ST 430
Homework #10 Solutions

10.2.2 Let X = number of round and yellow phenotypes, A% = number of round and green
pheu-::-n'pes audsn o ThenP{X_ =1 X5=1X=1X5=1)=

41 g .f3 ’
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||15 =(.0297.

10.2.4 Let I denote a recruit’s IQ) and let X denote the number of recruits inclass i, =1, 2, 3. Then
20— IG'U =02643, p;=PFlclass [N =PA0 = F= 110) =

p1=P(class )= P(Y <90)= P| Z <

P|’90—1'GD£2£11D—10'3 |
.16 16
i

0.2643. From Theorem 10.2.1, P(X; =2, ;=4 %;=1) =m(0.1643j1(':}_4714j1(':}.2 643) =

=0.4714, and p; = P(class ) = P(Y = 110) = 1 — py — po =

0.0057.
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> x Zﬁ[ple" ]*' { p.e® _|*' (" } . where the summation extends over all the
values of (k. bz, ks) suchthat 5 = 0,i=1,2, 3 and Iy + k2 + ks = n. Recall Newton's binomial
expansion. Applied here, it follows that the triple sum defining the moment-generating
function for (X7, X5, X3) can also be written | pe® + pe + pe® |

10.2.10 The log of the likelihood vector (k. ks, .. k)islog L=1log pi'ps _pf =k logp +

iz log pr +.. = K log p,. where the p’s are constrained by the condition that ZF-' =1
=l

Finding the MLE for the p,":. can be accomplished using Lagrange mulripliera.

Differentiating log L — A,Z P, with respect to each p, gives E[IDEL ,-LZ B, i|_ K _ A,
i P,

] =l

i=1.2, ..., ¢ Butthese derivatives equal 0 only if i=/l for all 1. The latter equations,
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together with the fact that Zp =1, imply that p, = i i=1,2, ..,
H
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10.3.2 If the hypergeometric model applies, @ = P[0 whites are drawn) = | olt2l | 5 '=E .=
VASJE L)
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(46 f10Y_2
F(1 white is drawn) = | 1 | 1 |/| . |=;—:: and 7 = P(2 whites are drawn) =
VAL LA

(A6 100
| N | 0 |/| ﬂ |=% Let py. pa. and ps; denote the actual probabilities of drawing 0, 1, and 2
e VS <)

. . . 15 24 &
white chips. respectively. Totest Hy: gy = E,p: = ? = E versus Hy: at leastone p, =

m, reject Hy if d = Yoy = f.;u.z =4.603.

(35 — 100015/ 43))° . (35 - 100024/ 45)° . (10— 100(6/43))°
100{15/43) 100{24/43) 100{5/45)

H; (and the hypergeometric model) would not be rejected.

Here. d= =096, =0

10.3.4 Ifbirths occur randomly in time, then m = Plbaby is born between midnight and 4 AM ) =

1 5
r and m = P(baby is bom at a “conventent” time)=1-m= r Let p1and p: denocte the
actual probabilities of birth during those two time periods. The null hypothesis to be tested is

Hy = %._ m= % . At the o= 0.05 level of significance, H; should be rejected ifd = 32, |

=3.841. Given that n = 2650 and that 1) = number of births between midnight and 4 AM. =

q= (494 — 2650(1/6))° N (2156 — 2650(5/6))
265001/ &) 2650(5/6)

exceeds 3.841. we reject the hypothesis that births occur vniformly in all time periods.

494 it follows that =T7.44. Since the latter

10.3.6 In the terminclogy of Theorem 10.3.1, X = 1383 = munber of schizophrenics born in first
guarter and X; = number of schizophrenies born after the first quarter. By assumption, ng =
12921 and nam = 38469 (where n = 53139). The null hypothesis that birth month is unrelated
to schizophrenia is rejected if d > 5, =3.841. Butd= % +
(3756 -3846.9)°
38469
factor in the incidence of schizophrenia.

= §.54, so Hj 13 rejected, suggesting that month of birth may, indeed, be a

10.3.10 Let p, = P{horse starting in post position § wins), i=1, 2, ... & One relevant mll hypothesis

1
to test would be that p, is not a function of i—thatis, Hy: pi=p=...=m= 2 versus Hi: at

least one p, 2 % If o= 0.03, H should be rejected if d = 3., = 14.067. Each E(Y)) in this

1 2 3] _ 2 _ 1
1180 s0g= 3221807 17180y  d1-180)
8 18.0 18.0 18.0
18722 j_f;sl-_. . we reject Hy (which is not surprising because faster horses are typically

=18.72. Since

case 13 144 -

awarded starting positions close to the rail).



10.3.12 Let the random variable I"denote the prison time served by somecone convicted of grand theft
auto. In the accompanying table is the frequency distribution for a sample of 30 ¥/s, together

with expected frequencies based on the null hypothesis that f{(3) = %J;z .0=y=3. For

example, () =530 -m = SD.[.;éJ:EdJ' = 1.83. Combining the first two intervals (becanse
E(X}) = 3) yields k=2 final classes, so Hy f{y)= éyi . 0=y =3 should be rejected 1f d =
— 3841 Butd= (24-1481)° . (26-35.19)

Kasy 14.81 3519
gquadratic pdf does not provide a good model for describing prison time.

= 8.10, implying that the proposed

Prizon time. v Freq. E Ex)
0zy=<1 8 1/27 1.85 }1431
1<y<2 16 7127 12.96 :
22y<3 26 19/27 35.19

50 1 50.00

59(0)+ 27+ 92)+16) _
96 .

Hy: Pi vacancies) = ¢ (0.50)i1, i =0, 1.2, _ vs. Hy: P(i vacancies) =

05000 i=0,1.2, . As the table indicates_ the original frequency distribution needs

to have several classes combined because the expected frequencies are too small.

10.4.2 For the Poisson pdf, i= 30 zo the hypotheses being tested are

Mo. of vacancies. § No. of years ﬂ 96- p,
0 59 0.607 5827
1 27 0.303 2909
2 ] 0.076 7.30
3 1 0.013 1.25 } 8.63
4+ _0 0.001 0.10
96 1.000 94.00

1044 Let f = 109(0)+65) fi. (2) +3(3)+4(1)

Poisson pdf. py{i) =& “*{0.61)/il, i=0, 1,2, . Using t =4 final classes (the combined

“4.87 15 close enough to 5 for the »° approximation to be adequate), we should reject Hy if
dy =
agreement, so &) will be very small (and the Poisson model will not be rejectad).
(109 -108.7)y . (65-66.3)" (22-202)° (4-48)°

=(0.6]1. Then the model to be fit under H; is the

g_iﬂ_H =9.210. In the table, the observed and expected frequencies are in excellent

Specifically, dh = =032,
P i 108.7 603 202 4.8

o, of Deaths. i Freq. P 200-p,
0 109 0.5434 108.7
1 65 0.3314 a6.3
2 22 01011 202
3 3 0.0206 41
4+ 1 0.0035 o7 48

200 1.0000 200.0



10.3.9 Let the random variable X denote the length of a World Senes. Then P(X=4)=m = P{AL

oy
wins in 4) + P(NL wins in 4) =2 - P(AT wins in 4) = 2| % | =é . Similarly, P(Y=3)=m=
2 - P{AL wins in 5) = 2 - P{AL wins exactly 3 of first 4 games) - F(AL wins 5th game) =
A1V 1Y
: | 3 .; % I % | %=% Also, P(X=6)=m = 2- P(AL wins exactly 3 of first 5 games) -
CRAC AT :

i 1\. 5
===, ad PX=T)=m=1-Pxr=4)-
|-\2,-| 1gr MFE=T == =4

R
(1Y 1)

F{AT wins 6th game) =2 - 3
L

\2/12)

PX=5)-PX=6)= % Listed in the table is the information necessary for calculating the

goodness-of-fit statistic d. The “Bernoulli model” is rejected if d = Z.ic-.:- =6.251. For these
_ 2 _19 sl _15 gy 3 _ a5yl
(9-6.25) +(11 12.50) . (8-15.623) +{2_ 15.625)

data, d= — =T.71, s0 Hy is rejected.
6.25 12.50 15.625 15.625
Number of games  Number of years 50- &
4 9 6.25
5 11 12.50
& 8 15.625
7 22 15.625

30 30,000



