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Auxiliary Information
e Finite population Uy = {1,2,..., N}
e Draw sample s C Uy (sample size ny) via p(-)
e Observe study variables, y;,7 € s
e Obtain complete auxiliary information x;,72 € Uy

— household-specific rent or housing value on U.S. Census
— individual-specific taxable income on Swedish population register

— pixel-specific spectral value from Landsat image

e Modeling?



Operational Aspects

e Often, a statistical agency:

— collects data and auxiliary info

— releases basic tabular estimates and weighted data set
e Modeling constraints:

— limited time and other resources for modeling ;s
— potential controversy among end users

— confidentiality restrictions on z;
e [istimation strategy:

— should use information in z;, ¢ € Uy

— should not release x;, 1 € Uy

— should handle any study variables (and be internally consistent)
— should not require modeling efforts for every study variable

— should be efficient if model is right

— should not fail if model is wrong



Generalized Difference Estimator

e For fized vy},
tig= X v + X (vi—y)—

1€Un 1€Un T
— Horvitz-Thompson is special case with y; =

e Design expectation is

By ligig] = = W+ X (i —w) =1,

€Uy €Uy
e Design variance is
A Toq — TT05
Var, (tgig) = X (i — y))y; — o))~
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e Unbiased variance estimator is
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Model-Assisted Approach

e Superpopulation model, &: y;’s are independent r.v.’s with model mean

Ee lyi] = m(x;)
and model variance
Varg (y;) = v(x;)
e LEstimate parameters of model ¢ and get model-based predictions m;
e Replace 3V in GDE with 1;:
ty= S mi+ % (yz'—m@')ﬁ
€Uy ieUy T
— model-based prediction 4 design bias adjustment
— if model is good, should have small design variance

o With E¢ [y;] = x/3, get generalized regression (GREG) estimator
— ADU and design-consistent (Robinson and Sérndal, 1982)



Generalized Regression Estimator: Examples
e Regression through origin with v(x;) o< z;: classic ratio estimator
e Heteroskedastic ANOVA: poststratification estimator
e Simple linear regression with m(z;) = By + Biz;, v(z;) = o* classic

regression estimator

. A ~
toreg = X xB+ ¥ (yi—x;B)—

€Uy €Uy G

= N{g,+ Bi(zv — 7,)]



Local Polynomial Regression
e Nonparametric model, & m(z;) is smooth, v(z;) is positive and smooth
— Kuo (1988), Dorfman (1992), Dorfman and Hall (1993)
e Locally weighted least squares fits (Wand and Jones, 1995)
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Local Polynomial Regression Estimator

e Model: m(x;) is smooth, v(z;) is positive and smooth

e Define
Xsiz{l Jﬁj—ﬂ?i (Qﬁj—xi)q}

JES
and

1 L — X
W, = diag{ K (xj ‘ )}
ﬂ-th A jEs

e Local polynomial regression estimator of m(x;) based on s is

i = [1,0,...,0 (X, W,Xy) X.W.y,

e LPR estimator of ¢, is then

. A A
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Weighting and Calibration

e Define
wy =[1,0,...,0] (X, WyX,;) ' X.W,
o Weights
A LA RE
= — — | W€ Y
1pI’ ics |m Oy iy 5] Y
= D Wisli
1E€S

where e; is the ¢th column of the ny X ny identity matrix

— internally consistent:

byre = S wis(yi + 20) = S wisti + X wiszi =ty + L.
1€8 1€8 1€8

— can be applied to any study variable
e Calibration (Deville and Séarndal, 1992)

Zwisxf: 3 :Uf (L=0,1,...,q)

1€S ZEUN

— ify; = Bo+Sizi+- - -+ Byxi, then glpr = t,, for every possible sample



Asymptotic Framework
e Population assumptions:
— population size N — oo, nyN ! — m € (0,1)
— m(x) smooth, v(z) smooth and positive
— noise €; .= y; — m(x;) ~ (0,v(x;))
— regressors {x;} behave like iid sample

e Smoothing assumptions:

— kernel K(-) is symmetric, continuous, and compactly supported
— bandwidth hy — 0 and Nh3 — oo

e Design assumptions:

— minjey, m > A > 0 and min; jep, m; > A* > 0

— limited dependence:

li]rvnjélop nNi’jer%%%%j |7 — mmi| < 00
lim sup N* max \E, [(L; = mi)(L; — ;) (L), — 7)) (Ly — m)] | < 00

N—o0 (i,5.,k,0) distinct



Asymptotic Properties of LPR Estimator

e Asymptotically design unbiased (ADU):

: Zglpr —ly : .
lim E, |————| = 0 with model probability one
N—o0
e Design consistent:
lim E, |1 ) = 0 with model probability one
N—oo {N_1|t1 _ty’>77}
pr
for all p > 0

e Design mean squared error:

751 — ty 1 T T
E I = — Z i — My — & Z]—I‘O n_l
() = e = ) T o)
with consistent, ADU estimator
1 Wij_ﬂiﬂjji]j

‘A/N_ll? = — i — My S — M
( lpr) N2 i,jg%JN(y m )(y] m]) P i



Godambe-Joshi Lower Bound
e Godambe and Joshi (1965): for any estimator ¢, satisfying
E, [N~'(t, —t,)| =0,

the following inequality holds:

A

2
t, —1 1 1 —m;
ESEP( yN y) Z —— Z U(lﬂ‘»ﬂ

— LHS is anticipated variance
— RHS minimized for 7; oc v'/?(z;)

e LPR asymptotically attains GJLB:

t { ? 1 1
lpr — — T
ESEp( prN y) > U(%)

- ﬁ 1€Un 0
— GREG attains GJLB if model is linear (Wright, 1983)
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Simulation Experiment

e N = 1000, {¢} iid N(0, o?)
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Bandwidth Selection
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Simulation Results
For hy = 0.25 and 100 simple random samples of size ny = 100,

e Absolute relative design bias, |E, [f — ty] [t,| x 100% < 1%

e Relative efficiency, Var, (f) /Var, (Ltlpr>:

line quad bump jump
HT 28.67 252 9.67 397
REG 096 255 1.86 3.42

e Mean of estimated standard error over MC standard error:
line quad bump jump
HT 112 114 1.13 1.10
REG 1.02 1.12 1.18 1.07
LLR 099 1.00 1.19 1.09




Soil Mapping
e National Cooperative Soil Survey produces soil surveys:

— county-level soil maps and soil series descriptions
— intensive field work; rarely updated

— used by farmers, contractors, scientists
e Map traditionally constructed from:

— informal model
— subjective evaluation of topography, vegetation, etc.

— occasional observation of soil properties at purposively-located sites
e Problems:

— no consistent measurement protocol

— poor distributional information



Western Iowa Pilot Project

e Soil survey update in two counties

— statistically defensible design
— field work commitment comparable to traditional update

— consistent measurement protocols
e Multi-phase design: focus on two

— surface horizon points (N = 665)
— auxiliary variable x; = field clay in surface horizon
— lab points (n = 97): horizon-specific lab measurements

— study variables y; = components of texture (clay, sand, silt)



Lab Texture Data

e Local linear fits with A = 0.2 and Epanechnikov kernel:
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Compositional Data

e Local linear regression:

Component ~ HT REG  LLR(0.2) | LLR(opt) hopt

Clay 0.346 0.351 0.351 0.351  0.221
(0.0129) (0.0051) (0.0050) | (0.0050)

Sand 0.091 0.088 0.088 0.089  0.310
(0.0109) (0.0067) (0.0064) | (0.0062)

Silt 0.563 0.561 0.561 0.564  0.128
(0.0075) (0.0072) (0.0060) | (0.0058)
Total 1.000 1.000 1.000 1.004




Conclusions

e New class of model-assisted survey estimators
e Good theoretical properties:

— is ADU and design consistent
— attains Godambe-Joshi lower bound asymptotically

— dominates classical estimator for nonlinear populations
e Good practical properties:

— has weighted form
— calibrates to known control totals

— 1s insensitive to bandwidth choice
e Further work

— multiple auxiliary variables

— multi-phase and multi-stage designs



