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We consider the extreme value theory for a stationary GARCH process with
iid innovations. One of the basic ingredients of this theory is the fact that,
under general conditions, GARCH processes have power law marginal tails
and, more generally, regularly varying finite-dimensional distributions. Dis-
tributions with power law tails combined with weak dependence conditions
imply that the scaled maxima of a GARCH process converge in distribution
to a Fréchet distribution. The dependence structure of a GARCH process
is responsible for the clustering of exceedances of a GARCH process above
high and low level exceedances. The size of these clusters can be described by
the extremal index. We also consider the convergence of the point processes
of exceedances of a GARCH process toward a point process whose Laplace
functional can be expressed explicitly in terms of the intensity measure of a
Poisson distribution and a cluster distribution.

1 The model

We consider a GARCH process (X¢)iez of order (p,q) (GARCH(p, q)) given
by the equations?

p q
Xy =01 2y, 0152:040-1-2041‘)(3_1»-&-2@0?_]», teZ. (1)

i=1 j=1

In order to avoid ambiguity as regards the order (p,q) we assume that
apfy # 0 and that all coeflicients a; and ; are non-negative. Since we are
not interested in the trivial solution X; = 0 a.s. to (1) we also assume ag > 0.

3 Following the tradition in time series analysis, we index any stationary sequence
(A¢) by the integers Z. For practical purposes, one would consider the sequence
(X¢)ten corresponding to observations at the times ¢t = 1,2,.... If (A4;) is strictly
stationary we write A for a generic element of the sequence.
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Throughout, the noise or innovations sequence (Z;)¢cz is an iid sequence with
mean zero and unit variance.* We refer to (o) as the wvolatility sequence of
the GARCH process.

2 Strict stationarity and mixing properties

To develop a reasonable extension of extreme value theory for iid sequences,
the assumption of strict stationarity is often required. Therefore, we will al-
ways assume that there exists a unique strictly stationary causal® solution
(X;) to (1). Notice that stationarity® of the GARCH process (X;) is equiv-
alent to stationarity of the volatility sequence (o:). Necessary and sufficient
conditions for the existence and uniqueness of a stationary ergodic solution
to (1) are given in Nelson [35] for the GARCH(1,1) case and for the gen-
eral GARCH(p, q) case in Bougerol and Picard [2]; cf. Lindner [30]. These
conditions will be discussed in Section 3.

Under general conditions such as the existence of a Lebesgue density of
Z in some neighborhood of the origin, a stationary GARCH process (X;) is
o-mizing, i.e.,

sup |P(D|C)—P(D)|=¢:— 0, as t— oo,
CeF’ _,DeFe

where F?, a < b, is the o-field generated by (Xs)a<s<p With the obvious
modifications for infinite a or b. Moreover, the mixing rate ¢; decays to 0
geometrically. These properties (under conditions on the distribution of Z
more general than mentioned above) follow from work by Mokkadem [34], cf.
Doukhan [14], Boussama [5].

Substantial insight into the probabilistic structure of a GARCH process
(X;) is gained by embedding the squares X7 and o7 into a stochastic re-
currence equation. This procedure offers one a way to find conditions for
stationarity of (X), but also for its marginal tail behavior and, in turn, for
its extreme value behavior and the existence of moments.

3 Embedding a GARCH process in a stochastic
recurrence equation

By the definition of a GARCH, the quantities X; and o, are inextricably
linked. Therefore any statement about the existence of the stationary sequence

4 A standardization like unit variance of Z is necessary in order to avoid a trade-off
in the scaling between o, and Z; which would lead to non-identifiability of the
parameters of the model (1).

5 This means that X, has representation as a measurable function of the past and
present noise values Zs, s < t.

5 In what follows, we will use stationarity as a synonym for strict stationarity.
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(X}) and its distributional properties is also a statement about the correspond-
ing properties of the stationary sequence (o), and vice versa. Therefore one
important approach to the understanding of the structure of a GARCH pro-
cess is to express o; as a measurable function of past and present values Z,
s < t. We refer to such a representation as a causal solution of (1).

Similarly to the representation of a causal ARMA process as a linear pro-
cess of past values of the noise (see Brockwell and Davis [4]) such a represen-
tation can be obtained by iterating the defining difference equation (1) for 2.

Indeed, writing

1 ZE 451 Po v By1 By az az - ay

, 1 0-- 0 000 -0
a.

i 0 1.+ 0 000 --0

Ut27+2

Y, = Xq2 . A = 0 0 1 00 0 0|,

! Z2 0 0 00 0 0
0 0 0 01 0 0

Xtherl
0 0 0 00 10

Bt = (0[0,07...,0)/,

we see that ((A¢, B¢)) is an iid sequence, Y1 and (A, B;) are independent,
where the A;’s are iid random (p+ ¢ —1) x (p+ ¢ — 1) matrices and the B;’s
iid (p + ¢ — 1)-dimensional random vectors. Then (Y;) satisfies the following
vector stochastic recurrence equation (SRE):

Yt = Athfl + Bt, t e Z (2)

Iteration of the SRE (2) yields a unique stationary solution of the form
Yt:Bt+ZAt"'At—i+1Bt—i7 tez, (3)
i=1

The crucial condition for the a.s. convergence of the infinite series in (3), hence
for the existence of a strictly stationary solution to (2), is negativity of the
top Lyapunov exponent given by

7 = inf n™! Blog[[A, -~ Ay, (4)

where || - || is the operator norm corresponding to a given norm in RP*4=1 see
Bougerol and Picard [2]. By virtue of (3) the process (Y:) has representation
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Y. = f((Zs)s<t) for some measurable function f. Therefore standard ergodic
theory yields that (Y}) is an ergodic process, see Krengel [26].

In general, the top Lyapunov coefficient v cannot be calculated explicitly,
but a well known sufficient condition for v < 0 is given by

p q
Zai—l—26j<l, (5)
i=1 =1

see p. 122 in Bougerol and Picard [2]. Interestingly, (5) is also necessary and

sufficient for the finiteness of var(X), hence for the second order stationarity
of (Xt)

Ezample 1. (The GARCH(1,1) case)

This case is a real exception in the class of all GARCH processes since it is
possible to calculate the Lyapunov coefficient explicitly. This is due to the
fact that (2) essentially collapses into the one-dimensional SRE

Ut2+1 =g+ (1 Z2 + B1) o2, (6)
where A; = oy Z2 + 31, hence
y=n"'Elog(A, - A;) = Elog A = Elog(a; Z> + ;).

Then, following Nelson [35], the conditions Elog(a; Z2 4+ 31) < 0 and ag >
0 are necessary and sufficient for the existence of a stationary causal non-
degenerate solution to (1). O

4 The tails of a GARCH process

The embedding of the squares X}? and o7 of a stationary GARCH process
(X:) and its volatility sequence (oy) into the SRE (2) also allows one to use
classical theory about the tails of the solution to this SRE. Such a theory was
developed by Kesten [25], see also Goldie [19] for an alternative approach, cf.
Embrechts et al. [16], Section 8.4.

Theorem 1. (Basrak et al. [1]) Consider the process (Y¢) in (3) obtained from
embedding a stationary GARCH process into the SRE (2). Assume that Z has
a positive density on R such that E(|Z|") < oo for h < hy and E(|Z|") = oo
for some hqg € (0, 00].”

Then there exist k > 0 and a finite-valued function w on the unit sphere

SPHi—2 = {x e RPYI x| =1}

7 A condition such as E(]Z|") = oo is needed. It means that the distribution
of Z is spread “sufficiently far out”. Indeed, if Z is supported on too short an
interval in the neighborhood of the origin, then P(|X| > x) may decay to zero
exponentially fast as © — oo, see Goldie and Griibel [20].
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for any fized norm | - | in RPT9=1 such that
for all x € SPT172 lim z® P((x,Y) > z) =w(x) exists.

Moreover, if x € SPY972 has non-negative components then w(x) > 0.

Furthermore, if k is not even,® then Y is regularly varying with index 1,
i.e., there exist a constant ¢ > 0 and a random vector @ on the unit sphere
SP+a=2 such that for everyt > 0

w

2" P(|Y| >tz,Y/[Y|€-) = ct™"PO€-), asx— 00,

where = denotes weak convergence on the Borel o-field of SPT1=2.

If we specify x to be a unit vector an immediate consequence is the following
result.

Corollary 1. Under the conditions on the distribution of Z in Theorem 1,
the tails of the marginal distribution of a stationary GARCH process exhibit
power law behavior: there exist k > 0 and positive constants ¢|x| and c; such
that?

P(IX|>x) ~cxjz?" and P(o>x)~con 2",
Applying a result by Breiman [3], cf. Davis and Mikosch [9], Section 4, one
can also derive the relation

P(|X|>z)=P(c|Z| > x) ~ E(|Z|*") P(oc > x).

Now assume that Z (hence X) is symmetric, e.g., when Z has a normal or
student distribution. Then € = sign(Z) and |Z| are independent, hence

1 1
P(X >z)= 5P(|X| > 1) ~ 3 E(|Z]*%) co 72",

With the exception of the GARCH(1,1) case it is unknown how to evaluate
o, see Goldie [19].

In the case of the general SRE model (2), the value of x is determined
as the solution to a complicated equation (see Kesten [25]) which cannot be
solved explicitly. As regards the general GARCH(p, ¢) model, one can estimate
the tail index k from observations of the GARCH process by using the tools
of extreme value statistics, see Drees [15] and Resnick and Starica [37], cf.
Embrechts et al. [16], Chapter 6. The GARCH(1, 1) case again offers a more
tractable form for .

8 It is not clear whether this condition can be omitted, see for example Hult and
Lindskog [22] for some related work.

9 We write f(z) ~ g(z) as & — oo for two functions f and g whenever f(z)/g(z) —
1 as ¢ — oo.
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Ezample 2. (The GARCH(1,1) case)

In this case, the SRE (2) collapses to the one-dimensional equation (6). Then
direct calculation shows that Kesten’s result yields x as the unique solution
(which exists under the conditions of Theorem 1) to the equation

E[A®] = E[(ay 22+ 31)"] = 1. (7)

This equation can be solved for x by numerical and/or simulation methods
for fixed values of a7 and (31 from the stationarity region of a GARCH(1,1)
process and assuming a concrete density for Z. In the case ar; = 0.1, Table 1
reports a small study for 2x-values (the tail index of X and o), assuming
a standard normal or a unit variance student distribution with 4 degrees of
freedom.

We mention that the inequality

El(an Z° 4+ )" > 1 (8)

already implies that both E(0%) and E(|X|?*) are infinite. Indeed, since
ag >0

B(0i") > E(0i"y (01 Z{_y + B1)") = E(07 ") E((o1 Z% + 1)") -

By virtue of (8) this relation is impossible unless E(c%*) = co. On the other
hand, if

Ella1 Z* + 31" < 1 (9)

a simple moment calculation involving Minkowski’s inequality and representa-
tion (3) for V; = o7 imply that E(|X|**) = E(|Z|**) E(c*") < co. Similar ar-
guments for the existence of moments of the solution to a one-dimensional SRE
can be found in Ling and McAleer [28] and have been extended to GARCH
and AGARCH models in Ling and McAleer [29]. O

Ezample 3. (Integer valued x and IGARCH)

Assume that we are in the GARCH(1,1) framework of Example 2. Since
the solution k of (7) is unique if it exists, it is possible to give necessary
and sufficient conditions for tails of the form P(|X| > z) ~ ¢xjz—2* for
k=1,2,.... By virtue of the discussion of the consequences of the conditions
(8) and (9) we may also conclude that F(X?*) < oo if and only if E[(a; Z% +
ﬁl)k] <1

Relation (7) turns into

=0 ;

2 k k . k l 21
1= Bl 22 4 B)¥] = B Z( )<a1/51> B(Z%). (10)

For example, choosing k = 1 and recalling that E(Z2) = 1, (10) turns into
the equation oy + 81 = 1 which defines the integrated GARCH (IGARCH)
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Table 1. Results for 2k when a3 = 0.1. Top: Standard normal noise. Bottom: Unit
variance student noise with 4 degrees of freedom.

£ 09 0.8 0.7 0.6 0.5 04 0.3 0.2 0.1 0.0
2k| 2.012.4 16.4 19.0 21.0 23.0 24.8 26.4 28.2 29.6
3110.81 0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89
2k[12.0 11.4 10.8 10.0 9.0 8.0 7.0 56 3.8

fil 09 08 0.7 06 05 04 03 0.2 0.10.0
2k| 20 40 44 44 44 44 48 48 46438
3110.81 0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89
2k| 42 40 40 38 3.6 34 34 30 26

model of Engle and Bollerslev [17]. It is a well known fact that a stationary
IGARCH(p, q) process has infinite variance marginals.'? In the IGARCH(1,1)
case, Kesten’s result yields the more sophisticated result P(|X| > z) ~
x| 2~ 2. In applications to real-life data one often observes that the sum of

the estimated parameters &y + 51 is close to 1 implying that moments slightly
larger than two might not exist for a fitted GARCH process. An alternative
explanation for this IGARCH effect are non-stationarities in the observed data
as explained in Mikosch and Starica [33].

For k = 2, (10) turns into the equation

1=(a+ /) +ai (BE(ZY)-1),

implying that P(|X| > ) ~ ¢ xja~*. Moreover, following the discussion
above, the condition

1> (a1 +B1)° +ai (B(Z*) - 1)

is necessary and sufficient for (EX?*) < oo. O

5 Limit theory for extremes

5.1 Convergence of maxima

Generally, the asymptotic tail behavior of the marginal distribution of a sta-
tionary mixing sequence sequence (A;) is the key factor in determining the

10 This follows immediately by taking expectations in the defining equation (1) for
o} and recalling that ag > 0.
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weak limit behavior of the sequence of partial maxima

M, (A) = Inax Ay, n>1. (11)
This property is well documented in various monographs on the topic, see
e.g., Leadbetter et al. [27], Galambos [18], Resnick [36], Embrechts et al. [16].
In particular, for an iid sequence (A;) with tail P(A > x) ~ cz~* for some
constant ¢ > 0 it follows that

(en) YoM, (A) S Y, , (12)

where Y, has the Fréchet distribution function,

0 <0
Do (x)=<" _. -7 13
(@) {e“C , x>0. (13)

Now if (A4;) is a stationary sequence that satisfies a general mixing condition
and the marginal distribution has the same tail behavior as above (i.e., P(A >
x) ~ cx~®), then one often can show the existence of 64 € (0,1] such that

(cn) oM, (A) S 01y, (14)

The parameter 64 is called the extremal index and measures the level of clus-
tering for extremes. The case 84 = 1 corresponds to no clustering in which
case the limiting behavior of M, (A) is the same as for the maxima of an iid
sequence. The reciprocal of the extremal index 1/6 4 of a stationary sequence
(A:) has the interpretation as the expected size of clusters of high level ex-
ceedances in the sequence. For iid A;’s, 1/64 = 1, see (11), and there is no
clustering of exceedances of high levels.

Returning to the GARCH setting, we assume that the conditions of The-
orem 1 are satisfied. Then we know that P(|X| > z) ~ ¢ x|z 2" for some
K,c x| > 0, and we can even specify the value of x in the GARCH(1, 1) case
by solving the equation (7). The limit relation (12) is not directly applicable
to the maxima M, (] X|) of the sequence (] X;|) because of the dependence in
the sequence. However, it was mentioned in Section 2 that, under general con-
ditions on the distribution of Z, the sequence (X;), hence (|X¢|) is ¢-mixing
with geometric rate. Using this asymptotic independence condition it can be
shown'! that

(cx) )~ @ My (1X]) % 017 Ya (15)
where Y3, has the Fréchet distribution given in (13) and the extremal index
0| x| is strictly less than one. In the aforementioned literature, it has also been

1 See de Haan et al. [21] for ARCH(1); cf. Embrechts et al. [16], Section 8.4, or
Davis and Mikosch [7]; Mikosch and Starica [32] for GARCH(1,1), and Basrak et
al. [1] in the general GARCH(p, q) case.
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shown that results analogous to (15) hold for the maxima of the sequences (X;)
(at least when Z is symmetric) with the corresponding positive tail constants
¢x, ¢o in (15) and extremal indices 0,0, € (0,1) in (14).

Since the extremal index 0| x) is strictly less than one for a GARCH pro-
cess, the expected size of clusters of high level exceedances is 1/6,x| > 1.
This is in sharp contrast to the case of stochastic volatility processes (see
[9]), which have extremal indices that are equal to one and hence possess no
clustering of extremes. Formulae for calculating the value of 6 x| for a general
GARCH(p, q) process are unknown, but in the ARCH(1) and GARCH(1,1)
cases more explicit expressions for | x|, 0x and 0, exist. For example, in the
GARCH(1,1) case,

0 ¢
0y = / P | sup H(Oq ZZ+B) <yt ky T dy.
1 2155

The right hand expression can be evaluated by Monte-Carlo simulations, see
e.g. de Haan et al. [21] for the ARCH(1) case with standard normal noise Z,
cf. Embrechts et al. [16], Section 8.1, where one can also find some advice as
to how the extremal index of a stationary sequence can be estimated from
data.

5.2 Convergence of point processes

Advanced insight into the limit structure of the extremes of a stationary se-
quence (A;) is provided by the weak convergence of the point processes

Nn() = ZEAt/an<')

toward a point process, whose points can be expressed in terms of products
of Poisson points with independent points from a clustered distribution. Here
€, denotes Dirac measure at x: for any set B C R

1, x€ B,
=B =10.2¢8

and (ay,) is a suitably chosen sequence of positive constants. For example, for
a GARCH process (Xt), (a,) can be chosen such that

P(X >a,)~n"t.

Convergence in distribution, IV, <N , of the sequence of point processes (N,,)
toward the point process NV is explained in standard books on point processes,
see e.g. Kallenberg [24], Daley and Vere-Jones [6], Resnick [36]. Resnick’s book
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describes the close relationship between the convergence of (IV,,) and extreme

value theory. For example, choosing the set B = (x, 0], Ny, 4N implies for
the order statistics Ay <--- < A,y = My, (A) of the sample Ay,..., A, that

P(N,(z,00) < k) = P(a,' Ap—ry1) < 2)
— P(N(z,00) < k)

E
=

P(N(z,00)=1), x€R.

(=)

i=
Similar relations can be established for the joint convergence of finitely many
order statistics in a sample, the joint convergence of the scaled minima a,; 1A(1)
and maxima a,, ' M, (A), and various other results for extremes can be derived
as well. Among others, the distribution of N determines the extremal index
0 4 mentioned in Section 5.1.

The limit distribution of (a,, M, (A)) is determined by the distribution of
the limiting point process N. For ARCH(1), GARCH(1,1) and the general
GARCH(p, q) processes (X;) and their absolute values (|X;|) the form of the
limit point process N was determined in Davis and Mikosch [7], Mikosch and
Staricd [32] and Basrak et al. [1], respectively. The Laplace functional of the
limit point process N can be expressed explicitly in terms of the intensity
measure of a Poisson distribution and the distribution of clusters. However,
the general form of this representation has little practical value for probability
computations.

5.3 The behavior of the sample autocovariance function

Basic measures of the dependence in a stationary time series (A;) are the auto-
covariance and autocorrelation functions (ACVF and ACF) given respectively
by

ya(h)
”YA(O) » 20,

Here we have assumed that v4(0) = var(A) € (0, 00). Log-return series (X;)
usually have zero autocorrelations and therefore it is also common to consider
the ACVFs and ACFs, v|x|: and p|x|i, i = 1,2, of the absolute values | X
and the squared returns X?.

Since the ACVF and ACF of a stationary sequence (A;) are in general
unknown functions it is common to estimate them by their sample analogs
(sample ACVF and sample ACF) given at lag h > 0 by

va(h) = cov(Ag, Ap) and pa(h) = corr(Ag, Ap) =

3=

n—h
Fa(h) = 3 (A = Ay (Asn — An)

and
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~ _a(h) _ P (A= A (Aen — An)
e RS SN VT R

where A4, =n~1Y"}' | A; denotes the sample mean.

For non-linear processes (A4;) the limit theory for the sample ACVF and
sample ACF is strongly influenced by heavy tails in the marginal distribution
of A;. This has been reported early on in Davis and Resnick [13] for bilinear
processes. In contrast, the sample ACF of a linear process (such as ARMA and
FARIMA) consistently estimates the ACF of a Gaussian linear process with
the same coefficients as the original linear process even when the distribution
of A has such heavy tails that the variance of the process is infinite, in which
case, the ACVF and the ACF are not defined. Interestingly, however, the
rates of convergence in this heavy tailed case compare favorably to the usual
V/n-rates in the finite variance case, see Davis and Resnick [10, 11, 12], cf.
Brockwell and Davis [4], Section 13.3.

The limit theory for the sample ACVF and ACF of a GARCH process
(Xt), its absolute values and squares was studied in Davis and Mikosch [7]
in the ARCH(1) case, for GARCH(1,1) in Mikosch and Starica [32] and in
Basrak et al. [1] for the general GARCH(p, q) case as well as for solutions to
SREs. The proofs of these results are based on the point process convergence
results mentioned in Section 5.2, hence they are closely related to extreme
value theory for GARCH processes. The limit distribution and the rates of
convergence of the sample ACFs px (h), px|(h) and px=(h) critically depend
on the tail index 2k of the marginal distribution of a GARCH process, see
Corollary 1. In particular, the following results hold.

1. If 2x € (0,2) then px(h) and p|x|(h) have non-degenerate limit distribu-
tions. The same statement holds for pxz(h) when 2« € (0,4).

2. If 2k € (2,4) then both px (h), px|(h) converge in probability to their de-
terministic counterparts px (h), p|x|(h), respectively, at the rate nl=2/(2)

and the limit distribution, depending on an infinite variance stable distri-

bution, is complex and difficult to describe.

3. If 2k € (4,8), then

) (Ga (B) — pxa(B)) 5 S,(h),

where the random variable S, (h) is a function of infinite variance stable
random variables.

4. If 2k > 4 then the good mixing properties of the GARCH process (see
Section 2) and standard central limit theory for stationary sequences (see
e.g., Ibragimov and Linnik [23] or Doukhan [14]) imply that (px (h)) and
(P1x)(h)) have Gaussian limits at \/n-rates. The corresponding result holds
for (X?) when 2k > 8.

These results show that the limit theory for the sample ACF of a GARCH
process is rather complicated when low moments of the process do not exist.
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There is empirical evidence based on extreme value statistics indicating that
log-return series might not have finite 4th or 5th moment,'? and then the limit
results above would show that the usual confidence bands for the sample ACF
based on the central limit theorem and the corresponding /n-rates are far too
optimistic in this case.

It is worth noting that for stochastic volatility models, an alternative class
of models to the GARCH for modeling log-returns, the situation is markedly
different. If the noise in the stochastic volatility process is chosen so that the
marginal distribution matches the power law tail of the GARCH with index
2k, then

(n/Inn)Y )55 (h) and (n/Inn)Y @5 (h)

converge in distribution for 2k € (0,2) and 2k € (0,4), respectively. This
illustrates the good large sample behavior of the sample ACF for stochastic
volatility models even if px and px2 are not defined (see Davis and Mikosch
[8, 9]) and illustrates another key difference between stochastic volatility and
GARCH processes.
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