Fields Institute Communications Volume 00, 0000

Chaotic Maps with Slowly Decaying Correlations and Intermittency

R. J. Bhansali

Department of Mathematical Sciences University of Liverpool Liverpool, L69 3BX United Kingdom

M. P. Holland

Department of Mathematics University of Manchester Manchester, M13 9PL United Kingdom

P. S. Kokoszka

Department of Mathematics and Statistics Utah State University Logan, UT 84322-3900 United States

Dedicated to Miklos Csörgő on the occasion of his 70th birthday.

Abstract. Established stochastic models for the class of discrete-time long-memory stationary processes are linear and Gaussian. The chaotic intermittency maps provide alternative non-linear, non-Gaussian models for this class of processes. A formal algebraic definition of the intermittency maps, which allows for a distinction to be made between the regular and the cusp families of maps, is given. Examples of intermittency maps belonging to both these families are given, and their properties, especially the invariant density, correlation function, and the recurrence behaviour, are discussed. A discussion is also given of how intermittency maps are applied for modelling the Ethernet packet traffic.

1 Introduction

Consider a weakly stationary process, {x_t} (t = . . . , −1, 0, 1, . . . ), with mean μ_x = E(x_t), covariance function R_x(u) = E[{x_t−μ_x}{x_{t+u}−μ_x}] (t, u = . . . , −1, 0, 1, . . . ),

1991 Mathematics Subject Classification. 62M10, 37D45.

cfl0000 American Mathematical Society 1

2 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

correlation function r_x(u) = R_x(u)/R_x(0) and spectral density function

f_x(λ) = (2π)^{−1} ∞∑ u=−∞ R_x(u) exp(−iuλ). (1.1)

Many of the established finite parameter stochastic models currently employed for describing the behaviour of {x_t}, for example the class of autoregressive-moving average models, may be said to possess short-memory, in the sense that they have an absolutely summable covariance function: ∞∑ u=−∞ |R_x(u)| < ∞, (1.2) and a non-vanishing finite spectral density function: 0 < f_x(λ) < ∞, all λ ∈ [−π, π]. (1.3) For this class of models, the correlation function, r_x(u), tends to zero, as u → ∞, extremely rapidly, often at an exponential rate, meaning that there exist constants, B and ρ such that |r_x(u)| ≤ Bρ^{|u|}, 0 < ρ < 1 , as u → ∞. It has however been recognised that many observed time series, especially those occurring in Hydrology, Telecommunication traffic and Econometrics, display “long-memory” in the sense that they have correlations which decay to zero at a sub-exponential, polynomial or slower, rate. Many of the suggested stochastic models for characterizing this behaviour are however linear and related to the popular class of non-stationary integrated processes, see Box and Jenkins [10], since they typically postulate that the observed long memory process, {y_t}, say, is such that the process, {x_t}, obtained by taking its dth fractional difference, 0 < d < 0.5,

x_t = (1 − z)^dy_t, (1.4)

where z denotes the backshift operator, z^j y_t = y_{t−j} , has short-memory and its covariance and spectral density functions satisfy conditions (1.2) and (1.3), respectively.

The process, {y_t}, so defined is stationary and possesses long-memory in the following sense:

a) its correlation function, r_y (u), decreases to zero as u → ∞ at a polynomial rate, r_y (u) ∼ Bu^{2d−1};

b) the covariance function, R_y(u), is not summable: ∞∑ u=−∞ R_y(u) = ∞; (1.5)

c) the spectral density function, f_y(λ), has a singularity at the origin, f_y(λ) ∼ |λ|^{−2d}Δ(1/|λ|), as λ → 0, (1.6) where Δ(λ) is a slowly-varying function at infinity.

If −0.5 < d < 0, then the process is stationary and has an absolutely-summable covariance function and it is often called an intermediate-memory or antipersistent process, see McLeod [35].

Typically, {x_t}, is assumed to be a Gaussian process in the sense that its innovations process, {ϵ_t}, is assumed to be Gaussian; this assumption may however be relaxed by allowing {ϵ_t} to have a distribution belonging to the domain of

Chaotic Maps with Slowly Decaying Correlations and Intermittency 3

attraction of an infinite variance stable law, see Kokoszka and Taqqu [24], and Bhansali and Kokoszka [9], and the references therein.

A related yet slightly different variation of the long-memory model has been considered in Giraitis, Robinson and Surgailis [16], where the problem of modelling the empirically-observed long-memory in the volatility of financial returns time series, that is, in the absolute values, or the squares, of the returns series, is considered. These authors extend the well-known ARCH family of models by introducing and providing a rigorous treatment of the LARCH, long-memory ARCH, models; see also Berkes and Horváth [8] for further analysis of this model.

In this paper, a new and an entirely different approach to modelling longmemory is considered, namely by a deterministic sequence, {w_n}(n = 0, 1, . . . ), generated by iteratively applying a one-dimensional map of the following form:

w_{n+1} = ζ(w_n) (n = 0, 1, . . . ), (1.7)

where w_0 is real-valued and specifies the initial condition for the iterative scheme specified by (1.7), ζ : J → J is a non-linear map (function), J denotes a bounded closed interval of the real line, R.

It is recognized, see Rasband [41], that such maps can generate chaotic dynamics and although the successive values of w_n evolve in a deterministic way from the immediately preceeding one, they could still be chaotic and sensitive to the choice of the initial condition, w_0. This is in contrast to a random system in which the present observation does not entirely depend on the previous observation.

In section 2, the relationship between a weakly stationary process and the deterministic sequence, {w_n}, generated by the map (1.7) is discussed and we explain why {w_n} may nevertheless define a weakly stationary process.

Many of the established chaotic maps, however, still imply that the generating sequence has a short memory and has a correlation function, r_y(u), which decays exponentially to 0, as u → ∞. This point is discussed further in section 3 where we review the behaviour of the correlation function for three well known chaotic maps, namely the Tent, Logistic, and Bernoulli maps.

There has lately been much development on devising chaotic intermittency maps exhibiting long or intermediate memory, that is, maps exhibiting correlation functions which decay at a polynomial rate, r_y (u) ∼ Bu^{−α}, 0 < α < 2, or even more slowly. A main objective of this paper is to introduce an algebraic definition of the intermittent family of maps; we also demonstrate how the various known examples of intermittency maps with slowly decaying correlations may be brought into the framework of the definition we introduce.

The paper concludes in section 6, where a brief account is given of how intermittency maps are applied for modelling the Ethernet packet traffic.

The paper is intended for mathematical statisticians and especially time series analysts who may not necessarily be familiar with the recent developments in the Dynamical Systems literature on the intermittent family of maps. We assume also that the reader is familiar with classical mathematical analysis, as available in Rudin [42], for example.

2 Chaotic maps and ergodic theory

Suppose J is a closed interval and μ a probability measure on the Borel subsets of J. We say that a map ζ : J → J is measure preserving if μ(ζ^{−1}A) = μ(A) for all Borel sets A ⊂ J. In this case, we say that μ is a ζ-invariant measure. A

4 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

measure preserving transformation, ζ(w), is called ergodic if, for every Borel set A ∈ J, ζ^{−1}A = A implies μ(A) = 0 or μ(A) = 1. There are many equivalent characterizations of ergodicity, see e.g. Section 1.5 of Walters [46], In this section, we assume that the map, ζ : J → J, occurring in (1.7) is ergodic and admits an invariant measure, μ. Birkhoff’s Ergodic Theorem, see e.g. Theorem 1.14 Walters [46], implies that:

(1) for a continuous function φ : J → R, lim_{n→∞} 1 n n−1∑ k=0 φ(ζ^k (w)) = ∫ J φdμ, μ − a.e. (2.1) (2) for all subintervals A = [a, b] ⊂ J, such that μ({a} ∪ {b}) = 0, (2.2) 1 n ( ♯{k ∈ [0, n − 1] : ζ^k(w) ∈ A} ) → μ(A), (n → ∞) μ − a.e. (2.3) Note that if (2.2) does not hold, then (2.3) is not necessarily true. In (2.1) and (2.3), ζ^n(w) = ζ(ζ(. . . ζ(w) . . . )) denotes an n-fold application of the transformation ζ(w). We shall mainly be concerned with absolutely continuous invariant probability measures, μ, such that dμ(w) = χ(w)dw; χ(w) is called the time invariant density for ζ(w). In many examples, it is possible to obtain a precise formula for the invariant density, χ(w), but this need not necessarily be so and χ(w) does not always admit a closed form, analytic expression.

Ergodicity enables probability to be assigned, in a relative frequency sense, to the event that a typical orbit, {w_n, n ∈ N}, visits a given set A ⊂ J, where N = {0, 1, . . . } is the set of all non-negative integers, and makes it possible to replace the “time average” occurring on the left of (2.1) by the “ensemble average” defined on its right.

On letting ζ^′(w) denote the first derivative of ζ(w) at w, a critical point, c, of ζ(w) is a solution of the equation ζ^′(c) = 0. We say that a critical point is of order ℓ, with ℓ > 1, if ζ^′(w) = O(|w − c|^{ℓ−1}) in a neighbourhood of c.

A fixed point, w̃, say, of the map ζ(w) is a solution of the equation ζ(w̃) = w̃. We say that w̃ is an attracting fixed point if |ζ^′(w̃)| < 1, a repelling fixed point if |ζ^′(w̃)| > 1, and an indifferent, or a neutral fixed point, if |ζ^′(w̃)| = 1. More generally, w̃ is a fixed point of prime period p, if ζ^p(w̃) = w̃, but (ζ^j )^′(w̃) ≠ w̃, (j = 1, 2, . . . p − 1). For a map, ζ(w), the Lyapunov exponent evaluated at some point w is given by L(w) = lim_{n→∞} 1 n log |(ζ^n)^′(w)|. (2.4)

Positive Lyapunov exponents indicate sensitive dependence of {w_n, n ∈ N} on the initial condition, w_0, and hence would imply that the system is chaotic. It follows from (2.1) that if χ(w) is an invariant density for ζ(w), the Lyapunov exponent is given by L = ∫ J log |ζ^′(w)|χ(w)dw, (2.5) at all points w for which equation (2.1) holds.

Chaotic Maps with Slowly Decaying Correlations and Intermittency 5

Let φ : J → R be a continuous function. The expectation and variance of φ(w_n), for each n ∈ N, are given by

E(φ(w_n)) = ∫ J φ(w)χ(w)dw and V (φ(w_n)) = E(φ(w_0)^2) − E(φ(w_0))^2.

For two continuous functions φ, ψ : J → R and each n ∈ N, the covariance, R_{φ,ψ}(n), between φ(w_n) and ψ(w_0) is defined as follows: R_{φ,ψ}(n) = E { φ(w_n)ψ(w_0) } − E { φ(w_n) } E { ψ(w_0) } = ∫ J φ(ζ^n(w))ψ(w)χ(w)dw − ∫ J φ(w)χ(w)dw ∫ J ψ(w)χ(w)dw. (2.6)

If ψ(w) = φ(w) = w, then R_{φ,ψ}(n) = R_w(n) is the autocovariance function of the weakly stationary process {w_n, n ∈ N}. Ergodic theory however enables us to consider also more general functions of w_n and w_0; for example, φ(w_n) = w^2_n and ψ(w_0) = w^2_0 , Lawrence [26].

In what follows, we restrict our attention to the class, H, of Hölder continuous functions, φ, defined by the property that there exist γ ∈ (0, 1) and C < ∞, independent of x, y, such that |φ(x) − φ(y)| ≤ C|x − y|^γ , ∀ x, y ∈ J. Let L^1 be a Banach space of integrable functions with respect to the Lebesgue measure and let ‖·‖_1 denote the standard L^1 norm. For evaluating the expectations occuring on the right of (2.6), and for also finding the invariant density, χ(w), associated with the map, ζ(w), a useful mathematical tool is the Perron-Frobenius operator, (P_ζ φ)(w), where (P_ζ φ)(w) denotes the operation of applying P_ζ to φ first, and then evaluating the result at the point w. If the domain and range of this operator are contained in L^1, then (P_ζ φ)(w) may be defined as follows:

(P_ζ φ)(w) = ∑ t:ζ(t)=w φ(t) |ζ^′(t)| , (2.7)

see Baladi [2] for a more general definition of this operator, which for ease of exposition is not given here. As shown by Lawrance [26], the invariant density, χ(w), is a fixed point, (P_ζ χ)(w) = χ(w), of the Perron Frobenius operator and satisfies ∑ t:ζ(t)=w χ(t) |ζ^′(t)| = χ(w). A map is said to be unimodal if it has only a single critical point. For a twice differentiable unimodal map admitting a critical point c ∈ J of order ℓ > 1, set D_n(c) = |(ζ^n)^′(w)|_{w=ζ(c)}. A result of Nowicki and van Strien [37] shows that if ∑ n≥0 D_n(c)^{−1/ℓ} < ∞, (2.8)

then ζ(w) is ergodic and admits an invariant density χ(w).

For the class of twice differentiable unimodal maps, bounds on the rate of decay of correlations may also be written down, see Bruin, Luzzatto and van Strien [11], but the details are omitted as these bounds do not apply to the intermittent family of maps considered in Section 4.

6 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

For the latter family of maps, a method for obtaining an upper bound for the rate of decay of correlations is given below. The method applies to all functions, φ, ψ ∈ H such that ∫ J ψ(w)dw ≠ 0. On using the identity, see Lawrance et al [29], ∫ J φ(w)(P_ζ ψ)(w)dw = ∫ J φ(ζ(w))ψ(w)dw, it follows that R_{φ,ψ}(n) = ∫ J φ(ζ^n(w))ψ(w)χ(w)dw − ∫ J φ(w)χ(w)dw ∫ J ψ(w)χ(w)dw = ∫ J φ(w) ( (P^n_ζ (ψχ))(w)} − χ(w) ∫ J ψ(w)dw ) dw ≤ {max_J |φ(w)|} { ‖(P^n_ζ (ψχ))(w) − χ(w) ∫ J ψ(t)dt‖_1 } (2.9)

where P^n_ζ {·}(w) = P_ζ {P_ζ {· · · }}(w) denotes denotes an n − fold application of the Perron-Frobenius operator, evaluated at the point w. The result (2.9) is used in the appendix for obtaining a bound on the rate of decay of correlations. The approach used recognises the fact that ψ ∈ H is bounded, and hence it is possible to normalize it so that ∫ J ψ(w)dw = 1. Moreover, since the invariant density, χ(w), is a fixed point of P_ζ , an estimate for the upper bound on the rate of decay of the correlation function may be obtained by finding how fast ‖(P^n_ζ (ψ(w)χ))(w)−χ(w)‖_1 converges to zero as n → ∞; this last convergence rate is often called the speed of convergence to equilibrium.

If an explicit expression for the correlation function is unavailable, it would in addition be desirable to obtain also a lower bound on the decay of the correlation function. However, while within the class of all Hölder continuous functions, H, it is possible to specify an upper bound for the rate of decay of the correlations which is independent of the given function, φ, this is not so for the lower bound, and the latter in general depends on φ (see Sarig [44] for details).

A concept related to the rate of decay of correlations is the speed of mixing, and for some special functions, φ, ψ, these two concepts coincide. Thus, for two intervals, A, B ⊂ J, let M_n(A, B) = | μ(A ∩ ζ^{−n}B) − μ(A)μ(B)|. We say that the map ζ(w) is mixing if, for all A, B ⊂ J,

M_n(A, B) → 0, (2.10)

as n → ∞, and the rate at which this last convergence occurs is called the speed of mixing. If φ = X_A and ψ = X_B , where X denotes the indicator function, then M_n(A, B) = R_{φ,ψ}(n). However, since X_A and X_B are not Hölder continuous, a knowledge of the rate of decay of correlations does not provide information about the speed of mixing, and vice-versa.

3 Three well-known chaotic maps

As a prelude to our discussion of intermittent chaotic maps, it will be useful to discuss three of the widely-studied chaotic maps and to outline briefly some of the known results concerning their invariant densities and the rate of decay of correlations.

Chaotic Maps with Slowly Decaying Correlations and Intermittency 7

3.1 Beta-transformations. For J = [0, 1] and a β > 1, the map B_β (w) = βw mod 1, defines the beta-transformation family of maps. For integer values of the parameter, β, the corresponding maps are ergodic and admit an invariant density, χ(w) = 1, ∀ w ∈ J, which coincides with the probability density function of a uniform distribution on [0, 1]. Let w_n = B^n_β (w)(n ∈ N), where β > 1 is an integer. The correlation function associated with this map can be computed explicitly. We have R_{w,w}(n) = ∫_1 0 wB^n_β (w)χ(w)dw − E{w}^2 = ∫_1 0 wP^n_{Bβ} {wχ(w)}dw − 1 4 = ∫_1 0 w^2 β + w 2 ( 1 − 1 β ) dw − 1 4 = 1 12 1 β^n ; and so r_{w,w}(n) = β^{−n} decays exponentially to zero, as n → ∞. Moreover, for β = 2, see Lawrence, Tsuneda and Kohda [29],

r_w2_{,w}2 (n) = 1 2^{2n+4} + 15 2^{n+4} , n = 1, 2, . . . and which also decays exponentially to zero as n → ∞.

When β > 1 is not an integer, an analytic closed-form expression for the invariant density is difficult to obtain. It is however shown in Parry [39] that the density is bounded both from above and below, and, in fact, it can be expressed as a β-expansion: χ_β(w) = 1 C_β ∑_′ B^n_β (1)>w 1 β^n , where C_β is the normalizing constant, and ∑_′ denotes the sum over all n such that B^n_β (1) > w (see Parry [39] and Flatto and Lagarias [25]). Computational methods for approximating the invariant densities, applicable for all β > 1 and with fast convergence rates, are considered in Pollicott and Jenkinson [40]. In addition, although precise decay rates for the correlation functions are difficult to obtain, as they depend on the algebraic properties of β, Flatto and Lagarias [25], it is known that the rates of decay are exponentially fast, see Young [48].

The Lyapunov exponents for the beta transformations are easy to compute and equal log β, implying that the map B_β(w) becomes more and more chaotic as β increases.

3.2 Logistic maps. For J = [0, 1], the map defined by L_θ(w) = θw(1 − w), θ ∈ [0, 4] defines the logistic family of maps. Each map in this family is unimodal and the case θ = 4 has been widely studied, Devaney [15]. The existence of an invariant density for this map follows from the result (2.8) discussed in Section 2; in fact, the invariant density is given by

χ_4(w) = 1 π √ w(1 − w) , and it coincides with the density of a Beta(^1_2 ,^1_2 ) distribution, see [13] for the definition of the latter.

For the stationary sequence defined by w_n = L^n_4 (w), (n ∈ N), it is also known that, see Lawrence, Tsuneda and Kohda [29], r_{w,w}(n) = 0, for all n > 0. Moreover

8 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

for a wide class of polynomial functions, p(w) and q(w), it is also known that r_{p(w),q(w)}(n) = 0, n > 0, see Hall and Wolff [20].

It is relevant to note that the logistic map with θ = 4 is related to the betatransformation with β = 2 discussed in subsection 3.1. Thus let ξ(w) = sin^2(^π_2 w), with w ∈ [0, 1]. Then it is readily verified that L(ξ(w)) = ξ(B_2(w)) and the dynamics of the logistic maps with θ = 4 are related to those of the B_2(w) map in an elementary manner, see [15]

The behaviour of the invariant density and the correlation function for other values of θ is complex and sensitive to the choice of θ itself; the details are omitted to save space. Suffice to say that there is a set of values of θ of positive Lebesgue measure for which the correlations decay exponentially fast, see Young [47], and there is also a subset of values of θ for which the rate of decay of correlations is subexponential, see Bruin, Luzzatto and van Strien [11]. Hall and Wolff [20] investigate, by computer simulations, the empirical behaviour of the correlations for a range of values of θ.

3.3 Tent-maps. For this family of maps also J = [0, 1] is the unit interval and it is defined by T_ν (w) = 1 − |2w − 1|^ν , where ν > 0 is a parameter of the map. If ν ≥ 2, this family of maps is twice differentiable and unimodal.

For ν ∈ (0, 1/2), it is known that there can be no absolutely continuous invariant measure, μ, supported on the whole of the interval [0, 1]. In fact, 0 is an attracting fixed point, meaning that for all initial conditions, w_0, in a neighbourhood of 0, w_n converges to 0, as n → ∞. In addition, computer simulations, see Hall and Wolff [21], suggest that this behaviour may hold for all initial conditions in J.

When ν = 1/2, the invariant density, χ_{1/2}(w), is given by χ_{1/2}(w) = 2(1 − w). The resulting map, however, is a special case of the class of cusp intermittency maps discussed by Balakrishnan and Theunissen [6], see also Section 4.

For ν ∈ (1/2, 1), Hall and Wolff [21] study the tail behaviour of the invariant density, χ_ν (w). However, a precise expression for the correlation function in this case, including that concerning the rate of decay, is as yet unavailable.

For ν = 1, the map simplifies to the beta transformation with β = 2. If ν > 1, the invariant density is supported on the whole of [0, 1] and is regularly varying, see Hall and Wolff [21]. Moreover, it follows from the results of Young [47] that, for all ν ≥ 1, the correlations functions, r_ν (n), decay exponentially fast, as n → ∞. 4 The intermittent family of maps

This family of maps was first studied, see Manneville and Pomeau [34], in connection with the continuous-time Lorenz system, see [32] for a discussion of the latter. The main motivation was to construct a mathematical model for intermittent chaos, that is, phenomena exhibiting long periods of laminar behaviour together with short bursts of erratic behaviour, and which is also known to provide a route to chaos. The maps discussed earlier in section 3 are unsuitable for modelling this phenomenon; for example the Logistic map with θ = 4 leads to chaos through bifurcations, see Rasband [41].

The intermittent family of maps also differs from the maps discussed in section 3 as regards its recurrence properties. Suppose that the initial condition, w_0, is

Chaotic Maps with Slowly Decaying Correlations and Intermittency 9

such that w_0 ∈ C, where C ⊂ J is some fixed interval. The recurrence property that we consider is the time, T_C (w_0), say, for the orbit, {w_n, n ∈ N}, of the map, ζ(w), to return back to C for the first time, having started from within this interval. To this end, define the following event: S_C (m) = {w_m ∈ C, w_{m−1} ∉ C, . . . , w_1 ∉ C|w_0 ∈ C} (m = 1, 2, . . . ). (4.1) Note that S_C (m) ⊂ J, and hence the probability of S_C (m) may be found from the invariant density, χ(w). Moreover, the probability distribution of T_C (w_0) is given by: P (T_C (w_0) = n | w_0 ∈ C) = K_C ∫ S_C (n) χ(w)X_C (w)dw, (n = 1, 2, . . . ) where K_C = 1/ ∫ C χ(w)dw is a constant that depends on C, but not on n or w_0.

Now, let

H_C (n) = P (T_C (w_0) ≤ n | w_0 ∈ C) (n = 1, 2, . . . ) (4.2)

denote the distribution function of T_C (w_0). Clearly, H_C (n) → 1, as n → ∞. The speed at which this last convergence occurs may be used for distinguishing a short-memory map from other maps and enables the former group of maps to be characterized in terms of this convergence rate. Indeed, a characteristic property of the short memory maps discussed in Section 3 is that H_C (n) → 1, as n → ∞, at an exponential rate, and moreover this property holds for every subinterval C ⊂ J. It has now been recognized that there exist maps for which this last result does not hold for every C ⊂ J, and there may exist intervals for which the rate of decay is subexponential. Intermittent family of maps represents one group of such maps. Below, we introduce a formal mathematical definition of this family of maps and discuss in general terms how this family of maps provides a suitable mathematical model for describing intermittent chaos as well as the sub-exponential decay of the recurrence times outlined above. Note that this definition is new and hitherto unavailable in the published accounts of intermittency maps, where the treatment is largely graphical. Moreover, we also provide a formal algebraic treatment of Type I intermittency, as discussed in Manneville and Pomeau [34]; we do not however discuss the associated Type II and Type III intermittency as these do not give rise to long-memory chaotic maps.

Let ζ_θ(w) denote a parametric family of maps. The nature of fixed points for this family would depend on the values of θ. Suppose that there is a value, θ_0, say, of θ at which ζ_θ(w) has a neutral fixed point, w̃(θ_0), say. Below, in Definition 4.3, we assume that for a given θ_0, w̃(θ_0) is unique, but the possibility that for a θ = θ_1 ≠ θ_0, there may exist another neutral fixed point, w̃(θ_1), say, has been allowed for, provided θ_1 is not “too close to” θ_0.

For a fixed δ_0 > 0 and δ_1 > 0, let

A_{δ0} (w̃) = {w : w ∈ [w̃ − δ_0, w̃ + δ_0]} ∩ J (4.3)

be a set of values of w in a neighbourhood of the neutral fixed point, and also let

Θ_{δ1} (θ_0) = {θ : θ ∈ [θ_0 − δ_1, θ_0 + δ_1]} (4.4)

be a set of values of θ in a neighbourhood of θ_0. It will be convenient to introduce the set

A_{Rδ0} (w̃) = {w : w ∈ [w̃, w̃ + δ_0]} ∩ J, (4.5)

10 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

for denoting the set of values of w in A_{δ0} (w̃) which are greater than w̃, and the set

A_{Lδ0} (w̃) = {w : w ∈ [w̃ − δ_0, w̃]} ∩ J, (4.6)

for denoting the values of w in A_{δ0} (w̃) which are less than w̃. Analogously, let

Θ_{Rδ1} (θ_0) = {w : w ∈ [θ_0, δ_1 + δ_0]}, (4.7)

be the values θ in Θ_{δ1} (θ_0) which are greater than θ_0. In addition, for any interval A = [a, b] ⊂ J, we let int(A) = (a, b) denote the corresponding open interval.

The definitions given below of an intermittent family of maps depend upon the nature of the neutral fixed point, w̃(θ_0), and in particular on the following three-fold classification of neutral fixed points:

a) a weakly attracting neutral fixed point; b) a weakly repelling neutral fixed point; c) an attracting/repelling neutral fixed point.

Intermittency occurs only when the situations b) and c) above hold, and, furthermore, long-memory can only occur if b) holds. It would accordingly be useful to give at the outset a precise definition of these three types of neutral fixed points.

Definition 4.1 a) For a map, ζ(w), We say that a neutral fixed point, w̃, is weakly attracting, if there exists a δ > 0 such that for all w ∈ A_δ (w̃), ζ(w) admits the following representation:

ζ(w) = w + K(w), (4.8)

and where K(w) satisfies the following regularity conditions: i) K(w) < 0 for w ∈ [A_{Rδ} (w̃)−{w̃}], provided this set is nonempty, ii) K(w) > 0 on [A_{Lδ} (w̃)−{w̃}], provided also that this set is nonempty, iii) K(w) is differentiable on A_δ (w̃), and iv) K(θ, w) = o(|w − w̃|), as w → w̃. b) We say a neutral fixed point, w̃, is weakly repelling, if there exists a δ > 0 such that for all w ∈ A_δ(w̃), ζ(w) admits the following representation:

ζ(w) = w + K(w), (4.9)

and where K(w) satisfies the following regularity conditions: i) K(w) > 0 for w ∈ [A_{Rδ} (w̃)−{w̃}], provided this set is nonempty, ii) K(w) < 0 on [A_{Lδ} (w̃)−{w̃}], again provided that this set is nonempty, iii) K(w) is differentiable on A_δ (w̃), and iv) K(θ, w) = o(|w − w̃|) as w → w̃. c) We say a neutral fixed point, w̃, is attracting/repelling, if there exists a δ > 0 such that for all w ∈ A_δ(w̃), ζ(w) admits the following representation:

ζ(w) = w + K(w), (4.10)

and where K(w) satisfies the following regularity conditions: i) K(w) is a positive, or a negative, function of w for all w ∈ A_δ (w̃) − {w̃}, ii) K(w) is differentiable on A_δ (w̃), and iii) K(θ, w) = o(|w − w̃|) as w → w̃.

Remark 4.2 If w̃ is a left endpoint of J, then condition a)iii), or b)iii), is redundant, and similarly if w̃ is a right endpoint of J, then condition a)ii), or b)iii), is redundant.

If ζ^{′′}(w) exists and is non-zero at w = w̃ then it can be shown, see[15], that w̃ is an attracting/repelling fixed point, and it is also known as a saddle-node. By contrast, if ζ(w) is twice differentiable, but ζ^{′′}(w) = 0 at w = w̃, then the nature of the neutral fixed point is indeterminate, and an examination of the third order derivative (if it exists) is necessary to determine which of the three categories it

Chaotic Maps with Slowly Decaying Correlations and Intermittency 11

falls into. An advantage of the definition given above is that it does not require the existence of the higher order derivatives of ζ(w).

Definition 4.3 (Saddle-node intermittency) We say that ζ_θ(w) is an intermittent family of maps if the following conditions hold:

(1) There exists a θ = θ_0, such that the map, ζ_{θ0} (w), admits a unique neutral fixed point, w̃(θ_0) ∈ J. Moreover there exists a δ_1 > 0 such that ∀θ ∈ [Θ_{δ1} (θ_0) − {θ_0}], there are no neutral fixed points for the map ζ_θ(w) inside J.

(2) There exists a collection, {I_j : j = 1, . . . , m}, with m > 1, of closed intervals, with disjoint interiors, satisfying the following properties:

a) J = ∪^m_{j=1}I_j , b) for all (θ, w) ∈ Θ_{δ1} (θ_0) × J, the map ζ_θ(w) is a continuous function of both θ and w on the interior of each I_j ,

c) for θ = θ_0, ζ_θ(w) satisfies an irreducibility condition, namely, for each i = 1, . . . , m, we can find an n(i) such that ζ^{n(i)}_θ (I_i) ⊃ J.

(3) There exists a j, call it j^∗, and a δ_0 > 0, such that (i) w̃(θ_0) ∈ I_j∗ , (ii) A_{δ0} (w̃(θ_0)) ⊂ I_j∗ ; (iii) for all θ ∈ Θ_{δ1} (θ_0), and w ∈ A_{δ0} (w̃(θ_0)), ζ_θ(w) may be represented as:

ζ_θ(w) = (θ − θ_0) + w + K(θ, w), (4.11)

where K(θ, w) satisfies the following conditions: (iv) K(θ, w) > 0 is a positive function of θ and w for w ≠ w̃, and (v) K(θ, w) is a differentiable function for all (θ, w) ∈ Θ_{δ1} (θ_0) × A_{δ0} (w̃) and such that: ∂ ∂θ K(θ, w) | | |_{(θ0,w̃)}= 0, (4.12) and K(θ_0, w) = o(|w − w̃|), (4.13) as w → w̃, (4) For all w ∉ A_{δ0} (w̃) and all θ ∈ Θ_{δ1} (θ_0) the map is uniformly expanding in the sense that |ζ_θ(w)| ≥ c_0 > 1.

(5) a) for all θ > θ_0 there are no fixed points in A_{δ0} (w̃); b) for all θ < θ_0 there exist an attracting and a repelling fixed point in A_{δ0} (w̃).

Remark 4.4 If ζ_θ(w) admits continuous partial derivatives with respect to both θ and w inside Θ_{δ1} (θ_0) × A_{δ0} (w̃), then an explicit expression for K(θ, w) may be given as follows: K(θ, w) = ( ∂ ∂w ζ_θ(w) | | |_{(θ∗,w∗)}−1 ) (w − w̃(θ_0)) + ∂ ∂θ ζ_θ(w) | | |_{(θ∗,w∗)}(θ − θ^0), (4.14)

where w^∗ = α_1w̃ + (1 − α_1)w, θ^∗ = α_2θ_0 + (1 − α_2)θ, for some α_1, α_2 ∈ (0, 1), and now condition (4.13) is satisfied if d dw ζ_{θ0} (w)|_{(θ}∗_{,w}∗_) = 1 + o(1),

as w → w̃(θ_0).

Remark 4.5 Definition 4.3 as stated above includes as a special case intermittent behaviour through saddle-node bifurcation, which is much discussed in Physics, and it enables a precise mathematical formulation of this type of intermittent behaviour to be given: Thus, suppose that ζ_θ(w) satisfies Definition 4.3 and,

12 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

in addition, suppose that w̃(θ_0) is such that ζ^{′′}_{θ0} (w̃(θ_0)) ≠ 0. The resulting family of maps is said to be saddle-like and for θ = θ_0 the corresponding map is said to undergo a saddle-node bifurcation and it will display intermittent behaviour through a saddle-node bifurcation. To understand the terminology, note that by condition (5) the resulting family of maps admits both a repelling fixed point, called a saddle, and an attracting fixed point, called a node, and as θ approaches θ_0 from below, the repelling fixed point collides with the attracting fixed point and this collision gives rise to a saddle-node bifurcation (see [41] page 27).

Remark 4.6 The family of maps satisfying Definition 4.3 will display intermittent behaviour for all θ ≥ θ_0, but not for θ < θ_0. Moreover, if θ = θ_0, the corresponding map is not ergodic because the neutral fixed point, w̃(θ_0), is weakly attracting, implying that if w_0 ∈ A_{Lδ0} (w̃), then w_n → w̃, as n → ∞.

As an example of a family of maps satisfying Definition 4.3, consider the following modification of the beta-transformation with β = 2, but the branch for w ∈ [0, 1/2] modified so as to allow a neutral fixed point at θ = 0.

Example 4.7 For J = [0, 1] and θ ∈ (−1/30, 1/30), consider the family of maps defined by:

ζ_θ(w) = { θ + w −^{25}_8 (1 − 2θ)(w −^1_{10} )^2 if 0 ≤ w ≤ 1/2, 2w − 1 if 1/2 < w ≤ 1.

(4.15)

To show that ζ_θ(w) as defined by (4.15) satisfies Definition 4.3, we note that the neutral fixed point, w̃ = 1/10, occurs only for θ = 0, and hence any choice of δ_1 ∈ (0, 1/30) accords with condition (1) of Definition 4.3. For verifying condition (2a), we take m = 2 and set I_1 = [0, 1/2] and I_2 = [1/2, 1]. Condition (2b) may similarly be verified by observing that ζ_θ(w) is continuous and differentiable on int(I_1) and int(I_2). Moreover the irreducibility condition, (2c), may also be seen to hold with n(1) = 2 and n(2) = 1. Next, consider condition (3). The representation on the right of (4.11) is seen to hold with j^∗ = 1, δ_0 = 2/5, and K(θ, w) = 25 8 (1 − 2θ)(w − 1 10 )^2. (4.16)

Hence, conditions (4.12) and (4.13) are readily seen to hold. Verification of condition (4) maybe accomplished by noting that ζ_θ(w) is an expanding map on [1/2, 1]. Similarly, to verify (5), note that for all θ > θ_0 and all w ∈ [0, 1/2], ζ_θ(w) > w which implies that there are no fixed points in this interval. Also for θ < θ_0, ζ_θ(0) > 0, ζ_θ(w̃) > w̃, ζ_θ(1/2) > 1/2 and hence it follows by the intermediate value theorem that there exists an attracting and a repelling fixed point inside [0, 1/2].

The definition of an intermittent family of maps applicable to maps admitting a weakly repelling neutral fixed point is given below. We distinguish between the case in which the neutral fixed point is an endpoint of J and when it is an interior point of J. In the former situation, for ensuring that ζ_θ(w) maps J into itself, the admissible of θ must be restricted to θ ≥ θ_0, and hence Θ_{δ1} (θ_0) is replaced by Θ_{Rδ1} (θ_0), and this restriction in turn gives rise to what we call the Type I repelling fixed point intermittency. By contrast, Type II repelling fixed point intermittency occurs when w̃(θ_0) ∈ J is an interior point of J.

Definition 4.8 (Type II repelling fixed point intermittency) Suppose that ζ_θ(w) is a parametric family of maps admitting a unique weakly repelling neutral

Chaotic Maps with Slowly Decaying Correlations and Intermittency 13

fixed point, w̃(θ_0) ∈ int(J), at θ = θ_0. We say that ζ_θ(w) is an intermittent family of maps if conditions (1), (2) and (4) of Definition 4.3 together with parts (i), (ii), (iii) and (v) of condition (3) are satisfied, but condition (5) and part (iv) of condition (3), are replaced by their alternative counterparts given below: (3(iv)^′) K(θ, w) > 0 is a positive function of w if w > w̃, and K(θ, w) < 0 is a negative function of w if w < w̃, (5^′) For all θ ≠ θ_0, there exists a repelling fixed point in A_δ (w̃), but no attracting fixed points.

Definition 4.9 (Type I repelling fixed point intermittency) Suppose that ζ_θ(w) is a parametric family of maps admitting a unique weakly repelling neutral fixed point which is an endpoint of J. We say that ζ_θ(w) is an intermittent family of maps if conditions (1), (2) and (4) of Definition 4.3 hold but with Θ_{δ1} (θ_0) replaced by Θ_{Rδ1} (θ_0), and in addition the following replacements of conditions (3) and (5) of Definition 4.3 are satisfied:

(3”) If w̃ is a left endpoint of J, then condition (3) of Definition 4.3 holds as stated, but if w̃ is a right endpoint of J, then the representation (4.11) is replaced by the following:

ζ_θ(w) = (θ_0 − θ) + w − K(θ, w), (4.17)

where K(θ, w) satisfies the conditions 3(iv) and 3(v) of Definition 4.3.

(5”) Condition 5(a) of Definition 4.3 holds, but condition 5(b) is deleted.

Henceforth, for convenience in reference, it will be useful to define an intermittent family of maps as a family of maps satisfying any one of the Definitions 4.3, 4.9,4.8. We have the following definition.

Definition 4.10 We say that ζ_θ(w) is an intermittent family of maps if any one of the Definitions 4.3, 4.8 or 4.9 is satisfied.

Furthermore, it is also useful to introduce an intermittency map as a member of the intermittent family of maps as follows:

Definition 4.11 A map belonging to the intermittent family but defined only for a specific value of θ is called an “intermittency map”.

We next classify an intermittent family of maps into two distinct categories, according to the behaviour of ζ_θ(w) outside the region A_{δ0} (w̃). We have the following definition.

Definition 4.12 An intermittent family of maps is said to be “regular” if, in addition, the following condition holds:

(A) ζ^′_θ(w) is bounded for all w, and there is a constant c_1 such that |ζ^′_θ(w)| ≤ c_1 < ∞,

and is called “cusp” if, instead, the following condition holds: (B) There exists a w^∗ such that lim_{w→w}∗ |ζ^′_θ(w)| = ∞.

In Sections 5 and 6, we give specific examples of intermittent family of maps satisfying Definition 4.9. As an example of a family of maps satisfying Definition 4.8, consider the following, which, like Example 4.7, is a modification of the Betatransformation, B_β (w) = βw mod 1, but now β = 3, and the branch B_β (w) = 3w − 1, w ∈ [1/3, 2/3] is modified so as to allow for a weakly repelling neutral fixed point.

14 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

Example 4.13 For J = [0, 1] and θ ∈ (−1/3, 1/3) consider the family of maps defined by:

ζ_θ(w) = 3w if 0 ≤ w ≤ 1/3, θ + w − 6^{1+α}(^1_3 + θ)(^1_2 − w)^{1+α} if 1/3 ≤ w ≤ 1/2, θ + w + 6^{1+α}(^1_3 − θ)(w −^1_2 )^{1+α} if 1/2 ≤ w ≤ 1/3, 3w − 2 if 2/3 < w ≤ 1,

(4.18)

where α ∈ (0, 1) is fixed. This family of maps has a unique neutral fixed point w̃ = 1/2 with θ = 0. As this fixed point is weakly repelling, all the conditions of Definition 4.8 are readily seen to hold.

Next we explain in qualitative terms how for θ = θ_0 the orbit {w_n, n ∈ N} of a family of maps satisfying Definitions 4.10 will be intermittent and display both laminar and chaotic behaviour. We however first give precise definitions of these two concepts.

Definition 4.14 Suppose that the orbit {w_n, n ∈ N} of a map ζ(w) is such that for a set A ⊂ J,w_n ∈ A, for all n ∈ [N_1, N_2], where N_2 > N_1 ≥ 1, are known integers. We say that the map ζ(w) displays chaotic behaviour on the set A ⊂ J, if we can find some constants C > 0 and c_0 > 1 such that ∂ ∂w ζ^{(N2−N1)}(w) | | | w=w_N1 ≥ Cc^{N2−N1} 0 where C and c_0 are independent of (N_2 − N_1) and the point w_{N1} ∈ A.

Remark 4.15 The map ζ(w) can display chaotic behaviour on a set A ⊂ J, but the map need not be chaotic over the whole of J. Hence only the value of the Lyapunov exponent evaluated in the chaotic region of J will be positive and that in the non-chaotic region will vanish, and the average value of this exponent evaluated as in (2.4) could vanish.

Remark 4.16 The behaviour of the orbit inside A is sensitively dependent on the value w_{N1} in the sense that if Ω_ϵ(w_{N1} ) = {w : |w − w_{N1} | < ϵ} denotes an ϵ-neighbourhood of a w_{N1} ∈ A, and if ζ^n(Ω_ϵ(w_{N1} )) ⊂ A for all n ∈ [0, N_2 − N_1], then |ζ^n(w) − ζ^n(w_{N1} )| ≥ Cc^n_0 |w − w_{N1} |, for all w ∈ Ω_ϵ(w_{N1} ) and all n ∈ [0, N_2 − N_1].

The notion of laminar behaviour of {w_n}, unlike that of chaotic behaviour, is however defined with respect to an intermittent family of maps satisfying Definitions 4.10. Loosely speaking, the term laminar behaviour refers to a “relatively static” behaviour of w_n inside a given set A ⊂ J, for some consecutive values of n. The following definition provides a precise mathematical formulation of this phenomenon.

Definition 4.17 Let ζ_θ(w), ω ∈ J, be an intermittent family of maps according to Definition 4.10. For θ = θ_0 and a set A ⊂ J, ζ_θ(w) is said to exhibit laminar behaviour if, for an initial condition w_0 ∈ A, and an N > 1, w_n = ζ^n(w_0) ∈ A for (n = 1, . . . , N) and the following conditions hold: 1) w_n, (n = 1, . . . , N) are

either monotonically increasing or decreasing; 2) for some γ > 0,^∂_{∂w} ζ^n(w) | | |_{w=w0} = O(n^γ ), n = 1, . . . , N.

Chaotic Maps with Slowly Decaying Correlations and Intermittency 15

The intermittent behaviour of w_n may be characterised by distinguishing between the following three scenarios:

Scenario A. Assume that the following conditions hold:

(i) w_0 ∈ A_δ (w̃); (ii) for some N_0 ≥ 1 and all n = 1, 2, . . . , N_0, w_n ∈ A_δ (w̃); (iii) w_n ∉ A_δ (w̃) for n = N_0 + 1.

We first consider the behaviour of the orbit according to Definition 4.3. Since, by Condition (3iv) of this definition, K(θ, w) is a positive function, ζ_θ(w) ≥ w, ∀w ∈ A_{δ0} (w̃), and w_n = ζ^n_θ (w) (n = 1, 2, . . . , N_0) are monotonically increasing and display laminar behaviour. Next consider the behaviour of the orbit when Definition 4.8 holds instead. Condition (3iv’) of this Definition, however. implies that if w_0 > w̃, w_n, (n = 1, 2, . . . , N_0) are monotonically increasing, but if if w_0 < w̃, w_n, (n = 1, 2, . . . , N_0) are monotonically decreasing. Finally, consider the behaviour of the orbit when Definition 4.9 applies. The behaviour of w_n will depend upon whether w̃ is a left endpoint or a right endpoint of J. If the former holds, the w_n are monotonically increasing, but if the latter holds, the w_n are monotonically decreasing.

Scenario B. Assume that the following conditions hold:

(i) w_0 ∈ A_δ (w̃); (ii) for some N_1, N_2, such that N_2 ≥ N_1 ≥ 1, w_n ∉ A_δ (w̃), for all n = N_1, N_1 + 1, . . . , N_2; (iii) w_n ∈ A_δ (w̃) at n = N_2 + 1.

Now, by Condition (4) of Definition 4.3, which also holds under Definitions 4.8 and 4.9, the values of w_n for N = N_1, . . . , N_2 will display chaotic behaviour, and will be sensitive to the value of w_n for n = N_1.

Scenario C. Assume that w_0 ∉ A_δ (w̃), and thus the initial condition falls in the chaotic region. Now, as long as the successive iterates, w_n, remain in the chaotic region, that is, w_n ∉ A_δ (w̃), they will display chaotic behaviour according to all three definitions. If, however, for some n = N_2, w_n ∈ A_δ (w̃), the successive iterates, w_n, for n ≥ N_2 will display laminar behaviour as described in Scenario A above, provided w_n ∈ A_δ (w̃), but this will revert to chaotic behaviour if w_n ∉ A_δ(w̃). In this sense, the orbit, {w_n}, of the intermittency map for θ = θ_0 could alternate between chaotic and laminar regions, and this map accordingly provides a mathematical model for describing such behaviour.

For θ > θ_0, Scenarios (A), (B) and (C) discussed above continue to hold in a weaker sense provided the definition of the laminar behaviour is modified as follows:

Definition 4.18 The family of maps satisfying Definition 4.17 is said to exhibit laminar behaviour for θ > θ_0, if for an initial condition w_0 ∈ A, and an N > 1, w_n = ζ^n(w_0) ∈ A for (n = 1, . . . , N) and the following conditions hold: 1) w_n, (n = 1, . . . , N) are either monotonically increasing or decreasing; 2) there exists a c = c(θ) > 1 such that^∂_{∂w} ζ^n(w_0) = O(c(θ)^n), n = 1, . . . , N where c(θ) is monotonically increasing in θ, and c(θ) → 1 as θ → θ_0.

We next consider the intermittency maps with θ = θ_0 and examine the extent to which the description given in Scenarios A, B and C above applies according to whether Definition 4.3 or Definitions 4.8, 4.9 hold, that is according to whether w̃(θ_0) is an attracting/repelling fixed point, or whether it is a weakly repelling fixed point. We therefore consider the following two situations separately.

16 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

Situation (1): Attracting/Repelling fixed point. Now, w̃ lies in the interior of J, and as stated previously the corresponding map is not ergodic, and indeed, for all w_0 ∈ J, w_n = ζ^n_{θ0} (w_0) → w̃, with probability one, as n → ∞. But the behaviour of w_n for finite n depends on the position of w_0 in relation to w̃. If, w_0 ∈ A_{Rδ0} (w̃) and thus the initial condition is such that it lies in the laminar region to the right of w̃, then Scenario A describes the behaviour of the orbit, w_n, but only as long as it remains there, and once the orbit escapes this part of the laminar region and enters the chaotic region, that is, w_n ∈ J − A_{δ0} (w̃), Scenario B describes its behaviour until it remains there. In this way, the orbit will continue to alternate between these two regions until it reaches the laminar region to the left of w̃, that is, w_n ∈ A_{Lδ0} , and this is an event of probability one, it will remain in A_{Lδ0} and converge to w̃ also with probability one.

Situation (2): Weakly repelling fixed point. The ergodic properties of the map depend upon the relationship between the initial condition, w_0, and the fixed point, w̃ and we distinguish between the following three cases: (i) w_0 = w̃; (ii) w_0 ∈ A_{δ0} (w̃); (iii) w_0 ∈ J − A_{δ0} (w̃). The case (i) is rather special and gives rise to a constant orbit, w_n = w̃, (n ≥ 0). The case (ii) corresponds to Scenario A described above and now there is a finite integer, k_{w0} , dependent on w_0, such that for some n > k_{w0} , w_n ∉ A_{δ0} (w̃), and hence the orbit will escape the laminar region. Notice however, that the set N^+ = {k_{w0} : w_0 ∈ A_{δ0} (w̃) − {w̃}} is not compact, and hence k_{w0} can take arbitrarily large values. Nevertheless, with probability one, the orbit will escape the laminar region, A_{δ0} (w̃), and enter the chaotic region, J − A_{δ0} (w̃). But once the orbit, w_n, is inside the chaotic region, it can escape this region with a nonzero probability at any time. The case (iii) corresponds to Scenario C described above, and since the orbit may escape the chaotic region for any n ≥ 1, it will enter the laminar region with a non-zero probability, where it will behave in accordance with case (ii), or exceptionally case (i).

It may be gleaned from the discussion above that only the maps described in Situation (2) can be ergodic and for such maps a pertinent recurrence property that we consider is the event that the orbit, w_n, returns back to the chaotic region, J − A_{δ0} (w̃) for the first time at time n = m (m = 1, 2, . . . ), having started from this region. Thus for a set C ∈ J − A_{δ0} (w̃), let S_C (m) be defined by (4.1).

The behaviour of S_C (m) may be characterized by two different methods: (1) by the probability distribution of S_C (m), namely F (m, C) = P (S_C (m)), where the probability is evaluated with respect to the invariant density, χ(w);

(2) by G(m, C), the Lebesgue measure assigned to the set of points returning back to C at time m having started in C.

Hence, F (m, C) = 1 K_C ∫ S_C(_m) χ(w)dw, (4.19) G(m, C) = 1 K_C ∫ S_C(_m)

dw, (4.20)

where K_C is a normalization constant. Note that G(m, C) is well-defined even when an invariant density does not exist and it may be evaluated in the same way as F (m, C), but with the probability evaluated with respect to the uniform density on J.

Chaotic Maps with Slowly Decaying Correlations and Intermittency 17

A brief account of how to find F (m, C) and G(m, C) is given in the appendix. As shown there, and see also Young [49] among others, the rate of decay of correlations for the intermittency map with θ = θ_0, maybe determined from the tail behaviour of G(m, C), and long memory occurs if, for example, G(m, C) = O(n^{−2−ϵ}), for some ϵ > 0.

It may be observed that the cusp intermittency maps considered in Section 6 are a special case, with θ = θ_0, of an intermittent family of maps admitting two neutral fixed points, w̃_1 and w̃_2, say, at a unique value, θ = θ_0, of θ. To understand why Definition 4.9 applies to this map, we have the following extension.

Extension 1. Suppose that a parametric family of maps, ζ_θ(w), admits two neutral fixed points, w̃_1 = w̃_1(θ_0) and w̃_2 = w̃_2(θ_0), at a unique value, θ = θ_0, of the parameter, θ, and that with either of the neutral fixed points, ζ_θ(w) is an intermittent family of maps in accordance with Definition 4.10. Then, it may readily be gleaned from the discussion given in Situations 1 and 2 above that the intermittency map corresponding to θ = θ_0 can display ergodic behaviour provided both neutral fixed points are weakly repelling. The details of this extension are omitted to save space.

In our Definition 4.10, the behaviour of the map in the chaotic region, J−A_δ(w̃), is prescribed by requiring that the map is uniformly expanding in this region, see condition (4). It is possible to construct intermittent families of maps for which the behaviour in this region is specified differently, see for example [23]. Also, for convenience, the domain and range of ζ_θ(w) coincide in our Definition 4.10,for all θ. However it is possible to construct families of intermittent map where this is not so, the details are omitted to save space.

We conclude this section by briefly explaining why the logistic, tent and beta transformation families of maps discussed in Section 3, do not belong to the intermittent family of maps satisfying Definitiondefintfam. For the logistic family, ζ^′_θ(w) = 0 for w = 1/2 and hence condition (4) is violated for all values of θ. Similarly, the tent family of maps does not admit the representation given in condition (3) of Definitions 4.3-4.9. Finally for the beta transformation family of maps, ζ^′_θ(w) > 1 for all w, and this family of maps does not admit a neutral fixed point. It should be recognized nevertheless that both the logistic and tent family of maps can display intermittent chaos for certain values of θ. For example, if θ = θ_0 = 1 + 2 √ 2, the former is intermittent with a neutral fixed point of prime period three, see Rasband [41]. For values of θ > θ_0, but close to θ_0, the laminar and chaotic regions for this map can be identified, but the intermittency associated with this neutral periodic point does not persist for other values of θ, and as a consequence condition (2) of Definition 4.3 is violated.

5 Regular intermittency maps with long memory

5.1 Polynomial maps. A celebrated example, with J = [0, 1], is:

ζ_α(w) = { w(1 + 2^αw^α) if 0 ≤ w ≤ 1/2, 2w − 1 if 1/2 < w ≤ 1,

(5.1)

where α > 0 (see Liverani, Saussol and Vaienti [31] and Young [49]). For each α, ζ_α(w) has a neutral fixed point, w_0 = 0, but its second derivative, ζ^{′′}_α(w), behaves like w^{α−1}, and it is therefore unbounded, as w → 0, for α ∈ (0, 1), and bounded for

18 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

α ≥ 1. When α = 0, ζ_α(w) reduces to the Bernoulli map, the beta transformation with β = 2.

To see why, for each α > 0, the map (5.1) defines an intermittency map, we consider the following parametric family of maps, parametrized by two parameters, θ and α, such that θ ∈ [0, 1/2) and α > 0, and verify that this family satisfies Definition 4.9: ζ_{θ,α}(w) = { ζ_{θ,α,L}(w) = θ + w + 2^α(1 − 2θ)w^{α+1} if 0 ≤ w ≤ 1/2, ζ_{θ,α,R}(w) = 2w − 1 if 1/2 < w ≤ 1. (5.2)

It is readily seen that for all θ ∈ [0, 1/2) and for a given α > 0, the fixed point, w̃, is a solution of the following equation: w^{α+1} = −θ/{2^α(1 − 2θ)}. However, since w ∈ [0, 1/2] and θ ∈ [0, 1/2), the map admits only a single fixed point at θ = 0 = θ_0 and w = 0 = w̃, which is a weakly repelling neutral fixed point of Type I. Condition (1) of Definition 4.9 is readily seen to hold when δ_1 < 1/2, where the admissible values of θ belong to the set Θ_{Rδ1} (θ_0) = {θ : θ ∈ [θ_0, θ_0 + δ_1]}. Condition (2) of Definition 4.9 is satisfied with I_1 = [0, 1/2], I_2 = [1/2, 1] and n(i) = 1 for i = 1, 2. For a given α > 0, ζ_{θ,α}(w) may be represented in the form given on the right of equation (4.11), but with θ_0 = w̃ = 0 and K(θ, w) = 2^α(1 − 2θ)w^{α+1}. Clearly, for all θ ∈ [0, 1/2) and all w ∈ J, K(θ, w) is a positive and differentiable function of θ and w. Also, |K_2(w)/w| → 0 as w → 0, and, consequently, condition (3”) of Definition 4.9 is satisfied for all α > 0. Moreover, since there are no fixed points for θ ∈ (0, 1/2), condition (5”) of this definition is also satisfied. Finally, since w̃ = 0 is the left end point of J, A_{δ0} (w̃) = A_{Rδ0} (w̃), with δ_0 = 1/2. It is readily verified that condition (4) of Definition 4.9 is also satisfied, for example with c_0 = 2, and thus ζ_{θ,α}(w), as defined by equation 5.1, is an intermittent family of maps. Note that for w ∈ [1/2, 1], the orbit w_n = ζ^n_θ (w) will be chaotic, and for w ∈ [0, 1/2] the orbit will display laminar behaviour.

On taking θ = θ_0 = 0, ζ_{θ,α}(w) reduces to the map defined on the right of equation (5.1) and, in accordance with Definition 4.9, it is an intermittency map .

When α ∈ (0, 1), an explicit expression for the invariant density, χ_α(w), is as yet unknown, but it is known that, see Thaler [45], χ_α(w) is of the following form:

χ_α(w) = V (w) w^α , where V (w) is a uniformly bounded piecewise continuous function of w satisfying 1 B ≤ V (w) ≤ B and B > 1 is a constant.

For α ≥ 1, the invariant density χ_α(w) is singular - concentrated at w = 0- and if, for all n, X_α(w) = P (w_n ≤ w), w ∈ R, denotes the corresponding distribution function of w_n, then

X_α(w) = { 0 if w < 0, 1 if w ≥ 0.

(5.3)

Next, consider the recurrence properties of the map (5.1). For this map, as noted earlier, the sets A_{δ0} (w̃) and A_{Rδ0} (w̃), as defined by (4.3) and (4.5) coincide. Let C ⊂ J − A_{Rδ0} (w̃), be a set inside the chaotic region of the map. Then, with

Chaotic Maps with Slowly Decaying Correlations and Intermittency 19

G(n, C) defined by in Section 4, it is known that, for all α ≥ 0, G(n, C) = O ( n^{− 1α −1} ) (n → ∞), (5.4)

see Aaronson [1] and Young [49], for example. However, since the invariant density is singular for α ≥ 1, F (n, C) is only defined for α ∈ (0, 1) and we may show that F (n, C) = O ( n^{− 1α −1} ) (n → ∞), α ∈ (0, 1). (5.5)

The results (5.5) and (5.4) imply that the distribution of the recurrence time to C has a power law (Pareto) tail rather than the usual exponential fall off.

The behaviour of the correlation function for the map (5.1) has been studied by several authors. As in Section 4, let φ, ψ ∈ H be two Hölder continuous functions. The first known result concerning the behaviour of the correlation function was established in Liverani, Saussol and Vaienti [31], where it is shown that, with B > 0 denoting a constant: R_{φ,ψ}(n) ≤ B((log n)^{1/α}n^{1−1/α}), (n → ∞). This bound was however later improved, see Young [49], to: R_{φ,ψ}(n) ≤ Bn^{1−1/α}, (n → ∞), (5.6) and the improvement was made possible because of the development of a sharp bound ‖P^n_{ζα} {φ(w)χ_α(w)} − χ_α(w)‖_1 = O(n^{1−1/α}) (n → ∞), (5.7) on the speed of convergence to equilibrium, as given by the second term to the right of the inequality (2.9).

Note that the bound( 5.6), while valid for all Hölder continuous functions of w_n, is from above, and for some Hölder continuous functions, the covariance function might decay at a faster rate. A more precise result has recently been developed, see Sarig [44] and Gouëzel [17]. It follows from the work of these authors that

lim_{n→∞} n^{(1/α−1)}R_{φ,ψ}(n) = U, (5.8)

where, for α ∈ (0, 1/2), U = 1 4 χ_α ( 1 2 ) α^{−1/α} ( 1 α − 1 )_{−1} ∫ φ(w)χ_α(w)dw ∫ ψ(w)χ_α(w)dw, and it depends on the invariant density and on the nature of the functions φ, ψ, and for α ∈ (1/2, 1), U is known to be a constant. Hence, for this family of maps, the process, {w_n : n ∈ N}, has long memory provided α ∈ (1/2, 1), and, if α ∈ (0, 1/2), it has intermediate memory.

In addition to the results described above, a Central Limit Theorem for the map (5.1) is also known for α ∈ (0, 1/2). Let φ be a continuous function satisfying ∫ J φ(w)χ_α(w)dw = 0, and let S_n(φ)(w) =^1_n ∑_{n−1} k=0 φ(w_k ). Young [49] shows that, as n → ∞, √ nS_n(φ)(w) converges in law to a Gaussian random variable with zero mean and finite variance, σ^2, given by

σ^2 = ∫ φ(w)^2χ_α(w)dw + 2 ∞∑ n=1 ∫ φ(w)φ(ζ^n_α (w))χ_α(w)dw, and σ^2 = 0 if and only if there exists a square integrable function, ψ(w), such that φ(w) = ψ(ζ_α(w)) − ψ(w).

20 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

5.2 Logarithmic maps. A second class of regular intermittency maps has recently been introduced by Holland [22], and it is defined on J = [0, 1] by:

ζ_β (w) = { ζ_{θ,α,L}(w) = w(1 + Y (β)w log(1/w)^{1+β} ) if 0 ≤ w ≤ 1/2, ζ_{θ,α,R}(w) = 2w − 1 if 1/2 < w ≤ 1, (5.9)

where Y (β) = 2(log 2)^{−(1+β)} is chosen to ensure that lim_{w→1/2}− ζ_β (w) = 1. For w ∈ (1/2, 1], the right hand side of (5.9) coincides with that of (5.1) given above. For w ∈ [0, 1/2], however, the multiplying factor of (1+2^αw^α) occuring on the right of the latter has been replaced by the factor (1 + Y (β)w log(1/w)^{1+β} ). Although both these maps admit neutral fixed points at w = 0, for the logarithmic map, (5.9), the second derivative, ζ^{′′}_β (w) = O ( (log(1/w))^{1+β} ) , as w → 0, grows at a slower rate than for the map (5.1), whose second derivative, ζ^{′′}_α(w) ∼ 2^αα(α + 1)w^{α−1}, as w → 0, and grows at a polynomial rate.

One consequence of this modification is that the invariant density, χ_β (w), for the logarithmic map, (5.9), exists , for all β ∈ (0, 2 log 2−1), and takes the following form on (0, 1/2):

χ_β(w) = V (w) w log(1/w)^{β+1} , ∀ w ∈ J, where V (w) is a uniformly bounded piecewise continuous function, which is also bounded away from zero. On [1/2, 1], the invariant density is a bounded, piecewise continuous function. By contrast, for the polynomial map, (5.1), the invariant density exists only if α ∈ (0, 1), and it diverges to infinity as w → 0 at a much faster rate than χ_β(w).

A similar comparison, also applies to the behaviour of the recurrent time distributions, F (n, C) and G(n, C), which for the logarithmic map take the following form: G(n, C) = ( 1 n^2(log n)^{1+β} ) , F (n, C) = ( 1 n^2(log n)^{1+β} ) , and those for the polynomial map are given by equations (5.4) and (5.5). It follows from a comparison of these expressions that the variance of the recurrent time distribution for the logarithmic map does not exist for any β > 0, but that for the polynomial maps does exist for α ∈ (0, 1/2), though the latter also does not exist for α ∈ [1/2, 1).

For the logarithmic map, Holland [22] also examines the rate of decay of the correlation function of {w_n : n ∈ N} and shows that since now the speed of convergence to equilibrium is slower, ‖P^n_{ζβ} {φ(w)χ_β (w)} − χ_β (w)‖_1 = O ( (log n)^{−β} ) , R_{φ,ψ}(n) ≤ B(log n)^{−β}, (5.10)

where B is a uniform constant, and within the class of all Holder continuous functions, the correlations for this map could also decay at a slower rate than for the polynomial map. It should be emphasized, nevertheless that (5.10) only provides an upper bound on the rate of decay of the correlations. A lower bound analogous to (5.8) has recently been obtained in [18].

A comparison of the functional forms of the polynomial and logarithmic maps suggests that the class of regular intermittency maps may be extended by defining

Chaotic Maps with Slowly Decaying Correlations and Intermittency 21

a map of the following general form:

ζ_α(w) = { ζ_{θ,α,L}(w) = w(1 + Y_αw^αΔ(w)) if 0 ≤ w ≤ 1/2, ζ_{θ,α,R}(w) = 2w − 1 if 1/2 < w ≤ 1, (5.11)

where α > 0 and Y_α = 2^α/Δ(1/2) and Δ(1/w) is a slowly varying function at infinity such that Δ(1/w) is twice differentiable for all w ∈ [M, ∞), and M is a fixed constant. Holland [22] also investigates the rate of decay of correlations for this extended class of maps and shows that R_{φ,ψ}(n) ≤ Bn^{1−1/α}Δ̃(n), (5.12) where B > 0 is a uniform constant, and Δ̃(1/w) is another slowly varying function at infinity, and its precise functional form may be derived from that of Δ(w). This result shows that, by choosing an appropriate functional form for Δ(w), it is possible to construct regular intermittency maps with correlation functions whose rate of decay is bounded above by a function that is decaying at a prescribed rate. We emphasize once again, however, that (5.12) gives only an upper bound on the rate of decay of the correlations, as n → ∞. Lower bounds are proved in [18].

For ease of exposition, the account given above of the regular intermittency maps was restricted to maps admitting a single neutral fixed point; however, as remarked by Young [49], for example, many of the results generalize to maps with multiple neutral fixed points.

6 The cusp intermittency maps

This class of maps has been investigated by Balakrishnan et. al. [6, 5, 4]. A specific example of the maps they consider, with J = [−1, 1], is as follows: ζ(w) = { ζ_L(w) = 1 − 2 √ (−w) if w ∈ [−1, 0], ζ_R(w) = 2 √ w − 1 if w ∈ [0, 1].

(6.1)

It admits two neutral fixed points, namely w = ±1, and since |ζ^{′′}(w)| = 1/2 for w = ±1 its second derivative is bounded at these fixed points. The map is discontinuous at w = 0, where its first derivative diverges to infinity.

For verifying that ζ(w), as given by equation (6.1), is an intermittency map, we appeal to Extension 1 discussed in section 4 and consider a parametric family of maps, ζ_θ(w), defined for all θ ∈ [1, τ], and J = [−1, 1], where τ ∈ (1, 16/15) is a fixed constant:

ζ_θ(w) = ζ_{Laθ}(w) = θ − 2 √ (−w) if w ∈ [−1, −1/2], ζ_{Lbθ}(w) = θ − 2 √ (−w) + 8(θ − 1)(1/2 + w)^3 if w ∈ [−1/2, 0], ζ_{Rbθ}(w) = 2 √ w − θ + 8(θ − 1)(1/2 − w)^3 if w ∈ [0, 1/2], ζ_{Raθ}(w) = 2 √ w − θ if w ∈ [1/2, 1]. (6.2)

It is readily seen that the map admits fixed points, w̃ = ±1, only when θ = 1. For demonstrating that with w̃ = −1, the family of maps defined by (6.2) satisfies Definition 4.9 and it is thus intermittent, we note that w̃ = −1, is a left-end point of J = [−1, 1] and hence A_{δ0} (w̃) = A_{Rδ0} (w̃), and we need only show that ζ_{Laθ}(w) satisfies this condition. Now, ζ_{Laθ}(w) = (θ − 1) + w + K(θ, w), where, for all w ∈ [−1, 1/2], K(θ, w) = 1 − w − 2 √ −w = (1 − √ −w)^2 is a positive function of w and independent of θ. Hence ζ_{Laθ}(w) has a representation given by equation

22 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

(4.17), and moreover. K(θ, w + 1) =^1_4 (1 + w)^2 + O((w + 1)^3) satisfies condition (4.13), and Condition (3”) is verified. By an argument analogous to that used in Section 5.1, conditions (1), (2), (4) and (5) of this definition may also be verified. Similarly, for w̃ = 1, the representation given by equation (4.17) holds. That is for all w ∈ [1/2, 1], ζ_{Raθ}(w) = 1 − θ + w + K̃(θ, w), where K̃(θ, w) = −(1 − √ w)^2 < 0 and is independent of θ. The other conditions are readily verified. Thus ζ_θ(w) is an intermittent family of maps satisfying Definition 4.9 and Extension 1. On taking θ = 1, ζ_θ(w) reduces to the cusp map defined by (6.1), and it is an intermittency map by Extension 1.

It should be noted that we have restricted the upper limit of the admissible values of θ to τ = 16/15. This is to ensure that ζ_θ(w) is defined over J = [−1, 1] for all values of θ ∈ [1, τ]. However, on letting J(θ) = [−θ, θ], where J(θ) depends on θ, the admissible values of θ may be increased to [1, τ], where τ > 1 is a fixed constant. This further extension, while feasible, would nevertheless involve modifying Definition 4.10 for this change and we do not pursue it here.

The cusp map (6.1) is ergodic and its invariant density is given by χ(w) = 1/2 for all w ∈ J, and which coincides with that of the uniform distribution, U[−1, 1], on J.

The recurrence properties of this map have also been investigated by Balakrishnan et. al. [6, 5]. However, since its two intermediate fixed points coincide with the two end points of the interval, J, over which the map is defined, the definition of the set A_{δ0} (w̃), is modified to: A_{δ0} (w̃) = [−1, −1 + δ] ∪ [1 − δ, 1], and which now defines the laminar region of the map (6.1). Moreover, in view of the fact that the invariant density of the map equals a constant for all w ∈ J, G(n, C) = 2F (n, C), and these measures are related in an elementary manner. If C ⊂ J − A_δ (w̃), denotes an interval inside the chaotic region of the map, Balakrishnan et. al. [6, 5] show that

F (n, C) = O(n^{−3}) (n → ∞); (6.3)

and the time to return back to the chaotic region, having started from this region, decays like a cubic.

These authors also investigate the behaviour of the sojourn times for this map. Let Ω ⊂ J denote a subset of the interval, J, and let Z(n, Ω) = P {w_1 ∈ Ω, w_2 ∈ Ω, . . . , w_{n−1} ∈ Ω|w_0 ∈ Ω} denote the probability of the event that w_1, w_2, . . . , w_{n−1} remain in the set Ω, having started from this set, where the probability is evaluated with respect to the invariant density, χ(w), of the map ζ. These authors derive an explicit expression for Z(n, Ω), which is also the probability of a sojourn in Ω, and show that for all Ω ⊂ J Z(n, Ω) = O(n^{−1}), (n → ∞). Although an explicit expression for the behaviour of the correlation function for this map is as yet not available, it may be expected that the correlations display the characteristic power law decay of intermittency maps. Indeed, on appealing to the known relationship between the rate of decay of the correlation function and F (n, C), see Young [49], it may be hypothesised that for all φ, ψ ∈ H :

R_{φ,ψ} = O(n^{−1}), (n → ∞), (6.4)

Chaotic Maps with Slowly Decaying Correlations and Intermittency 23

and hence that the spectral density function, f(λ), for this map has a singularity at the origin, f(λ) → ∞, as λ → 0. It may be observed, however, that now f(1/λ) is a log-like function as λ → 0, and that the rate of decay of correlations specified in (6.4) above is on the boundary of that given in section 1 for distinguishing between an intermediate-memory process and a long-memory process; furthermore, it is not possible for the class of fractionally-differenced processes to have correlation and spectral density functions possessing these properties.

Balakrishnan et. al. [6, 5] also discuss the possibility of generalizing the intermittency map (6.1) so as to have a recurrence time distribution, F (n, C), with a slower rate of convergence than that specified by (6.3). However, since a closedform analytical expression for the resulting intermittency map does not exist, we do not consider this generalization here.

7 Applications of intermittent maps to packet traffic

In this section we give a brief review of how chaotic intermittency maps are applied to modelling the Ethernet packet traffic. A key device here is the random wall model, (see Mondragon et. al. [36]), and we explain also why this model is introduced. We begin by giving an outline of some of the characteristic features of Ethernet packet traffic, and then discuss how chaotic maps are used to model the traffic flow. We also review some work on chaotic models for the aggregated traffic.

Unlike voicemail traffic, which is typically Markovian, there is empirical work, see Leland et. al. [30], demonstrating that Ethernet packet traffic displays characteristics of self similarity and long range dependence. There are also heavy-tailed ON/OFF periods. A stochastic structural model for providing a theoretical explanation of the empirically observed long memory in Ethernet packet traffic has also been constructed by Leland, et. al. [30]. Their model is based on the specific physical features of communication networks and considers first an individual pair of host computers, one of which is the source, and the other the destination, of the packet traffic. Suppose that a source alternates between an active state, or ON period, and an idle state, or OFF period. They assume that during ON periods, packets are sent at a constant rate, and during OFF periods no packets are transmitted; the successive ON periods as well as the successive OFF periods are assumed to be stochastically independent and identically distributed, and independent of each other. Based on these assumptions, they establish a limit theorem which states that the superposition of many such ON/OFF sources will capture the empirically-observed long memory in the measured aggregate Ethernet traffic, provided that the distribution of either the ON periods or the OFF periods of an individual source-destination pair has infinite variance. For further information about the stochastic model outlined above and physical characteristics of Ethernet packet traffic, reference may be made to Park and Willinger [38], who have brought together in a single volume a number of articles on probabilistic, statistical and engineering aspects of network traffic.

Mondragon et. al. [36] consider instead a regular intermittency map, with J = [0, 1], of the following form:

ζ ≡ ζ(w; a, m_1, m_2) = { ζ_L(w) = w + (1 − a)a^{−m1} w^{m1} if w ∈ [0, a], ζ_R(w) = w − a(1 − a)^{−m2} (1 − w)^{m2} if w ∈ (a, 1],

(7.1)

24 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

where m_1, m_2 ∈ (1, 2) and a ∈ (0, 1). Notice that this is a generalized version of the regular polynomial map discussed in Section 5.1, and like this map it has a neutral fixed point at w = 0. In addition, the generalized map (7.1) admits a neutral fixed point at w = 1, and the right hand branch, ζ_R(w), of this map is not uniformly expanding.

These authors model the behaviour of ON/OFF periods of an individual sourcedestination pair by introducing an indicator function, y(w_n), defined as follows:

y_n = y(w_n) = { 0 if w_n ∈ (0, a) OFF state, 1 if w_n ∈ (a, 1) ON state,

(7.2)

where w_n = ζ^n(w_0), The traffic load, κ, is the average number of packets generated by the map, and is the frequency with which w_n, n = 1, 2, . . . , visits the ON region: κ = ∫_1 a χ(w)dw, where χ(w) is the invariant density of the map. For obtaining a tractable approximation for the invariant density, however, these authors make a simplifying assumption that the ON and OFF periods are stochastically independent, which leads to the random wall model referred to above; a similar assumption was made earlier, see Baladi et. al. [3], but in a slightly different context, namely for studying the behaviour of the correlation function of intermittent families of maps close to the boundary of ergodic and non-ergodic regions.

Mondragon et. al. [36] show that their random wall model gives rise to a heavy tail (Pareto) distribution for the length of both ON and OFF periods:

P (ON ≥ w) = O ( w^{m2 −2m2−1} ) P (OFF ≥ w) = O ( w^{m1 −2m1 −1} ) (n → ∞), where w > 0 denotes the time spent in ON or OFF state.

These authors also establish that the aggregated traffic over N sources has long memory by demonstrating, under a Bernoulli trials assumption, that the behaviour of N independent traffic sources, each of load κ can be approximated by another intermittency map - called a sawtooth map - of the same form as (7.1), but whose parameters may be expressed in terms of the parameters of the original map. The work of these authors thus demonstrates that the sawtooth-intermittency maps can provide an alternative mathematical model for the observed self-similar behaviour of Ethernet traffic.

Appendix: induced maps and towers

In this technical appendix we give details of how the recurrence and correlation properties are obtained for families of intermittency maps, In an abstract set up that we describe below (in the terminology adopted by Young [49, 48]), a direct relationship between the recurrence properties and correlation decay rates will be given, with the recurrence properties being easier to analyse for the class of intermittency maps. For a fixed reference set T_0, which can be regarded as a topological space, a set T and a map ζ : T → T , both depending on the first return time, T_{T0} (w), are defined as follows: ζ(w, ℓ) = { (w, ℓ + 1) if ℓ + 1 < T_{T0} (w), (ζ^{TT0 (w)}w, 0) if ℓ + 1 = T_{T0} (w),

(7.3)

Chaotic Maps with Slowly Decaying Correlations and Intermittency 25

and T = {(w, ℓ) ∈ T_0 × N : ℓ < T_{T0} (w)}. The map ζ(w, ℓ) is piecewise differentiable (but not necessarily invertible) and T is called a tower built over T_0. To define T more precisely we assume that there exists a countable partition P^∗ = {ω_{0,i}}_{i∈}Non T_0 and that the first return function T_{T0} : T_0 → N is constant on each element of P^∗. It is assumed that ζ^{TT0 (w)}(w) maps each ω_{0,i} bijectively onto T_0.

Recall that by definition T_{T0} (w) ≡ min{n ≥ 1 : ζ^nw ∈ T_0, w ∈ T_0}, and analogous to T_{T0} (w) there is a return function T̂_{T0} : T → N which is given by T̂_{T0} (w, ℓ) ≡ min{n ≥ 0 : ζn(w, ℓ) ∈ T_0, (w, ℓ) ∈ T }. Partitioning the ℓ’th level T_ℓ into pieces {ω_{ℓ,i}}, the map ζ^ℓ(w, 0) takes ω_{0,i} bijectively onto ω_{ℓ,i} when ℓ + 1 < T_{T0} (ω_{0,i}), and the function T̂_{T0} (w, ℓ) is constant on each ω_{ℓ,i}. The partition P^∗ on T_0 is extended so that it contains all partition elements {ω_{ℓ,i}} in T , and this extended partition is denoted by P. To turn T into a measure space we introduce a reference measure m and a σ-algebra B generated by subsets of T . If ∫ T0 T_{T0} (w) dm(w) < ∞ then m is a finite measure on T . To get a notion of distance between two points w_1, w_2 ∈ T_0 we define their separation time s(w_1, w_2) to be

s(w_1, w_2) = inf{n > 0 : (ζ^{TT0 (w1)})^n(w_1), (ζ^{TT0 (w2)})^n(w_2) lie in distinct ω_{0,i}’s}.

If s(w_1, w_2) is large then w_1 and w_2 are considered to be fairly close. For two points (w_1, ℓ), (w_2, ℓ) ∈ ω_{ℓ,i} their separation time is defined to be equal to the separation time of ζ^{−ℓ}(w_1, ℓ), ζ^{−ℓ}(w_2, ℓ) ∈ ω_{0,i}.

Properties of (ζ, T ) We now list three assumptions for (ζ, T ). (A1) Bounded distortion: There are constants β ∈ (0, 1) and K > 0 such that for all w_1, w_2 ∈ T_0 | | | | Jζ^{TT0 (w1)}(w_1) Jζ^{TT0 (w2)}(w_2) − 1 | | | | ≤ Kβ^{s(ζ} TT0 (w1)(w1),ζTT0 (w2)(w2)).

Here Jζ^{TT0 (w)}(w) denotes the Jacobian of ζ^{TT0 (w)}(w) with respect to m (which we assume to be nonsingular) and Jζ(w, ℓ) ≡ 1 on T −ζ^{−1}T_0. In addition it is assumed that Jζ(w, ℓ) > 0, m-a.e.

(A2) Topological mixing: let T_i = T_{T0} (ω_{0,i}) ∈ N. Then gcd{T_i} = 1. (A3) Finite reference measure: ∫ T0 T_{T0} (w) dm(w) < ∞. Turning to the statistical properties of (ζ, T ) it will be useful to define function spaces H_β and H^+_β where H_β = {φ : T → C : |φ(x) − φ(y)| ≤ β^{s(x,y)} ∀x, y ∈ T }, H^+_β = {φ ∈ H_β : on each ω_{ℓ,i} either φ(x) ≡ 0 or φ(x) > 0,

and ∃ K_φ > 0 : | | | φ(x) φ(y) − 1 | | | ≤ K^φβ^{s(x,y)} ∀x, y ∈ T }. Let us summarize the statistical properties of the map given by equation (7.3), assuming that (A1), (A2) and (A3) hold. Regarding the invariant measure, it is proved in Young [49] that ζ(w, ℓ) admits a finite probability measure ν which is absolutely continuous with respect to m. Its density χ(w, ℓ) with respect m is strictly positive and lies in H^+_β . The measure ν also has the mixing property 2.10.

Regarding the rate of decay of correlations, the correlation function R_{φ,ψ}(n) (for φ, ψ ∈ H_β ) depends on the asymptotics of m{w ∈ T_0 : T_{T0} (w) > n} and m{(w, ℓ) ∈ T : T̂_{T0} (w, ℓ) > n} as follows:

26 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

(i) Exponential decay. Suppose m{w ∈ T_0 : T_{T0} (w) > n} < θ^n for some θ < 1. Then there exists a θ̃ < 1 such that R_{φ,ψ}(n) = O(θ̃^n).

(ii) Polynomial decay. Suppose that m{w ∈ T_0 : T_{T0} (w) > n} = O(1/n^β ) where β > 0. Then R_{φ,ψ}(n) = ∑ k>n m{w ∈ T_0 : T_{T0} (w) > n} ∫ φ(w) dν ∫ ψ(w) dν + O ( 1 n^{⌊β⌋} ) . (iii) Slow decay. Suppose that m{(w, ℓ) ∈ T : T̂_{T0} (w, ℓ) > n} = ρ(n) with ρ : R^+ → R^+ a slowly varying function at ∞ with ρ(w) ∈ C^∞ and monotonically decreasing to zero on [M, ∞) for some M > 0. Then R_{φ,ψ}(n) = O(ρ(n)).

Remarks: For the upper bounds parts (i) and (ii) are proved in Young [49] while the optimal bounds where achieved by Sarig [44] (for β > 2) and extended to all β > 0 by Gouëzel [17]. Part (iii) is proved in Holland [22]. The return time functions T_{T0} (w) and T̂_{T0} (w, ℓ) are also related by the property: m{(w, ℓ) ∈ T : T̂_{T0} (w, ℓ) > n} = ∑ k≥n m{w ∈ T_0 : T_{T0} (w) > k}. In the specific examples that we consider, the reference measure m will be Lebesgue measure, and in this situation the quantity m{w ∈ T_0 : T_{T0} (w) = n} becomes the quantity G(T_0, n), defined in Section 4.

Constructing towers for intermittency maps. To deduce decay of correlations for the regular intermittency maps ζ : J → J, for J = [0, 1], as described in Section 5, one idea is to find a way of analysing the behaviour of the intermittency map using a map given by equation (7.3) acting on a given tower T . Formally this is done by identifying a subinterval J̃, a return function T_{J̃} : J̃ → N (which is not necessarily the first return time to J̃), and a projection map π : T → J defining a semi-conjugacy between the map ζ(w, ℓ) on the tower, and the intermittency map ζ(w). Let us explain the main ingredients of the construction. Further details can be found in Young [49]. We remark that this construction can be used to analyse decay of correlations for many other types of systems, (for example logistic maps, Bruin et. al. [11]).

Pick a closed subinterval J̃ ⊂ [0, 1] which does not contain the neutral fixed point (for example J̃ = [1/2, 1]) and find a countable partition P_{J̃} into a set of elements {ω_i}_{i∈}N, with the return function T_{J̃} : P_{J̃} → N constant on each ω_i. Moreover it is required that for each ω ∈ P_{J̃} , ζ^{TJ̃ (ω)}(ω) = J̃ bijectively and with bounded distortion (in the sense that | ( ζ^{TJ̃ (w)} )_{′′} (w)/ (( ζ^{TJ̃ (w)} )_′ (w) )_2

| < ∞). If ∑_∞ n=1 ∑_∞ k=n G(J̃, k) < ∞, then a straightforward exercise (see Young [49]) implies that the correlation decay rates for the intermittency map can be determined using the model defined by the map (7.3) with tower T = {(w, ℓ) ∈ J̃ × N : ℓ < T_{J̃} (w)}. In particular the correlation decay then depends on the distribution of the recurrence times, and in the context of regular intermittency maps, the correlations depend on G(J̃, k).

Let us explain first how to estimate this quantity, and then explain how R_{φ,ψ}(n) depends on G(J̃, k) for φ, ψ ∈ H. For J̃ = [1/2, 1], any point in J̃ that returns back to J̃ at time n must fall in [w_n, w_{n−1}] just after leaving J̃. Here w_0 = 1/2 and w_n = ζ^{−1}(w_{n−1}) ∩ [0, 1/2]. Hence G(J̃, n) = O(|w_{n−1} − w_n|), and to analyse the

Chaotic Maps with Slowly Decaying Correlations and Intermittency 27

behaviour of w_n as n → ∞ it is useful to appeal to the following result (see Chapter 4 of Aaronson [1] and de Bruijn [14]): let f : R^+ → (0, 1) be regularly varying at 0 with index α > 0, and assume that w^αf(1/w) ∈ C^∞ on [C_0, ∞) for some C_0 > 0. Let w_0 = 1 and let w_n = g(w_{n+1}) where g(w) = w(1 + f(w)). Then w_n ∼ 1 α^1α h^{−1}(n) where h(w) = 1 f(1/w) . For the intermittency maps described by equation 5.1, it can be deduced that w_n = O(n^{−1/α}) and therefore G(J̃, n) = O(n^{−1−1/α}). A more involved calculation (see Holland [22]) reveals that for the intermittency maps described by equation (5.9), w_n = O(1/(n(log n)^{β+1})) and hence G(J̃, n) = O(1/(n^2(log n)^{β+1})). Moreover the correlations R_{φ,ψ}(n) satisfy R_{φ,ψ}(n) = O (∑ k≥n ∑ j≥k G(J̃, j) ) = O (∑ k≥n x_k )

when this quantity is finite, and this quantity is sharp if the asymptotics are polynomial in n as n → ∞, Gouëzel [17] and Sarig [44]. For the regular intermittency maps (5.1) and (5.9) the correlation functions are given by R_{φ,ψ}(n) = O(n^{1−1/α}) and R_{φ,ψ}(n) ≤ K(log n)^{−β} respectively (for some constant K).

References

[1] J. Aaronson. An introduction to infinite ergodic theory, volume 50. Mathematical surveys and monographs, AMS, 1997.

[2] V. Baladi. Positive transfer operators and decay of correlations, volume 16. World Scientific, 2000.

[3] V. Baladi, J-P. Eckmann, and D. Ruelle. Resonances for intermittent systems. Nonlinearity, 2:119–135, 1989.

[4] V. Balakrishnan, G. Nicolis, and C. Nicolis. Recurrence time statistics in chaotic dynamics.

I. Discrete time maps. Journal of Statistical Physics, 86(1/2):191–212, 1997. [5] V. Balakrishnan, G. Nicolis, and C. Nicolis. Recurrence time statistics in chaotic dynamics:

multiple recurrences in intermittent chaos. Stochastics and Dynamics, 1(3):345–359, 2001. [6] V. Balakrishnan and M. Theunissen. Power-law tails and limit laws for recurrence time distributions. Stochastics and Dynamics, 1(3):339–343, 2001.

[7] J. Beran. Statistics for Long-Memory Processes. Chapman & Hall, New York, 1994. [8] I. Berkes and L. Horváth. Asymptotic results for long memory LARCH sequences. The Annals of Applied Probability, 2003. forthcoming.

[9] R. J. Bhansali and P. S. Kokoszka. Prediction of long-memory time series: an overview.

Estadistica, 53:41–96, 2001.

[10] G. E. P. Box and G. M. Jenkins. Time Series Analysis; Forecasting and Control. Holden Day, New York, 1970.

[11] H. Bruin, S. Luzzatto, and S. van Strien. Decay of correlations in one-dimensional dynamics.

To appear, 2002.

[12] D. R. Cox. The null distribution of the first serial correlation coefficient. Biometrika, 53:623– 626, 1966.

[13] G. Cassella and R.L. Berger. Statistical Inference. Wadsworth and Brooks, 1990. [14] N. G. de Bruijn. Asymptotic methods in analysis. Dover, New York, 1981. [15] R. Devaney. Chaotic dynamical systems. Addison-Wesley Publ, 1989. [16] L. Giraitis, P. Robinson, and D. Surgailis. A model for long memory conditional heteroskedasticity. The Annals of Applied Probability, 10:1002–1024, 2000.

[17] S. Gouëzel. Sharp poynomial estimates for the decay of correlations. Preprint, 2002. [18] S. Gouëzel. Central Limit Theorem and stable laws for intermittent maps. Preprint, 2002. [19] C. W. J. Granger and D. Orr. ’infinite variance’ and research strategy in time series analysis.

J. Amer. Statist. Assoc., 67:275–285, 1972.

28 R. J. Bhansali, M. P. Holland, and P. S. Kokoszka

[20] P. Hall and R. C. L. Wolff. On the strength of dependence of a time series generated by a chaotic map. Journal of time series analysis, 16(6):571–583, 1995.

[21] P. Hall and R. C. L. Wolff. Properties of distributions and correlation integrals for generalized versions of the logistic map. Stochastic processes and their applications, 77:123–137, 1998.

[22] M. P. Holland. Slowly mixing systems and intermittency maps. Submitted, 2002. [23] A. J. Homburg and T. Young. Intermittency in families of unimodal maps. Ergod. Th. Dyn.

Sys, 22:203–225, 2002.

[24] P. S. Kokoszka and M. S. Taqqu. Fractional ARIMA with stable innovations. Stochastic Processes and their Applications, 60:19–47, 1995.

[25] J. C. Lagarias and L. Flatto. The zeta function of the beta transformation. Ergod. Th. Dyn.

Sys, 14:237–266, 1994.

[26] A. J. Lawrance. Statistical aspects of chaos. a series of 7 lectures for MSM4S2. Technical report, School of Mathematics and Statistics, University of Birmingham, 2001.

[27] A. J. Lawrance and N. Balakrishna. Statistical aspects of chaotic maps with negative dependence in a communications setting. J. Royal Statist. Soc., B, 63:843–853, 2001.

[28] A. J. Lawrance and N. M. Spencer. Curved chaotic map time series models and their stochastic reversal. Scandinavian Journal of Statistics, 25:371–382, 1998.

[29] A. J. Lawrence, A. Tsuneda, and T. Kohda. On higher-order correlations of chaotic sequences.

Technical Report Inst. Electronics, Informations and Communication Engineers of Japan, 1995.

[30] W. E. Leland, M. S. Taquu, W. Willinger, and D. V. Wilson. On the self-similar nature of Ethernet traffic (Extended version). IEEE/ACM Transactions on Networking, 2:1–15, 1994.

[31] C. Liverani, B. Saussol, and S. Vaienti. A probabilistic approach to intermittency. Ergodic Theory Dynam. Systems, 19(3):671–685, 1999.

[32] E. N. Lorenz. Deterministic nonperiodic flow. J. Atmosph. Sci, 20:130–141, 1963. [33] B. B. Mandelbrot. The Pareto-Lévy law and the distribution of income. International Economic Review, 1:79–106, 1960.

[34] P. Manneville and Y. Pomeau. Intermittent transition to turbulence in dissipative dynamical systems. Comm. Math. Phys, 74(2):189–197, 1980.

[35] A. I. McLeod. Hyperbolic decay of time series. J. Time Series Analysis, 19:473–484, 1998. [36] R. J. Mondragon. A model of packet traffic using a random wall model. Int. I. Bifur. Chaos, 7:1381–1392, 1999.

[37] T. Nowicki and S. van Strien. Absolutely continuous measures under a summability condition.

Invent. Math, 105:123–136, 1991.

[38] K. Park and W. Willinger, editors. Self-similar Network Traffic and Performance Evaluation.

John Willey & Sons, 2000.

[39] W. Parry. On the fi-expansions of real numbers. Acta. Math. Acad. Sci. hung, 11:401–416, 1960.

[40] M. Pollicott and O. Jenkinson. Computing invariant denisites and metric entropy. Comm.

Math. Phys, 211:687–703, 2000.

[41] S. Neil Rasband. Chaotic dynamics of nonlinear systems. New York, chichester: Wiley, 1990. [42] W. Rudin. Real and Complex Analysis. McGraw-Hill, Singapore, international edition, 1987. [43] H. Sakai and H. Tokumuru. Autocorrelations of a certain chaos. IEEE Trans. Acoustics, Speech and Signal Processing, ASSP-28:588–590, 1980.

[44] O. Sarig. Subexpoential decay of correlations. Preprint, 2001.

[45] M. Thaler. Estimates on invariant densities of endomorphisms with indifferent fixed points.

Isr. J. Math, 37:303–314, 1980.

[46] P. Walters. An Introduction to Ergodic Theory. Springer-Verlag, 1975. [47] L. S. Young. Decay of correlations for certain quadratic maps. Comm. Math. Phys, 146:123– 138, 1992.

[48] L. S. Young. Statistical properties of dynamical systems with some hyperbolicity. Ann. of Math, 147:585–650, 1998.

[49] L. S. Young. Recurrence times and rates of mixing. Israel J. of Math, 110:153–188, 1999.