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Outline

1. A smoothing problem- traditional spline smoother
2. Our goal
3. Stream networks

(a) Local linear trend
(b) State-space representation

4. Kalman recursions
5. Connection to a discrete spline smoother

6. Numerical example




One path on a stream network
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How much to smooth?
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Maybe abettersmooth

Y (k)




Traditional spline smoother in discrete time

Smoothyu(t) that minimizes a penalized least squares criterion function

n

STt - u)? + A3 (Vult)’

t=1

whereV2yu(t) is twice differencedu(t).

e Smoothness determined Ry
e Choice of\?

1. Cross-validation
2. Function of variance components in Local Linear Trend

e Local Linear Trend (LLT) is a state-space model

e Spline obtained as the Kalman smooth using this state-sppoEsentation




A new problem— two paths merge
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Our Goals

Adapt time series methods to smooth the network

e Define a Local Linear Trend model
e Determine its state-space representation
e Implement Kalman recursions

e Construct a “spline” smoother on the network




Diagram of a stream network

9 9 gs e Reach characterized by (Strahler) order

e Except for first order reaches, each readias
two parents:; andusy

e Some reaches have grandparents

e Process on readhdepends on the state at each
parent

Downsiream e Natural time-like ordering— downstream flow

AN

e Merging with each step downstream

e For simplicity, assume equally spaced discrete
locations




State-space model and Local Linear Trend

State-space model on network:

Y (k) = GyX (k) + W(k)
X(/{Z) = Fk’ulX(ul) + Fk7u2X(u2) + V(k’) (Xt = FX,1 + Vt—l)

Local Linear Trend model:
Y(k)=X(k)+ W(k)

(X (u1) + X(ug)) + B(k) + V(k) (X = X1+ By + Vi)
(B(U1> + B(UQ)) + U(k) (Bt =By + Ut—l)

1
2
1
2
with state-space components

() lggm Fro - [1/2 1/2} . [V(k)+U(/-c)]

SPECIAL CASE: V(k)=0, 02 =0
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Smoothing via Kalman recursions

Downstreanpredict, filter, predict, filter...

Given upstream information, predict via

Xp(k) - Fk,ule(ul) + Fk,uQXf(u2)
OV = F B+ FonQf B+ Q.

Filter once observation is obtained

X/ (k) = XP(k) + QGLA (Y (k) — GiXP(k))
Of = Q) — PGTA GO

whereA, = G]{;QiG% + Ry.

Upstreansmooth

o] = [ |+ Loty | e —xote)

whereO(u;, k) = Qf F (7).

RESULT: Smoothed estimates F(X|Y).
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Conditional mean

Is conditional mode for Gaussian
Posterior mode: most probal¥egiveny, the mode op(X|Y)

Maximizelog p(X|Y') with respect taX
e Equivalent to maximizingog p(Y, X) with respect taX

e Maximize

S

1

2
20, —

—_

whereV2X (k) = U(k)

12



Conditional mode is Penalized Least Squares

e Or equivalently,
STV (k) = X(R)? + 223 (VX (k)

02
k=1 U k=1
(as was used for traditional spline)
e This defines &pline smootheon a stream network through LLT

e Obtain estimate of smoothness paramaterg—%g by MLE A

e ObtainF [X|Y] via Kalman smoother
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Example - The Recipe

2 Qrder segment
34 Order segment
2nd Order segme/

Series of first order reaches keep merging - random inputs with stepy

For first order reaches,
o X(k)=my+ B(k), B(k) =by+ U(k)

Unknown initial conditions
e Moment estimators fom, andb,

e Naive estimators for initial prediction error variance
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Example - The data
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Example 1:) = 1.18 - estimated initial conditions
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Results

Estimation of initial conditions
e Moment type estimators
e ML estimators?
e Try O with diffuse prior

e Sensitivity to initial prediction error variances

Impact of initial conditions

e With larger initial prediction error variance, more weight onetedY (k)
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Further work on State-Space Models

State-space model for stream network:

Y(k) = GX(k)+ W (k)
X(]{) = Fk’mX(uﬂ + Fk’UQX(Ug) + V(k‘)

General form is very flexible
e Can be multivariate
e A time component can be added, but process driven by flow

e State matrices are location dependent

Describe a large class of dependencies
e Class of ARMA(p,q) models can be defined

e More general structural models (LLT)
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Work in progress

e Adapted state-space to a stream network

e Defined ARMA(p,q) and other structural models on a stream network
e Developed of Kalman recursions for this state-space represantati

e Likelihood in terms of innovations

e An EM algorithm for missing values

e Starting to look at real data
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