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The simple stochastic volatility process (Xt)t∈Z is given by the equation

Xt = σt Zt , t ∈ Z , (1)

where (Zt) is iid, (σt)t∈Z is the log-linear Gaussian process given by

2 logσt =
∞∑

j=0

ψjηt−j ,

with
∑∞

j=0 ψ
2
j < ∞, and the sequence (ηt) is iid N(0, τ2) and independent of

(Zt). If var(Zt) < ∞, then it is customary to assume that (Zt) is iid with
mean 0 and variance 1. In this article, we describe the limiting behavior of
the sample maxima,

Mn = max(X1, . . . , Xn) ,

of the strictly stationary stochastic volatility sequence (Xt) in the cases that
the noise (Zt) has either a light- or heavy-tailed distribution.

In Section 1, we describe the tail behavior of the marginal distribution of
X1. Point process convergence based on the normalized process is described
in Section 2. This provides the key result from which limiting behavior of the
extremes of (Xt) can be determined.

Interestingly, and unlike the situation for GARCH processes (see Davis and
Mikosch [5]), there is no extremal clustering for stochastic volatility processes
in both the light- and heavy-tailed cases. That is, large values of the processes
do not come in clusters. More precisely, the large sample behavior of Mn is
the same as that of the maxima of the associated iid sequence (X̂t), where

X̂
d
= X .
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1 The tail behavior of the marginal distribution

1.1 The light-tailed case

For the model given by (1), assume further that the noise (Zt) is iid N(0,1).
Notice that the log of the squares of the process, i.e.,

Yt = logX2
t (2)

is the superposition of a linear Gaussian process with iid log-χ2
1 distributed

noise. Since logZ2
t is distributed as the log of a χ2

1 random variable, its cu-
mulant generating function is given by

logEexp
{
λ logχ2

1

}
= λ log 2 + logΓ (1/2 + λ) − logΓ (1/2)

= λ logλ+ λ(log 2 − 1) + (log 2)/2 + h0(λ) ,

where the remainder h0(λ) = O(1/λ) as λ → ∞. The cumulant generating
function of Yt is

κ(λ) = logEe λYt = λ2σ̃2/2 + λ log 2 + logΓ (1/2 + λ) − logΓ (1/2)

= λ2σ̃2/2 + λ logλ+ λ(log 2 − 1) + (log 2)/2 +O(1/λ),

where

σ̃2 = var




∞∑

j=0

ψjηt−j


 = τ2

∞∑

j=0

ψ2
j . (3)

The following proposition, due to Breidt and Davis [1], describes the tail
behavior of Yt. The proof of this result is based on the asymptotic normality
of the Esscher transform of the distribution of Y which can be viewed as the
saddlepoint approximation to the cumulant generating function, see Jensen
[10]. This technique was also used by Feigin and Yashchin [8] and Davis and
Resnick [3].

Proposition 1. For the log-squared volatility process (Yt) defined in (2), we

have

P(Yt > x) ∼ σ̃2

√
π

exp

{
− x2

2σ̃2
+
x log x

σ̃2
+

(k − 1)x

σ̃2
− (k + σ̃2) log x

σ̃2
− log2 x

2σ̃2

− k2

2σ̃2
+O

(
log2 x

x

)}
,

as x→ ∞, where k = log(2/σ̃2).

By symmetry of Xt,

P (Xt > x) =
1

2
P (|Xt| > x) =

1

2
P (logX2

t > 2 logx) ,

and then the asymptotic behavior of P (Xt > x) as x→ ∞ is straightforward
from Proposition 1.
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1.2 The heavy-tailed case

Now assume that Zt has regularly varying tail probabilities with index α > 0.
This means that the distribution of |Zt| is regularly varying with index α, i.e.,

P (|Zt| > x) = L(x)x−α (4)

as x → ∞, where L(·) is a slowly varying function at infinity (see Section 4
of Davis and Mikosch [5]), and that the tail balancing condition,

lim
x→∞

P (Zt > x)

P (|Zt| > x)
= p and lim

x→∞
P (Zt ≤ −x)
P (|Zt| > x)

= q , (5)

where p+ q = 1 for some p ∈ [0, 1], holds. Then, by virtue of Breiman’s result
(see equation (16) in [5]), the distribution ofXt inherits the same tail behavior
as Zt.

Proposition 2. Under the regularly varying and tail-balancing assumptions

(4) and (5), we have

P (Xt > x) ∼ E(σα
t ) P (Zt > x) and P (Xt ≤ −x) ∼ E(σα

t ) P (Zt ≤ −x) ,

as x→ ∞ .

Proposition 2 remains valid even if logσt is not a linear Gaussian process.
In order to apply Breiman’s result, one only needs that σt is independent of
Zt and E(σα+ǫ

t ) <∞ for some ǫ > 0.

2 Point process convergence

2.1 Background

The theory of point processes plays a central role in extreme value theory.
For example, the limiting distribution of order statistics, such as the kth
largest, is often easy to derive from the convergence of a particular sequence
of point processes. To illustrate this notion, suppose (X̂t) is an iid sequence
of random variables with the same common distribution function F as Xt.
Further assume that there exist sequences of constants an > 0 and bn such
that

P (a−1
n (M̂n − bn) ≤ x) = Fn(anx+ bn) → G(x) (6)

for all x, where M̂n = max(X̂1, . . . , X̂n) and G is a nondegenerate distribution
function. Then by the extremal types theorem, G has to be an extreme value
distribution of which there are only three types, see Leadbetter et al. [11].
Moreover, by taking logarithms and using a Taylor series expansion, (6) holds
if and only if for any x ∈ R,
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n (1 − F (anx+ bn)) → − logG(x) .

or,3 equivalently, if for any x ∈ R,

nP (a−1
n (X̂1 − bn) > x) → − logG(x) . (7)

Now (7) can be strengthened to the statement,

nP (a−1
n (X̂1 − bn) ∈ B) → ν(B) (8)

for all suitably chosen Borel sets B, where the measure ν is defined by its
value on intervals of the form (a, b] as

ν(a, b] = logG(b) − logG(a) . (9)

The convergence in (8) can be connected with the convergence in distri-
bution of a sequence of point processes. For a bounded Borel set B in the
product space (0,∞) × R, define the sequence of point processes (N̂n) by

N̂n(B) = #{(j/n, a−1
n (X̂j − bn)) ∈ B , j = 1, 2, . . .} .

If B is the rectangle (a, b]× (c, d] with 0 ≤ a < b <∞ and −∞ < c < d <∞,

then since the X̂j are iid, N̂n(B) has a binomial distribution with number of
trials [nb] − [na] ([s] = integer part of s), and probability of success

pn = P (a−1
n (X̂1 − bn) ∈ (c, d]) .

Provided ν(c, d] <∞, it follows from (8) that N̂n(B) converges in distribution
to a Poisson random variable N(B) with mean µ(B) = (b− a) ν(c, d]. In fact,
we have the stronger point process convergence,

N̂n
d→ N , (10)

where N is a Poisson process on (0,∞) × R with mean measure µ(dt, dx) =

dt× ν(dx) and
d→ denotes convergence in distribution of point processes. For

our purposes,
d→ for point processes means that for any collection of bounded4

Borel sets B1, . . . , Bk for which P (N(∂Bj) > 0) = 0, j = 1, . . . , k, we have

3 If G(x) = 0 we interpret − log G(x) as ∞.
4 In some cases, especially the heavy-tailed case, the state space of the point process

is often defined to be (0,∞)× ([−∞,∞] \ {0}). On the second product space, the
roles of zero and infinity have been interchanged so that bounded sets are now
those sets which are bounded away from 0. With this convention, a bounded set
on the product space is contained in the rectangle [0, c]× ([−∞,−d] ∪ [d,∞]) for
some positive and finite constants c and d. Under this topology, the intensity
measure for the Poisson process defined in Theorem 2 is ensured to be finite on
all bounded Borel sets.
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(N̂n(B1), . . . , N̂n(Bk))
d→ (N(B1), . . . , N(Bk))

on R
k, see [7, 11, 12].

As an application of (10), define M̂n,2 to be the second largest among

X̂1, . . . , X̂n. Since the event {a−1
n (M̂n,2− bn) ≤ y} is the same as {N̂n((0, 1]×

(y,∞)) ≤ 1}, we conclude from (10) that

P (a−1
n (M̂n,2 − bn) ≤ y) = P (N̂n((0, 1] × (y,∞)) ≤ 1)

→ P (N((0, 1] × (y,∞)) ≤ 1))

= G(y) (1 − logG(y)) .

Similarly, the joint limiting distribution of (M̂n, M̂n,2) can be calculated by

noting that for y ≤ x, {a−1
n (M̂n−bn) ≤ x, a−1

n (M̂n,2−bn) ≤ y} = {N̂n((0, 1]×
(x,∞)) = 0, N̂n((0, 1] × (y, x]) ≤ 1}. Hence,

P (a−1
n (M̂n − bn) ≤ x, a−1

n (M̂n,2 − bn) ≤ y)

= P (N̂n((0, 1] × (x,∞)) = 0, N̂n((0, 1] × (y, x]) ≤ 1)

→ P (N((0, 1] × (x,∞)) = 0, N((0, 1]× (y, x]) ≤ 1))

= G(y)(1 + logG(x) − logG(y)) .

2.2 Application to stochastic volatility models

The point process convergence in (10) can be extended to general stationary
time series provided a mixing condition and a local dependence condition (such
as D and D′ in Leadbetter et al. [11]) hold. The mixing condition governs how
fast a certain class of events become independent as their time separation
increases. Typically, many time series models, including stochastic volatility
processes, satisfy a mixing condition such as strong mixing. (For stochastic
volatility processes, see the discussion for strong mixing given in Section 2
of Davis and Mikosch [5].) On the other hand, the dependence condition D′

restricts the clustering of extremes. That is, given an observation at time t is
large, the probability that any of its neighboring observations are also large is
quite small. The stochastic volatility processes (Xt) given in (1) with either
light- or heavy-tailed noise satisfies generalized versions of conditions D and
D′; see [1, 4]. Thus the point process convergence in (10) holds. This result is
recorded in the following two theorems whose proofs can be found in Breidt
and Davis [1] for the light-tailed case (Theorem 1) and in Davis and Mikosch
[4] for the heavy-tailed case (Theorem 2).

The light-tailed case

Theorem 1. Suppose (Xt) is the stochastic volatility process defined in (1),
where the noise (Zt) is iid N(0, 1) and the autocorrelation function
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ρ(h) = corr(log σ2
t , log σ2

t+h)

decays at the rate ρ(h) = o(1/ logh) as h → ∞. Let the constants an and bn
be defined by

an = σ̃ (2 logn)−1/2 = (2/σ̃2)1/2/dn (11)

where dn = (logn)1/2, σ̃2 is given in (3), and

bn = c1dn + log dn + c2 + c3
log dn

dn
+ c4

1

dn
, (12)

where

c1 =
(
2σ̃2

)1/2
, c2 =

3

2
log 2 − 1

2
log σ̃2 − 1, c3 = − σ̃√

2
,

and

c4 = − 1

2(2σ̃2)1/2

(
1 + σ̃2 log(2π)

)
.

Then, with Yt = logX2
t , the limit in (8) holds with X̂1 replaced with Y1 and

G(x) = exp{− exp{−x}} in (9). Moreover, Nn
d→ N , where Nn is the point

process defined by

Nn(B) = #{(j/n, a−1
n (Yj − bn)) ∈ B, j = 1, 2, . . .},

and N is a Poisson point process on (0,∞)× (−∞,∞) with intensity measure

dt× ν(dx).

The theorem shows that for a wide class of stochastic volatility models driven
with normal noise, the extremes of (Yt) can be normalized independently
of the covariance structure in (log σ2

t ), and the same limiting distribution is
obtained in all cases. In finite samples, however, the degree of dependence in
this linear process does affect the goodness-of-fit of the limiting distribution
(see Figure 1 of [1]).

Defining the maximum of the log-squared volatility sequence by MY
n =

max(Y1, . . . , Yn), the limit distribution of the maxima can be determined di-
rectly from the theorem in the way explained in Section 2.1 and is given by

P (a−1
n (MY

n − bn) ≤ x) = P (Nn((0, 1] × (x,∞)) = 0)

→ P (N((0, 1] × (x,∞)) = 0)

= e−e −x

, x ∈ R . (13)

The limit is the Gumbel distribution. It is one of the extreme value distribu-
tions, see [11].

The limiting distribution for the maxima M
|X|
n = max(|X1|, . . . , |Xn|) of

the absolute values of the original (untransformed) volatility process (Xt) can
also be found from (13). Indeed, observe that for any x ∈ R,
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P (a−1
n (MY

n − bn) ≤ x)

= P (M |X|
n ≤ e 0.5 (an x+bn))

= P (e−0.5 bn (0.5 an)−1 (M |X|
n − e 0.5 bn) ≤ x+ o(1)) ,

where we used the Taylor expansion argument exp{0.5 an x} = 1 + 0.5 an x+
o(an). Another Taylor expansion yields as n→ ∞

e 0.5 bn 0.5 an ∼ 2−3/4 σ̃−3/2 e−0.5 (log dn)1/2e eσ dn/
√

2 = ãn . (14)

Combining the arguments above and recalling that the Gumbel distribution
is continuous, we may conclude the following.

Corollary 1. Under the conditions of Theorem 1,

P (ã−1
n (M |X|

n − e 0.5 bn) ≤ x) → e−e −x

, x ∈ R ,

where ãn and bn are defined in (14) and (12), respectively.

One can also recover the limit distribution for the maxima MX
n =

max(X1, . . . , Xn) of the original series. The proof, which we sketch here,
follows the argument given in de Haan et al. [9] as adapted by Breidt and
Davis [1]. First note that Xt = |Xt| rt, where (rt) = (sign(Xt)) is an iid se-
quence with P (rt = 1) = P (rt = −1) = 0.5 and independent of (|Xt|). For
x fixed, set Bn = Nn((0, 1] × (x,∞)), un = anx + bn, and v2

n = exp{un}. If
1 ≤ τ1 < τ2 < · · · denote the times at which (X2

t ) exceeds v2
n, then

P (MX
n ≤ vn) =

∞∑

k=0

P
(
Bn = k,MX

n ≤ vn

)

=
∞∑

k=0

P (Bn = k, rτ1
= −1, . . . , rτk

= −1) , (15)

because the event {Bn = k,MX
n ≤ vn} corresponds to the event that there

are exactly k exceedances of v2
n by X2

1 , . . . , X
2
n, where each such exceedance

corresponds to a negative sign of the respective noise term. Since Bn is inde-
pendent of the signs of the Xt and the random times τi depend only on |Xτi

|
and are independent of (rτi

), the right-hand side of (15) is equal to

∞∑

k=0

P (Bn = k) 2−k →
∞∑

k=0

P (N((0, 1] × (x,∞)) = k) 2−k

=

∞∑

k=0

(e−x/2)k e−e −x

k!

= e−e−x/2 ,

where the first equality follows from dominated convergence. Using a Taylor
series expansion on vn as above, we obtain the following limit result for MX

n .
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Corollary 2. Under the conditions of Theorem 1,

P (ã−1
n (MX

n − e 0.5 bn) ≤ x) → e−e−x

, x ∈ R ,

where ãn and bn are defined in (14) and (12), respectively.

The heavy-tailed case

Theorem 2. Suppose (Xt) is the stochastic volatility process given by (1),
where Zt satisfies (4) and (5). Let an be the (1 − n−1)-quantile of |Xt|, i.e.,

an = inf{x : P (|Xt| > x) ≤ n−1} and define the point process Nn by

Nn(B) = #{(j/n, a−1
n Xj) ∈ B, j = 1, 2, . . .} .

Then Nn
d→ N , where N is a Poisson point process on (0,∞)×(−∞,∞) with

intensity measure dt× ν(dx), and

ν(dx) =
(
pαx−α−11(0,∞)(x) + q α (−x)−α−11(−∞,0)(x)

)
dx .

Moreover,

P (a−1
n Mn ≤ x) → e−p x−α

, x > 0 ,

i.e., the limit is the Fréchet distribution which is one of the extreme value

distributions, see [7, 11, 12].

For a stationary process (Xt) that satisfies a general mixing condition, one
can often show the existence of a θ ∈ (0, 1] such that

P (a−1
n (Mn − bn) ≤ x) → Gθ(x) ,

where the marginal distribution of the process satisfies (7). The parameter θ
is called the extremal index and measures the level of clustering of extremes
for stationary processes. One can interpret 1/θ as the mean cluster size of
exceedances above a high threshold. For θ = 1, there is no clustering and so the
maxima behave asymptotically the same as the corresponding maxima of the
iid sequence with the same marginal distribution. For the stochastic volatility
process with either light- or heavy-tailed noise, it follows from Corollary 2
and Theorem 2 that the extremal index is always 1. In contrast, the extremal
index for the GARCH process is always less than one; see Davis and Mikosch
[6]. So while both stochastic volatility and GARCH processes exhibit volatility
clustering, only the GARCH has clustering of extremes.
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7. Embrechts, P., Klüppelberg, C. and Mikosch, T. (1997) Modelling Ex-

tremal Events for Insurance and Finance. Springer, Berlin.
8. Feigin, P.D. and Yashchin, E. (1983) On a strong Tauberian result. Z.

Wahrsch. Verw. Gebiete 65, 35–48.
9. Haan, L. de, Resnick, S.I., Rootzén, H. and Vries, C.G. de (1989) Ex-

tremal behaviour of solutions to a stochastic difference equation with applica-
tions to ARCH processes. Stoch. Proc. Appl. 32, 213–224.

10. Jensen, J.L. (1995) Saddlepoint Approximations, Oxford University Press, Ox-
ford.

11. Leadbetter, M.R., Lindgren, G. and Rootzén, H. (1983) Extremes and

Related Properties of Random Sequences and Processes, Springer-Verlag, New
York.

12. Resnick, S.I. (1987) Extreme Values, Regular Variation, and Point Processes.

Springer, New York.


