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Abstract Goodness-of-fit evaluation of a parametric regression model is of-

ten done through hypothesis testing, where the fit of the model of interest

is compared statistically to that obtained under a broader class of models.

Nonparametric regression models are frequently used as the latter type of

model, because of their flexibility and wide applicability. To date, this type
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of tests has generally been performed globally, by comparing the parametric

and nonparametric fits over the whole range of the data. However, in some

instances it might be of interest to test for deviations from the parametric

model that are localized to a subset of the data. In this case, a global test

will have low power and hence can miss important local deviations. Alter-

natively, a naive testing approach that discards all observations outside the

local interval will suffer from reduced sample size and potential overfitting.

We therefore propose a new local goodness-of-fit test for parametric regres-

sion models that can be applied to a subset of the data but relies on global

model fits, and propose a bootstrap-based approach for obtaining the distri-

bution of the test statistic. We compare the new approach with the global

and the naive tests, both theoretically and through simulations, and illus-

trate its practical behavior in an application. We find that the local test has

a better ability to detect local deviations than the other two tests.

Key words: Cramér-von Mises test, wild bootstrap, local polynomial re-

gression.

1 Introduction

A common task for statisticians is to determine whether a certain parametric

model is an appropriate representation for a dataset. As part of this determi-

nation, it is often desirable to formally test the model, by treating the model

as a null hypothesis against an alternative (broader) model and evaluating

the probability of obtaining the observed data under the null hypothesis. The

choice of the alternative hypothesis model is critical in this determination,
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since only deviations from the null hypothesis model that are explicitly al-

lowed by the alternative can be assessed. Nonparametric models are therefore

a conceptually appealing choice for the alternative hypothesis, since they only

require weak model assumptions such as continuity and/or differentiability.

A number of authors have developed goodness-of-fit tests for parametric

models that rely on a smooth alternative estimated by a nonparametric re-

gression method, including [3], [21], [4], [2] and [7]. [19] proposed test statistics

based on kernel-weighted log likelihood fits to detect global lack of fit, and

derived their asymptotic distributions. [11], [22], [20], [1] and [6] described

tests based on overall distance between the parametric and nonparametric

fits. [12] discussed a similar approach and compared it with tests based on

smoothing the residuals from a parametric fit, similar to the one of [23].

[5] used the difference between estimates of the variance obtained under a

parametric and nonparametric fit as a test statistic. [9] proposed a test that

measures whether higher derivatives of the unknown function, as estimated

by nonparametric regression, are statistically significant. An issue common

in these procedures is that they require the selection of a tuning constant

for the nonparametric regression under the alternative, or equivalently, a de-

cision on the degree of smoothness of the alternative model. A number of

methods have been proposed that automatically adapt to varying degrees of

smoothness, including the testing approaches of [18], [13] and [10].

While the methods covered in those articles are quite different, the de-

viations between the parametric fit and the (nonparametric) fit under the

alternative model are all measured globally, i.e. they measure the cumulative
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discrepancies between both models over the whole range of the data. How-

ever, there are cases in which we might be more interested in discovering

local deviations from the null model. Such a deviation would be caused by a

departure from a parametric model for a subset of the data only, while the fit

for the rest of the data might be well-represented by the parametric model.

This type of local departures from the null model specification should not

be confused with the term “local alternative,” which refers to deviations be-

tween the null and the alternative model that become smaller as the sample

size increases.

The idea of testing for local deviations was motivated by a collaboration

of the first author with U.S. Bureau of Labor Statistics staff, to evaluate the

appropriateness of a no-intercept linear (ratio) model used as a component in

the procedure for producing monthly employment estimates. In this model,

establishment-level employment for the current month is assumed to be re-

lated through the ratio model to the employment in the previous month. This

appears to be a reasonable overall model, but there is some concern that the

overall relationship might not hold uniformly well for all establishment sizes

(especially for the smallest or largest establishments), and hence lead to poor

predictions for some of the establishments. A local test for deviations from

the overall parametric model could be useful for testing for local deviations

from this model, even in cases where the overall model fits well.

Because of confidentiality issues, the data from the application described

above are not available to the public. We therefore consider a different appli-

cation in the current article, which will be used to illustrate the local testing
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Fig. 1 Plot of percentage bodyfat versus age for 252 men. Dashed line represents

linear regression fit, solid line represents local linear regression fit.

procedure. The data are from the “bodyfat” dataset available on StatLib

(http://lib.stat.cmu.edu/). They were originally described in [16] and made

available to the public in [14]. In this application, an estimate of the percent-

age bodyfat is obtained for 252 men through underwater weighting, together

with a set of associated variables such as age and various physiological mea-

surements. Figure 1 shows the fits for percentage bodyfat as a function of

age, using both linear regression and nonparametric regression. While the lin-

ear fit appears broadly reasonable as an overall model, a question of interest

might be whether the “dip” observed between 50 and 60 years of age repre-

sents a statistically significant deviation from the linear fit. We will discuss

this question further in Section 4.
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In situations like those described above, three nonparametric testing ap-

proaches are in principle possible: (1) apply a global test for goodness of

fit and attempt to capture the local deviation, (2) apply a global test after

discarding the data outside the range of the potential local deviation, or (3)

adapt a global test so that it specifically targets the local deviation. The third

type of test does not exist in the statistical literature and will be developed

later in this article, but we will describe some of the drawbacks with the first

two testing approaches in detecting local deviations.

Because of the cumulative or “integrated” nature of most global measures

of discrepancy between null and alternative hypotheses, a global test is likely

to be unable to differentiate between one relatively large but localized dis-

crepancy and many smaller discrepancies between the fits. The former type

might be due to a significant local departure from the null model, while the

latter could be due to the presence of noise around a correctly specified null

model. As statistical tests are designed to accept the null hypothesis if the

deviation could reasonably be explained by noise, this inability to differen-

tiate between both types of deviation results in global methods having low

power in situations with localized deviations.

The second type of tests consists of applying a global test on a restricted

dataset obtained by discarding all data outside the range of interest. This

approach, which we will refer to as a “naive” test, has the intuitive advantage

of specifically targeting the area of interest, but has a number of important

drawbacks. First, by reducing the sample size, the test looses power, since

both the null and the alternative fits are now computed on a subset of the
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data. Second, this procedure suffer from potentially severe “over-fitting bias,”

in the sense that the parametric fit in the local interval might deviate from the

overall parametric model fit, with a resulting further loss of power. Finally,

if multiple local intervals are to be tested, the naive procedure requires that

the null and alternative fit be recomputed for each interval, which adds to

the computational complexity of the procedure.

The third type, to be further developed in what follows, is a local testing

procedure that can be applied when a global parametric fit is obtained, but

the presence of local deviations is suspected in a subset of the data. By relying

on global fits but restricting the testing interval to a specific area, this testing

approach can be expected to combine the good features of global and naive

tests while avoiding most of their disadvantages.

It is clear that the idea of restricting a test for departure from a parametric

shape to a local interval entails the risk of “data snooping,” in which a

feature is first identified visually and then a test is constructed around it. In

our theoretical discussion of the local test, we will be assuming an a priori

specified interval and hence do not account for possible data snooping. In the

application of the test to the bodyfat dataset, we will discuss a Bonferroni

adjustment to the local test.

The remainder of the article is as follows. In Section 2, we generalize the

global Cramér-von Mises-based test of [1], derive the asymptotic properties

of the proposed local test, and compute the asymptotic relative efficiencies

for the local test in comparison with the global and the naive tests. We also

propose a bootstrap-based method to compute the critical value for the local
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test without relying on its asymptotic distribution. In Section 3, we com-

pare the behavior of the three testing procedures in simulation experiments.

Section 4 discusses the application of the testing procedures to the bodyfat

dataset.

2 Local Test

We describe the local hypothesis test for the situation in which the assumed

null model is a polynomial in a single continuous covariate, as was done by

[1]. The approach continues to hold, with some modifications, if a different

parametric form is considered, and other local testing procedures such as

those mentioned in Section 1 could also be “localized” in a manner similar

to what we will be describing here.

Suppose that we observe data (xi, Yi), i = 1, . . . , n, where xi ∈ [a, b], and

we are interested in fitting a regression model to these data. We believe that

the model

Yi = xTi β + εi

with x = (1, x, . . . , xp)T for some fixed p ≥ 0, is a reasonable overall specifica-

tion for the data, but we are concerned that there might be local departures

from that model. Therefore, we would like to test the hypothesis

H0 : E(Y |x) = xTβ

against the alternative

HA : E(Y |x) = m(x) 6= xTβ
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where m(·) is a smooth but otherwise unspecified function. Because we are

interested in a local test, we would like to develop a procedure that can be

applied to a specific interval within [a, b] and determine whether observed

discrepancies in that interval are statistically significant. If such a local dis-

crepancy is identified and found to be sufficiently large to warrant modifying

the model, then the overall parametric model could be extended in such a

way that it captures the observed deviation.

We will use the Cramér-von Mises test statistic proposed in [1], adjusted

for the fact that we are only testing for deviations in an domain Dn ⊂ [a, b]

(the subscript n is added as we will be considering the asymptotic properties

of the test and want to allow the domain to shrink with n). We first define

the parametric and nonparametric estimators that will be used to compute

estimates under H0 and HA. Under H0, the mean function is assumed to

be a polynomial in x, and the parameter β is estimated by least squares

regression. Let m0(x; β̂) denote the estimator for m(x) in that case. Under

HA, the function m is no longer assumed to be a polynomial function, but it

is still assumed to be smooth function of x. In that case, m(x) is estimated

by local polynomial regression. Specifically,

m̂(x;hn) = e′1
(
X ′xW xXx

)−1
X ′xW xY (1)

where e1 = (1, 0, . . . , 0)′, Y = (Y1, . . . , Yn)′,

Xx =


1 x1 − x . . . (x1 − x)q

...
...

...

1 xn − x . . . (xn − x)q

 ,
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and W x = diag{K((x1 − x)/hn), . . . ,K((xn − x)/hn)}, with K(·) a kernel

function, q the degree of the local polynomial and hn the bandwidth (condi-

tions on both will be discussed below).

The local Cramér-von Mises test statistic is defined as

Tn,L =
∫
Dn

(
m̂(x;hn)−m0(x; β̂)

)2

w(x)dx, (2)

where w(·) is a fixed weight function. It is clear that the statistic Tn,L will

be large when the difference between the parametric and nonparametric fits,

evaluated on the domain Dn, is large, and small otherwise. Specifically, the

types of model deviations that can be captured by this test are of the form

m(x)−m0(x;β) ≡ gn(x), where gn(·) is a non-zero bounded function orthog-

onal to polynomials of degree p. Since we are interested in local deviations, we

let gn(x) = cn g(x) I{x∈Dn}, with g(·) a fixed non-zero function, and I{A} = 1

if A is true and 0 otherwise. This formulation will allow for fixed alternatives,

for which cn ≡ c, as well as local alternatives, where cn → 0.

The following assumptions are needed to derive the asymptotic distribu-

tion of Tn,L.

A 1 Model assumptions: The variable x has compact support [a, b], and its

density f(·) is bounded away from 0 and is twice continuously differentiable.

The function m(·) is bounded on [a, b] and has q+1 bounded derivatives. The

variance function σ2(x) = Var(Y |x) is continuous and bounded away from 0

and ∞.

A 2 Parametric estimator assumptions: The parameter β is estimated by β̂,

with β̂ − β = Op(1/
√
n).
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A 3 Nonparametric estimator assumptions: The kernel K is symmetric, bounded

and has compact support. The local polynomial degree q ≥ p, where p is

the degree of the null model polynomial. The bandwidth satisfies hn → 0,

nhq+1
n →∞.

A 4 Local deviation assumptions: The domain Dn is of size ‖Dn‖, and if

‖Dn‖ → 0 then we require hn/‖Dn‖ → 0. The size of the local deviation,

|cn|, is bounded, and if cn → 0, then hn/cn → 0.

Under those assumptions, we obtain the following result, which general-

izes that of [1] for the case of testing in a pre-specified domain Dn. The proof

is in the Appendix.

Theorem 1 Under assumptions A1–A4, the test statistic Tn,L defined in (2)

has the asymptotic distribution

V
−1/2
Ln (Tn,L − b0n − b1n)→L N(0, 1),

where

b0n =
1
nhn

K̃(2)
q (0)

∫
Dn

σ2(x)w(x)
f(x)

dx,

b1n = c2n

∫
Dn

(
K̃q,h ∗ g(x)

)2

w(x) dx,

and

VLn = 2
1

n2hn
K̃(4)
q (0)

∫
Dn

(
σ2(x)w(x)
f(x)

)2

dx,

where K̃q(·) is the equivalent kernel of order q, K̃(r)
q (·) denotes its r-fold

convolution with itself and K̃q,h(x) = 1/hn K̃q(x/hn).

For the definition of the equivalent kernel, see [8, p.64]. While the exact

expressions for the equivalent kernels and convolutions are relatively involved,
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they can be computed for any particular choice of K(·). The asymptotic

distribution in Theorem 1 is valid under both the null and the alternative

hypothesis, regardless of whether the latter is fixed (cn = c) or local (cn =

o(1)). If the null model is true, i.e. cn = 0, then b1n = 0, so that this result

can be used to derive an asymptotic test as long as b0n is known or can be

estimated consistently.

The asymptotic results in Theorem 1 allow us to compare the power of

the proposed local test with that of the global test of [1], and with that of the

naive test which ignores any data outside of the interval Dn in both model

fitting and the computation of the test statistic. The asymptotic distribution

of the global test statistic, denoted by Tn,G in what follows, was derived in

[1]. In the case of a local model deviation gn(·) of the form cn g(x) I{x∈Dn}

and satisfying assumption A4, the asymptotic distribution of Tn,G is similar

to that shown in Theorem 1 for Tn,L, except that the Dn are replaced by the

full interval [a, b] in b0n and VLn (but not in b1n). The asymptotic distribution

of the naive local test, denoted Tn,N , is the same as in Theorem 1 except that

n needs to be replaced by n∗, the sample size for the observations that fall

in Dn, in both b0n and VLn. Note that the asymptotic bias term b1n is the

same as in Theorem 1 for all three tests. We will denote by Vtn, t = L,G,N

the asymptotic variance of the three statistics.

The asymptotic power of all three tests depends only on the ratio b1n/
√
V tn.

We are assuming that we can estimate the bias term b0n for each of them,

and denote by T †n,t the test statistic adjusted for this bias. The asymptotic
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power of the adjusted tests is defined as

Pα,t ≡ Pr

(
T †n,t√
Vtn

> z1−α

)
,

where z1−α is the 1 − α quantile of the standard normal distribution. A

common approach to measure the efficiency of statistical tests is through

the asymptotic relative efficiency (ARE), also called Pitman efficiency ([15]),

which compares the sample sizes of different tests required to achieve a given

power. In order to make the tests comparable, we will use the sample sizes for

the whole interval [a, b] for all three tests, and denote those by nL, nG and nN ,

respectively. In the case of the naive test, this means that the sample size is

set at nN , but that only n∗ observations are actually used in the construction

of the test over Dn. Therefore, we make the following additional assumption.

A 5 Sample size assumption: The sample size n∗ in the interval Dn satisfies

n∗ = n
∫
Dn

f(x) dx.

Assumption A5 gives an explicit relationship between the overall sample size

and that in Dn. If the xi are randomly generated from the density f(·), it will

hold in probability. The following theorem describes the asymptotic relative

efficiency (ARE) of the three adjusted test statistics and is proven in the

Appendix.
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Theorem 2 Under the assumptions A1–A5, the ARE for the adjusted test

statistics T †n,L, T
†
n,G and T †n,N are

nL
nG

=

√√√√ ∫
Dn

r(x) dx∫
[a,b]

r(x) dx
(1 + o(1)) = O(‖Dn‖1/2)

nL
nN

=
∫
Dn

f(x) dx (1 + o(1)) = O(‖Dn‖)

nG
nN

=

√√√√∫[a,b] r(x) dx∫
Dn

r(x) dx

∫
Dn

f(x) dx (1 + o(1)) = O(‖Dn‖1/2)

with r(x) =
(
σ2(x)w(x)
f(x)

)2

.

In the case of ‖Dn‖ → 0, each of these ARE converge to 0, so that the local

test is more efficient than both the global and the naive test, and the global

test is more efficient than the naive test. If Dn is treated as a fixed interval,

the first two ARE are strictly smaller than 1 unless Dn = [a, b], showing that

the local test again dominates both the global and the naive test. However,

the comparison between the global and the naive test is generally ambiguous

when Dn is fixed. These results hold under the fixed as well as the local

alternative, as cn does not have an effect on the leading terms of the AREs.

As noted in other nonparametric testing contexts, the asymptotic dis-

tribution of Theorem 1 is often not sufficiently precise for constructing a

practical test in small-to-medium sample size situation. Hence, following [1],

we instead construct a bootstrap-based distribution function for Tn,L, from

which relevant probabilities can be estimated. The procedure of [1] can be

applied directly to obtain a bootstrap distribution for Tn,G and Tn,L.
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The procedure is based on the wild bootstrap procedure of [11]. An im-

portant advantage of the wild bootstrap is that the bootstrap distribution

remains valid for any variance function specification satisfying assumption

A1, because the first three moments of each bootstrap error (over the boot-

strap distribution) are constructed to match those of the corresponding sam-

ple residual under the null model. Specifically, let the sample residuals be

denoted as ξ̂i = Yi −m0(xi; β̂), i = 1, 2, . . . , n. For each i = 1, 2, . . . , n, the

bootstrap error ξ∗i is selected from a two-point distribution satisfying

E∗ (ξ∗i ) = 0, E∗
(
ξ∗2i
)

= ξ̂2i , E∗
(
ξ∗3i
)

= ξ̂3i , (3)

where E∗ denotes the expectation operator over the bootstrap distribution.

The three requirements in (3) induce the set of constraints

γe1i + (1− γ)e2i = 0

γe21i + (1− γ)e22i = ξ̂2i

γe31i + (1− γ)e32i = ξ̂3i ,

where e1i, e2i denote the two possible point values for ξ̂∗i and γ the probability

of obtaining e1i. A solution to these constraints is given by γ = (5+51/2)/10,

e1i = ξ̂i(1− 51/2)/2 and e2i = ξ̂i(1 + 51/2)/2.

A bootstrap sample under the null model is constructed by letting Y ∗i =

m0(xi; β̂)+ξ∗i , i = 1, . . . , n, and the bootstrap test statistics T ∗n,L is computed

as in (2). We prove the following result in the Appendix, with similar results

holding for bootstrapped statistics T ∗n,G and T ∗n,N by [1].
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Theorem 3 Under assumptions A1–A4, the bootstrap test statistic T ∗n,L has

the same asymptotic distribution as Tn,L under H0:

V
−1/2
Ln (T ∗n,L − b0n)→L N(0, 1).

3 Simulation Study

In this Section, we describe a simulation experiment to compare the behavior

of the three tests. We generated 1000 samples of sample size n = 100 for the

regression model Yi = m(xi) + σεi, with

m(x) = (2x− 1) + 0.5 exp
(
−50(2x− 1.5)2

)
, (4)

σ2 = 0.25, a fixed and equally-spaced design in the interval [0, 1], and er-

rors generated from independent and identically distributed N(0, 1) random

variables. The wild bootstrap resampling was performed B = 1000 times

for each sample. The weight function used in all three tests was taken as

w(x) = 1. The interval [0, 1] was split in six sub-intervals, [0, 0.2], [0.2, 0.4],

[0.4, 0.6], [0.6, 0.8], [0.8, 1] as well as [0.15, 0.35], where the deviation from a

linear model is localized. Figure 2 shows the regression function (4), a random

sample from this model and the six sub-intervals considered.

In this model, the parametric estimator under the null hypothesis was

calculated using the Ordinary Least Squares estimator, while the model un-

der the alternative hypothesis was fitted using local linear regression with

an Epanechnikov kernel and bandwidth values h = 0.05, 0.075 and 0.1. In

Table 1, the simulated rejection probabilities obtained for Tn,L are presented
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Fig. 2 Regression model (4), a random sample from this model and the six sub-

intervals considered.

for significance levels α = 0.05 and 0.1, as well as the mean and standard

deviation of the p-values over the 1000 trials. Tables 2 and 3 show the same

results for Tn,G and for TnN , respectively.

When comparing the results for the tests, it is clear that the probability

of (correctly) rejecting the null hypothesis as well as the average p-value are

substantially higher in the local test on the intervals [0.2, 0.4] and [0.15, 0.35]

than in the global test, even though the overall deviation in the mean model is

the same. The naive test performed the worst, almost completely missing the

model deviation. This is likely due primarily to the overfitting bias described

earlier, which causes a line fitted inside each of the intervals to be close to the
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Interval [0, 0.2] [0.2, 0.4] [0.4, 0.6]

h 0.05 0.075 0.1 0.05 0.075 0.1 0.05 0.075 0.1

α = 0.05 0.099 0.140 0.176 0.393 0.466 0.509 0.048 0.067 0.089

α = 0.1 0.209 0.271 0.284 0.541 0.636 0.652 0.116 0.138 0.153

µp−value 0.333 0.309 0.295 0.163 0.138 0.128 0.435 0.431 0.425

σp−value 0.249 0.254 0.253 0.196 0.188 0.181 0.274 0.282 0.285

Interval [0.6, 0.8] [0.8, 1] [0.15, 0.35]

h 0.05 0.075 0.1 0.05 0.075 0.1 0.05 0.075 0.1

α = 0.05 0.036 0.045 0.055 0.037 0.045 0.052 0.414 0.483 0.546

α = 0.1 0.102 0.120 0.121 0.102 0.115 0.115 0.567 0.652 0.698

µp−value 0.462 0.462 0.462 0.443 0.450 0.456 0.155 0.128 0.117

σp−value 0.275 0.285 0.289 0.265 0.273 0.278 0.189 0.180 0.176

Table 1 Rejection probabilities, and average and standard deviation of the p-

values of the local test Tn,L for simulation experiment on regression model (4).

Interval [0, 1]

h 0.05 0.075 0.1

α = 0.05 0.224 0.275 0.286

α = 0.1 0.358 0.426 0.442

µp−value 0.237 0.216 0.212

σp−value 0.223 0.223 0.223

Table 2 Rejection probabilities, and average and standard deviation of the p-

values of the global test Tn,G for simulation experiment on regression model (4).

nonparametric fit, instead of to the overall linear fit. We can also evaluate

the behavior of the local and naive tests when the null model is correct,

by considering the portions of Tables 1 and 3 for the intervals [0.6, 0.8] and
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Interval [0, 0.2] [0.2, 0.4] [0.4, 0.6]

h 0.05 0.075 0.1 0.05 0.075 0.1 0.05 0.075 0.1

α = 0.05 0.062 0.077 0.097 0.074 0.092 0.092 0.044 0.062 0.068

α = 0.1 0.155 0.177 0.176 0.162 0.168 0.165 0.133 0.138 0.145

µp−value 0.402 0.407 0.416 0.376 0.386 0.397 0.422 0.434 0.443

σp−value 0.264 0.274 0.284 0.266 0.277 0.279 0.266 0.277 0.285

Interval [0.6, 0.8] [0.8, 1] [0.15, 0.35]

h 0.05 0.075 0.1 0.05 0.075 0.1 0.05 0.075 0.1

α = 0.05 0.044 0.061 0.070 0.044 0.061 0.070 0.197 0.235 0.265

α = 0.1 0.132 0.139 0.146 0.132 0.139 0.146 0.331 0.383 0.391

µp−value 0.424 0.434 0.443 0.423 0.434 0.443 0.284 0.274 0.268

σp−value 0.266 0.277 0.285 0.266 0.277 0.285 0.253 0.260 0.263

Table 3 Rejection probabilities, and average and standard deviation of the p-

values of the naive test Tn,N for simulation experiment on regression model (4).

[0.8, 1]. The results show that the tests approximately achieve the correct

level of α for all three considered bandwidth values.

Finally, we evaluated the finite sample behavior of the asymptotic test

of Theorem 1, by applying it to the same simulation setup as above. Under

the null hypothesis, Tn,L is approximately distributed N(b0n, VLn), so that

it requires explicit estimation of b0n and VLn. Setting f(x) = w(x) = 1, this

only requires computing the kernel convolution constants and estimating the

variance parameter σ2 based on the residuals of the parametric fit. In all the

intervals considered, the asymptotic test displayed a pronounced tendency

to reject the null hypothesis. This happened even when the null model was

correct (as in the intervals [0.6, 0.8] and [0.8, 1]. Hence, the asymptotic test

appears to be severely biased, at least at the sample size evaluated here, and
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we recommend using the bootstrap-based test for practical applications of

local testing.

4 Application

We now return to the bodyfat example. Prior to analyzing those data, we re-

moved a single observation with age of 81, because it was strongly influencing

both the parametric and nonparametric fits. In the plot of Figure 1, fits ob-

tained by simple linear regression and local linear regression are shown (the

latter computed with bandwidth h = 10). There appears to be a noticeable

“dip” below the line in the 50-60 years of age region, and we will compare

the different testing approaches in their ability to assess the significance of

this observed pattern.

We considered the same three tests as in Section 3 and used bandwidth

values of in the range h = 5 to 15 to ensure that the results are not determined

by the bandwidth choice. We also considered a range of testing intervals, to

illustrate the effect of the interval choice on the results. The wild bootstrap

approach with 1000 replicates was used to compute the p-values.

The first four rows of Table 4 show the bootstrap p-values for the proposed

local test with bandwidths h = 5, 10, 15 for intervals centered around the

dip in [50,60] but increasing in width from 10 to 40. The middle two rows

labeled “Global” display the results for two versions of the global test: the

interval [20,75] encompasses all the data, and the interval [25,70] corresponds

to using a weight function w(·) in (2) to remove the boundary effect of the

nonparametric fit. The final four rows show the results for the naive tests
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Bandwidth

Tests Interval h = 5 h = 10 h = 15

Local [50, 60] 0.014 0.007 0.012

[45, 65] 0.068 0.030 0.052

[40, 70] 0.080 0.053 0.089

[35, 75] 0.265 0.245 0.275

Global [20, 75] 0.577 0.512 0.458

[25, 70] 0.139 0.084 0.108

Naive [50, 60] 0.119 0.197 0.231

[45, 65] 0.278 0.141 0.097

[40, 70] 0.144 0.118 0.076

[35, 75] 0.281 0.223 0.213

Table 4 Bootstrap p-values obtained by nonparametric goodness-of-fit testing pro-

cedures for the linear model for the bodyfat-age relationship.

obtained by first discarding all the observations outside the interval and

performing a global test on the remaining data.

The local test assigns a high degree of significance to the observed dis-

crepancy between both curves when the interval is exactly [50,60] for all

bandwidth values. The significance level decreases as the interval increases,

but a significant departure (at the 5% confidence level) is still identified with

h = 10 for the interval [40,70]. The global tests are unable to reject the hy-

pothesis of linearity for this dataset at the 5% significance level, even though

the test that discards the highly variable boundary fits performs significantly

better than the one that uses the full interval. In fact, the large increase in

p-values observed for the local test on the interval [35,75] relative to the nar-
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rower ones is likely also partly due to the increase in the variability of the

boundary fits in the interval [70,75].

None of naive tests are able to reject the null hypothesis at the 5% sig-

nificance level, and they display a wide range of p-values for the different

intervals and bandwidths. In addition to overfitting in the smaller intervals,

the poor performance is again likely due to the fact that each of these naive

tests is affected by a large amount of boundary variability. As the size of the

intervals increase, the behavior of the naive test and the local test are in-

creasingly similar. This behavior is not surprising, since both the parametric

and nonparametric fits in the naive test become increasingly similar to the

global fits for the larger intervals.

In the preceding analysis, we applied the tests after first identifying a

suspicious pattern in the data. Strictly speaking, the statistical hypothesis

testing framework requires that an interval be identified prior to testing, since

otherwise the significance levels are not correct. However, a low p-value even

after such “data snooping” is still indicative of a possible interesting local

pattern in the data, which can be followed up by a more in-depth analysis

to confirm or reject the observed effect.

A more rigorous (though likely very conservative) alternative is to divide

the range of the observations into intervals, perform the local test in each

interval and then apply a Bonferroni correction to the significance levels. For

instance, we could consider the interval [50,60] as one of 5 possible 10-year in-

tervals (ignoring the remaining 5 years for simplicity). In that case, we adjust

the confidence level required to reject the null hypothesis, or equivalently we
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can multiply the p-values by 5 to maintain comparison with the global test.

In that case, the “corrected p-values” for the local test would be 0.07, 0.035,

0.06 for h = 5, 10, 15 respectively, which still provide a strong indication of

a deviation from linearity in the interval of interest. These adjusted p-values

remain much smaller than the corresponding p-values for the global tests.

In this example, we investigated different bandwidths and different inter-

vals, and computed p-values for Tn,L for all these cases in order to evaluate

the overall significance of the model departure. The Bonferroni correction

can be used to guard against joint inference over different testing intervals,

but only at the cost of a significant loss in power. Nevertheless, in practice,

the combination of dividing up the interval into sub-intervals a priori for

testing purposes and applying the Bonferroni correction would appear to be

a reasonable and statistically valid approach for identifying local deviations

from a parametric model.

It would clearly be of interest to have a fully adaptive version of the local

test, in the sense of being able to adjust both to the degree of smoothness

of the alternative (through the choice of hn) and to the local extent of the

deviation (by choosing Dn). The theoretical results we described in Section 2

are non-adaptive, and require both hn and Dn to be non-random sequences.

Adaptiveness with respect to the degree of smoothness could be achieved by

extending the results of [13] to this situation. Possible directions to investigate

adaptiveness with respect to the local intervals might be the development of a

test statistic of the form Tn,A = supD∈Dn
Tn,L, where Dn is a set of intervals

of a given size. A bootstrap distribution for Tn,A under the null hypothesis
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could in principle be constructed using wild bootstrap. We do not pursue

these topics further here.
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A Proofs

Proof of Theorem 1: The proof is a direct generalization of that of Theorem 2.1 in

[1]. Let s′x = e′1 (X ′xW xXx)
−1
X ′xW x. We decompose m̂(x;hn)−m0(x; β̂) into

m̂(x;hn)−m0(x; β̂) = s′xε+ s′xgn + (m0(x;β)−m0(x; β̂)) = A(x) +B(x) +C(x),

with ε = (ε1, . . . , εn)′ and gn = (gn(x1), . . . , gn(xn))′, and decompose Tn,L into

terms involving integrals of products of these 3 functions.

From assumption A2, it follows immediately that
R
Dn

C(x)2w(x)d(x) = Op(‖Dn‖n−1).

For B(x), Z
Dn

B(x)2w(x)dx = c2n

Z
Dn

“
(K̃h ∗ g)(x)

”2

w(x)dx(1 + op(1))

follows directly from the equivalent kernel representation of the smoother and as-

sumption A4. The leading term in this expression is O(c2n‖Dn‖) and corresponds

to b1n.

Finally, following the same steps as in [1], the quantity
R
Dn

A(x)2w(x)dx can

be written asZ
Dn

A(x)2w(x)dx =

Z
Dn

X
i

[sx]2i ε
2
iw(x)dx+

Z
Dn

X
i 6=j

[sx]i[sx]jεiεjw(x)dx

= A1 +A2, (5)

with

A1 =
1

nhn
K̃(2)(0)

Z
Dn

σ2(x)w(x)

f(x)
dx(1 + op(1),
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and A2 converges in distribution to a normally distributed random variable with

mean 0 and variance

VLn = 2
1

n2hn
K(4)(0)

Z
Dn

„
σ(x)2w(x)

f(x)

«2

dx

The leading term in the approximation to A1 is b0n and of order O(‖Dn‖/nhn),

and the asymptotic variance VLn is O(‖Dn‖/n2hn).

The cross-terms in Tn,L resulting from the products of A(x), B(x) and C(x)

are all of smaller order. ut

Proof of Theorem 2: Note first that

Pα,t = Φ

„
b1n√
Vtn
− z1−α

«
(1 + o(1)),

with Φ(·) is the standard normal cumulative distribution function. To compute the

ARE between two tests t and t′, we first set Pα,t = Pα,t′ . By strict monotonicity

and continuity of Φ(·) and since b1n does not depend on the test, the leading term

in the ARE is obtained by equating the asymptotic variances and solving for the

ratio of the sample sizes nt/nt′ . In the case of nL/nG, the result is immediate. For

the two ARE involving nN , note that the asymptotic variance of T †n,N depends on

n∗, the sample size in Dn. The ARE follow directly by applying assumption A5.

ut

Proof of Theorem 3: The proof uses the method of imitation ([17, p.76]) applied

to the proof of Theorem 1. Note first that by construction under H0, b1n = 0 and

Var∗(ε∗2i ) = ε̂2i = ε2i +Op(n
−1/2). The proof is again analogous to that of Theorem

2.1 in [1], except that when considering the terms in (5), the moments under the

bootstrap model require an additional approximation step, as follows:

E∗(A1) =

Z
Dn

X
i

[sx]2i ε̂
2
iw(x)dx

=

Z
Dn

E(ε,x)

 X
i

[sx]2i ε̂
2
i

!
w(x)dx(1 + op(1))

= b0n(1 + op(1)).

The same reasoning applies to higher moments of A1, as well as to the derivation

of the approximation for A2. ut
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