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SUMMARY

In this paper we explore the use of empirical transform methodology to estimate growth
curve parameters. We briefly describe empirical transform methodology for nonlinear
stochastic models, such as growth models. A covariance matrix estimator i1s developed for
monomolecular growth model parameter estimators using a Taylor’s series approximation.
Simulations show that the transform point estimators perform well in comparison with
maximum likelihood estimators. We demonstrate the methodology by estimating growth
curve parameters from Kemp’s ridley sea turtle data.
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1 Introduction

Our goal in this paper is to study properties of empirical transform parameter estimators for

the monomolecular growth model (von Bertanalffy, 1957), which has the form

Ell,] = fur(t) = M1—e ) £ >0, (1)
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where E[/;] is the expected size of an organism at time ¢, A represents the limiting size of the
organism, s is the growth rate constant, and 7 is the zero time. The monomolecular model
is a special case of the Richards growth model (Richards, 1959). The monomolecular model
has no inflection point and the growth rate decreases linearly as size increases (dfas/dt =
K{A — far(t)}) (Seber and Wild, 1989).

Parameters for the monomolecular model are traditionally estimated using non-linear least
squares or maximum likelihood methodology (Seber and Wild, 1989). Empirical transform
(ET) estimation was first used by Leedow and Tweedie (1983) for growth curve parameter
estimation for the monomolecular growth model under the name “weighted area estimation,”
following Schuh and Tweedie (1979) who proposed the use of empirical transforms to esti-
mate parameters in general time evolving models. Through a simulation study and fishery
data examples, Leedow and Tweedie demonstrated that the ET estimator can be nearly as
efficient as the maximum likelihood estimator (MLE) and also possesses useful robustness
properties. Yao and Morgan (1999) expanded upon Leedow and Tweedie’s work by proving
that ET estimators for time indexed stochastic model parameters are asymptotically normal
and consistent given a few sensible regularity conditions.

A major weakness with the ET estimators developed by Leedow and Tweedie is the lack of
any parameter covariance estimator. The main contribution of this paper is the development
of such a covariance estimator, which we carry out in Section 3 after constructing in Section 2
a variation on ET estimators using a slightly different approach suggested by Yao and Morgan
(1999). We investigate behavior of the covariance estimator as well as behavior of the ET
point estimators in Section 4. OQur results indicate that the method compares favorably

with maximum likelihood methods, generally providing reasonable covariance estimates and



confidence interval coverage for the parameters. In Section 5, ET methodology is used to
estimate growth curve parameters as well as covariance estimates from Kemp’s ridley sea

turtle (Lepidochelys kempii) data.

2 Empirical transform estimators for time indexed models

2.1 General form

The models we consider are in a context where Y;; is the observed response (size in the case
of growth models) of the kth individual, and & = 1,...,n; and 7 = 1,...,n: that is, the
number of individuals observed at time ¢; equals n; and the total number of unique times of
observation equals n.

A common general form for time indexed stochastic models for such observations is
Yir = f(6o,ti) + oicir (2)

The p x 1 parameter vector 8p € @ C RP is unknown and f(-,-) is a known continuous
function. The random variables {¢;z} usually have common mean 0 and variance 1. The
multiplier o; can either have the form o(6g,%;), where o(-,-) is a function, or an unknown
constant.

Theoretical and empirical transforms related to (2) are defined as follows. First, let g(¢, s)

be a function chosen such that the transform

G(s,0) = [ g9 (0.1)a1 3)

is a well defined continuous function on ©® x S, where S C R. We shall use the Laplace

transform with g(¢,s) = se™*', a common choice for the transform function. The function

G(s, 0) is called the theoretical transform of f(0,t).



To develop the empirical transform for sampling times, t;,...,%,, we partition [0, c0)
using ¢1,...,cp41 such that ¢; € (¢;,¢;41] for i = 1,...,n. For now we will let ¢; = 0 and

¢p41 = 0o. Using the partition, f(@,t) can be approximated by

f(0,t1), for eg <t < ¢
f(0,t2), for cg <t < c3

f(evt) ~ .
f(07tn—1)7 for Cn—1 S < ey
f(e,t,), for ¢, <t < epy

The theoretical transform (3) can then be approximated by

Citl

G(s,0) sz(B,ti)[ g(t, s)dt. (5)

Letting Y; be the sample average of the observations at time ; and using (5), a natural

empirical transform is then

Citl

Ginls) = 3V, / g(t, s)dt,

since Y; is an unbiased estimator of f(8o,t;) in (2).
In order to estimate 8y the approximate equality of the empirical and theoretical trans-
forms will be used with a method of moments type argument. Given a set of “transform

variables” {s;: j=1,...,q}, the estimate of 6y is defined to be

q

O(s) = min | > {G(8,s1) — Gnlsi)}?] (6)

0€® k=1
where s = (s1,...,8,)" (Yao and Morgan, 1999). In many cases, we would take ¢ > p; but if

q = p, then é(s) becomes the solution to the p equations
G(sj,0) =Gnu(sj) j=1,...,p, (7)

provided a solution exists. This is the approach of Leedow and Tweedie (1983) who show
that it leads to explicit estimators for the monomolecular model, as discussed in Section 2.2

below.



Note that the solution to (6) does not involve assumptions about the error term in (2).
Given some natural regularity conditions, Yao and Morgan (1999) have shown that the so-
lution to (6) is a consistent and asymptotically normal estimator of 8y, and in what follows
we shall use this in constructing confidence intervals for 8y, once we have the appropriate
covariance structure.

One of the more interesting features of the ET method, observed by Leedow and Tweedie
(1983) and elaborated on by Yao and Morgan (1999), is that the optimal choice of the
transform variables s; appears to occur by taking the values all close to one particular s (and
then choosing that s in some optimal manner). Yao and Morgan suggest formalizing this
approach to obtaining an ET estimator by letting s; — sy (j = 2,...,¢) in the estimator
resulting from (7). These methods require selection of only a single transform variable value,

and we will pursue this in the monomolecular examples below.

2.2 Empirical transforms and the monomolecular model

We now develop the ET estimators for the monomolecular model (1). Let s € R, where s > 0,
and g(s,t) = se~*". Choose the ¢c;11 = (t; +t;41)/2, i =1,...,n— 1, ¢c; = t1 and c,41 = tp.

Following Leedow and Tweedie (1983), we define the end corrected theoretical transform as

tn
Ge(s,0) = /t M1 — e "7 Ysem 5 dt
1
_ A"{ —sty —stn
s+ Ii(e - ) +

S

s+ kK

{Far(t)e™ = far(tn)e™* ). (8)

The end-corrected empirical transform is given by

Gucls) = Y0 / et = Y
=1 Ci =1



where [;,i = 1,...,n is the mean size of all organisms observed at time #; and w; =
f;‘“ se”Stdt = e75%+1 — 7% The end-corrected form is used because, typically, the initial
and last time points t1,t, are far from 0,00 and as a consequence the uncorrected empirical
form is not a good estimator of the uncorrected theoretical form.

In order to solve for the parameters in terms of the empirical transforms, a new transform

will be defined from (8). Let

G.(s,0)

e—stl _ e—stn

_ MK N s {fM(tl)e_Stl — fM(tn)e_St"}

F(s,0) =

s+Kk sS4k e~ — e=stn
AR s
= D(s, ). 9
b D0 ()
The empirical version of (9) is
Gne(s)
Fn(S) = e—5t1 _ e—stn
n e~ 5Ci _ e SCi41 _
= Z 6_5t1 — E_Stn lZ

i=1
n
= Zpili, say.
i=1
Now, by choosing two values s; and sy, and setting F,(s1) = F'(s1,0) and F,(sz) = F(s2,0),
one can solve for the population parameters. These estimators will be functions of D(s, 8),

which is also a function of the parameters. Therefore, D(s, 8) will be replaced in the param-

eter estimators by its unbiased estimator,

e~ st Zl — e~ Stn Zn

e—stl _ e—stn

Dn(s) =

The resulting ET estimators are then

$1{Dn(s1) = Fu(s1)} — s2{Dn(s2) — Fu(s2)}
Fo(s1) — Fo(s2) ’

A=



5 — StEn(s2){Dn(51) = Fuls1)} = saFn(s1){Dn(52) — Fals2)}

1 (Dals) — Fa(s0)} — 52(Dnlsa) - Fu(s2)) 1

and

1 I
r=—1 11— —= tq. 12
; g( A)+1 (12)

Note that the ET estimator for 7 does not result from the solution to the equations I, (s;) =
F(s;,0), since 7 is no longer present in the equations due to the substitution of D,(s) for
D(s,0) in F(s,0). Therefore, in order to derive an ET estimator for 7, Leedow and Tweedie
used the third equation /4 = A [1 — e_“(tl_T)], and solved for 7.

The estimators above depend on s;,sy, and we now derive another set of estimators
requiring only one choice for the value of the transform variable, using the observation that
the optimal choice of s, s3 is typically at values close together. Letting s — s = s in (10),

(11), and (12) gives the single transform variable estimators

{Dn(s) = Fu(s)} + s{D;(s) = Fy(s)}

Fo=oim k= ' (s) ! (13)
C s FHDA(s) = B} 4 s{F()DA(s) — FL()Du(s))
A= w2 (Du(3) — Fals)] + 5{D0() — FL() 04
and
— SQEIS?:S% = %log (1 - %1) + 1. (15)

Now we have that

R = 3 gopdi= Dol

=1
where
' (Ci _ Cn+1)e—8(ci+cn+1) + (Ci-}—l _ Cl)e—s(ci+1+01)
Py = (e—scl _ e—scn+1)2
(c1 4 ci)e™*Fe) 4 (cpqy — cigq)e*ontrteins)

(e—scl — e~ SCn+1 )2
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If we formally write

where
6—801/(6—801 _ e—scn+1)7 fori=1

¢ =< 0, fore=2,...,n—1 ,
—e7%nt1 [T — 741y fori=n

then we similarly have

"9 n -
Dy (s) = ;%%li:;qgln

where
(c1=cnp1)e*(C1¥entt)
(e=sc1—¢~°nt1)2
¢ =1 0, fori=2,...,n—1
(cnpr—ci)e~*le1tent)
(e—scl_e—scn+1)2 ?

fori=1

fori=mn

2.3 ET covariance estimator

In order to facilitate the derivation of an approximate covariance matrix, the empirical trans-

forms will be denoted by their matrix forms;
Dn(s) =) _aili = q'l, Di(s) =) qil: = u'l
i=1 i=1

Fu(s) =) _pili =p'l, Fi(s) = il ="l
=1 =1
Zl = Z ZJZ' = Ztl7

=1

where z is a vector with a 1 in the first position and 0’s everywhere else. From the previous

section, the two vectors

>

Il

> R>
—_

—

D
~—

~»



and

[«
[l
N

1

will be used to estimate the parameter vector 8.
First, we will develop an approximate covariance matrix for 0 and then use the same
argument to develop an approximate covariance matrix for 6. To begin, let D, (s1) = qil,

D, (s2) = dil, F,(s1) = pil, and F,(s2) = p4l. Then the empirical transform vector is

defined by
Dn(Sl)
Dn(SQ)
G=| F.(s1) | =T, (17)
Fn7(82)
Iy
where

T=1q q p1 p2 2

The expectation and variance of G are easily calculated from (17):

&
&2
EG] =~ = b1 =Ty, (18)
®2
fu(th)

and
Var[G] = T'ZT, (19)

where o = (far(t1), ..., fa(ts))® and X is the n x n covariance matrix of 1. The elements in
the vector (18) and matrix (19) are, of course, functions of the transform variables s; and s;.
We will now consider (16) as a vector valued function h(G), where h1(G) = &, hy(G) = A,

h3(G) = 7. Using the Taylor’s series expansion (Casella and Berger, 1990) of h(G), an



approximate covariance matrix for (16) is

a . Oh(y) oh'(v)
Var[6] ~ ot T'ST oy (20)
The matrix dh(v)/d~" is a 3 x 5 matrix defined as follows:
Oh1(v)/0v"
ag(?) _ |: 8h2(7)/87t ] 7
7 Ohs(v) /07"
where
ahl (")/) _ S1
06, b1 — b2
ohi(y) _ —s
96, dr— )
Ohy () . —51(01 — ¢2) + s2(d2 — P2)
op1 (1 — ¢2)? ’
3h1(’)’) _ 51(51 —¢1) —52(52 —¢1)
092 (1 — ¢2)? 7
Ohy(7) _—
dfm(th) ’
Oha(v)  _ s152(¢2 — 82) (P2 — ¢1)
061 {s1(61 — ¢1) — 52(82 — 2) }?’
Oha(v) 5152(¢1 — 01) (1 — ¢2)
09,  {s1(81 — ¢1) — 52(82 — @) }2’
3h2(‘)’) _ 83(52 - ¢2)2 - 5182(51 - @52)(52 - ¢2)
091 B {81(51 - @51) - 32(52 - ¢2)}2 7
(%2(’)’) o S%(51 - ¢1)2 - 5182(52 - ¢1)(51 - ¢1)
8¢2 N {81(51 - ¢1) - 32(52 - ¢2)}2 7
Oha(7) —
dfm(th) '
If £ is the expected value of any transform in £ or ;\, then
Ohs (7) — pt (7) Ohy (7) |: I (tl) :|
3 ! & Lha(v){ha(y) — fm(ta)}
Bt 3h1( )
—hi () {hs(v) — t1}, (21)
(9h3(~y) A | { }
ey ) Y
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In order to estimate Var[@] as in (20) from data, we will replace v by 4 and X by the

estimate . The predicted values from fM(t) will be used to estimate ~;

(1 . e—k(tl—%))
(1 _ e—k(tQ—%))

D> D>

y=T1'
A1 — e=Altn=7))
When estimating 3, we will only consider the case where the [; are independent. This is a

reasonable assumption for many growth model problems, although it is not required for the

validity of (20). Let T be an n X n matrix with elements described by:

O-Z 7] -

[ Bt fe)p, fori=j .
0, fori#j

where n; is the number of organisms observed at time t;. Now, letting

oh' (%)

B= 55

and replacing ¥ with 3, an estimator of Var[#] is
Var[6] = B'T'STB.

In order to develop an approximate covariance matrix for the single transform variable

estimator 6, we simply change the weighting matrix, T in (17) to

Td:qupVZ7

and follow the same steps presented previously for deriving the approximate covariance matrix
associated with the double transform estimator 8. Details including all relevant derivatives

are given in Johnson (2000).

11



3 Simulation experiment

3.1 Detalils

Our simulation study of the estimators is similar to that performed by Leedow and Tweedie
(1983). In each of five simulations, 1000 datasets were generated.
In the first three simulations we chose sampling times {t; = ¢ :i = 1,...,20}. At each

sampling time we generated 10 independent sample observations from
Lr=Ml—e"" N4 Zioy  k=1,...,10,i=1,...,20,

where Z; , ~ N(0,1). We chose A = 52, 7 = 0, and o = 2.5 for all three simulations. Each
simulation, however, was performed with a different value for s, namely 0.125, 0.25, and
0.5. Holding A and 7 constant is appropriate since it is the growth rate constant x which
determines the shape of the curve (Figure 1).

To assess the effect of the end-correction in a somewhat more realistic situation, a fourth
simulation was conducted with sample times {t; = i:1=5,...,16}, A =52, k = 0.25, 7 = 0,
o =25, and K = 0.25.

In the fifth simulation we generated data using exponential random variables, in order to
investigate the effect of heavier tailed distributions on the method. For each of the sampling
times {t; =i:i=1,...,20} we generated 10 independent observations from an exponential
distribution with mean fas(¢;), where fas(¢;) is given by equation (1).

Point estimators and their estimated covariances for the E'T estimators were calculated in
each experiment according to the formulae developed in Sections 2.2 and 2.3. For the double
transform variable estimators, (10)-(12), we set the transform space to be s; > 1 x 107

and sy = s + 0.005, as in Leedow and Tweedie (1983). For the single transform variable

12



Figure 1: Monomolecular growth curve shape for three different growth rate constant (k)

values. For all three plots A = 52 and 7 = 0.
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estimators, (13)-(15), we set the transform space to be s > 1 x 1072. The lower bound
1 x 1072 was chosen because the ET estimators are undefined at s = 0. In the calculations
for a given sample we chose the value of the transform variable(s) that minimized the residual
sum of squares (Leedow and Tweedie, 1983).

For each simulation we computed the mean and variance of each point estimator, and the
mean of the Taylor approximation covariance matrix estimator over the 1000 runs. We use
the term “mean estimate” to refer to the average of the 1000 estimator realizations of both
the point estimator and the covariance matrix estimator. The effectiveness of the covariance

approximations, and in particular of the variance estimates associated with each parameter,

13



are assessed by comparing them to the covariance of the 1000 realizations (the “simulated”
covariance). We compare the ET estimators with the maximum likelihood estimators which
were based on the distribution used to generate the data. In the normal simulations, the S-
plus function nls was used to calculate maximum likelihood estimates and vcov was used to
produce maximum likelihood covariance estimates. In the exponential simulation, the S-plus
function nlminb was used to maximize the likelihood and the inverse information matrix was
used for maximum likelihood covariance estimation.

The confidence interval

estimate £ 1.964/ \//aE“(estimate)

was also calculated on each data set, where Var is from the Taylor approximation, since the
point estimates are asymptotically normal (Yao and Morgan, 1999). The confidence interval

coverage percentages were then also calculated.

3.2 Results
3.2.1 Normal error simulations

Point estimate results for the ET estimators in the normal simulations agreed with the double
transform variable results given in Leedow and Tweedie (1983). The single s version gives
almost the same results throughout as the version using two close values of s, as one might
expect.

For the organism limiting size parameter, A, bias of the transform estimator was the
largest for £ = 0.125 (Table 1). This is reasonable since the mean size at t = 20, o, is likely

to be farther from the asymptotic size when the growth rate constant, s, is small, as Leedow

14



and Tweedie note. As k increased, however, bias of the ET A estimators decreased becoming
nearly equivalent to the MLE estimator (Tables 2 and 3).

Conversely, bias of the ET estimators of x was largest when £ = 0.5 (Table 3). This also
seems reasonable since the majority of growth is happening in a short amount of time (Figure
1), and so the step function used to estimate the theoretic transform, (4), may not be a good
approximation in the time interval in which growth is occurring. Including more sampling
times during periods of steep growth should eliminate this problem in real applications.

The ET method does appear to slightly underestimate the value of 7, but in general by
an immaterial amount.

Table 4 shows that, as one should expect, for the truncated sampling times simulation,
the ET estimators did not perform as well as in the full range simulations due to truncated
sampling time and higher variance. The standard error estimates calculated still seemed to
be of the same order of accuracy, when compared to the real (simulated) values.

When comparing the ET estimators to the MLE, however, the A and & estimators per-
formed competitively, with relative efficiency ranging from 48-91% on the full data sets, and
73-82% on the truncated data sets.

Using the variance estimators developed in Section 2 led to over-estimation of the stan-
dard errors in each simulation (Tables 1-4), as judged by the simulated standard errors.
As k became larger, however, standard error estimation improved. For a small number of
replications, the ET covariance estimators produced very large over-estimates of parameter
standard error. These few large over-estimates influenced the mean. For this reason, the
median standard error estimate is also given in Tables 1 through 4. Examining the median

ET standard error estimates indicates the over-estimation is typically slight.
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Table 1: Parameter and variance estimation for simulation 1, kK = 0.125, A =52, and 7 = 0.

Parameter?®
K A T
SS S MLE SS S MLE SS S MLE

POINT ESTIMATION

mean estimate 0.124 0.124 0.125 52.19 52.19 52.04 -0.013 -0.013 -0.004

relative efficiency® 48%  48% - 53%  53% - 7%  47% -
VAR. ESTIMATION

simulated SE 0.0058 0.0058 0.0040 0.77 077 0.56 0.12 0.12 0.08

median SE est. 0.0060 0.0060 0.0040 0.95 096 0.56 0.11  0.11  0.08

mean SE est. 0.0071 0.0072 0.0040 1.17  1.19  0.56 0.11 0.11  0.08
CI COVERAGE® 95.5% 95.6% 94.3% 97.3% 97.3% 94.4% 91.8% 91.8% 95.3%

% 8S denotes double transform variable estimator (10)-(12), S denotes single transform variable estimator
(13)-(15).

® Relative efficiency = variance of MLE estimator / variance of ET estimator

¢ The target CI coverage is 95%.

Table 2: Parameter and variance estimation for simulation 2, Kk = 0.25, A =52, and 7 = 0.

Parameter?®
K A T
SS S MLE SS S MLE SS S MLE

POINT ESTIMATION

mean estimate 0.247 0.248 0.250 52.07 52.07 52.00 -0.015 -0.015 -0.002

relative efficiency®  64%  65% - 69% 69% - 59%  59% -
VAR. ESTIMATION

simulated SE 0.0074 0.0074 0.0059 0.27 0.27 0.23 0.073 0.073 0.056

median SE est. 0.0075 0.0076 0.0060 0.31  0.31 0.22 0.067 0.068 0.056

mean SE est. 0.0079 0.0079 0.0060 0.34 0.34 0.22 0.068 0.068 0.056
CI COVERAGE® 92.9% 93.3% 95.1% 95.9% 95.9% 94.3% 91.4% 91.6% 95.6%

% 8S denotes double transform variable estimator (10)-(12), S denotes single transform variable estimator
(13)-(15).

b Relative efficiency = variance of MLE estimator / variance of ET estimator

¢ The target CI coverage is 95%.
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Table 3: Parameter and variance estimation for simulation 3, kK = 0.5, A = 52, and T = 0.

Parameter®
K A T
SS S MLE SS S MLE SS S MLE

POINT ESTIMATION

mean estimate 0.49 0.49 0.50 52.02 52.02 52.00 -0.027 -0.027 -0.000

relative efficiency® 91%  91% - %  75% - 86% 86% -
VAR. ESTIMATION

simulated SE 0.016 0.016 0.015 0.17 0.17 0.15 0.055 0.055 0.051

median SE est. 0.016 0.016 0.014 0.17 0.17 0.15 0.055 0.055 0.051

mean SE est. 0.016 0.016 0.014 0.18 0.18 0.15 0.066 0.055 0.051
CI COVERAGE® 86.7% 86.8% 95.1% 94.9% 94.9% 94.9% 92.8% 92.9% 94.9%

% 8S denotes double transform variable estimator (10)-(12), S denotes single transform variable estimator
(13)-(15).

® Relative efficiency = variance of MLE estimator / variance of ET estimator

¢ The target CI coverage is 95%.

Table 4: Parameter and variance estimation for simulation 4, k = 0.25, 7 = 0, A = 52,
T =0, time range is 5-16, and o(t;) = 5.

Parameter?®
K A T
SS S MLE SS S MLE SS S MLE

POINT ESTIMATION

mean estimate 0.245 0.245 0.251 52.25 52.25 52.14 -0.19 -0.19 -0.05

relative efficiency® 82%  82% - 3% 73% - 69% 69% -
VAR. ESTIMATION

simulated SE 0.041 0.041 0.037 097 096 0.83 091 091 0.75

median SE est. 0.045 0.045 0.037 1.12  1.12  0.77 095 095 0.72

mean SE est. 0.047 0.047 0.037 1.26 1.26  0.81 1.03 1.03  0.75
CI COVERAGE® 96.6% 96.6% 95.9% 98.1% 98.1% 95.2% 97.4% 97.4% 95.2%

4SS denotes double transform variable estimator (10)-(12), S denotes single transform variable estimator
(13)-(15).

® Relative efficiency = variance of MLE estimator / variance of ET estimator

¢ The target CI coverage is 95%.
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The over-estimation of variances led to confidence interval coverage that was greater than
95% in some cases. As k increased, however, and variance estimation improved, confidence
interval coverage fell below 90% for the x estimators due to the bias of the estimator (Table
3).

Even though covariance estimates are usually not as useful as standard error estimates,
the Taylor’s series covariance estimates performed well. Table 5 illustrates the performance
of the correlation estimators for kK = 0.25. For each replication, parameter correlation was
calculated by dividing the covariance estimate by the product of the standard error estimates.
Correlations involving the A estimator were slightly over-estimated in magnitude, while p(7, %)
was slightly under-estimated. Correlation estimation also improved slightly, in terms of bias,

as k increased as well.

Table 5: Correlation estimation for simulation 2, k = 0.25, A =52, and 7 = 0.

Estimator®
Parameter SS S
p(A, k)
simulated -0.79 -0.79
median estimate -0.82 -0.82
mean estimate -0.83 -0.83
p(A,7)
simulated -0.45 -0.48
median estimate -0.47 -0.47
mean estimate -0.51 -0.52
p(7, %)
simulated 0.84 0.84
median estimate 0.82 0.82
mean estimate 0.82 0.82

% 8S denotes double transform variable estimator (10)-(12), S denotes single transform variable estimator

(13)-(15).
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3.2.2 Exponential error simulations

When the observations are exponentially distributed, the ET point estimators performed
well in comparison with the maximum likelihood estimators (Table 6). The ET estimators
of A and 7 performed similarly in terms of bias and relative efficiency as compared to the
maximum likelihood estimators. The ET estimator of k was actually more efficient than the
MLE estimator and slightly less biased as well.

Standard error estimation for the ET estimators of x was very accurate (Table 6). For
the ET estimators of both A and 7, standard errors were typically under-estimated. In 3
of the 1000 simulation replications the Taylor’s series variance approximations greatly over-
estimated the standard errors of A and 7. This is reflected in the large mean of the standard
error estimates. A similar problem occurred with the maximum likelihood estimates; the
information matrix was occasionally singular when evaluated at the MLE. So, as a whole,

standard error estimation was roughly equivalent for the ET estimators and the MLE’s.

Table 6: Parameter and variance estimation for simulation 5 with exponentially distributed
observations, kK = 0.25, A = 52, and 7 = 0.

Parameter?®
K A T
SS S MLE SS S MLE SS S MLE

POINT ESTIMATION

mean estimate 0.27 0.27  0.28 55.23  55.26 54.80 -0.19 -0.19 -0.15

relative efficiency® 130% 130% - 93%  90% 8% 8% -
VAR. ESTIMATION

simulated SE 0.14 0.14 0.16 13.29 13.48 12.79 091 091 0.8

median SE est. 0.14 0.14 0.12 750 7.50  6.40 0.57 0.58 0.57

mean SE est. 0.15 0.15 0.15 141.86 135.93 11.49 0.95 345 0.79
CI COVERAGE® 97.0% 96.6% 94.1% 95.2% 95.3% 93.8% 87.2% 87.3% 87.3%

% 8S denotes double transform variable estimator (10)-(12), S denotes single transform variable estimator
(13)-(15).

® Relative efficiency = variance of MLE estimator / variance of ET estimator

¢ The target CI coverage is 95%.
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Confidence interval coverage was close to nominal for both A and x ET estimators. The
actual coverage for the 7 ET estimator was slightly low at 87%, however, the MLE confidence
level was also about 87%. Quantile-quantile plots for all of the estimators in simulation 5
indicated the distribution to be skewed as compared to the normal distribution. Therefore,
using the normal based confidence interval may have affected the realized confidence levels

for this simulation.

3.2.3 Comments

The simulation results suggest both the ET estimates and the associated standard error
estimates work quite well in a variety of situations. In our simulations the ET estimators and
variance estimators did not perform as well as the MLE as a whole, although this is rather
a harsh comparison in that the MLE makes use of the correct (known) error distribution.
Considering, however, that the empirical ET estimation method makes no assumptions about
error structure, performance of the ET point and variance estimators is perhaps surprisingly

good.

4 Modeling sea turtle growth

We apply the ET methods to model the growth pattern of Kemp’s ridley sea turtles (Lepi-
dochelys kempii), using data taken from Zug, Kalb, and Luzar (1995), hereafter ZKL.
During the time periods 1979-1981 and 1988-1990, stranded sea turtles were collected
off the coast of Long Island, Virginia, and Georgia. Age estimates were made using skeleto-
chonology and size was measured by carapace length. ZKL determined that a three parameter

monomolecular model was a better fit to the data than a logistic or Gompertz model. ZKL
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Figure 2: Estimated growth curve for Kemp’s ridley sea turtle.
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do not provide estimates of variability, but using the methods developed here we are able to
provide confidence intervals for the transform estimates. Since the difference between single
and double transform variable estimators was minimal in all simulations, we will only use the
single transform estimator.

Preliminary analysis indicated that the arbitrary choice of using the first sampling time
and its associated mean observation in the transform estimator of 7 (15) was not appropriate
for these data. If the initial mean observation is far from the trend of the remaining data,
in terms of a “residual”, the fit of the transform estimated curve can be very poor when #;
is used in the transform estimator of 7. This was not a factor in the simulations since the

mean at the first sampling time did not have a larger residual than the rest of the data.
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For the sea turtle data, however, the first observation was collected as part of another
study and is far from the trend of the remaining data (Figure 2). We will use a slight
modification to (15) that involves choosing the sampling time and associated mean that
produces an estimated curve with the lowest residual sum of squares. Therefore, the subscript
“1”in (12) and (15) should be replaced by the subscript “i*”, representing the sampling time
that produces the curve with the lowest sum of squares. The optimal choice of the transform
variable s also changes with the sampling time used, and so the analysis is repeated for each
of the n sampling times to identify ¢*.

Since ZKL do not give the full data set, but only means at each age and variances for
those means, we will use the sample variances given for the diagonal elements of the ¥ matrix
in equation (22) instead of the estimators given previously.

ZKL use a different parameterization of the monomolecular model than we have used in

this paper. Their model is given by

Iu(t) = A1 = €e™).

The relation between our version and this version (1) is & = €*". An empirical transform
estimator for ¢ follows by using [; & A[1 — £e**] in the same manner as in the derivation of

the 7 estimators, giving

F o Rtix _lz*)
E—e (1 =), (23)

where again we use the value of i* € {1,...,n} which produces a curve with the lowest
residual sum of squares. Although we will calculate an estimate for &, for comparison with
ZKL, we have not calculated a variance estimate for this parameterization. We have, however,

calculated point estimates and confidence intervals for A, s, and 7 in the version used in this
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paper.
Although ZKL do not explicitly state what method of parameter estimation they used,
we assumed that they used standard homogeneous variance, normal maximum likelihood

estimators. ZKL give the parameter estimates:

A=1877.3, &=0.079, &=0.899.

The empirical transform methodology with end corrections gives the estimates

A =781.3, & = 0.096, F=-1.503

with corresponding 95% confidence intervals (69.0, 1493.6), (0.061, 0.132), and (-17.731,
14.726). The sampling time that produced the best fitting curve is at ¢, = t11 (age = 13
years). Using (23), we calculated an estimate of 0.865 for &, comparable to that of ZKL.
The residual sum of squares based on the means at each sample time for the ZKL curve is
11,447.06, while the RSS for the ET curve is 9,668.77.

Figure 2 illustrates the empirical transform estimated curve as well as the curve estimated
by ZKL. Note that both curves fit the growth pattern over the range of the data, but the
implications of the point estimators are rather different. In particular, the ET method implies
that the maximum carapace length of the sea turtle () is 781.3 mm, which is much shorter
than the 877.3 mm predicted by ZKL, and which is well past the range of the sighted turtles;

and similarly predicts shorter carapace lengths for all ages above the 15 years sighted.
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