timates of o, and o, respectively, and the confidence intervals for these, are useful
for determining the adequacy of prediction functions.

Performance of Model A Relative to Model B

There are instances where it is difficult to specify a number d to determine whether
a prediction function is adequate. In these instances and in other situations, we may
be interested in the relative performances of competing prediction functions. In the
present situation, two prediction functions, u(YA) (x4, ..., x) and u?)(xl, ceenXy)
(i.e., two models A and B), are being considered, and hence we may want to compare
o, and op. We can either examine 0, and o, individually or examine some function
of o, and oy that may be particularly meaningful in a given problem. For instance,
we may want to examine the following functions of o, and o, to determine how

much better ug‘) (x, ..., %) is than u;B) (x;, .-, xp,) for predicting Y.

1 og—o0y

2 ogfa,

3 of—0?

4 of/s?

In this book we use the ratio o /0, for a comparison of o, relative to 0. A function
of 0, and oy, that is related to the ratio o3/0, and has found widespread use in the
literature is called the multiple coefficient of determination, and we discuss this next.

Multiple Coefficient of Determination

A commonly used measure that summarizes the performance of ug,‘) (xyy -0 )
(model A) as a predictor of Y relative to 4’ (x,, ..., x,)) (model B) is the multiple-
partial coefficient of determination of Y with X, ,,,..., X, whenX,,..., X, are
held fixed. It is denoted by p,z,(x XXX, and is defined by

m+1°""

2 2
_ . ¥)x ..X —OFX,.X. OF—0o2 1
p%(x X ¥ = 1 m 1 t _ °B A __y__
e X)X X T 2 = 2 2
e O¥IX,....X_ o3 (op/0y)
. {2.9.6)
Thus p,z,(X ' X)X, .. X, is the proportional reduction in the variance of prediction
e X)X X /
errors by using /,Lgf)(xl, ..-»Xp) to predict Y, relative to using ﬂ(YB)(Xl, ceesXy) O

predictY.

The positive square root of p}z,(x e XX, is generally called the multiple-
partial correlation coefficient of Y mw+ith X, 1 Xmm+2, ..., X, when X,,..., X are
held fixed. It is denoted by PYX,, X)X, X, The word multiple in multiple-
partial coefficient of determination means there is more than one predictor variable;
ie., X;,...,X;, k > 1. The word partial means that some of the predictor variables

are held fixed.
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To examine (4.9.6) in more detail, consider only the numerator
a} - orAz @87
There are two equivalent ways of looking at (4.9.7).

1 As a measure of how much better the k factors X, ..., X; together are than the
m factors X, ..., X,, for predicting values of Y.

2 Asameasure of how much factors X, ;, X, .. - - -, X} contribute to predicting
Y in addition to what factors X, X,, . .., X,, contribute.

Consider the special case in Example 4.9.1 where the relationship of blood
pressure Y with age X, and weight X,, is studied. Let A = {X|, X,} = {age, weight},
B = {X,} = {age}, and C = {X,} = {weight}.

1 o, is a measure of how good age and weight together are for predicting blood

pressure Y.

2 o is a measure of how good age alone is for predicting blood pressure Y.
3 o, is a measure of how good weight alone is for predicting blood pressure Y.
4 The quantity a} - a} is often used in the following two equivalent ways.

a As a measure of how much better age and weight, X, and X, together are

for predicting blood pressure Y than age X alone is.

b As a measure of how much weight contributes to predicting Y in addition to

what age contributes.

When model B in (4.9.3) uses no predictors, i.e., when m = 0, then u(s) =
BE = iy is the quantity used to predict ¥ under model B and so o is simply
aY In this case there are no predictor variables to the right of the |’ symbol in

and is called the multlple coefﬁclent of determination of Y wnth X0 X, The
word partial is omitted since no predictors are held fixed. Thus py(x .X,) measures

relatively how much better py )(xl. .. .xk) is for predicting Y than p, is. For
completeness we give the definition of py(x Xy in (4.9.8).

DEFINITION

o2
2 - of 2_ 2
oK, X) = Doy (WO g 1 > = (4s8)
e Oy Oy (oy/ay)

The case when k=1 and m =0 was discussed in Section 3.9, and we write
o} x, instead of py(x )- Also whenm = k — 1, the word multiple is ofien omitted; for
instance, the quantity py XX, is simply called the partial coefficient of determination
of Y with X; where X, is held fixed.

To summarize:
1 py( 1 X,) is the multiple coefficient of determination of Y with the pre-

.+ ,
dictor variables in parentheses, namely X, .| X120+ X;.
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2 Phx X X)IX X,,...x, is the multiple-partial coefficient of determination of
m+ X m+2" ™

Y with X, +1’ X,.42: -+ »X; (the variables in parentheses) when the variables
X, X,, ..., X, (the variables following the vertical line |’) are held fixed.

Properties of pY(X et XX X,

Under population assumptions (B), the statements in Box 4.9.1 hold.

-1 0= Pr(x - ,>1x,, x, S

: _‘_'py(x _____ KK X, ..o lf and only if p,,m .'_.'_;_.. .ek -o in (492).-.
N _._.In this ease the two regression functions, 1§ @, (EE ,xk) in’ (49 2) and g
M )(xl, S X )m(49.3),are1denucal Moreover, 9, —aB ol L
If;o,,(x s :)’xv X >0, thenatleaetoneofﬂmeparaxneters ﬁmH, ﬂ;‘} L
,?»:; m(492)1snonzero AlsoorA <Og. .t : T e
N 4 'py(x ,,)IX, ,X =1 1fand onIy‘nfaA =0 In thls case ,um(xl,..‘ -3.‘1;')
B o isa perfect predzctor on : - A

B

~ For the case when m = 0 (i.e., model B is u(B ) = ﬂo = py and it contains none
of the predictors X|,...,X,), the statements in Box 4.9.1 specialize to those in
Box4.9.2. : ‘

' pY(Xl' )= 0 if. and only if ﬁ, v ﬁk =0in (492) In this case
- the regressxon funcuon u,, ("p ,xk) is equal to u(Y ) = u,y Moreover,"_

o‘A'_.aY A A :
: It py(x X) >. () then at Ieast one of the parameters ﬁA,
L '.-.-1snonzero AlsoaA < ay : - T e
- p,z,(x X) =1 1fand only if aA =0, In thxs case uy (xl, wee ,‘ka') i_s a_perf:

:'.'_:'.'fectpredzctor on P T R

. ﬂf} in (4 9. 2)

ExavmprpLE §§.1

To illustrate the preceding concepts, let us consider Example 2.2.3 where Y is (sys-
tolic) blood pressure, X is age, and X, is weight. Suppose we want to examine the
relationship among Y, X, and X, for the population of all females in California
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between the ages of 25 and 75. Suppose the three-variable population {(Y, X, X,)}
is Gaussian.

= The two-variable populations {(Y, X,)} and {(Y, X,)} and the one-variable pop-
ulation {Y} are also.Gaussian.

= The average blood pressure of the entire population {Y} is sy, and the standard
deviation is oy,

= The average blood pressure for the subpopulation of all females who are x, years
old is

P (x)) = B8 + BPx, (@89)

with standard deviation 0.

= The average blood pressure for the subpopulation of all females who weigh x,
pounds is

O =65 +65x, (49.10)
with standard deviation 0.
= The average blood pressure for the subpopulation of all females whose age is x,
and weight is x, is -
wP (. x) = B + Bfx, + Bix, (@s11)
with standard deviation o,
Also

Gy,0p,0, O4s

are the quantities that are used as summary measures of how good s, u;‘” ),
u},c) (x,), and uw (x;, X;), respectively, are as predictors of Y. From (4.9.5) we have

0<og4<op<oy ad 0=<o0,<0,<0y (48.12)
We may want to determine the answer to several questions about X; and X, as
predictors of Y. Some of these questions follow.
How good are age and weight together as predictors of blood pressure Y?
How well can Y be prediéted if no predictor variables are used?
How good is age alone as a predictor of Y (if weighi is ignored)?
How good is weight alone as a predictor of Y (if age is ignored)?

How good is weight as a predictor of Y in the subpopulation of all females who
are 35 years old? :

6 How much better are age and weight together for predicting blood pressure than
is age alone?

7 How good is weight as a predictor of blood pressure after age has been accounted
for?

W Hh W N
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Relatively, how much better are age and weight together for predicting blood
pressure than age alone? '

Relatively, how good is weight for predicting blood pressure after age has been
taken into account?

The answers to these questions are given next in terms of the population param-

eters.

1

7
8
9

A measure of how good age and weight together are for predicting blood
pressure—i.e., how good uy‘)(xl,xz) is for predicting Y—is o, because this
is the standard deviation of Y in the subpopulation determined by fixed values of
X; and X,.

When no predictor variables are used to predict Y, the best value to use to predict
Y is py, the mean of the Y values in the entire population. A measure of how
good uy is for predicting Y is provided by oy, the standard deviation of the
population {Y}.

The best prediction function for predicting Y using age alone is u§,8) (x,), the
regression function of Y on X;. A measure of how good ug’ ) (x,) is for predicting
Y is provided by op, the standard deviation of the Y values in the subpopulation
determined by X; (age) when X, (weight) is not considered.

The best prediction function for predicting ¥ using weight alone is u%c) (x,), the
regression function of Y on X,. A measure of how good u§,c) (x,) is for predicting
Y is provided by o, the standard deviation of the Y values in the subpopulation
determined by X, (weight) when X (age) is not considered.

0y the same as the answer to question (1), because assumptions (B) in Box 4.3.2
imply that the standard deviations of the subpopulations determined by X, and
X, are the same for all values of X; and X,,.

Og — 0y, Or 0g/0,, OF ag - 02, or of /0A2, depending on which measure you
want to use.

Same answer as (6).

of — of

2
OB

= p,z, xx, if we use variances as the summary measures.
2

Same answer as (8). ’

We illustrate other important points using this example.

1

In the multiple regression model in (4.1.1), the coefficient g; (fori =1,...,%)
is the change in uy(x;, ..., x;) per unit change in X; when the other factors are
held fixed. For example, in the model in (4.9.11), ﬂf is the change in the average
blood pressure per unit change in weight for all females of the same age (say, 35’
years old), i.e., when X, (age) is held fixed.

Note Sometimes it is not meaningful to change one variable, say X;, and hold
other variables fixed. For example, consider the regression model in (4.2.1a). If
weletX, =2,, X, =2,Z,, and X; = Zf, we get the multiple linear regression
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model
and clearly we cannot hold X, and X, fixed and let X, change.

2 Some predictor factors are controllable factors and some are noncontrollable
factors. In the precedmg example, suppose ﬂl and ﬂz in (4.9.11) are positive,
which means that uy (xl » Xp) decreases as x; and/or x, decreases. If a physician
recognizes that a patient’s blood pressure should be reduced, the model indicates
that it may be possible to reduce it by lowering the patient’s age or weight.
Of course it is not possible to reduce the patient’s age (X, is a noncontrollable
factor). But weight is a controllable factor (at least controllable to some extent),
and it may be possible to reduce the patient’s weight by diet and hence possibly
reduce the blood pressure. Whether changing the value of X, will actually result
in a change in the value of ¥ cannot be known based on observational studies,
and it has to be studied using controlled experiments. =

The quantity py(x _____ X)K,....X, isa populatmn parameter, and so it is unknown

in any real problem. A vahd point estimate of py(x X IX,....X_ Can be calculated

from sample data according to the formula given in (4 9.13) if assumptions (B) are
satisfied; in particular, the data must be obtained by simple random sampling. If
data are obtamed by sampling with preselected values of X, . . ., X}, then no valid
estimate of P(x X)X, X, is available.

mpry

Point Estimate of PY(x e XX X,
The point estimate of py(x e XX, X thE multiple-partial coefficient of deter-
minationof ¥ with X, ,, . X,{ when X, ..., X, are held fixed, is given by

.2 SSE(X;, -..,X,) —SSE(X;,...,X})
pY(X.H_I,...,Xk)IXI,...,X. - SSE(XI, ey Xm)

The sum of squares SSE(X|, . .., X;) was defined in (4.4.14), and the sum of squaxes

SSE(X;,...,X,,) is defined similarly but using only the variables X,...,X,,.

For notauonal convenience we write SSE(A) for SSE(X), ..., X,;) and SSE(B) for

SSE(X,, ...,X,,) because these correspond to models A and B in (4.9.2) and (4.9.3),

respectively Thus we have

' -2 _ SSE(B) — SSE(A)
Prix,, XXX, = T SSE®B)

(49.13)

(48.14)
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- An Alternate Pomt Estimate of Pr(x _ ' X)X, X

The definition of pY(X ;X,)lx y in (4.9.6) might suggest that the point estimate

......

of PY(X ..... X)X, X, WP“‘d be given by
52 ~2
OYIX,,...X, ~ OY|X,....X,
52
OY|X,....X,,

and mdeed this estimate is sometimes used. It is called the estimate of the
multiple-partial coefficient of determination (adjusted for degrees of freedom)
of Y with X, ,...,X; when X,,....X, are held fixed and is written as

AGJIBF g, X)X, o, ] THS,
a2 a
A oYKX,,..X, ~ O¥iX,,...X
AdlBx XX, x 1= — o —t (4.9.15)
- O, X,

MSE(X;, ...,X,) —MSEX,,...,X,)

- MSEX,,...,X,,) a8

The mean square MSE(X,, ..., X;) was defined in (4.4.15), and the mean square

MSEX,,...,X,) is defined similarly but using only the variables X,,...,X,,.

For notational convenience we write MSE(A) for MSE(X,, ..., X;) and MSE(B)

for MSE(X,, ..., X,,) because these correspond to models A and B in (4.9.2) and
(4.9.3), respectively. Thus we have

. MSE(B) — MSE(A)
Adj[p;(xﬂl,...,xk)fxl,...,XM] = MSE(B) (4'9'17)

Relationship Between Adj[py( Koo X)X, X, ] and ﬁlz’(X,,,H...,X,,)IX,,...,X,,,

The following equations relate Adf[ﬁxz'(x”‘l """ X)IX,....x_ ] and 5%(}( XK X,

o a2 n—-m-1 a2
1-Adjlbye, ... xp1,.x,) = 57— =74~ Prex ... xx,...x,)  (488)
A2 _ n— k - 1 or a2
1= byex kX, = o 14 ~AdlPrx, ... xx,,..x, D (4919)

It follows that Ad;[py(x e XX X, ] is always less than or equal to

PP X )IX,....x - Note that Ad-’[pY(X ..... X)IX,,..x,] can take negative val-

ues, and if it does, we replace the negative value with zero because it is estimating

PY(X X)X, X which is always greater than or equal to zero. On the other

m+1°°

hand, the estimate py(x e XK X, is never negative." Unless we specifically

state otherwise, we always use the estimate in 4.9.13).
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Point Estimates for p,z,(xl,,_,, X,)

When m = 0, i.e., when model B uses none of the predictors X, .. ., X,, the formu-

las in (4.9.13)—(4.9.16) reduce to
| ﬁxzr(x,,....x,) = Y- SSig,, oo Xp) {4.920)
and
22 a2
Adilpfx . xp) = :q—ﬂ:éx—'ﬁ (a821)
_ Msy - Miig(;(,, e X)) sz

respectively. *
. 2 . -
Investigators often use py% (XX, ... X, L0 decide whether iy " (x;, . - ., x3) is
. . e 2

a better predictor of Y than py° (x;, . . ., X,,,). Technically, if oY, o X)X, X >
0, then we can conclude that g, (ie., OYLs,....x,) is smaller than oy (ie., %yix,...x_ )
and hence u#”(xl, «++»X}) is better than u(YB)(xl, .+ s X,,) for predicting Y. How-
ever, in practice, we generally want to know how much smaller o, is than op. (Recall
that, as stated in (4.9.4), o, is never greater than 0.) An obvious procedure is to
examine the estimated values and confidence intervals for 0, and op. Additionally,
we could use a confidence interval for o /0, for this purpose.

Confidence Interval for oYK, ,..X,/OrKX,,..X, (ie., 05/0,)

A two-sided confidence interval for oYX, X, /”YIX..-.- X, with confidence coeffi-
cient equal to 1 — &, can be obtained by first obtaining a confidence interval for
Pf'(x”,.... X)IX,...x_+ Confidence intervals for oy/oyy _ y can be obtained as a
special case of this procedure with m = 0. We do not discuss this here and you
are referred to [10]. However, a procedure using the Bonferroni method, given in
Box 4.10.2 in the next section, can be used here to obtain confidence intervals for
og/o, with confidence coefficient greater than or equal to 1 — a, but the resulting
confidence intervals are wide and thus cannot be recommended for routine use in
applications. We discuss them in Box 4.10.2 for illustrative purposes only.

~ We illustrate the procedures discussed in this section in Examples 4.9.3 and
4.94.

exampLE 8.1

For the GPA data in Example 4.4.2, we show how to compute point estimates for
P%(x, X,.x,x,) and for og/o,. We suppose that assumptions (B) in Box 4.3.2 are
satisfied. The quantities needed in the formulas in (4.9.20) and (4.9.21) can be
obtained from the ANOVA in Table 4.8.2. These quantities are

SSY =17.3458  SSE(X,,X,, X3, X,) = 10815  MSY =0.3866
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MSEX,, X,,X,,X,) = 0.0721
The point estimate of p,zr(xl X,.X,X,)? computed using (4.9.20), is

a2 7.3458 - 1.0815  6.2643

ProX,X,X) = T 73458 7.3458
This is the quantity labeled R-sq in the computer output in Exhibit 4.8.1. It is an
estimate of relatively how much better the regression function

My (X1, X, X3, %4) = Bo + Byxy + Byxy + Byxy + Byxy (a823)
is for predicting GPA than uy is. Note that the quantity labeled R-sq(adj) in
Exhibit 4.8.1 is the alternate estimate adj[;‘;%(x x.x.x)] of p,z,(x XXX, 8iven in

12200300 1ty
(4.9.21), and it is equal to
52 _ MSY —MSE(X,,X,,X;,X,) _ 03866 —0.0721
APy ex, x, x, %01 = MSY = 703866

= 0.853, i.e., 85.3%

= 0.814 (i.e., 81.4%)
A point estimate of 03/0,, is given by 05/0, = /0.3866/0.0721 =2.32. =

ExavmpLeEe 9.4
In Example 4.9.3, suppose the director of admissions wants to compare the perfor-
mance of the model

uff’(xg, x) =8+ /Sﬁ’x3 + B2x, (4.9.29)
which uses only X, (HSmath) and X, (HSenglish), with the model

w0 ey, x0 x5, 3) = B + Bixy + Bixy + Bixy + Bix, (4.9.25)

~ for predicting Y. If model A is not much better than model B, then she may decide
that applicants need not take the SAT. '

Also, suppose the director decides that the prediction function p,;A) (15 X, X5, X4)
would be considered adequate for predicting values of Y if a proportion p = 0.95 of
the Y values being predicted are within 0.8 grade point unit of u§;" (x5 X9, X3, X4),
ie., if zyg;504 < 0.8, or equivalently, o, < 0.8/1.96 = 0.41. Likewise, the pre-

diction function /.ng )(x3,x4) would be adequate for predicting values of Y if a
proportion p = 0.95 of the Y values being predicted is within 0.8 grade point
unit of p}B) (x3, x4), i.e., if o5 < 0.41. We now examine the adequacy of model A
and model B and also compare them relative to oné another. Assumptions (B) for
regression are presumed valid. :

To obtain the required point estimates and confidence intervals we need
SSE(X3,X,) and SSE(X,, X,, X, X,;). We can get these from the ANOVA tables for
the models in (4.9.24) and (4.9.25) given in Exhibit 4.9.1. :

The standard deviation o for model B is estimated to be 0.3771 (see (4.9.26)).
A 90% confidence interval for oy is given by the statement -

€[0.296 < o5 < 0.528] = 0.90
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— ExHIBI1T §.0.1
. ... MINITAB Output for Example 4.9.4

Regression Analysis for Model B

The regression equation is

gpa = - 0.340 + 0.417 hsmath + 0.579 hsengl

Predictor Coef Stdev t-ratio P

Constant -0.3400 0.5644 -0.60 0.555

hsmath 0.4171 0.1054 3.96 0.001

hsengl 0.5790 0.1857 3.12 0.006

s = 0.3771 R-sq = 67.1% R-sq(adj) = 63.2% (4.9.26)

Analysis of Variance

SOURCE DF Ss ' MS F P
Regression 2 4.9278 2.4639 17.32 0.000
Error 17 2.4180 0.1422

Total 19 7.3458

Regression Analysis for Model A

The regression equation is
gpa = 0.162 + 0.00201 satmath + 0.00125 satverb +
0.189 hsmath + 0.088 hsengl

Predictor Coef Stdev t-ratio P
Constant 0.1615 0.4375 0.37 0.717
satmath 0.0020102 0.0005844 3.44 0.004
satverb 0.0012522 0.0005515 2.27 0.038
hsmath 0.18944 0.09187 2.06 0.057
hsengl 0.0876 0.1765 0.50 0.627
s = 0.2685 R-sq = 85.3% R-sq(adj) = 81.4% (4.923)

Analysis of Variance

SOURCE DF ss MS F p
Regression q 6.2643 1.5661 21.72 0.000
Error 15 1.0815 0.0721

Total 19 7.3458
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From this the director of admissions can conclude, with 90% confidence, that o
is between 0.296 and 0.528 grade point unit. Thus she is led to conclude that more
information is necessary to decide whether or not model B is adequate for predicting
Y.

The standard deviation o, for model A is estimated to be 0.2685 (see (4.9.27)),
and a two-sided 90% confidence interval for o4 is given by

-C[0.208 < 04, < 0.386] =0.90

From this interval the director can conclude, with 90% confidence, that o, is between

0.208 and 0.386 grade point unit. Thus, according to the criterion of adequacy stated

Tests for plz,(x

m+1°°°"

earlier, she might conclude that model A is adequate for predicting Y.
A point estimate of op/0, is 65/6,4 = 0.3771/0.2685 = 1.404, i.e., 0 is esti-
mated to be about 1.404 times as large aso,. =

2
X)X, X, and Pyx,,...X})

‘When comparing the performances of the two regression functions, ugq ) (g5 eeevXg)
in (4.9.2) and u(YB) (%15 ..+, X,) in (4.9.3), it is common to formulate this as a hy-
pothesis testing problem. The null and the alternative hypotheses considered are

. 02 —
NH: oy x .. x)1X,...x, =0
or, equivalently, Oyx X, = Oyix ,.X
e oK
or, equivalently, 8, ., =---= B, =0
versus (4.9.28)

AH: pf,(x

m41°°""Y

or, equivalently, at least one of 8, TR B, is nonzero

This test procedure is given in Box 4.9.3 and is valid.if assumptions (A) or (B) hold.

Hypothesis Test for pf,(xm’_“ XIX,X, .
For a size « test of the NH versus AH in (4.9.28), compute -
SSEX,, ..., X,) — SSE(X;, ..., X)1/(k = m)
MSEXy,....X) -
The P-value for the test is the value of o for which F = F,

'FC=

»a:k—rr},nvkél :

_The quantities SSE(X, ..., X)), SSE(X,,...,X,), and MSE(X,, ..., X,) can
_be obtained by regressing Y on X;, ..., X, ;andYonX,,... . X,. -~ = =
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Authors’ Recommendation

To determine whether the regression function uy(x,,...,x;) is adequate for
predicting Y, we recommend that a confidence interval for OYiX,....X, be exam-
j

ined. To decide whether the regression function ugﬁ‘) (x;, - ., x;) or the function
ud (x;, ..+, X,,) should be used to predict ¥, we recommend that confidence
intervals for each of the two standard deviations, UHX.-"--X. and "r;x,.... X be
examined. Additionally, the investigator may want to examine a confidence inter-
val for oy X,,...X /oy X,,..X," Equipped with such information, the investigator is
better able to make a practical decision, taking into account such factors as cost
of obtaining the observations for the variables under consideration, the desired
level of accuracy of the predictions, etc. Do not settle for hypothesis tests only
and thus waste valuable information contained in the data.

T Problems 4.9

e 491 Consider the data of Problem 4.8.3 given in Table 4.8.4. An investigator is studying
a population of males who have lived in mountain isolation for several generations
and wants to investigate the relationship between the heights Y of these males at age
18 years and the following variables.

X, = length at birth

X, = mother’s height at age 18

X = father’s height at age 18

X, = maternal grandmother’s height at age 18
X = matemnal grandfather’s height at age 18
X¢ = paternal grandmother’s height at age 18
X, = paternal grandfather’s height at age 18

All heights and lengths are in inches. A simple random sample of 20 males of
age 18 or more was drawn from the study population, and all the preceding in-
formation was recorded. The data are also stored in the file agel8.dat on the data
disk. Assumptions (B) are presumed to hold. The investigator will consider a pre-
diction function to be adequate for predicting values of Y if a proportion p = 0.90
of the Y values in the population are within d = 2.0 inches of the corresponding
predicted value py(xy, ;..,%;). You can use the computer output (obtained using
SAS) in Exhibit 4.9.2 to answer questions (a)—(d). Model 1 is the regression of Y on
X,.X;, X3, X,, X5, Xg, X5. Model 2 is the regression ofYonX, X;, X;.
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exuHisrT §.9.1
SAS Output for Problem 4.9.1

The SAS System 0:00 Saturday, Jan 1, 1994
Model: MODEL1 . Dependent Variable: Y

Analysis of Variance

Sum of Mean

Source DF Squares Square " F Value Prob>F
Model 7 133.65740 19.09391 18.955 0.0001
Error R B~ 12.08810 1.00734
C Total 19 145.74550

Root MSE 1.00366 R-square 0.9171

Dep Mean 68.53500 Adj R-sq 0.8687

C.V. 1.46445

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 ~78.268378 26.96236510 -2.903 0.0133
X1 1 1.371816 0.52067159 2.635 0.0218
X2 1 0.782423 0.19923906 3.927 0.0020
X3 1 1.051413 0.13581316 7.742 0.0001
X4 1 -0.119914 0.17173269 -0.698 0.4983
X5 1 0.091436 0.13011662 0.703 0.4956
X6 1 0.088343 0.16132682 0.548 0.5940
X7 1 -0.101743 0.15489810 -0.657 0.5237

Model: MODEL2
Dependent Variable: Y

Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Prob>F
Model 3 131.89367 43.96456 50.783 0.0001
Error 16 13.85183 0.86574
'C Total 19 145.74550
Root MSE 0.93045 R-square 0.9050
Dep Mean 68.53500 Adj R-sq 0.8871

C.V. 1.35763
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ExuHiBiT §.§.1

i (Continued)
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 -78.232762 13.23928437 -5.909 0.0001
X1 1 1.350302 0.44744522 3.018 0.0082
X2 1 0.692465 0.16017457 4.323 0.0005
X3 1 1.102495 0.09907801 11.128 0.0001

Consider the following two regression functions:

model A: i Gy, X X3, X0 X5, X2 %7) = B + Bfxy + By + Bfx3
+Bixy + Bixs + Boxg + Bixy
- model B: ugf)(xl,xz,xﬁ = B8 + B%x, + BBx, + BEx,
a Compute an appropriate 80% confidence statement to help the investigator de-
cide whether model A is adequate for predicting Y.

b Compute an appropriate 80% confidence statement to help the investigator de-
cide whether model B is adequate for predicting Y.

¢ Explain the meaning of

2 2 2 2
Py (Xt'Xs'xs'Xﬁ Py (xl 'xz'xs) pY(Xl.X’,X‘.X.,)IXl 'xz'xa p}'(Xl,Xz,XS,X‘,XS,Xs,X,)
Obtain point estimates for

2 2 2
PYX X, X))  PYOX XXX XX, PYOXX, XX XX,
d Estimate the ratio og/0,.

4.10
Comparing Two Multiple Regression Models (Nonnested Case)

The problem of comparing the performances of two regression functions for predict-
ing ¥ was considered in Section 4.9 for the situation where the set of predictor vari-
ables X, ..., X,, used in one regression function u§?’ (x5 - - -+ X,,,) is a subset of the
predictor variables X, .. ., X; used in the other regression function u,.(")(xl yeeor Xg)
For brevity we referred to these two regression functions as model B and model A,
respectively, and the fact that the set of predictor variables in model B is a subset of
the set of predictor variables in model A was expressed by saying that model B is
nested in model A.
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However, in practice, situations arise where an investigator is faced with choos-
ing between two models when neither model is nested in the other; i.e., there are
predictor variables in one set that are not in the other set and vice versa, although
some of the predictor variables may belong to both sets. To avoid any possible confu-
sion in the notation, we use superscripts A and B to represent the predictor variables
in the two sets, respectively. In this section, model A may not contain the full set
of k predictors but contains only r(r < k) of the k predictors X, ..., X;. Thus the r

predictor variables in model A will be denoted by X%, .. XA and the m predictor
variables in model B will be denoted by X2, .. XB To relterate, there are predictor
variables in model A that are not in model B, and there are predictor variables in
model B that are not in model A. Additionally, there may be some predictor variables
that occur in both model A and model B. We denote the union of the two collections
of predictor variables, X{,...,X# and X2,..., X2, by the collection X Xy
ie, Xy, ..., X} include all the predictor variables that are in model A or model B.
The choice of a model (model A or model B) for predicting ¥ depends not only
on how good one prediction function is relative to the other but also on many other
things, including costs involved in using one set of predictor variables relative to the
other set, etc. We discuss this problem of comparing two nonnested models under
the assumption given in Box 4.10.1 below.

Assumpnons fur Comparmg 'I'wo Nonnested Models |

Throughout this section we suppose that assumptxons (B) for regressxon
hold for {(Y, Xiv.o o X)) Consequently, assumptions (B) also hold for -
(v, x4,...,x4) and ((r,x8,...,x5). In paxncular, the sample data are -

. -obtained by 31mp1e random samphng

As a consequence of this assumption, the regression function corresponding to model
A is of the form

P, . ) = B+ B 4+ A (4.10.)
while the regression function corresponding to model B is of the form
uy 0o xm) = B0 + B0 + -+ Bl (a102)

ExAMmPLE }.10.1

To illustrate the notation of this section, consider the setup in Example 4.4.2. Sup-
pose the director of admissions wishes to compare the performances of the regres-
sion function of ¥ on X; (HSmath) and X, (HSenglish) (call this model A) and the
regression function of ¥ on X; (SATmath) and X, (SATverbal) (call this model B) as
predictors of Y. Since the assumption in Box 4.10.1 implies that both three-variable
populations, {(Y, X;,X,)} and {(Y, X}, X,)}, satisfy (population) assumptions (B),
the regression function of ¥ on Xj, X, is of the form

(A
1) (i3, x0) = B + Bixs + Bix,



4.10 Comparing Two Multiple Regression Models (Nonnested Case) N

and the regression function of ¥ on X, X, is of the form

uy (1. x) = B + B{x, + Bix,

Here the value of r is 2 and the value of m is also 2. The predictor variables in
model A are {X4, .. XA} = {X;, X,}, while the predictor variables in model B are
(XB yonn ,,,} = {X,, X,}. Since neither model is nested in the other, the discussions
of Sectlon 4.9 do not apply. You must use the discussions in this section. Observe
that the union of the two sets of predictor variables has k = 4 predictors and is the
set {X,, X, X5, X,}.

If on the other hand the director of admissions were interested in comparing the
model

A
) (xy x5, %) = B + Bix, + Bixs + Bz,
with the model
uy 0, %) = B8 + BYx, + 5,
then we would have r = 3 and m = 2. The predictor variables in model A would
be (X4, ..., X4} = {X;, X3, X,}, while those in model B would be {X¥,...,XB} =

X, X,}) The union of the two sets of predictor variables is the set {X;, X,, X3, X4}
so that k = 4. Note that X, appears in both sets of variables.

For notational convenience, let g, denote oy y4 x4, the subpopulation standard
deviation for model A, and let op denote Oy IXe,... X2 the subpopulatlon standard

deviation for model B. If 6, < oy, then the regressnon function YV, ..., x4) is
a better predictor of Y than the regression funcuon p. (.\", . m)- On the other
hand, if o, > op, then the xegressnon function u. (xf seens X,’,’,) is a better predictor
of Y than the regression function ujy (<}, ... r‘) In practice it is highly unlikely
that the two standard deviations will be exactly equal. So the investigator is actually
interested in knowing how much bigger or smaller o, is than oy,. The obvious
approach is to examine the point estimates and confidence intervals for both o, and
ag. However, one could additionally calculate a confidence interval for the ratio
og/0, and make a practical decision based on these results.

A procedure for computing a two-sided confidence interval for o3 /0, with con-
fidence coefficient greater than or equal to 1 — & is given in Box 4.10.2. This proce-
dure uses the Bonferroni method.

B OX 4 . ] I] . 2 Two-Sided Confidence Intervals for o3 /5, Using the Bonferroni Method
. 1 Let r and m denote the number of predictors in models A and B, respectively,
and let n be the number of sample observations.
2 Regress Y on the predictors in model A and obtain the sum of squared errors
SSE(A).
3 Regress Y on the predictors in model B and obtain the sum of squared errors
SSE(B).
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4 ‘Compute al—af 2 two-snded conﬁdence mterval for ¢ aA, which is glven by L
. ' C[LA <aA <UA]—1—-—a/2 '

[ SSE®) :SSE(A)"
A .. . Xl—a/4 n—r-. ; _
5 Compute a l —a/2 two-sxded conﬁdence mterval for I, Wthh is glven by L

C{LB < aB < UB] =1- a/2 R

and . . UA:: :
: Xa/4n—r—-1

' where

. SSE(B). T .'SSE('E.?). :

e Cwd U=

o Lo Xl--a/4 n—m—1 ) ) Xa/4 n—m—-l '
-6 -We have the followmg conﬁdence statement for aB /orA _
B C[LB/UA < GB/UA E UB/LA] > . ._
- T Equxvalently, a conﬁdence statement for oy /oB 1s ngen by
o , C[LA/UB < UA/GB < UA/LB] > l1-a
o 8 Ifonly a one~s1ded conﬁdence bound is needed then exther : |

C[LB/UA < aB/aA] > l —a/2

Cer
| | C[aB /orA U /LA] > 1 ~ a/2
B ._maybeused _ L .

We illustrate the procedure described in Box 4.10.2 in Example 4.10.2.

ExavmpLE L1012

In Example 4.4.2, suppose the director of admissions wants to determine how much
better, or worse, the set of predictors {X, X,} is for predicting Y = GPA than the
set of predictors {X;, X,}. As required in Box 4.10.1, we suppose that (population)
assumptions (B) hold for the five-variable population {(Y, X,, X,, X3, X,)}. Hence
the two regression functions being compared are of the form

1 (g, %) = B + Bix; + Bix, (4103)
and
2P (x,,x,) = BB + BPx, + BBx, (4.104)

For this purpose we compute a confidence interval for the ratio og/0,. If model A is
judged to be better than model B, then the director of admissions will consider the
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possibility of not requiring applicants to submit their SAT scores (although such a
decision would perhaps be based on more elaborate studies).

By examining Box 4.10.2, we see that to compute confidence intervals for o3 /0,
we need SSE(X;, X,) and SSE(X;, X,), the sum of squared errors for the models in
(4.10.3) and (4.10.4). These sums of squares can be obtained from the ANOVA
tables for these models. We have obtained them using SAS and they are given in
Exhibit 4.10.1 and Exhibit 4.10.2, respectively.

We obtain SSE(A) = SSE(X3,X,) =2.41803, SSE(B) =SSE(X,,X,) =
1.38838, 6, = 0.37714, and G, = 0.28578. The table-values needed to calcu-
late L,, Uy, Ly, and Uy in Box 4.10.2 can be obtained from Table T-3 in Appendix
T, although interpolation may be required for some values of a and/or degrees of
freedom.

In this example, for a 95% two-sided confidence interval for oz/0,, we need
the values of X3/4n_r—1 = X30125:17 30 X{—g/4n—r—1 = Xg.9875:17 for computing
L, and U, respectively. These are also the table-values for computing Ly and Uy
in this example because n — m — 1 is also equal to 17. These table-values (obtained
from SAS) are

2 2
Xoggrs:7 =32644  and  xq 025,17 = 6.664

so the value of L, is 0.272, and the value of U, is 0.602. We also have Ly = 0.206
and Up = 0.456. From these we obtain the following confidence statement:

Cl0.342 < gp/a, < 1.678] > 0.95 (6.105)

.Thus there is no clear-cut evidence indicating the superiority of one model over
the other. The director of admissions will have to decide, based on the confidence
interval in (4.10.5), either

«  that the ratio og/0, is close enough to 1 that for this problem the two models
can be considered to be equally good for predicting GPA, or

= that the sample size is not large enough to determine, sufficiently precisely, the
amount by which o, is larger or smaller than g, and additional data are required
for making a decision. =
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exuaisIiT §.10.1
SAS Output for Model A in Example 4.10.2

The SAS System 0:00 Saturday, Jan 1, 1994

Dependent Variable: GPA

Analysis of Variance

Sum of Mean

Source DF Squares Square F Value Prob>F
Model 2 4.92779 2.46389 17.322 0.0001
Error ' 17 2.41803 0.14224
C Total 19 7.34582

Root MSE 0.37714 R-square : 0.6708

Dep Mean 2.59300 Adj R-sq 0.6321

c.V. 14.54467

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 - =0.340013 0.56441815 -0.602 0.5548
HSMATH 1 0.417116 - 0.10544213 3.956 0.0010

HSENGL 1 0.579021 0.18573410 3.117 0.0063
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 exHi1B1T §10.2
[

SAS Output for Model B in Example 4.10.2
The SAS System 0:00 saturday, Jan 1, 1994

Dependent Variable: GPA

. Analysis of Variance

Sum of Mean

Source DF Squares Square F Value Prob>F
Model 2 5.95744 2.97872 36.473 0.0001
Error 17 1.38838 0.08167
C Total 19 7.34582

Root MSE 0.28578 'R-square 0.8110

Dep Mean 2.59300 Adj R-sq 0.7888

Cc.v. 11.02117

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 0.507142 0.26672665 1.901 0.0743
SATMATH 1 0.002606 0.00044323 5.879 0.0001

SATVERB 1 0.001574 0.00055547 2.834 0.0115
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7% Problems 4.10

4101 Consider the GPA data of Example 4.4.2 where we presume that assumptions (B)
are valid. Exhibits 4.10.3-4.10.6 give MINITAB computer outputs for the following
regression functions.

1 Model A: pP(x)) = B + Bfx,.
Model B: P (x,) = BE + B2x,.
Model C: 1 (x3) = B + S x.
Model D: P (x,) = 8L + BPx,.

The director of admissions asks you to determine how much better (or worse) X,
(SATmath) is as a predictor of ¥ than X; (HSmath) is as a predictor of Y.

i Obtain 95% confidence intervals for Oyx and Oyix, -
1 3

(=]

ii  Obtain a two-sided 90% confidence interval for oy y /oy .
1 3

b The director of admissions asks you to determine how much better (or worse) X, '
(SATverbal) is as a predictor of Y than X, (HSenglish) is as a predictor of Y.

i Obtain 95% confidence intervals for oy)y and oyy .
ii Obtain a two-sided 90% conﬁdence interval for oy, /"le
¢ Write a short report to the director of admissions summarizing the results in (a)

and (b).

exuisrt §.10.3
MINITAB Output for Problem 4.10.1
Regression of Y = GPA on X; = SATmath

The regression equation is
GPA = (0.967 + 0.00318 SATmath

Predictor Coef Stdev t-ratio P

Constant 0.9670 0.2496 3.87 0.001°

SATmath 0.0031783 0.0004652 6.83 0.000
= 0.3370 R-sq = 72.2% R-sq(adj) = 70.6%

Analysis of Variance

SOURCE DF SS MS F o)
Regression 1 5.3015 5.3015 46.68 0.000
Error 18 2.0443 0.1136

Total 19 7.3458
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exuisir 4.10.4
MINITAB Output for Problem 4.10.1
Regression of Y = GPA on X, = SATverb

The regression equation is
GPA = 1.13 + 0.00306 SATverb

Predictor Coef
Constant 1.1281
SATverb 0.0030630
s = 0.4837 R-sq = 42.7%

Analysis of Variance

SOURCE DF SS
Regression 1 3.1350
Error 18 4.2108
Total 19 7.3458

exuisirr §.10.5
MINITAB Output for Problem 4.10.1
Regression of ¥ = GPA on X, = HSmath

The regression equation is
GPA = 1.15 + 0.507 HSmath

Predictor Coef
Constant 1.1473
HSmath 0.5066
s = 0.4595 R-sq = 48.3%

Analysis of Variance

SOURCE DF SS
Regression 1 3.5454
Error - 18 3.8004

Total 19 7.3458

Stdev
0.4145
0.0008367

Stdev
0.3675
0.1236

t-ratio P
2.72 0.014
3.66 0.002

R-sg(adj) = 39.5%

MS F P
3.1350 13.40 0.002
0.2339

t-ratio pod

3.12 0.006
4.10 0.001

R-sqg(adj) = 45.4%

MS F P
3.5454 16.79 0.001
0.2111
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exuHIis1T 4.10.6
MINITAB Output for Problem 4.10.1
Regression of Y = GPA on X, = HSenglish

The regression equation is
GPA = 0.249 + 0.779 HSengl

Predictor Coef Stdev t-ratio P
Constant 0.2487 0.7332 0.34 0.738
HSengl 0.7790 0.2407 3.24 0.005
s = 0.5079 R-sq = 36.8% R-sq(adj) = 33.3%

Analysis of Variance

SOURCE DF SS MS F P
Regression 1 2.7019 2.7019 10.47 0.005
Error 18 4.6439 0.2580

7.3458

Total 19

Lack-of-Fit Analysis

In Sections 4.9 and 4.10 we discussed the important problem of determining which
of two regression functions is better for predicting Y. The two regression functions
being compared used different sets of predictor variables, say A and B. Both model A
and model B were multiple linear regression models. For instance, in Example 4.9.4
we compared the regression function

wP %y %3, %0) = B + Bixy + Bixy + Bixs + Bix,
with the regression function
B
1P (x5, xg) = BE + BEx; + Bx,
Here A is the set {X,,X,, X3, X,}, and B is the set {X3, X4} (B is nested in A). In
Example 4.10.2 we compared the regression function
A
i ey, x,) = B + Bix; + Bixy
with the regression function '
B
uy (1, 3) = B3 + Bl + By

Here A is the set {X;, X,} and B is the set {X,, X, } (neither set is nested in the other).
In both examples the regression functions being compared have known forms; in
fact, they are both multiple linear regression functions.

In many real problems investigators do not know the population regression func-
tion uy(x) or even its form. In such instances the investigator may want to find
a prediction function whose mathematical form is reasonably simple and which
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approximates the true, but unknown, regression function adequately for the problem
at hand. It is very unlikely that population regression functions are simple functions
of the form g, + B,x or B, + ﬂlxz, etc., but it is often the case that they can be well
approximated by simple functions such as these. Figures 4.11.1-4.11.3 illustrate the

point.

[: rF1guRrE 4111

~———Population regression function
------- Straight line prediction function -’

E r1cgureEe §.11.1

= Population regression function 3
------- Quadratic prediction function
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ri1cgureE §.11.13

o  Population regression function ?
+  Straight line prediction function
?
+
o
F]
?
$
?
L { 4 s 1 3
0 1 2 3 4 5

In Figure 4.11.1 a linear prediction function may be an adequate approximation
to the regression function, and in Figure 4.11.2 a quadratic prediction model may
be a satisfactory approximation to the regression function. In Figure 4.11.3 the
population regression function is defined only at isolated values of the predictor
variable X (for example when X is the number of children in a household), so the
graph of the population regression function is not a continuous curve. In any event,
since the population regression function uy (x) can perhaps never be known exactly,
we replace it with a function Py, (x) whose form is known and which is an adequate
approximation to the population regression function. In these cases we are interested
in the difference :

Uy ) — Py(x)

to determine if indeed the function Py (x) is an adequate approximation to the true
unknown population regression function uy (x), at least for the X values of interest in
the investigation. When sample data are available, plots of the sample data are often
useful in developing suitable classes of functions to consider in an attempt to find
such an approximation to the regression function. We illustrate with two examples.

ExampLE LI

In using a regression function for predicting blood pressure (Y) as a function of
age (X) for men between the ages of 20 and 50 of a certain ethnic background, an
investigator is not sure what the regression function is. The conjecture is that the
function Py (x) = B, + Byx will provide an adequate approximation, and data are
collected to check whether this is indeed the case. ® -
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ExampLE LI1.1

An investigator wants to find a prediction function for predicting Y, the first-year
maintenance cost of a new car, using the predictor variable X, the miles the car is
driven the first year. He has reason to believe that the regression function uy (x) of Y
on X can be adequately approximated by a quadratic function of X of the form

Py() = By + Bx + B

Data are collected to see whether this is in fact an adequate model to use for predict-
ing Y, the first-year maintenance cost. =

When there is only one predictor variable, straight line functions of the form

Py(x) = By + B

are useful in many situations. If the plot of the sample data suggests that a straight
line function may serve as a good approximation to the regression function, then an
obvious question of interest to the investigator is: What is the difference between
the true unknown regression function py(x) and the proposed straight line function
Py(x) = By + Bx?

In the rest of this section we explain a procedure for answering this question.

Lack-of-Fit Analysis for Straight Line Prediction Functions

Suppose that an investigator who is interested in studying the relationship between
a response variable Y and a predictor variable X for a < X < b obtains a sample of
size n by simple random sampling or by sampling with preselected X. Let x,, .., X,
denote the distinct x values in the chosen sample. Suppose (conceptually) that the
entire subpopulation corresponding to each x; in the sample is available. We can
then calculate the corresponding subpopulation means py(x,), ..., py(x,,), which
we denote by p,, .-, i,,, respectively, for ease of notation. Figure 4.11.1 shows
one example of what the graph for uy (x) may look like; it is obtained by plotting
the mean of ¥ for each subpopulation corresponding to each distinct value of X in
the sample. These subpopulation means u; need not lie exactly on a stmght line,
but they may lie approximately on a straight line (e.g., Figures 4.11.1 and 4.11.3). If
this is so, it seems reasonable to use the least squares straight line fitted to the points
G 2)s -+ -y (X, 12,) @s an approximation to the true regression function gty (x).
We denote this least squares straight line function by

- Py(x) = By + B\x (a11.1)

where

Y O =D, — i)
=1 O = %’

The function in (4.11.1), in general, is not the population regression function of Y
on X (unless it so happens that the population regression function is truly a straight
line), but it is the least squares straight line approximation to the regression function

B, = and  By=pa—-BxF (N2
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at the points xy, ..., x,,. We refer to the function Py (x) as the proposed prediction
function. Because the p; are not known, B, and B, are also unknown, but we can
estimate them by collecting appropriate sample data and using the fact that y; is an
estimate of u; fori=1,...,m.

Let 6,,i =1, ..., m, denote the differences between the unknown population
regression function i, (x) and the proposed prediction function Py (x) at the sample

points x,, ..., x,, respectively. Thus
6, = Ilvy(x,') - Py(xi) = I"'Y(xi) —[By + Byx;] (4.11.3)
The quantities 6, .. ., 8,, are called lack-of-fit constants. If the 8, are small enough

so that the investigator can regard them as being negligible for the problem under
consideration, then the proposed straight line function will be an adequate approxi-
mation to the unknown population regression function (which is the besr prediction
function), at least for the values of X in the sample. For this reason we want to
investigate the lack-of-fit constants 6,, ..., 6,,.
Remarks Traditionally, statisticians and practitioners have examined the differences
iy (x) — Py (x) by performing the following hypothesis test:

NH: uy() =g8y+ Bx against AH my(x) # By + B1x (4.114)

If NH is rejected at level «, then the investigator might conclude that the proposed
straight line prediction function Py (x) = B, + B, is not the frue regression func-
tion. The test in (4.11.4) is often called a lack-of-fit test. The difficulty with this
test is that the result of the test does not shed any light on the actual magnitude of
the difference between the proposed prediction function and the unknown popula-
tion regression function. The differences (the values of the 6,), even if detected by
the test (i.e., if NH is rejected), may be negligible for the practical problem being
investigated. On the other hand, if the NH is not rejected, it does not imply that the -
proposed prediction function is indeed the true regression function, or even that it is
a good prediction function for the problem. Thus a hypothesis test for lack-of-fit is
of very little value when practical decisions are to be made. We therefore proceed to
describe methods for obtaining point and confidence interval estimates of the lack-
of-fit constants 6,, .. ., 8,,. This information can be used by the investigator to decide
whether the differences between the proposed prediction function Py (x) = By + Bx
and the true, but unknown, regression function . (x) are negligible for all practical
_purposes for the problem under study.

Estimation and Confidence Intervals for Lack-of-Fit Constants for Straight
Line Prediction Functions

To obtain point and confidence interval estimates for the lack-of-fit constants
0;,....6,, we must obtain sample data from the two-variable population {(Y, X)}
and make some assumptions. We make the assumptions given in Box 4.11.1.
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B O X 4] ] ] (Straight Line) Lack-of-Fit Assumptions

-

1 The form of the regression function py(x) of Y on X is unknown.

2 The investigator is interested in determining whether the straight line func-
tion Py (x) = B, + B,x, which is the least squares approximation to the true
regression function at m (m > 2) distinct points x,, ..., x,, between a and
b (see Figures 4.11.1 and 4.11.3), provides a good approximation to s (x).

The points (x,, ..., x,,) are preselected by the investigator.

3 The subpopulation of Y values determined by X = x; is a Gaussian popula-
tion with mean uy (x;) (written p; for short) and standard deviation oy (x;)

(written simply as o;), both of which are unknown.
4 o0, =0, =--- =0, and their common value is denoted by o.

§ From each subpopulation in (3), determined by X = x;, a simple random
sample of n; items is selected. The Y values of these sample items are denoted
by ¥; 1s Y2 -« +» Yi n - Furthermore, n; > 1 for all i, and n; > 1 for at least one
value of i. The sample sizes ny,...,n, are selected by the investigator. The

total number of observations in the sampleisn =n; +---+n,,.

Remark Although part (5) requires only that n; > 1 for at least one value of
i, it is desirable to choose the values of n; so that the quantity E;’;l(n,- -D=
(n — m) is not too small because, as we see later, the estimate of o is based on

(n — m) degrees of freedom.

— 1 ABLE §.11.1

X Y Mean of Estimate of Estimate of
Values Values Y Values u; o;
n <12
I . . 24101, - %)
X y gesey = — s = g, = —_—
1 Y1002 Vi, N n j;l)’l., " =N 1 \ (n, -1
N =32
- 1 & PO n E—_q(yz,j =¥
. yeany = — . = O =
Xy Y2,10Y2,2 Y2,n, Y2 " le)'z, i H2=Y; 2 \ (n,— 1)
. - —
_ 1 & " - N I Ej:'l(ym.j —Vm)
Xm ym.l’ym,Z'""ym,n”l Im = ;—Zym.j Hpy = O = -1
m j=1 m

n
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A schematic representation of the sample data is given in Table 4.11.1. This table
also displays estimates of the subpopulation means ; and standard deviations o;.
The point estimates of B, and B, we use are (substituting y, for u; in (4.11.2))

"2 Z;'n—l(xi_i)(yi"'s’) T oA _
= = and =y—8,X (4.11.5)
SRR oA
where
1 e kY ese Y X ees
Vi=— 3 Y = Nt At (4.1156)
mia m m

The point estimate of

Py(x) =By + Byx
is

Py =By +hyx

and the point estimate of 6, is

'é,.-_eyi-ﬁy(x‘.).q{_ﬁoﬁé]xi for i=1,2,...,m @M1

where ,30 and l§1 are computed by (4.11.5); i.e., by regressing the means y,, ..., ¥,
onx,...,x,, the distinct x values. Thus

B=@ATa) ATy (a11.8)
where
1 x 5
B= [‘30] A= 1 x.z y= 72 (a11.9)
By Do :
1 x, Y
Note If we regress the means y; on the distinct x; values for i =1,...,m, then

the é,- in (4.11.7) are obtained by the same formulas by which the residuals &; were
computed in (4.4.12).

We can obtain confidence intervals for 8, ..., 8,, such that all m intervals are
simultaneously correct with at least (1 — a) confidence. The confidence interval for
6, is of the same form as in (4.6.1), viz.,

§; — (table-value) SE()) < 6, < §,+ (table-value) SE(6,) (a11.10)

where

SE@) =6.,/v; (@.11.1)
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The quantity v; in (4.11.11) is the ith diagonal element of the matrix V, which is
given by
V = 0DQ" n.12)
with
Q=I-A@ATA)" 14T (8.11.13)
where I is an m x m identity matrix and
Iyn, 0 0... O
0 1/, 0... O

D= (4.11.14)

o 0 0 1/

Thus D is a diagonal matrix with the ith diagonal element equal to 1/n;. Also,
&2 = Z("i _ 1)612

- 4.11.15)
2 —1) ¢
where
1
A.Z R T i - *. 2 o .
SR ;‘yt,j ¥ (4.11.16)

for those x; with n; > 1 (we take 6,~2 to be zero if n; = 1). The table-value is the
smaller of the two values

Neopmga 4 JWWF)_ggp 4

with dfn = m — 2 = degrees of freedom for the numerator, and dfd =n—m =
degrees of freedom for the denominator. The table-value ¢; Jam:dra ©an be obtained
from Table T4 in Appendix T, and F, —acdfn.dfd SN be obtained from Table T-5, also
in Appendix T.

The quantity Z(n,- - l)&,-2 in the numerator of (4.11.15) is usually referred to as
the sum of squares for pure error (denoted by SS(Pure error)), and the quantity
3_(n; — 1) in the denominator of (4.11.15) is called the degrees of freedom for pure
error denoted by df (Pure error). The estimate of o2 is called the mean square for
pure error and is denoted by MS(Pure error). Thus we have

Tr 0= %)

SS(Pure error) = ST -1 = (n— m)é? (3.11.17)
df(Pureerrory =n—m (4.11.18)

and
MS(Pure error) = (4.11.19)

‘We illustrate these computations in Example 4.11.3.
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ExampLE §11.3

Consider Example 4.11.1 where an investigator is studying the relationship between

age and blood pressure of men of certain ethnic background. Suppose the investiga-

tor preselects five distinct values of age, chooses several men using simple random
sampling from each of the five selected age groups, and records their ages (x; values)

and blood pressures (y; values). Using these sample data, we want to check whether

Py (x) = By + B,x is close enough to the unknown regression function py(x) so

that Py (x) can be used to predict blood pressure using-age. The data appear in Ta-

ble 4.11.2 and in the file bp.dat on the data disk. There are five subpopulations

represented in the sample, so m = 5. Also

n=25 n =4 ny=35 ny; =6 n,=6 ns =4

The distinct values of x are 23, 30, 35, 40, and 45. The estimated values of the

subpopulation means corresponding to the distinct values of x are .

¥, =108.250 y, =114.400 y,=121.833 y, =134.167 y5=142.000

respectively.

The estimated values for the corresponding subpopulation standard deviations
are 6, = 3.775, 6, = 2.191, 6, = 5.456, 6, = 2.401, and 65 = 3.830. So the esti-
mate of o is

5 \l i1~ D3

2 (= 1)

‘/ 3(3.775)% + 4(2.191)2 + 5(5.456)2 + 5(2.401)2 + 3(3.830)2
34+44+5+5+3
taBLE L§.11.1
Blood Pressure Data
Item Blood Pressure Age jtem Blood Pressure Age
Y X Y X
1 104 25 14 114 35
2 107 25 15 121 35 1.
3 113 25 16 o132 40
4 109 25 17 132 40
5 114 30 18 133 40
6 114 30 19 134 40
7 114 30 20 136 40
8 118 30 21 138 40
9 112 30 22 141 45
10 127 35 23 145 45
11 125 35 24 145 | 45
12 127 35 25 137 45
13 117 35
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The A matrix and the y vector in (4.11.9) are

1 25 108.250
1 30 114.400
A=]1 35 y=] 121.833 {4.1120)
1 40 134.167
1 45 142.000

A MINITAB output for calculating the regression of ¥ on the distinct values of X
appears in Exhibit 4.11.1. .
From the residuals in (4.11.21) we note that §; fori = 1, ..., 5 are
6,=157340 6, =-1.00330 6;=-2.29700 &, =131030
b5 = 0.41660

We obtain u; fori=1,...,5 from the diagonal elements of the matrix V in Ex-
hibit 4.11.1, which was computed using the formulas in (4.11.12)(4.11.14). We
get
v, =0.088667 v,, =0.146333 v, = 0.141333 vy, = 0.130333
v5s = 0.083333
To calculate the standard errors of the é,- we use the formula in (4.11.11) and get
SE@)) = 1.12140
SE(9,) = 1.44063
SE(6,) = 1.41580
SE(6,) = 1.35959
SE(9) = 1.08715

The table-value needed for computing 95% confidence intervals for 6; is the smaller
of the two values

VO -DF o nm = SFogsam =v3G.10) =3.05

! —aj2m20 = 099520 = 2845

obtained from Tables T-5 and T-4 in Appendix T, respectively. Hence the required
table-value is 2.845. The confidence intervals for 6, are

—1.617 <6, <4.764

-5.102 < 6, <3.095

—6.325 <0, < 1.731

—2.558 <0, <5.178

—2.676 < 65 < 3.509

and
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exuisrr 4.11.1
MINITAB Output for Example 4.11.3

The regression equation is
ymeans = 63.0 + 1.75 x

Predictor Coef Stdev t-ratio P
Constant 63.043 4.255 14.82 0.001
x 1.7453 0.1192 14.65 0.001
s = 1.884 R-sq = 98.6% R-sq(adj) = 98.2%
Analysis'of Variance
SOURCE DF SS MS F P
Regression 1 761.55 761.55 214.54 0.001
Error ' 3 10.65 3.55
Total 4 772.20
means distinct residuals
of x =estimate
y values of theta(i)
108.250 25 1.57340 (4.11.21)
114.400 30 -1.00330
121.833 35 -2.29700
134.167 40 1.31030
142.000 45 0.41660
MATRIX (ATA)~!:
5.100 ~0.140
-0.140 0.004
MATRIX D
0.25000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.20000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.16666667 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.16666667 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.25000000
MATRIX V ,
0.088667 -0.089333 -0.040667 -0.005333 0.046667
-0.089333 .0.146333 -0.031333 -0.019000 -0.006667

-0.040667 -0.031333
-0.005333 -0.019000
0.046667 -0.006667

0.141333
-~0.026000
-0.043333

-0.026000 ~0.043333
0.130333 ~0.080000
-0.080000 0.083333
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We can be at least 95% confident that all five of the confidence intervals are
simultaneously correct. As a consequence, we can be at least 95% confident that
the proposed straight line function Py(x) = B, + B,x does not deviate from the
true unknown regression function g, (x) by more than 6.325 blood pressure units
(absolute value of the lower bound for 6;) for any of the subpopulations represented
in the sample. =

Cautionary Remark Remember that the lack-of-fit of the proposed straight line re-
gression model has been investigated only for the subpopulations represented in
the sample; i.e., for X = x;,X = x,, ..., X = x,,. Even if the proposed straight line
function Py (x) agrees exactly with the true unknown regression function sy (x) for
these selected subpopulations, we still cannot conclude from these data that the two
functions are identical for all values of X. Keep this point in mind when making any
practical conclusions based on the results of a lack-of-fit analysis.

In Section 4.11 in the laboratory manuals we show you how to use a program
that we have supplied on the data disk to do the computations necessary to obtain
point estimates and confidence intervals for the lack-of-fit constants 6.

The Traditional Lack-of-Fit Test for Straight
Line Prediction Functions

The statistical test of (4.11.4) is usually referred to as a lack-of-fit test. Although
we recommend against using only a statistical test to examine the lack-of-fit of a
proposed function, it seems to be common practice among statisticians and investi-
gators to use such a test. We therefore describe this test procedure for the sake of

completeness.
The true regression function gty (x) is unknown, but the investigator postulates
that it is
Py(x) = By + Bx
for some unknown constants S, and g,. Assumptions for lack-of-fit analysis, given
in Box 4.11.1, are presumed to be valid. Thus m values of X are preselected (which
are denoted by x,, x,, ..., x,,,) and for each i, n; values of Y are obtained by simple

random sampling from the subpopulation corresponding to X = x;. A schematic
representation of the sample is in Table 4.11.1. The test of

NH: py(x) = B, + B, for some B, B, a2
against
AH:  py(x) # By + Byx for any B, B,
is conducted as follows.

1 Compute the estimate of o2 as in (4.11.15). Recall that this is called the mean
square for pure error and is denoted by MS(Pure error). Also calculate SS(Pure
error), the sum of squares for pure error given in (4.11.17).
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2 Obtain SSE from the regression of Y on X using all of the Sample observations.
3 Compute the sum of squares for lack-of-ﬁt, SS(Lack-of-fit), by the formula

SS(Lack-of-fit) = SSE — SS(Pure error)
4 Compute the mean square for lack-of-fit, MS(Lack-of-fit), by the formula
MS(Lack-of-fity = SS(Lack-of-ﬁt) Jm—=2).
5 Compute the test statistic F; by ' '
_ MS(Lack-of-fit)
€™ MS(Pure error)
6 The P-value for the test is the value of & for which F. = F,

We illustrate the procedure for conducting the traditional lack-of-fit test in Ex-
ample 4.11.4.

—a:m—2,n—~m*

ExampLE LI11.4 |
For the age and blood pressure problem discussed in Example 4.11.3, we carry out
the traditional lack-of-fit test. To compute SSE, we used SAS and regressed ¥ on X.
The relevant part of the computer output appears in Exhibit 4.11.2.

From (4.11.23) we get SSE = 340.5 (rounded to.one decimal). The estimate of
o is 6 = 3.766 (from Example 4.11.3), so the sum of squares for pure error, using
(4.11.17), is calculated to be SS(Pure error) = 20(3.766)% = 283.7 with df (Pure
error) = n — m = 20. Also MS(Pure error) = 14.18. Hence the sum of squares for
lack-of-fit is 340.5 — 283.7 = 56.8 with degrees of freedom m — 2 = 3. The mean
square for lack-of-fit is 56.8/3 = 18.9. The test statistic is F. = 18.9/14.18 = 1.33
_ with 3 and 20 degrees of freedom. So from Table T-5 in Appendix T the P-value is
between 0.1 and 0.5. Hence we do not reject NH at any of the commonly used «
levels.

Although the null hypothesis is not rejected, we cannot conclude that the pro-
posed straight line function Py (x) = B, + B, x is correct. However, an examination
of the confidence intervals for 6, fori = 1, ..., 5 will help the investigator determine
whether or not the deviations between the true unknown regression function and the
proposed straight line function are small enough to be ignored for the problem under
study. =




ExHIBIT §.11.2
SAS Output for Example 4.11.4

Dependent Variable: BP
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The SAS System 0.00 Saturday Jan 1, 1994

Analysis of Variance

Sum of Mean
Source DF Squares Square F value Prob>F
Model 1 3337.24976 3337.24976 225.417 0.0001
Error 23 340.51024 14.80479 (4.11.23)
C Total 24 3677.76000
Root MSE 3.84770 R-square 0.9074
Dep Mean 124.36000 Adj R-sq 0.9034
Cc.V. 3.09400
Parameter Estimates
Parameter Standard T for HOQ:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 62.310987 4.20380966 14.823 0.0001
AGE 1 1.762756 0.11740836 15.014 0.0001

~ " Problems 4.11

-

. i v oah

The bowl-life ¥ (in seconds) of a breakfast cereal, which is usually eaten with

milk, is defined to be the amount of time that the cereal will retain its crunchiness.
This bowl-life depends on the temperature X (in degrees Celsius) of the milk. The
regression function py(x) of ¥ on X is unknown, but the investigator postulates
that the regression function of ¥ on X is adequately approximated by a straight line
prediction function of the form

Py(x) = By + Bx 41123}
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which is the least squares approximation to i, (x) for x = 40, 45, 50, and 55. To an-
alyze the lack-of-fit of the proposed model, data were collected at these preselected
values of X by adding the milk to 5 ounces of the cereal under each test condition.
The data are displayed in Table 4.11.3 and are also stored in the file cereal.dat on
the data disk.

Because there are multiple observations in at least one of the four subpopulations
represented in the sample, it is possible to perform a lack-of-fit analysis using the

methods of Section 4.11.
Several quantities that are needed for a lack-of-fit analysis in this problem follow.
| 7 = 9.06667
x = 47.5000
SSY = 195.653
SSX = 750.000
SXY = —257.500

tTasBLE §.11.3

Cereal Bowl-Life Data
Sample item Bowl-Life Temperature
Number Y X

: (minutes) | (°C)

1 13.8 40.0

2 14.8 40.0

3 11.1 40.0

4 11.3 40.0

5 , 9.7 40.0

6 8.7 40.0

7 12.5 450

8 12.7 450

9 10.9 45.0

10 10.5 45.0

11 6.5 45.0
12 7.1 45.0

13 10.5 50.0

14 10.2 50.0

15 8.7 50.0
16 8.2 50.0

17 6.5 50.0

18 52 50.0

19 8.7 550
20 8.7 55.0
21 6.8 55.0
22 6.6 . 550
23 3.6 55.0
24 43 55.0
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SSE = 107.245
SS(Pure error) = 107.130

The V matrix is _
0.050000 —0.066667 —0.016667  0.033333
—0.066667  0.116667 —0.033333 —0.016667
—0.016667 —0.033333  0.116667 —0.066667
0.033333 -0.016667 —0.066667  0.050000
a What is the value of m, the number of distinct subpopulations represented in the
sample? )
What is n? What are the values of n,, ..., n,?
¢ Calculate the estimates of the subpopulation means u; = uy(x;) and the esti-

mates of the subpopulation standard deviations 0; = gy (x;) for each subpopula-
tion represented in the sample.

Calculate the pure error estimate of o, and show that it is equal to & = 2.31441.
Estimate the lack-of-fit constants 9, , ..., 6,

f Show that SE(6)) are
0.517518, 0.7905ﬁ2, 0.790522, 0.517518

respectively.
g Show that the two-sided confidence intervals for 91, . 0m, such that we have
at least 90% confidence that all of them are simultaneously correct, are

Lower Upper
—1.25265 1.10272
—1.69058 1.90730
—-1.79058 1.80730
-1.21933 1.13604

Use t) 9g75.00 = 2423 and Fy g5 59 = 2.59.

h Find a number d such that we can say with at least 90% confidence that the
population regression function and the proposed linear prediction function will
not differ by more than d units in any of the m subpopulations included in the
sample.

i Suppose an investigator decides that the proposed prediction function in
(4.11.24) is an adequate approximation of the true regression function if the
differences 6, ..., §,, between the two functions can be shown to be less than
or equal to 2 minutes. Based on the lack-of-fit analysis in (g), can the prediction
function in (4.11.24) be regarded as close enough to the true regression function
for the problem under study?

j Perform a traditional lack-of-fit test of the model in (4.11.24). What is your
conclusion using a = .10?
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Conversation 4.11

Investigator:
Statistician:

Investigator:

Statistician:

" Investigator:

Statistician:

Investigator:

Statistician:

Good morning. Do you have time to talk to me?
Certainly. How can I help you?

I want to discuss lack-of-fit. Can you explain the difference between the
following?

1 Checking the lack-of-fit of a straight line model and
2 Checking whether model A is better than model B for predicting ¥ where the

two models are Model A: ugt) o = ﬂg + ﬂ‘{‘x
Model B: P = g5

In the simplest terms, in (1) you are checking to determine whether a proposed
model Py(x) = B, + B,x is close enough to the true unknown regression function
iy (x) so that Py (x) can be used in place of uy (x). In (2), you are assuming model
A is correct and checking to see whether it is better than model B for predicting Y.

For case (2), both models are specified (they of course both contain unknown
parameters), but in case (1) you do not specify the true regression function py (x)
because you do not know what it is. You just want to know if the model you propose,
namely Py (x) = + B,x, can be used in place of the true unknown regression
model py (x).

One of the people I work for says that he would rather use the test for lack-of-fit than
the simultaneous confidence intervals you propose.

Why is that?

He says the test is easier. All he has to do to test for lack-of-fit is compute a P-value,
and on the basis of that he can reject or not reject the hypothesis that the proposed
model Py (x) = B, + B,x is equal to the unknown true model xy (x). On the other
hand, after the confidence intervals are obtained for the lack-of-fit constants, he has
to spend a considerable amount of time determining whether any of the differences
are important in his problem.

That’s exactly right. It seems to me that an investigator would be much more com-
fortable with the decision if he examined the confidence intervals than if he just used
the P-value.

To perform a test, he would examine two hypotheses:

NH: B+ Bx is the true model

against
AH: B,+Bx is not the true model
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Statistician:

Investigator:

Statistician:

Investigator:
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Exercises
4121

4.12 Exercises 339

However, if he looked at the confidence intervals, they would help him decide
whether the proposed model Py(x) = B, + B,x is adequate for his problem. It is
unlikely that Py (x) = B, + B,x is exactly the true model, but it may be close enough
to be useful in a specified problem.

I see your point, but the investigator says if NH is rejected, he will assume that the
model B, + B, x is not adequate for his problem, but if NH is not rejected, he will
assume the model is adequate.

You recall our previous conversation in Chapter 1 where we decided that results
can be quite different if confidence intervals are used instead of tests. So if the
investigator insists on using a P-value to make the decision, why don’t you give him
the P-value and the confidence intervals and ask him to examine them also.

I will do that, but he may say that a test for lack-of-fit is easier to compute than
simultaneous confidence intervals.

Tell him that isn’t the case if he has the MINITAB or SAS macro provided on
the data disk and discussed in Section 4.11 in the laboratory manuals. This macro
computes the simultaneous confidence intervals he needs.

I'll explain that to him.

While performing experiments to study the absorption of a certain drug in mice,
an investigator administered a specified dose of the drug to a laboratory mouse and
determined the drug concentration in blood samples drawn from the mouse at times
ranging from 20 to 420 minutes. The drug concentrations C in the blood and the
times T when blood was drawn are given in Exhibit 4.12.1 along with a MINITAB
printout from a regression analysis of these data. The data also appear in the file

_ mouse.dat on the data disk.

If we let
Y =logiy(©) Xy =logo(T) X, =X] = [log,o(NI
the regression function is given by
By () = By + Bylogyo(t) + B,llog1oOF
ie., by
wy(xp, %) = By + Bix; + Brxy (5.121)
Population assumptions (A) are presumed to hold for {(¥, X, X,)}.
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exuHis1iT §.17.1
MINITAB Output for Mouse Data

RAW AND TRANSFORMED DATA

c T Y X1 X2
conc time
1.02 20 0.008600 1.30103 1.69268
1.08 40 0.033424 1.60206 2.56660
1.10 60 0.041393 1.77815 3.16182
1.06 90 0.025306 1.95424 3.81906
0.95 150 =0.022276 2.17609 4.73537
0.77 210 -0.113509 2.32222 5.39270
0.60 300 -0.221849 2.47712 6.13613
0.42 420 -0.376751  2.62325 6.88144

The regression equation is

Y =-1.31 + 1.62 X1 - 0.479 X2
Predictor Coef Stdev t-ratio P
~ Constant -1.3101 0.2005 -6.53 0.001
X1 1.6222 0.2091 7.76 0.001
X2 -0.47926 0.05266 -9.10 0.000
s = 0.02441 R-sq = 98.1% R-sg(adj) = 97.4%

Analysis of Variance

SOURCE DF Ss . MS . F )
Regression 2 0.156172 0.078086  131.03 0.000
Error 5 0.002980 0.000596
Total 7 0.159152

Plot C against T

Plot Y against X ,.

¢ The estimated regression equation can be written as

Compute fiy(30). On the graph in (b), superimpose the graph of /i (7).

d If B, is zero in the regression function in (4.12.1), it would mean that this
regression function is a straight line in X;. On the other hand, if g, is nonzero,
then the regression function in (4.12.1) is a quadratic function of X,. Suppose
the investigator will consider the quadratic term to be negligible for this problem
if B, is less than 0.0002 in magnitude. In that case a linear regression function
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would be used for this problem. Compute an appropriate 95% confidence interval
for B, and state what the investigator’s conclusion will be.

e Suppose the investigator wants to use a statistical test to help determine whether
the data provide evidence (at @ = 0.05) suggesting that the regression function
in (4.12.1) is a quadratic function and not a straight line function of X, (i.e., B, =
0). Formulate an appropriate statistical test to help the investigator determine this
and carry out the test. What is the P-value for this test? What is your conclusion
based on this test? Compare this with your answer for part (d).

4122 An organization that evaluates the performance of automobiles wants to predict the
first-year maintenance cost Y of a new car as a function of the number of miles X
the car will be driven. With.this in mind a sample of 17 cars was selected and the
owners were asked to report maintenance costs after the cars were driven a specified
number of miles; i.e., the data were obtained by sampling with preselected X values
to cover a wide range of miles driven. The values of X (in miles) and Y (in dollars)
are recorded. The data and computer output appear in Exhibit 4.12.2 and are also
stored in carl7.dat on the data disk. Assumptions (A) are presumed valid for the
population {(Y, X)}, with the regression function of Y on X given by

Hy () = By + Byx + B (8.122)

which can be written as py (x,, 5;) = By + B x; + B,x, where x; = xandxy = 2.
If B, = 0 then the regression function reduces to

ny(x) = By + Byx (4.123)
a PlotY against X.

b Assume that the regression function of Y on X is given in (4.12.3).
i  What are the estimates of B, B, %y x> iy(x), and Y (x)?

You will notice that there are nine different subpopulations represented in
the sample data, with two or more observations from six of the nine subpop-
ulations, so it is possible to carry out a lack-of-fit analysis. The investigator
wants to know if the model

Py(x) = By + Byx

is an adequate approximation for the regression function. Questions (ii)—(vi)
pertain to this.
ii - Find SS(Pure error), degrees of freedom(Pure error), and MS(Pure error).
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exHIiBiI1T §.12.1

MINITAB Output for Problem 4.12.2
carno Y X1 X2

mtcost miles [miles] "2

1 272 3000 9000000

2 300 5000 25000000

3 287 7000 43000000

4 327 9000 81000000

5 330 © 10000 100000000

6 386 14000 196000000

7 442 18000 324000000

8 522 22000 484000000

9 604 25000 625000000

10 266 3000 9000000
11 313 7000 49000000
‘12 336 10000 100000000
13 328 10000 100000000
14 367 14000 186000000
15 397 14000 196000000
16 483 18000 324000000
17 537 22000 484000000

Regressionof Y onX; =X and X, = X2

The regression equation is
Y = 259 + 0.00331 X1 +0.00000042 X2.

Predictor Coef Stdev t-ratio
Constant 258.72 12.36 20.93
X1 : 0.003309 0.002084 1.59
X2 0.00000042 0.00000007 5.58
s = 12.85 R-sq = 98.6% R-sqg(adj)

Analysis of Variance-

SOURCE DF SS MS
Regression 2 161689 80845
Error 14 2313 165

Total 16 164002

P
0.000

0.135
0.000

= 98.4%

F
489.28

P

0.000



0.403773
-0.216777
-0.073971
-0.154220
-0.030178
—-0.021355
-0.012766

0.009490

0.096004

exHisrT }.12.1
(Continued)
Regressionof Y on X; =X

4.12 Exercises 3

The regression equation is

Y = 201 + 0.0146 X1

Predictor Coef Stdev t-ratio P
Constant 200.68 11.57 17.35 0.000

X1 0.0146230 0.0008238 17.75 0.000

s = 22.29 R-sq = 95.5% R-sq(adj) = 95.2%
Rnalysis of Variance

SOURCE DF SS MS F P
Regression 1 156551 156551 315.12 0.000
Error 15 7452 497

Total 16 164002

iii The matrix V defined in (4.11.12), the estimates of the lack-of-fit constants 6
given in (4.11.7), and the standard errors of the §; given in (4.11.11) follow:

—0.154221
—0.226212
—0.130442

0.812562
—0.090897
-0.072117
—0.065053
—0.041275
—0.032345

-0.216777
0.692293
-0.167147
-0.226211
—0.104619
~0.065611
-0.030664
0.018966
0.099769

-0.073971
—0.167147

0.439303
-0.130443
-0.027233
-0.021770
—0.024194
—0.010920

0.016374

~0.030178
—0.104619
-0.027233
~0.090897

0329122
—0.004859
—0.019136
—0.016192
—0.036008

0.009490
0.018966
-0.010920
-0.041275
—0.016192
—0.023325
-0.067048
0.412542
—0.282240

—0.021355 —0.012766
—0.065611 —0.030664
—0.021770 —0.024194
—0.072117 —0.065053
-0.004859 —0.019136
0330090 -0.022910
—0.022910 0.444380
-0.023324 —0.067048
~0.098143 —0.202610

0.096004 7
0.099769
0.016374
—0.032345
—0.036008
—0.098143
—0.202610
—0.282240
0.439199 |

The estimates of the lack-of-fit constants 6; are

6, = 21.9485
6, =—9.5T13
6, = —8.3661

6, =23.1066 6, =—6.1354
65 = —20.1649 G5 = —27.8488
b =—1.0499 6, =28.6871

Show that the standard errors of the estimates §; are

SE(,) = 9.5429
SE(8,) = 13.5376
SE(4;) = 10.0113

iv. Show that simultaneous confidence intervals for 6,, ..

SE(,) = 12.4956 SE(6;) = 9.9540
SE@;) =8.6157 SE(f,) = 8.6284
SE(f;) = 9.6460  SE(6,) = 9.9528

. » 6y, with confidence

coefficients greater than or equal to 95%, are given by (use #; gg7,. = 3.7856

and Fy g5 g = 3.501)
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é Lower Upper

1 —13.9194 57.8164
2 —23.8593 70.0725
3 —44.1485 30.6777
4 —60.4597 41.3051
5 —52.5478 12.2180
6 —60.2795 4.5819
7 —45.9945 29.2623
8 —37.3053 35.2055
9 -—8.7214 66.0956

v An investigator will use a straight line model for this problem if none of
the lack-of-fit constants 6,, i = 1, ..., 9 exceed $75 in magnitude. Using the
results from (iv), would the investigator use a straight line model?

vi Perform the traditional lack-of-fit test for a straight line model using o =
0.05. What is your conclusion? Compare this with your conclusion in part
).

¢ Assume that the regression function of Y on X is given by (4.12.2). What are the

estimates of B, B, B,, Oy|x, X, My (xy, xy), and Y (x;, x,)?

d Plot the estimates of the regression functions in (4.12.2) and (4.12.3) on the same
graph. Also show the observed data points on this graph.

4123 The height (Y) in inches of a plant during the first few days after germination is
related to the temperature (X;) in degrees Fahrenheit at which it is grown and the
time (X,) in days after germination. Assume that the regression function of ¥ on X,
and X, is of the form :

Ky (s %) = By + Bixy + Byxy + Baxyx, {a124)
which can be written as '

By (X, X3, X3) = By + Bixy + Boxy + B3xs
where x; = x,x,.

Twenty plants were included in an experiment. Each plant was grown at a pre-
chosen temperature (60°F, 70°F, 80°F, 90°F, or 100°F) for a preselected number of
days (6 days or 12 days), at the end of which its height was recorded. The data and
computer output are given in Exhibit 4.12.3 and are also stored in the file plant.dat
on the data disk. Assumptions (A) are presumed to hold, and data were obtained by
preselecting the values of X, and X,.

~ The computer output in Exhibit 4.12.4 (obtained using MINITAB) lists the val-
ues of X, X,, X, X,, Y, fiy(x;, x,) = fits, él. = residuals, r; = standardized residuals,
and Gaussian scores (nscores) = z,(") for the model in (4.12.4).
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it 4.12.3

MINITAB Output for Plant Growth Data

v
3.11
2.04
4.36
4.60
2.98
3.65
6.31
7.05
4.21
4.31
7.86
8.45
4.86
4.25
9.63
9.59
5.66
5.28

10.89

11.23

X1
60
60
60
60
~70
70
70
70
80
80
80
80
90
90
90
90
100
100
100
100

The regression equation is
Y=1.70 - 0.0203 X1 - 0.548 X2 + 0.0151 X1X2

Predictor
Constant
X1

X2

X1X2

s = 0.3724

Coef Stdev
1.697 1.513
-0.02030 0.01862
-0.5477 0.1595
0.015100 0.001963

R-sq = 98.4%

Analysis of Variance

SOURCE
Regression
Error
Total

DF Ss

3 140.149
16 2.219
19 142.368

X2

12
12

12
12

12
12

12
12

12
12

X1Xx2

t-r

360
360
720
720
420
420
840
840
480
480
960
960
540
540
1080
1080
600
600
1200
1200

atio

1.12 -

1.09
3.43
7.69

4.12 Exercises

P
0.279

0.292
0.003
0.000

R-sqg(adj) = 98.1%

Ms
46.716
0.139

336.84

0.000

i



-

X1

X2

kL) Chapter 4: Multiple Linear Regression

eExuHiBIrT 4.12.4
Diagnostics for the Model in (4.12.4) for the Plant Growth Data

X1X2 Y

temp time (temp) (time) height fits residuals stdresid nscores

60
60
60
60
70
70
70
70
80
80
80
80
90
90
20
90
100
100
100
100

6
6
12
12
6
6
12
12
6
6
12
12
6
6
12
12
6
6
12
12

360 3.11 2.629 0.481000 1.54373 1.40377
360 2.04 2.629 -0.589000 -1.89035 -1.87129
720 4.36 4.779 -0.419000 -1.34475 -1.12690
720 4.60 4.779 -0.179000 -0.57449 -0.58740
420 2.98 3.332 -0.352000 -1.02520 -0.91718
420 3.65 3.332 0.318000 0.92618 0.91718
840 6.31 6.388 -0.078000 =-0.22718 -0.18593
840 7.05 6.388 0.662000 1.92808 1.87129
480 4.21 4.035 0.175000 0.49533 0.44602
480 4.31 4.035 0.275000 0.77837 0.74198
960 7.86 7.997 -0.137000 =-0.38777 =~0.31325
960 8.45 7.997 0.453000 1.28219 1.12690
540 4.86 4.738 0.122000 0.35533 0.31325
540 4.25 4.738 -0.488000 -1.42130 -1.40377
1080 9.63 9.606 0.024000 0.06990 0.18593
1080 9.59 9.606 -0.016000 -0.04660 -0.06165
600 5.66 5.441 0.219000 0.70286 0.58740
600 5.28 5.441 ~0.161000 . -0.51672 =-0.44602
1200 10.89 11.215 -0.325000 -1.04306 -0.74198
1200 11.23 11.215 0.014999 0.04814 0.06165

Plot height versus temperature using different symbols for points corresponding
to different times while using the same symbol for points corresponding to the
same times.

Plot height versus time using different symbols for points corresponding to dif-
ferent temperatures while using the same symbol for points corresponding to the
same temperatures.

How- were the data obtained for this study—by simple random sampling or by
sampling with preselected X, X, values ? _

Carry out a residual analysis for the model in (4.12.4) to examine the validity of
assumptions (A) for this problem. What are your conclusions?

Estimate By, By, By, B3» Oyjx x x,» By (X1s X, X3), and Y (xy, x5, %3).

‘For the model in (4.12.4) test NH: B, = B; = 0 against AH: at least one of
B, B; is nonzero. Use a = 0.05. You may need the results from Exhibit 4.12.5.
State your conclusion.
Using the model in (4.12.4) estimate the average height in inches, at the end of
10 days, of plants that are grown at 65° F. Construct a 95% two-sided confidence
interval for this mean height. Describe in words the meaning of this confidence
interval.
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r' ExHi1IBIT §.12.5

MINITAB Output for Regression of Y on X, for the Plant Growth Data

The regression equation is

Y = - 3,23 + 0.116 X1

Predictor Coef Stdev t-ratio P
Constant -3.232 2.855 -1.13 0.272

X1 0.11560 0.03514 3.29 0.004

s = 2.223 R-sq = 37.5% R-sg(adj) = 34.1%
Analysis of Variance

SOURCE -DF SS MS F P
Regression 1 53.453 53.453 10.82 0.004
Error 18 88.915 4,940

Total 19 142.368

4124 An investigator is interested in studying how the height Y at age 18 years of a group
of people who have lived in mountain isolation for several generations is related to

the following variables.
X, = Length at birth
X, = Mother’s height at age 18
X3 = Father’s height at age 18
X, = Maternal grandmother’s height at age 18
X5 = Matemnal grandfather’s height at age 18
X¢ = Paternal grandmother’s height at age 18
X, = Paternal grandfather’s height at age 18

All heights and lengths are in inches. A simple random sample of 20 males of age
18 or more was drawn, and all the above information was recorded. The data and
computer output are given in Exhibit 4.12.6 and are also stored in the file age18.dat

on the data disk. Assumptions (B) are presumed to hold.
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ExHiBiT 4.11.6
Data and MINITAB Output for Problem 4.12.4

Sample item
Number Y X, X, X, X, X; X X,
1 67.2 19.7 60.5 70.3 65.7 69.3 65.7 67.3
2 69.1 19.6 64.9 704 62.6 69.6 64.6 66.4
3 67.0 194 65.4 65.8 66.2 68.8 64.0 69.4
4 724 194 63.4 71.9 60.7 68.0 649 67.1
5 63.6 19.7 65.1 65.1 65.5 65.5 61.8 70.9
6 72.7 19.6 65.2 711 63.5 66.2 67.3 68.6
7 68.5 19.8 643 67.9 62.4 714 63.4 69.4
8 69.7 19.7 65.3 68.8 61.5 66.0 62.4 67.7
9 68.4 19.7 64.5 68.7 63.9 68.8 62.3 68.8
10 70.4 19.9 63.4 70.3 65.9 69.0 63.7 65.1
11 67.5 18.9 63.3 70.4 63.7 68.2 66.2 68.5
12 73.3 20.8 66.2 70.2 65.4 66.6 61.7 64.0
13 70.0 203 . 649 68.8 65.2 70.2 62.4 67.0
14 69.8 19.7 63.5 70.3 63.1 64.4 65.1 67.0
15 63.6 19.9 62.0 65.5 64.1 67.7 62.1 66.5
16 64.3 19.6 63.5 65.2 63.9 70.0 64.2 64.5
17 68.5 213 66.1 65.4 64.8 68.4 66.4 708 .
18 70.5 20.1 64.8 70.2 65.3 65.5 63.7 66.9
19 68.1 20.2 62.6 68.6 63.7 69.8 66.7 68.0
20 66.1 19.2 62.2 67.3 63.6 70.9 63.6 66.7

The regression of Y on X, X,, X3, X;, X5, X4, X

The regression equation is
Y=-78.3+ 1.37 X1 + 0.782 X2 + 1.05 X3 - 0.120 X4 +
0.091 X5 + 0.088 X6 - 0.102 X7

Predictor Coef Stdev t-ratio )
Constant -78.27 26.96 -2.90 0.013
X1 1.3718 0.5207 2.63 0.022
X2 0.7824 0.1992 3.93 0.002
X3 1.0514 0.1358 7.74 0.000
X4 -0.1199 0.1717 -0.70 0.498
X5 0.0914 0.1301 0.70 0.496
X6 0.0883 0.1613 0.55 0.594
X7 : -0.1017 0.1549 -0.66 0.524

s = 1.004 R-sq = 91.7% R-sg(adj) = 86.9%
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Analysis of Variance

SOURCE DF SS MS F P

Regression 7 133.657 19.094 18.95 0.000
Error .12 12.088 1.007
Total 19 145.746

THE C MATRIX IS

721.671 -1.494 -2.020 -2.062 - -2.279 -2.030 -0.557 -1.496
-1.494 0.269 -0.047 0.011 -0.027 -0.001 -0.014 0.016
-2.020 -0.047 0.039 -0.003 0.004 0.007 ~ 0.010 -0.010
-2.062 0.011 -0.003 0.018 0.006 0.005 -0.009 0.010
-2.279 -0.027 0.004 0.006 0.029 0.002 0.001 0.001
-2.030 -0.001 0.007 0.005 0.002 0.017 -0.002 0.002
~-0.557 -0.014 0.010 -0.009 0.001 ~0.002 0.026 -0.011
-1.496 0.016 -0.010 0.010 0.001 0.002 -0.011 0.024

The regression of Y on X, and X,

The regression equation is

Y = - 61.2 + 0.895 X2 + 1.06 X3

Predictor Coef Stdev t-ratio P
Constant -61.20 14.55 -4.21 0.001
X2 0.8947 0.1768 5.06 0.000
X3 1.0556 0.1189 8.88 0.000
s =1.131 R-sq = 85.1% R-sq(adj) = 83.3%

Analysis of Variance

SOURCE DF ss MS F p
Regression .2 124.009 62.005 48.49 0.000
Error 17 21.736 1.279

Total 19 145.746 .
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exHIBIT §.10.8
Data and MINITAB Output for Problem 4.12.4

THE C MATRIX IS

165.675 -1.669 -0.855
-1.669 0.024 0.002
-0.855 0.002 0.011

AThe regression of Y on X, X, and X,

The regression equation is

Y=-78.2+ 1.35 X1 + 0.692 X2 + 1.10 X3

Predictor Coef Stdev t-ratio p
Constant -78.23 13.24 -5.91 0.000
X1 1.3503 0.4474 3.02 0.008
X2 0.6925 0.1602 4.32 0.001
X3 1.10250 0.09908 11.13 0.000
s = 0.9305 R-sq = 90.5% R-sq(adj) = 88.7%

Analysis of Variance

SOURCE DF sSs MS F P
Regression 3 131.894 43.965 50.78 0.000
Error 16 13.852 0.866

Total 19 145.746

THE C MATRIX IS

202.461 -2.917 -1.233 -0.957
-2.917 0.231 -0.035 0.008
-1.233 -0.035 0.030 0.000

. —0.957 0.008 0.000 0.011

For parts (a) and (b), suppose that assumptions (B) hold and that the model is

model A: ugf)(xl,xz,x3,x4,x5,x6,x7) =
A pA A A A A A A
ﬁo + ﬂl xl + ﬂ2x2 + ,B3X3 + ﬂ4X4 + ﬂsxs + ﬁ6x6 + ﬂ7.”7 (4.12.5)
Answer the following questions. For ease of notation let 5, denote
2 2
O¥|X, X, X, X, X,X,X, &d Py denote pyy y ¥ ¥ x x X )-

a What might be an appropriate target population of interest? Is the target popula-
tion identical with the study population? Explain.

b i Estimate B2 (i=0,1,2,3,4,5,6,7), and uy (x;, %y, X3, X4, X5, X, %y).
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ii Estimate g,.

iii Compute 95% two-sided confidence intervals for 8,i = 0,1,2,3,4,5,6,7.
Explain in words the meaning of the computed confidence interval for ﬂf.

iv The investigator wants to examine the difference in the average heights at age
18 between two groups of subjects whose lengths at birth differed by 1 inch,
but the subjects have the same set of values for X,, X, X,, X, X5, X, X;.
Express this difference in terms of the parameters of the multiple regression

- function in (4.12.5) and obtain a 95% confidence interval for it.

v To evaluate how good the regression function in (4.12.5) is for predicting Y,
the investigator wants to compare o, with oy,. Calculate a two-sided confi-
dence interval for o, /o, with confidence coefficient greater than or equal to
90%. Explain in words the meaning of this confidence statement.

vi To assist the investigator in evaluating how good the regression function in
(4.12.5) is for predicting Y, relative to py (when no predictors are used),
compute a point estimate for p,z,( A)

vii Predict the height at age 18 of an individual who belongs to the subpopulation
with
X, = length at birth = 20 inches
X, = mother’s height at age 18 = 60 inches
X; = father’s height at age 18 = 72 inches
X, = maternal grandmother’s height at age 18 = 61 inches
X5 = maternal grandfather’s height at age 18 = 71 inches
X¢ = paternal grandmother’s height at age 18 = 62 inches
X, = paternal grandfather’s height at age 18 = 70 inches
viit In (vii) estimate the average height at age 18 of all individuals in the subpop-
ulation.

ix Compute a 95% lower confidence bound for the height at age 18 of an
individual randomly chosen from the subpopulation in (vii). The value of
x Cx, should you need it, is given to be 2.5321.

x In (vii) compute a 95% lower confidence bound for the average height at age
18 of all individuals in the subpopulation.

xi Explain why the answers to (vii) and (viii) are the same but the lower bounds
in (ix) and (x) are not equal to each other.

Since assumptions (B) are presumed to hold for the eight-variable popula-
tion {(¥,X,...,X;)}, it follows that assumptions (B) hold for the three-
variable population {(Y,X,,X;)} and also for the four-variable population
{(Y,X,, X,, X;)}. Exhibit 4.12.6 gives the computer outputs for model C and
model D defined in (4.12.6) and (4.12.7), respectively.

i Consider model C defined by
1P (. x3) = BS + BSx, + BS xy (4.126)
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vi

vii

viii

Note that this model uses only mother’s height at age 18 and father s height
at age 18 to predict son’s height at age 18. Estimate ﬂo , ,82 ) ﬂ3 »and 0.

Consider model D defined by

uy) Gy, % 33) = B8 + BPxy + BEx, + By (a127)

Note that this model uses length at birth, mother’s height at age 18 and
father s height at age 18 to predict son’s height at age 18. Estlmate ﬁo s ,81 )
B2 87 and op,.

To evaluate how much better model D is than model C for predicting ¥, the
investigator wants to compare oy, with o. Calculate an approximate 90%
two-sided confidence interval for o /0y,. Explain in words the meamng of
this confidence statement.

For (iv)—(xiii), use model C in (4.12.6).

Express the difference (in terms of population parameters) in the average
heights at age 18 between two subpopulations of individuals if every mother
of the first group of individuals was 1 inch taller (at age 18) than every
mother of the individuals in the second group, but fathers’ heights are the
same for both subpopulations. Estimate this difference and compute a 95%
lower confidence bound for it.

An investigator is interested in determining whether the average height at age
18 of a subpopulation of individuals is at least 1/4 inch greater than the aver-
age height at age 18 of another subpopulation of individuals if every mother
of the first group of individuals was 1 inch taller (at age 18) than every mother
of the individuals in the second group, but fathers’ heights are the same for
both subpopulations. Formulate an appropriate pair of hypotheses and carry
out the test. Calculate the P-value for this test. State your conclusions using
a = 0.05.

Which is more informative—the confidence bound in (iv) or the hypothesis
test in (v)? Why?

What is the difference between the average heights at age 18 of two subpopu-
lations if every father of the first group of individuals was 1 inch taller (at age
18) than every father of the individuals in the second group, given mothers’
heights are the same for both subpopulations? Estimate this difference and
obtain a 95% upper confidence bound for it.

Do the data provide evidence (at @ = 0.05) indicating that the average height
at age 18 of a subpopulation of individuals is at most 1 inch greater than
the average height at age 18 of another subpopulation of individuals if ev-
ery father of the first group of individuals was 1 inch taller (at age 18) than
every father of the individuals in the second group, if the mothers’ heights
are the same for both subpopulations? Formulate an appropriate pair of hy-
potheses and carry out the test. Calculate the P-value for thls test. State your
conclusion using & = 0.05.
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Which is more informative—the confidence bound in (vii) or the hypothesis
test in (viii)? Why?

.Consider the subpopulation of all individuals with X, = 58. For this subpop-

ulation, estimate the coefficient of determination of ¥ with X,. The quantity
SSE(X,) is equal to 122.491.

Compute a two-sided 90% confidence interval for Oy, x,-

Predict the height at age 18 of a child who is now 2 years old if it is known
that his mother was 60 inches tall at age 18 and his father was 72 inches tall

at age 18. Also compute a two-sided 95% confidence interval for the height
at age 18 of this child.

xiii Consider all individuals in the subpopulation determined by

mother’s height at age 18 =X, = 60

father’s height at age 18 =X; =72
Estimate the mean height at age 18; i.e., u(yc) (60, 72), of the individuals in
this subpopulation. Also compute a 90% two-sided confidence interval for
this mean height.

For (i)~iv) use model D in (4.12.7).

Estimate the height at age 18 of an individual in the population whose length
at birth is 20 inches, whose mother’s height at age 18 was 60 inches, and
whose father’s height at age 18 was 72 inches.

Compute a 95% two-sided confidence interval for the height at age 18 of a

~ randomly chosen baby belonging to the subpopulation in (i).

Compute a 95% two-sided confidence interval for the average height at age
18 of all individuals belonging to the subpopulation in (i).

. 3 3 i 2
Estimate pj x_x - Explain in words the meaning of pfoy x x .






