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Highlights

• Study different two-strategy evolutionary spatial games with nonlocal interactions.

• For our PD games, cooperators can invade the habitat under proper conditions.

• The nonlocal spatial interaction favors diversity in strategies in a population.

• The nonlocal spatial interaction can preserve cooperation in a competing environment.

• A real data application in a virus mutation study echoes our theoretical observations.
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On the Preservation of Cooperation in Two-Strategy Games with Nonlocal
Interactions

Ozgur Aydogmus 1, Wen Zhou2 and Yun Kang3

Abstract

Nonlocal interactions such as spatial interaction are ubiquitous in nature and may alter the equilibrium in

evolutionary dynamics. Models including nonlocal spatial interactions can provide a further understanding

on the preservation and emergence of cooperation in evolutionary dynamics. In this paper, we consider a

variety of two-strategy evolutionary spatial games with nonlocal interactions based on an integro-differential

replicator equation. By defining the invasion speed and minimal traveling wave speed for the derived model,

we study the effects of the payoffs, the selection pressure and the spatial parameter on the preservation of

cooperation. One of our most interesting findings is that, for the Prisoners Dilemma games in which the

defection is the only evolutionary stable strategy for unstructured populations, analyses on its asymptotic

speed of propagation suggest that, in contrast with spatially homogeneous games, the cooperators can invade

the habitat under proper conditions. Other two-strategy evolutionary spatial games are also explored. Both

our theoretical and numerical studies show that the nonlocal spatial interaction favors diversity in strategies

in a population and is able to preserve cooperation in a competing environment. A real data application

in a virus mutation study echoes our theoretical observations. In addition, we compare the results of our

model to the partial differential equation approach to demonstrate the importance of including non-local

interaction component in evolutionary game models.

Keywords: Evolutionary game; Integro-differential replicator equations; Nonlocal interaction; Selections in

genetic games.

1. Introduction

In nature, a population can consist of both individuals playing cooperative strategies, i.e., the cooperators

(C), and individuals playing defective strategies, i.e., the defectors (D). Cooperation plays an important role

in the sustainability and evolution of a population, which has been observed from cellular to population level

[7, 23]. The preservation of cooperation in a population has been extensively studied in biology, economics,

and social sciences for decades [4, 10, 11, 20, 22, 23, 38, 42]. It is understandable that the cooperators are

prone to take a cost to assist others, while the defectors are more likely to choose selfish rational strategies

to maximize one’s own payoff. Cooperation is therefore expected to be rare in a population [12]. However,

cooperation is critical for many complex ecosystems to sustain and evolve such as the transition from uni-

cellular to multi-cellular organisms [38]. One of our main goals is to study the effects of nonlocal interactions
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on the preservation of cooperation in an evolutionary setting.

Evolutionary game theory (EGT) has been applied successfully to study the evolution of populations of

competing species, which provides not only a characterization of the stability of game dynamics [4, 25, 44, 55]

but also a systematic approach to model and study the emergence and preservation of cooperation in a

biological or social community. Traditional EGT considers n competing species or strategies distributed in a

population according to frequency ρ = (ρ1, · · · , ρn)′ that satisfies
∑n
i=1 ρi = 1, and models the interactions

of species or strategies by payoff matrix M = (mij)1≤i,j≤n. Species or strategies with the average fitness

(Mρ)i outperforming the population average fitness ρ′Mρ will eventually survive [25, 44, 55]. Payoff matrix

M therefore is able to characterize the preservation of cooperation, and defines different games including the

Prisoner’s Dilemma (PD) game, the Snowdrift (SD) game, and the coordination game [4, 55]. The replicator

equation provides a different view of EGT. It connects the Nash equilibrium of an evolutionary game to the

stable equilibrium of a corresponding dynamical system [23, 25, 55]. From the point of view of modeling,

both the traditional EGT and the replicator equation focus on an infinitely large population. A framework to

study the evolutionary game dynamics in finite populations was developed recently using stochastic processes.

Birth and death processes in finite populations are employed by [51], and later extended to the structured

populations by [47]. Deterministic population models such as the replicator equation can also be identified

as the deterministic limit of these stochastic models [5]. More details on the model derivation and analysis,

particularly their biological motivations, are referred to [42].

In the replicator equation setting, it is well known that the Prisoners Dilemma (PD) game is characterized

by its payoff matrix M with defection being the only evolutionary stable strategy and the frequency of

cooperators converging to zero asymptotically for any initial data in [0, 1). An interesting and biologically

intuitive question is: can cooperation sustain in a PD game by including extra biologically reasonable factors?

The first effort to answer this question is the replicator diffusion equations, which considers mobile individuals

with same or different diffusion rates [21, 22, 27]. As discussed in [2, 17], the existence of traveling waves in

spatially distributed moving individuals implies an invasion of a population of the defectors by cooperators.

The second approach is to use the Markovian cellular automata for populations on grids. Instead of moving

in space, individuals collect payoffs from a small spatial neighborhood. Simulation studies suggest that the

preservation of cooperation in a PD game might be possible, see for example [45] and references therein.

Another approach is to use the non-Markovian dynamics, which considers a population of individuals with

memories. In this approach, history of strategies played by each player is used to calculate the transition

probability among strategies [49]. These approaches provide us a perspective on potential factors that

can preserve or promote cooperation strategies. However, the nonlocal interaction of population, which is

important and prevailed in nature, is missing from these approaches.

In this paper, we focus on the evolutionary spatial game (ESG) by considering a population on a lattice

as described by [58] and model the nonlocal spatial interactions via discretized kernels. Modifying the rate

function by [53], we derive the nonlocal integro-differential replicator equation directly from microscopic rules

with the aid of mesoscopic limit theory [29]. The resulting integro-differential equation is the deterministic

limit of a stochastic process modeling ESG dynamics on grids in general. The model parameters include the

range of nonlocal interaction, payoff matrix M, and the natural selection pressure, on which we study the

conditions to maintain the cooperation in a variety of games. We first focus on the asymptotic behavior of the

derived model for PD games, and study the asymptotic tendency of the spread and invasion of the cooperators

and defectors. The existence of monotone waves implies the preservation of cooperators, and therefore the

preservation of cooperation in a traditional PD environment. We then extend our results to other games

such as the snowdrift game (SD) and explore the effects of model parameters, along with different kernels,

on the preservation of cooperation by simulation studies. Our theoretical approach naturally connects with
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the theory of traveling waves and asymptotic speed of spread (hereafter spreading speed), which was first

introduced to reaction-diffusion equations by [3]. In literature, similar approaches have been employed to

study game dynamics with mobile players [22, 27] and nonlocal epidemic or ecological models that describes

the long term behavior of the population in spatial habitats [2, 31, 57].

2. Background and model formulations

2.1. Biological background

Biologically, the models in EGT focus on interactions of individuals with observable differences. These

approaches model interactions among phenotypes via the frequency dependent fitness functions, and have

been used to study conditions for emergence, preservation and evolution of cooperation [42, 55]. EGT has

a strong connection with the natural selection mechanism, which has been discussed in biology long before

the introduction of the evolutionary game theory. Early works on this topic go back to Darvin’s theory on

evolution and Mendel’s theory on inheritance, and the early models focus on the genetic inheritance and

avoid the complex interactions.

To formulate a general frequency-dependent selection among n strategies evolving in time, let ρ(t) =

(ρ1(t), · · · , ρn(t))′ be the frequency of n strategists, which could be different species, polynucleotide molecules,

or linguistic features depending on the biological context. Denote by G(ρ) = (G1(ρ), · · · , Gn(ρ))′ the fitness

function, then the dynamical selection model for an evolutionary process can be written as

dρi
dt

= ρi(Gi(ρ)− ρ′G(ρ)), (2.1)

which is a general form of the replicator equation introduced by Taylor and Jonker [52] in 1970’s. Lineariza-

tion of the fitness function Gi(ρ) in terms of ρi leads to the well-known simplified replicator equation. The

replicator equation model plays an important role in EGT, and along its variants, has been applied in many

fields including animal behaviour [36], microbial communities [8, 13, 30, 54], and plant growth [14]. When-

ever G(ρ) on the right hand side of the equation (2.1) corresponds to the payoff matrix of the game under

consideration, the evolutionary stable strategies (ESS) of the game corresponds to the locally asymptotically

stable equilibria of (2.1). From the point of view of evolutionary dynamics, an ESS can be defined as a

strategy that, when common in the population, cannot be invaded by any small group of individuals playing

a different strategy [36, 37].

Also, when Gi(ρ) =
∑n
j=1mijρj and mij = mji, that is the corresponding game is doubly symmetric,

the replicator equation (2.1) is equivalent to a dynamical model of natural selection at a gene locus with n

alleles for diploid species [23]. Specifically, if ρi(t) models the relative frequency of the allele of type i in the

population at time t and mij models the fitness of a new genotype or gene pair made from alleles of types

i and j, then the model (2.1) from EGT is also a continuous-time selection model in population genetics

[19]. For this setting, the population mean fitness ρ′G(ρ) is increasing, which reflects the fundamental

theorem of natural selection. Another interesting perspective is that the replicator equation (2.1) with

Gi(ρ) =
∑n
j=1mijρj is equivalent to the Lotka-Volterra equation with n − 1 species in ecology. More

discussions on this topic are referred to Chapter 4 in [42].

Model (2.1), though widely employed to study unstructured populations, does not account for the nonlocal

interaction and spatial heterogeneity, which are important for modeling evolutionary games. For example,

the spatial interaction is a key factor to model the plants growth and expansion in ecology [14]. Another

interesting example is due to [8]. They worked with two populations of E. coli whose competition is modeled
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by a PD game. One population contains a genetic element, plasmid, that helps bacteria to produce an

antibacterial toxin called colicin. The other type is sensitive to colicin but has longer longevity. [8] showed

that if the initial density of colicinogenic bacteria is higher than 0.02 in a well-mixed population, they can

take over the whole population. Otherwise the sensitive bacteria takes over the whole population. With

experiments accounting for spatial interactions, [8] reported that colicinogenic bacteria can take over the

population with a lower initial frequency (only in excess of 10−6) and suggested that the spatial heterogeneity

affects the dynamics. This study was extended to a population of E. coli with three strains by [13] and [30].

They showed that three genotypes of E. Coli can coexist under a spatially heterogeneous environment while

a well-mixed population model predicts extinction of other two strains inaccurately.

Motivated by these, we derive the integro-differential replicator equation model from a stochastic process

and microscopic rules with the aid of mesoscopic limit theory [29].

2.2. Model derivations

2.2.1. Stochastic model

Consider a population consisting of n different subspecies that each of them play their own strategy.

Therefore, such a population can be modeled as n different strategies playing a symmetric game, whose

payoff matrix is denoted by M = (mij)1≤i,j,≤n. Each individual in the population is placed on a grid point

x́ ∈ Λ ⊂ Zd. We model the mutual interaction between individuals locating at x́ 6= ý ∈ Λ by a discrete kernel

J (x́− ý) satisfying
∑
x́∈Λ J (x́) = 1. Each individual interacts with the remaining population according to

weights assigned by kernel J and payoff matrix M. Let θ : Λ→ S = {1, · · · , n} be a function whose image

θ(x́) is the strategy of the individual located at grid point x́ ∈ Λ. The fitness of the individual with strategy

i at site x́ is given by

p(x́, θ, i) =
∑

ý∈Λ

J (x́− ý)miθ(ý).

A spatial birth and death process is employed to model the dynamics. That is, an individual on Λ is

selected randomly with the sampling distribution Exp(1) and the current strategy i is updated with respect

to a non-negative rate function r(x́, θ, i) in fitness. This model was originally proposed by [58], and a similar

one is constructed based on Markov generators [29].

Denote I(A) the indicator function of set A. The generator of this Markov process is then given by

(Lg)(θ) =
∑

x́∈Λ

∑

k∈S
r(x́, θ, k){g(θx́,k)− g(θ)}, (2.2)

for smooth function g, where θx́,k(ý) = kI (ý = x́) + θ(ý)I (ý 6= x́) represents the configuration in which the

agent at site x́ switches the current strategy to a new strategy k. Suppose A ⊂ R is the mesoscopic domain

and Aγ = γ−1A ∩ Zd is the microscopic domain. Particularly, we take the limit Λ→ Zd and γ → 0 in such

away that γ−d ≈ |Λ| ≈ nd, where nd denotes the size of the population and | · | denotes the cardinality.

In addition, factor γ is chosen in such a way that
∑
x J γ(x − y) ≈

∫
J(x) dx = 1. We consider stochastic

processes with fixed boundary conditions, and assume that the initial distribution is sufficiently regular. For

example, one may assume that the distribution of initial distribution is given by a product measure with a

slowly varying parameter. We refer to [29] for more details.

Cellular automaton simulations with small neighborhood assumptions have been used widely to study

this model for a localized uniform kernel J , see for example [43] and [44]. Simulation study on this model

with Gaussian kernels was reported by [46].
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Different r(x́, θ, i) have been studied in literature, for example see [29]. To mimic the replicator rule, we

consider

r(x́, θ, i) = ψ(x́, θ, i) · F (p(x́, θ, i)− p(x́, θ, θ(x́))) , (2.3)

where ψ(x́, θ, i) =
∑
ý∈Λ J (x́− ý)I(θ(ý) = i) is the probability of finding individuals with strategy i in Λ\{x́}

with respect to kernel J . Taking information about the payoff differences, F (s) models the rate with which

an individual at x́ adopts strategies played by others on the lattice. It is usually pre-defined; for example,

one may set

F (s) = max{0, s} := [s]+ (2.4)

to recover the replicator equations [5, 23].

2.2.2. Mesoscopic limit

Using results by [29], we obtain the limiting equation of the stochastic model specified by its generator

(2.2) together with the rate function (2.3). Consider a continuous kernel J(x) that is a probability density

function on Rd. It follows the mesoscopic scaling that J γ(x́− ý) = γdJ(γ(x́− ý)), where γ−d = |Λ| is the size

of the population on Λ [29]. For a mesoscopic domain A ⊂ Rd, Aγ =
(
γ−1A

)
∩Zd is the microscopic domain.

Denote ui(x, t) the the frequency of the ith strategy at location x ∈ Rd and time t ∈ R+, i.e.
∑n
i=1 ui(x, t) = 1.

As γ → 0, the microscopic domain approaches the mesoscopic continuum A and an individual at x interacts

with increasing number of neighbors. It has been shown by [29] that the mesoscopic limit of the Markov

process defined by (J , p(x́, θ, i), r(x́, θ, i)) satisfies the following integro-differential equation (IDE):

∂

∂t
ui(x, t) =

n∑

k=1

r(x, k, i,u)uk

︸ ︷︷ ︸
Relative fitness of ith strategy

− ui

n∑

k=1

r(x, i, k,u)

︸ ︷︷ ︸
Relative average fitness of the population

(2.5)

where u is an n×1 vector and r(x, k, i,u) ∈ R describes how the strategy transfers from k to i. For example,

given F (s) in (2.4)

r(x, k, i,u) = {J ∗ ui(x, t)}
[
J ∗

n∑

l=1

(mkl −mil)ul

]

+

,

where J ∗ ui =
∫
Rd J(x − y)ui(y) dy. Ordinary differential equation (ODE) models have been extensively

used to study well-mixed populations whereas the above IDE describes the evolution of populations with

nonlocal interactions among organisms in a continuum A.

2.2.3. Nonlocal integro-differential replicator equation

The traditional rate function with F (s) specified in (2.4), when employed to derive an IDE, will introduce

non-smooth terms to the resulting equation and also technical difficulties for analysis. On the other hand,

F (s) in (2.4) is a hard thresholding based on the local payoff information, which is strict in practice. We

therefore consider a smoothed rate function that was introduced in [53]

F (s) = 1 + (ws)/mmax, (2.6)

where w ∈ [0, 1) measures the strength of natural selection and mmax = maxi,k,p |mkp−mip| is the maximum

fitness difference. Not only (2.6) is smooth and introduces extra flexibility, but also it is invariant under
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linear scaling of the fitness or payoff matrix. Using (2.6), the rate function (2.3) is

r(x, i, k,u) = (J ∗ uk)

{
1 +

(
w

mmax

)
J ∗

n∑

l=1

(mkl −mil)ul

}
. (2.7)

We also notice that the mean field dynamics with (2.6) is just the replicator equation, which will be shown

in Corrolary A.2. To guarantee the non-negativity of (2.7), we assume

max
i 6=k∈S

||eikM||∞ ≤ mmax (2.8)

where eik is a 1× n vector whose only nonzero entries are the ith and kth elements that equals to 1 and −1,

respectively.

For a given payoff matrix M, we rescale its entries by mmax and still denote mij the rescaled fitness

hereafter. In (2.7), J ∗uk denotes the relative proportion of individuals playing strategy k against remaining

individuals at location x. Remaining terms in (2.7) are the sum of relative fitness differences between

strategies k and i. Therefore, (2.7) can be interpreted as the rate at which individuals playing strategy i

changes their strategies to k. Substituting (2.7) into (2.5) gives the nonlocal integro-differential replicator

equation that for each i,

∂

∂t
ui = J ∗ ui − ui + w

[
(J ∗ ui + ui)

(
J ∗

n∑

k=1

mikuk

)
−

n∑

k,l=1

mkl{uk(J ∗ ui) + ui(J ∗ uk)} (J ∗ ul)
]
.

(2.9)

At x ∈ Rd, frequencies of individuals playing different strategies evolves according to (2.9) in time. Convo-

lutions in (2.9) essentially model the nonlocal interactions.

Several important remarks regarding model (2.9) and its interpretations are summarized below.

Remark.

1. Denote J ∗ u the vector of relative frequencies of each species,

(J ∗ ui + ui)

(
J ∗

n∑

k=1

mikuk

)
= (J ∗ ui) {M(J ∗ u)}i + ui{M(J ∗ u)}i,

where {M(J ∗ u)}i models the relative payoff of species playing strategy i. Therefore, the fitness
of species playing strategy i is determined by the product of the relative payoff and the sum of the
frequency and the relative frequency of individuals playing strategy i at x. On the other hand,

n∑

k,l=1

mkl{uk(J ∗ ui) + ui(J ∗ uk)} (J ∗ ul) = (J ∗ ui) {u′M(J ∗ u)}+ ui {(J ∗ u)′M(J ∗ u)} ,

(2.9) can therefore be rewritten as

∂

∂t
ui = J ∗ ui − ui + w(J ∗ ui) [{M(J ∗ u)}i − u′M(J ∗ u)]

+ wui {(M(J ∗ u))i − (J ∗ u)′M(J ∗ u)} ,
(2.10)

where u′M(J ∗ u) and (J ∗ u)′M(J ∗ u) model the average local and nonlocal relative payoffs of the
population. If the local or nonlocal average payoff of the population overwhelms the relative payoff of
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individuals playing strategy i, the growth rate of species playing strategy i at x will be negative.

2. For w = 0, i.e. the population dynamics are independent from the fitness, (2.9) or (2.10) reduces to
the nonlocal diffusion equation discussed in [1]. For w > 0, the payoff matrix and the underlying game
influence the population dynamics.

3. Consider the spatially homogeneous version of rate function (2.7)

r(i, k,ρ) = ρk

{
1 + w

n∑

l=1

(mkl −mil)ρl

}
,

where the kth entry of ρ denotes the frequency of the species playing the kth strategy (analog to uk).
Then, using rate function (2.7), we can recover the well-known replicator equation

dρi
dt

= 2wρi




n∑

k=1

milρl −
n∑

k,l=1

mklρkρl


 . (2.11)

Therefore, (2.9) or (2.10) is essentially a spatial generalization of (2.11) that incorporates effects of
spatially nonlocal interactions into the finesses of the underlying game; while (2.11) assumes a uniform
population distribution and is a special case of the dynamical model (2.1). Another important difference
between (2.9) or (2.10) and (2.11) is that the selection pressure constant w does not affect the dynamics
in the later one while it changes the dynamics in the former one due to nonlocal term J ∗ u− u.

At last, we collect some fundamental properties for (2.9) or (2.10) and (2.11) are below.

Proposition 1. The following statements hold for (2.9) and (2.11) provided the existence of the corre-
sponding solutions.

(I) Adding an arbitrary constant to all entries of a column of the payoff matrix M does not change the
dynamics of replicator equations.

(II) Constant solutions to (2.9) is also a constant solution to (2.11), and vice versa.

(III) Given u(x, 0) ∈ [0, 1], we have 0 ≤ u(x, t) ≤ 1 and
∑n
i=1 ui(x, t) = 1 for all t > 0 and spatial locations

x ∈ Rd.

Property (I) is readily obtained from the definition of above rate function (2.7) and helps to simplify the

parameter space along with (2.8). As for (2.11), it implies that it is the relative difference between payoff

values rather than the payoff values themselves playing a critical role in the evolutionary game dynamics.

Property (II) ensures that all Nash equilibria of the classical game (without spatial nonlocal interactions) with

payoff matrix M are also constant solutions to (2.9) or (2.10). Property (III) is an immediate consequence

of Theorem A.1 by [29] and it assures that the game simplex stays invariant.

3. The impact of spatially nonlocal interactions on the preservation of cooperation

When some strategy invades a new habitat, its corresponding population size grows and its spatial range

expands. As discussed in [24, 41], the rate at which the range expands is called the invasion speed and serves

as a basic descriptive statistic for invasion dynamics. Furthermore, as defined in [40], whenever the linear

determinacy condition holds, the critical invasion speed is equal to the minimal traveling wave speed, see,

for example, [24] and references therein.
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Spatially nonlocal interactions provide more flexibility to the underlying game dynamics so that the

cooperation can sustain more likely than traditional games. To explore this intuition, we study existence of

traveling wave solutions and asymptotic speed of propogation for two-strategy games modeled by (2.9) in

this section. Following Aronson [2], we consider an habitat containing individuals playing both strategies.

3.1. Nonlocal integro-differential replicator equation for two-strategy games

Hereafter, we focus on one-dimensional two-strategy games, that is u = (u1, u2)′ and d = 1. Therefore,

there are only two possible strategies, strategy 1 and 2, in the population, whose frequencies correspond

to u1 and u2, respectively. Specifically, for a PD game, those two strategies are defection and cooperation,

respectively. Games with a dominated strategy correspond to either PD or harmony games, games with

coexisting strategies correspond to the SD games that are also known as Hawk-Dove games, and remaining

are known as the coordination games. The aim of this section is to give some basic definitions and assumptions

to study traveling waves and spreading speeds.

By Proposition 1, one may consider the following matrix for two-strategy games without losing generalities

M =

1 2[
α 0
0 β

]
1
2

where |α|, |β| ≤ 1 and |α| = 1 or |β| = 1. Denote u := u1 = 1 − u2 the frequency of the second strategy in

the population, our model (2.9) reduces to

∂

∂t
u = H[u] := J ∗ u− u+ w (u+ J ∗ u− 2uJ ∗ u) {(α+ β)J ∗ u− β} . (3.1)

Equation (3.1) is called monostable if the corresponding ordinary differential equation (3.17), which models

the spatially homogeneous population, has only two equlibria u = 0 and u = 1, and only one of them is

stable. Equation (3.1) is called bistable if there exists two stable equilibria. It is easy to see that (3.1) is

monostable for the PD and Harmony games, while it is bistable for the coordination game. Equation (3.1)

is called quasi-monotone if its right hand side is increasing in J ∗ u. Linearization of H[u] at u = 0 gives

M[u] = −(1 + wβ)u+ (1− wβ)(J ∗ u)

and (3.1) is linearly determinate if it satisfies the growth condition that for each ε > 0, there exists a δ > 0

such that

(1− δ)M[u] ≤ H[u] ≤M[u]

for 0 ≤ u ≤ ε.
The kernel J is designated for modeling the nonlocal interaction and we assume it satisfies the following

assumptions.

(J1) J ≥ 0 and
∫
R J(y) dy = 1, i.e. the kernel is essentially a probability density function.

(J2) For the moment generating function (MGF) of J

M(s) =

∫

R
esyJ(y)dy,

we assume that the kth derivative of the moment generating function, M (k)(s), exists for k = 0, 1, 2

whenever −∞ < s <∞.

9
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(J3) Define A(s) := (d1M(s)− d2) /s with d1, d2 ∈ R+, we assume that A(s) is increasing on (−∞, s−0 ) ∪
(s+

0 ,∞) and decreasing on (s−0 , 0) ∪ (0, s+
0 ) for some s±0 . Existence of such s±0 is discussed in Section

A.7.

3.2. Evolutionary spatial PD games

Consider individuals playing a PD game on an unbounded continuous domain, where those playing the

defective strategy are called the defectors and others are called the cooperators, respectively. To describe the

invasion of one strategy to a habitat occupied by another strategy, or more precisely, individuals playing that

strategy, we study the speed of population expansion based on the existence of traveling wave solutions and

spreading speeds to the underlying nonlocal replicator equation. To study the minimal speed for traveling

wave solutions to (3.1) in a PD game, we consider payoff matrix M with α > 0 and β < 0 and natural

selection parameter w satisfying the following assumptions.

(P1) The quasi-monotonicity condition is held for (3.1) whenever w(2β+α) > −1, see Section A.2 for techni-

cal details. For α = 1, it automatically holds for any w ∈ [0, 1); while supw∈[0,1) {w : w ≤ −1/(−2 + α)} ↓
1/2 as α decreases for β = −1. Thus, this condition is valid for any pairs of (α, β) provided w < 1/2.

Hence, a weak selection with small w prevents extreme PD games that the selection of defection is less

favored when the defection’s fitness is very large compared to that of the cooperation.

(P2) The linear determinacy condition is held for (3.1) whenever α+ β ≤ 0 , i.e. β = −1. This condition is

first employed to show the existence of traveling wave solutions, and we will relax it to obtain similar

results by studying asymptotic speed of propagation.

3.2.1. Existence of Traveling Waves

Under Condition (P2), we define the minimal traveling wave speeds in both positive and negative direc-

tions as a function of payoff values, natural selection parameter w and nonlocal kernel J , and show their

existence using results by [50]. First, consider the linearized (3.1), ∂u/∂t =M[u]. We introduce the traveling

wave coordinate ξ = x+ ct, where c denotes the traveling wave speed. For U(ξ) = u(x, t), we have

cU ′(ξ) = −(1 + wβ)U(ξ) + (1− wβ)(J ∗ U). (3.2)

Consider standard ansatz U(z) = esz in (3.2), the characteristic equation is

∆0
c(s) := −cs+ (1− wβ)M(s)− (1 + wβ) = 0.

Assumptions (J1) and (J2) imply that ∆0
c is convex and ∆0

c < 0 for sufficiently small (large) c and negative

(positive) s, so that it admits two zeros. Also, ∆0
c has double root for some c±0 . We can therefore define the

right and left minimal traveling wave speeds by

c+0 = inf
s>0

−(1 + wβ) + (1− wβ)M(s)

s
, (3.3)

c−0 = sup
s<0

−(1 + wβ) + (1− wβ)M(s)

s
. (3.4)

Equations (3.3) and (3.4) are well-defined under Assumption (J2).

To (3.1), the traveling wave solution U(ξ) satisfies

cU ′ = J ∗ U − U + w(U + J ∗ U − 2UJ ∗ U)((α+ β)J ∗ U − β) (3.5)
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with boundary conditions

U(−∞) = 0 and U(∞) = 1 for c > c+0 ,

U(−∞) = 1 and U(∞) = 0 for c < c−0 .
(3.6)

Given (P2), all nonlinear terms in (3.5) are negative so that c±0 are the upper and lower bounds of the wave

speeds for original nonlocal replicator equation (3.1), respectively. We will show that as long as (P2) holds,

c±0 are also minimal traveling wave speeds for (3.1). The following theorem establishes the existence and

non-existence of traveling wave solutions in terms of minimal traveling wave speeds.

Theorem 1. Suppose kernel J satisfies (J1)–(J2), and Conditions (P1)–(P2) hold. A monotone solution
U ∈ [0, 1] to (3.5) and (3.6) exists only for c 6∈ (c−0 , c

+
0 ) where c−0 , c

+
0 are non-zero real numbers defined in

(3.3), (3.4), respectively.

Theorem 1 is proved in Appendix A.4. Biologically, the spread of cooperators takes place via the prop-

agation of a population front separating the regions where the defectors are present from the regions where

cooperators are present with a considerable density. Therefore, the solutions describing the propagation of

traveling waves, which are u(x, t) = U(ξ) with c the speed of wave, characterizes such spread. That is, the

solution switches from the equilibrium state u = 0 to the equilibrium state u = 1 as interpreted in [21]. Also,

no such solutions exist for c ∈ (c−0 , c
+
0 ). Therefore, the existence of traveling waves reflects the preservation

of cooperation and the non-existence of them implies that defectors take over the population.

Furthermore, the monotonicity implies that the only possible type of traveling wave described by (3.5)

is a propagating front connecting the lower and the upper steady states, which are u = 0 and u = 1; see

Figure 1. The minimal speed of the wave strongly depends on the fitness parameters, the selection pressure

and the interaction kernel as seen from (3.3) and (3.4), which give the lowest and highest possible value of

the wave speed for biological spread of the cooperation to take place.

Corollary 1. Consider a spatial evolutionary PD game with two strategies, cooperation and defection, where
the spatial nonlocal interaction can be modeled by a kernel J satisfying (J1)–(J2). Then, under the weak
natural selection condition, (P1), cooperation can sustain whenever c 6∈ (c−0 , c

+
0 ).

3.2.2. Without linear determinacy: spreading speeds

Though providing technical conveniences, Condition (P2) lacks the biological intuitions. We employ the

theory on spreading speeds developed by [32] to establish the main result of this section. In particular, we

show that there exist an asymptotic speed of propagation and it coincides with the minimal traveling wave

speed whenever linear determinacy is satisfied. As pointed out by [32], the spreading speed at which one

subspecies invades the territory of an established set of other subspecies can be characterized as the lowest

speed of a suitable family of traveling waves to the underlying model. We can therefore establish similar

results to Theorem 1 without Condition (P2).

Let operator F be

F [u](x, t) = (1− wβ)(J ∗ u) + 2wβu(J ∗ u) + w(α+ β)(J ∗ u) {u+ (J ∗ u)− 2u(J ∗ u)} ,

(3.1) is reduces to
∂

∂t
u(x, t) = −(1 + wβ)u(x, t) + F [u](x, t). (3.7)

The following result implies that the defectors invade the population of cooperators for some spreading speeds

without Condition (P2) provided that a part of spatial habitat is preoccupied by the defectors. Whenever

11
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Condition (P2) holds, the minimal traveling wave speeds agree with the spatial propagation speed for the

model with nonlocal interactions.

Theorem 2. Suppose that Conditions (J1)–(J3) and (P1) hold and the initial function u0 = u(x, 0) is 0 for
all sufficiently large x, and there are constants 0 < σ ≤ ρ < 1 such that 0 ≤ u0 ≤ ρ for all x and u0 ≥ ρ for
all sufficiently negative x. Then, there exists c∗+ for which the solution u to (3.7) satisfies

lim
t→∞

sup
x≥t(c∗++ε)

u(x, t) = 0 (3.8)

and
lim
t→∞

sup
x≤t(c∗+−ε)

{1− u(x, t)} = 0 (3.9)

for any ε > 0. That is, the defectors spreads at a speed no higher than c∗+. Moreover, c+0 = c+∗ provided
Condition (P2) is satisfied.

Theorem 2 follows from [32, Theorem 2.1], for which we provide a detailed discussion in Appendix A.5.

Here, c+∗ is the spreading speed of the defectors along the positive direction, which is defined by (A.6) in

Appendix A.5. These definitions imply that the defectors invade the population if the spreading speed is no

larger than c+∗ . Otherwise, the cooperators will preserve. When the initial condition is changed accordingly,

one can also define the spreading speed in the negative direction c−∗ as specified by (A.7). Also, given

Condition (P2), c−0 in (3.4) specifies the negative of the leftward spreading speed and c−0 = −c−∗ , which is

analogous to that for c+0 and c+∗ .

Theorem 2 connects the minimal traveling wave speed and the spreading speed that they are same as

long as Condition (P2) is satisfied, i.e. α ≤ −β, which only depends on sign(α+β). Otherwise, the spreading

speed is always greater than or equal to the minimal traveling wave speed. Particularly, Theorem 2 implies

that, based on the proposed IDE model, in an evolutionary spatial PD game the defectors spread at a

spreading rate c < c+∗ (> c−∗ ) and the cooperators will take over the population for some initial conditions

whenever the spreading rate c is larger (smaller) than c+∗ (c−∗ ). Lastly, we notice that for the Harmony game,

ESG model (2.9) is monostable given α < 0 and β > 0. Therefore, results for the PD game can be easily

applied to the Harmony game by taking u(x, t) as the frequency of the cooperators at (x, t).

Remark. The existence of the traveling waves, without Condition (P2), can be derived using a different
techniques developed by [16]. We state the theorem as follows and provide its proof in Appendix A.6.

Theorem 3. Suppose that Conditions (J1)–(J3) and (P1) hold. Then the solution semi-flow generated by
equation (3.7) admits a spreading speed c∗+ which is also the minimal wave speed for monotone traveling
waves connecting 1 and 0. Further, the obtained traveling waves are also classical solutions to (3.7).

3.3. Evolutionary spatial SD games

For an SD game where α, β < 0, which is also known as the Hawk-Dove game, the coexistence of players

using strategy 1 and 2 is the ESS in the traditional spatially homogeneous population settings. Hence, for

a spatially homogeneous SD game, there exist two unstable equilibria 0 and 1 and one stable non-trivial

equilibria, e = β/(α+ β) ∈ (0, 1). In contrast, evolutionary spatial SD games studied in this paper are

more flexible and allow a pure population, which consist of either the first or second strategy, to be the

evolutionary outcome of the dynamic processes.

12
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3.3.1. Traveling wave solutions to the evolutionary spatial SD game

For an evolutionary spatial SD game, the existence of traveling wave solutions connecting the stable and

unstable equilibria can be established using similar arguments in Section 3.2. For the equilibria 0 and 1− e,
we consider the integro-differential replicator equation for the frequency v of individuals playing strategy 2

as follows:
∂

∂t
v = (J ∗ v)− v + w {v + (J ∗ v)− 2v(J ∗ v)} {(α+ β)(J ∗ v)− α} . (3.10)

Note that (3.1) and (3.10) are linearly determined for the parameter region of SD game. Similarly to (3.3)

and (3.4), we define traveling wave speeds for individuals playing strategy 1 by

c+1 = inf
s>0

−(1 + wα) + (1− wα)M(s)

s
, (3.11)

c−1 = sup
s<0

−(1 + wα) + (1− wα)M(s)

s
. (3.12)

Here we would like to note that both equations (3.1) and (3.10) are linearly determinate for SD games.

Define the following hyper-polygon in R3:

Γ = {α, β ∈ (−1, 0), w ∈ [0, 1) : w(2α+ β) > −1, w(2β + α) > −1}

representing the parameter region for which equations (3.1) and (3.10) are quasi-monotone. We have the

following theorem for the existence of traveling waves for an evolutionary spatial SD game.

Theorem 4. Suppose that J satisfies (J1)–(J2) and assume (α, β, w) ∈ Γ.

1. A monotone solution U ∈ [0, e] to (3.5) exists only for c 6∈ (c−0 , c
+
0 ).

2. A monotone solution V ∈ [0, 1 − e] to the traveling wave equation corresponding to (3.10) exists only
for c 6∈ (c−1 , c

+
1 ).

The proof of Theorem 4 is similar to the proof of Theorem 1 that is detailed in Appendix A.4.

3.3.2. Asymptotic behaviors

Analogous to Theorem 2, we obtain the asymptotic behavior of the frequencies of individuals playing

strategies 1 and 2 in an evolutionary spatial SD game following the classical theory [2, 35]. On the moving

coordinate ξ = x+ ct, (3.7) reduces to

∂

∂t
u(ξ, t) = Qc[u(ξ, t)] := −cuξ − (1 + wβ)u+ F [u]. (3.13)

The existence, uniqueness and monotonicity of solutions to (3.7), which are shown in Section A.3, are also

valid for (3.13). The next critical proposition states that the strategy 1 with a small initial frequency can

invade the population of strategy 2 for c ∈ (c−0 , c
+
0 ). Therefore, the evolutionary outcome is the strategy 1

for c ∈ (c−0 , c
+
0 ). On the other hand the strategy 1 cannot spread if c 6∈ [c−0 , c

+
0 ]

Proposition 2. Assume (J1)–(J3) and assumptions of Theorem 4 are satisfied. For any ξ ∈ R, we have

(i). for any initial condition u(x, 0) that is nonzero in a bounded interval, solution u to the initial value
problem (3.13) satisfies

lim
t→∞

u(ξ, t) = e or 1 if c ∈ (c−0 , c
+
0 ), (3.14)
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with c±0 defined by (3.3) and (3.4); and

(ii). for any initial condition v(x, 0) that is nonzero in a bounded interval, solution v to the initial value
problem (3.10) satisfies

lim
t→∞

v(ξ, t) = 1− e or 1 if c ∈ (c−1 , c
+
1 ), (3.15)

with c±1 defined by (3.11) and (3.12).

The proof of (i) in Proposition 2 follows from Lemma A.1, whose proof is detailed in Appendix A.7, and

(ii) can be shown similarly. Suppose that c ∈ (c−0 , c
+
0 )∩ (c−1 , c

+
1 ). By (i) in Proposition 2 and the comparison

principle, we have u → e or 1 when u(x, 0) 6= 0 in some interval I. Similarly, v = 1 − u → 1 − e or 1 as

t→∞. These imply that u→ e as t→∞, which is summarized in the following corollary.

Corollary 2. Suppose that c ∈ (c−0 , c
+
0 )∩ (c−1 , c

+
1 ) and both initial conditions u0 and v0 are nonzero in some

sets containing intervals. Then, solution u to the initial value problem (3.13) satisfies

lim
t→∞

u(ξ, t) = e.

3.3.3. A phase transition for the evolutionary spatial SD game

As functions of game parameters α and β, it is easy to see that c+0 < c+1 and c−0 > c−1 given α < β. For

β > α, it admits either (c−0 , c
+
0 ) ⊂ (c−1 , c

+
1 ) or (c−1 , c

+
1 ) ⊂ (c−0 , c

+
0 ). As a result, c+0 and c−1 provide a partition

of the parameter space. Interestingly, a phase transition about the asymptotic behavior of u is observed

with respect to c+0 and c−1 .

In fact, by results in [39], the comparison principle, and the linear determinacy of (3.1) and (3.10), we

have

u(x, t) ≤ λe−s(x−c+0 t)

provided u(x, 0) ≤ λe−sx for some λ > 0. This implies that u(x+ ct, t)→ 0 as t→∞ for c > c+0 . Applying

the same argument to v(x, t), one can show that v(x + ct, t) = 1 − u(x + ct, t) → 0 as t → ∞ for c < c−1 .

Therefore, the following result summarizes this phase transition for evolutionary spatial SD game when the

half plane is preoccupied by the strategy 1 and the other half is occupied by the strategy 2.

Theorem 5. Assume J satisfies (J1)–(J3), and assumptions in Theorem 4 hold. If the negative half space
is preoccupied by the strategy 1 while the remaining domain is occupied by the strategy 2, then

lim
t→∞

u(ξ, t) =





0 if c > c+0 ≥ c−1 ,
e if c+0 > c > c−1 ,

1 if c+0 ≥ c−1 > c,

(3.16)

where u is the solution to (3.1).

Results in Theorem 5 suggest that there are three possible outcomes of an evolutionary spatial SD game:

either individuals playing the strategy 1 or 2 will take over the whole population, or the two groups coexist,

which depends on the spreading speeds.

Remark. Results in (3.16) hold for any initial conditions satisfying exponential bounds. For compactly
supported initial condition, some extra simulation results are presented in Appendix B.
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3.4. Evolutionary spatial coordination games

A coordination game, in contrast to the SD games, favors pure strategies that the corresponding replicator

system becomes bistable and admits an unstable interior equilibrium that reflects the unstable coexistence

of both strategies 1 and 2. In contrast, an evolutionary spatial coordination game with nonlocal interactions

may allow the coexistence to be an evolutionary outcome. Using results by [9] and Theorem 5 in [29], we

have the following theorem for the existence of traveling waves to the evolutionary spatial coordination game.

Theorem 6. Suppose J satisfies (J1)–(J2). There exists a function U ∈ C1(R) satisfying U ′(ξ) > 0 and
lim|ξ|→∞ U ′(ξ) = 0 with ξ = x+ ct is the solution to (3.5) with boundary conditions

U(−∞) = 0 and U(+∞) = 1,

and U connects equilibria 0 and 1. In addition, it is unique up to translations.

Hence, along the traveling wave solution of the IDE for coordination games, the dominating equlibrium

drives out others. The dominating one can be either of the two strategies, 1 or 2, depending on the minimal

traveling wave speed c. For example, if the kernel is a symmetric function of its argument the dominating

equlibrium is u = 0 if c < 0 and u = 1 if c > 0.

3.5. Summary

For a payoff matrix M as given in Section 3.1, the replicator equation for traditional games with spatially

homogeneous populations is

dρ

dt
= f(ρ) := ρ(1− ρ){(α+ β)ρ− β}. (3.17)

In Table 1, we summarize the stability for different ESGs and compare their evolutionary outcomes with the

evolutionary outcomes of traditional games modeled by (3.17). Intuitively, the nonlocal spatial interaction

in ESGs has promoted diversities of the equilibrium in game dynamics. They allow the equilibria, which

were originally unstable in the traditional game with well-mixing population, to survive with the aid of

spatial freedoms. Particularly, in the PD games, the cooperation will be preserved given nonlocal spatial

interactions, as we speculated before.

Table 1: Comparison of evolutionary outcomes between the traditional games and ESGs.

Game Homogeneous game (3.17) ESG (3.1)

SD Game The coexistence of two strate-
gies, 1 and 2, is the only stable
equilibrium.

All three scenarios may be evolu-
tionary outcomes of the dynamic
model depending on c.

PD Game Only the defection (strategy 1) is
evolutionary (and also globally)
stable.

If c /∈ (c−∗ , c
+
∗ ), cooperation (strat-

egy 2) drives out defection; other-
wise, the defection (strategy 1) takes
over the whole habitat.

Coordination Game Either the strategy 1 or strategy
2 is stable.

Either strategy 1 or strategy 2 may
win depending on players’ speed c.
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4. Simulation Studies

In this section, we turn to simulation studies on the effects of model parameters on the preservation of

cooperation in evolutionary spatial games discussed in Section 3. The parameters of interest are the game

parameter (α, β), the natural selection parameter w, and the nonlocal interaction kernel J .

4.1. Evolutionary spatial PD games

We consider an evolutionary spatial PD game whose payoff matrix is obtained from an experiment

on the selection of RNA bacteriophage Φ6 and ΦH2 [54]. More details of the experiment is discussed in

Section 5. For demonstration, we set w = 0.5 and J(x) = e−σ
2x2/2/

√
2πσ2 with M(s) = eσ

2s2/2. For

σ = 0.5, (c−0 , c
+
0 ) = (−0.784, 0.784); and for σ = 2, (c−0 , c

+
0 ) = (−3.134, 3.134). Theorem 1 implies that given

c = −1.5, traveling wave solutions to (3.1) do not exist for σ = 2, while there does exist traveling wave

solutions for σ = 0.5. Panel (a) in Figure 1 shows the formation of a traveling wave whose front towards

the negative direction as time evolves, and panel (b) suggests that no traveling waves along the negative

direction are formed and the solution converges to constant 1 on the domain. Therefore, cooperation sustains

in panel (a) in Figure 1.
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(a) Traveling wave solutions for σ = 0.5
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(b) Non-existence of traveling wave solutions
for σ = 2

Figure 1: Panels (a) and (b) display the existence and non-existence of traveling waves of an evolutionary PD game. The
underlying game has payoff α = 0.181, β = −1 [54]. We set w = 0.369 and c = −1.5. Kernel J is centered Gaussian with
standard deviation σ (the range parameter). Successive waves are separated by 5 time units; for simulations, ∆x = 0.002 on
[−100, 100] and ∆t = 0.0005.

4.1.1. Effects of parameters on the preservation of cooperation

Theorem 1 implies the existence of invasion waves connecting two pure equilibria whenever the wave speed

satisfies c /∈ (c−0 , c
+
0 ). Thus, c+0 − c−0 measures the likelihood that cooperation is preserved in a population

that is, the cooperation is favored when c+0 − c−0 is small. For model (3.1), c+0 − c−0 is a function of the

game parameter (α, β), the natural selection parameter w, and the kernel J . For the kernel J , M ′′(s)|s=0

quantifies the variability and models the strength of spatially nonlocal interactions. For following discussion,

we denote σ := (M ′′(s)|s=0)1/2. Through examining (3.3) and (3.4), we observe:

1. For the payoff matrix M, only m22 = β influences c+0 − c−0 provided (P2) that is, c+0 − c−0 increases as

β decreasing. Hence, large β, i.e. a less extreme PD game, favors cooperation.

2. Likewise, small natural selection intensity w favors cooperation.
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3. For a centered Gaussian J with standard deviation σ, (3.3) and (3.4) implies small σ favors cooperation,

i.e. a “localized” evolutionary spatial PD game favors cooperators. Similar numerical results are

obtained using cellular automaton (see eg. [46]).
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(b) Centered Uniform

Figure 2: Effects of σ and wβ on the length of interval (c−0 , c
+
0 ).

To further investigate effects of wβ and σ on c+0 − c−0 , we study a two kernel families. Heat maps in

Figure 2 display c+0 − c−0 as a function of wβ and σ for centered Gaussian (G) and centered uniform (U)

(J(x) = I(|x| ≤
√

3σ)/(2
√

3σ)), respectively. From Figure 2, c+0 − c−0 increases in σ and −wβ, so that

defectors are favored by long range spatial interactions and small wβ, which is due to a strong natural

selection or an extreme PD game biased towards defectors.

Furthermore, consider set Eε(J) = {(σ,wβ) : (c+0 − c−0 )(J) < ε} for fixed ε > 0, which is the subset in

parameter space that gives c+0 − c−0 < ε, which is in favor of cooperation. Hence, a large Eε(J) indicates

that cooperation is preferable by the evolutionary spatial game indexed by the kernel J . Figures 2 and 3

imply that cooperation is favored by the centered Gaussian kernel in contrast to the centered uniform kernel,

i.e. Eε(G) ⊂ Eε(U) for a common ε > 0. This, in fact, agrees with the concentration properties of the
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centered uniform

Figure 3: Boundaries of Eε(J), ∂Eε(J), for a variety of kernels with ε = 10. The closer the ∂Eε(J) to the origin, the smaller the
Eε(J) and therefore the more “hostile” the underlying evolutionary spatial game against cooperation. For symmetric kernels,
∂Eε(J) = {(σ,−wβ) : (1− wβ)M ′(s∗) = ε/2} where s∗ is the solution to M ′(s)s−M = −(1 + wβ)/(1− wβ).

two kernels. With respect to the whole domain, the centered uniform kernel is more concentrated than the
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Gaussian kernel and therefore models more localized interactions. Thus it favors cooperation more than the

Gaussian kernel.

4.1.2. Spreading speeds

As mentioned in Section 3.2.2, one can observe that critical spreading speeds c±∗ may not be equal to

critical wave speeds c±0 if we do not assume the linear determinacy of the corresponding monostable equation.

Thus minimal speed in a spatial PD game does not just depend on parameters w and β but also it is affected

by α.

To be able to illustrate the effect of parameter α in a spatial PD game, we consider the following model

parameters β = −1 and w = 0.1, and the players’ speed c = −0.075. Kernel J is the centered Gaussian

with standard deviation σ = 0.1. The corresponding minimal wave speed is c−0 = −0.069. We observe that

cooperators slowly invade the population in panel (a) for α = −β, and defectors take over the whole domain

in panel (b) for α = 1, β = 0.1 and w = 1 for which the minimal wave speed is also c−0 = −0.069. Figure 4

therefore shows that the spreading speed c+∗ ( or c−∗ )of defectors increases (decreases) in α. It can also be

deducted from this fact that the difference c+∗ − c−∗ also increases in α.
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(a) Cooperators survive for α = −β = 1 and
w = 0.1.
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(b) Spread of defectors for α = 1, β = −0.1
and w = 1.

Figure 4: Panels (a) and (b) display the effect of α on the preservation of cooperation in PD games. Successive waves are
separated by 5 time units; for simulations, ∆x = 0.002 on [−20, 20] and ∆t = 0.005.

4.2. Other evolutionary spatial games

In this section we discuss the remaining spatial evolutionary games. Our aim is to illustrate the effect of

spreading speeds (or traveling wave speeds) for SD and coordination games using simulations.

Figure 5 provides a numerical simulation of three cases given by (3.16), for which the underlying evo-

lutionary spatial SD game has (α, β) = (−0.212,−1) and w = 0.792. Kernel J is centered Gaussian with

σ = 1, so that c−1 = −0.936 and c+0 = 2.743. By Theorem 5, an evolutionary spatial SD game with c = 5, 1

or −2 has strategy 1, strategy 2, and coexistence of strategies 1 and 2 as the evolutionary outcome of the

game, respectively.

Panel (a) in Figure 5 illustrates that players using strategy 2 drives out individuals playing strategy

1 for c = 5. Here one can easily notices that above the interior equlibria e defectors vanish faster due to

the difference between c = 5 and minimal speeds of two equations (3.1) and (3.10). Panel (b) shows the

coexistence of two types for c = 2. Notice that the spreading speed is between two minimal speeds c−1 and

c+0 . Thus above interior equlibrium e, players with strategy 1 drives out individuals playing strategy 2. On
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the other hand below e, players with strategy 2 win. Lastly, panel (c) shows that players with strategy 1

take over the whole space for c = −2. Similarly, one can easily observe that speed of spread is faster below

the equilibrium e.
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(a) Strategy 2 take over the population for
c = 5.

−60 −40 −20 0 20 40
0

0.2

0.4

0.6

0.8

1

x

u
(b) Strategies 1 and 2 coexist for c = 1
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(c) Strategy 1 take over the population for
c = −2.

Figure 5: Asymptotic behaviors of evolutionary spatial SD games. Successive curves are separated by 5 time units, ∆x = 0.002
on [−100, 100] and ∆t = 0.0005.

Coordination games are often employed in social sciences and economics to understand and solve coordi-

nation problems. In Figure 6, the underlying evolutionary spatial coordination game has (α, β) = (0.25, 1)

and w = 0.32. Kernel J is centered Gaussian with σ = 1. For traveling wave speed c = 1, defection sustains;

while for c = −1, cooperation becomes dominant.

Similar results are reported by [21], where the evolutionary game is modeled by a reaction diffusion

equation modeling mobile individuals in one dimensional space. Pareto dominant equlibrium in spatial

coordination games determined by the sign of traveling wave speed c since we assume that the interaction

kernel is symmetric. In the case of asymmetric interactions, this result is subject to change. In this case, a

theoretical bound on the traveling wave speed c is given by [9].

5. Selections of strains of an RNA virus: an application of ESG

5.1. Evolutionary spatial PD game for preserving cooperator strains

In [54], an analysis was reported on modeling coinfection of a bacterial strain, P. phaseolicola by these

two genotypes of viruses, which differ from each other by the multiplicity of infections (MOI). One strain
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(a) Strategy 1 takes over the population for
c = 1
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(b) Strategy 2 takes over the population for
c = −1

Figure 6: Asymptotic behaviors of evolutionary spatial coordination games. Successive curves are separated by 5 time units,
∆x = 0.002 on [−100, 100] and ∆t = 0.0005.

of the virus has high multiplicity with MOI=5 and the other has low-multiplicity with MOI=0.002 only.

The former strain has a greater replication rate than the later strain. The mutant with high MOI is called

the defector. Experiments show that the fitness of defectors increases as their initial frequency decreases.

Second, they experimentally observed that defection is the only evolutionary outcome of this interaction in

well mixed populations. These results imply that it is appropriate to model the interactions between the

two strains of this RNA virus by a PD game.

The payoff matrix of this PD game was estimated by [54] from data as

Mvirus =

D C[
0.83 1.99
0.65 1

]
D
C .

It is easy to see from Mvirus that defection is the only ESS for a spatial homogeneous population. Using

the traditional unstructured replicator equation without spatial heterogeneity, Figure 7 displays the game

dynamics in which defectors can take over the population even starting with a small initial frequency.
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Figure 7: Solutions to the unstructured replicator equation with fitness matrix Mvirus. The initial frequency of defectors is
0.001. Blue solid curve and green dashed curves are the frequencies of defectors and cooperators in time, respectively.

To refine the PD game with nonlocal spatial interactions, we let α = (m11 − m12)/mmax and β =

(m22 − m21)/mmax, where mmax = 0.99 is the maximal payoff difference in Mvirus. The payoff matrix is
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therefore equivalent to

M̃virus =

D C[
0.181 0

0 −1

]
D
C .

It is easy to see that M̃virus guarantee the linear determinancy of (3.1) as α + β < 0, i.e. Condition (P2)

holds. In addition, for natural selection parameters w < 0.5497, the quasi-monotonicity condition is satisfied

as w(−2β − α) < 1. We adopt the centered Gaussian kernel to model the nonlocal interactions. Simulation

studies are displayed in Figure 1 in Section 4.1. Panel (a) in Figure 1 shows a transition of the evolutionary

outcome of the game from defection to cooperation whenever the travelling wave speed is smaller than the

minimal wave speed c−0 . Panel (b) in Figure 1, on the other hand, displays the effect of the strength of

nonlocal spatial interactions.

Figure 8: Effects of natural selection parameter w and kernel parameter σ on c+0 − c−0 .

As did in Section 3.2, the heat map in Figure 8 displays the effects of σ and w on c+0 − c−0 . We notice

that for fixed natural selection parameter w, there always exists σw such that c+0 − c−0 is sufficiently small

for cooperation to be favored in this evolutionary spatial PD game. Nonlocal spatial interactions in model

(3.1) therefore assist the RNA virus ΦH2 to sustain.

5.2. An alternative approach

To incoporate the spatial heterogeneity, one may model the frequency of defectors at t ∈ R+ and x ∈ R
by r(x, t) satisfying

∂r

∂t
= d

∂2r

∂x2
+ f(r), (5.1)

where the first term on the right hand side models spatial motility of the defectors and f(r) is the replicator

term modeling game dynamics. This spatial game model has been studied widely in the context of the

reaction-diffusion equations, see [21] for example. For traveling wave solutions to (5.1), i.e. r(x, t) = R(x+ct),

it holds

cR′ = dR′′ + f(R). (5.2)

For f(R) given in (3.17), the asymptotic behaviour of (5.2) is summarized as following.

Proposition 3. [18] For the spatial PD game modeled by (5.2), there exists a minimal front velocity
cPDE > 0. For any velocity c > cPDE there exists a unique front connnecting two equilibria 0 and 1. In
addition if α < 0 the minimal velocity is given by cPDE = 2

√−dβ.

This result implies that, depending on the wave speed, cooperation can preserve and populate within

a population of defection. One can easily observe that this PDE admits traveling wave solutions given
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(a) Traveling wave solutions for c = 3.5
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(b) Non-existence of traveling wave solu-
tions for c = 1

Figure 9: Panels (a) and (b) display the existence and non-existence of traveling waves of a spatial PD game modeled by (5.1).

c /∈ (−cPDE, cPDE). For simulations, we choose payoff matrix M̃virus. One can immediately obtain the

minimal wave speed as cPDE = 1.718 for diffusion rate d = 0.927. Existence and non-existence of traveling

waves are illustrated in Figure 9. Panel (a) in Figure 9 shows the formation of a traveling wave whose

front towards the negative direction as time evolves, and panel (b) suggests that no traveling waves along

the negative direction are formed and the solution converges to constant 1 on the domain. Therefore,

cooperation sustains in panel (a) in Figure 9.

PDE model v.s. Non-local interaction model: Proposition 3 implies that defection is globally asymp-

totically stable for (5.1), while it is also globally asymptotically stable for (3.1) only if 0 ∈ (c−∗ , c
+
∗ ) by

Theorem 2. Our evolutionary non-local spatial PD game in (3.1) is therefore essentially different from the

spatial PD game in (5.2): if the nonlocal interaction kernel in (3.1) is skewed such that 0 /∈ (c−∗ , c
+
∗ ), then a

small population of defectors cannot invade the cooperators. For example, consider the payoff matrix M̃virus.

c−0 = 0.0512 and c+0 = 1.377 for the Gaussian kernel J with mean µ = 0.6, standard deviation σ = 1 and

selection parameter w = 0.1. Figure 10 illustrates solution to (3.1). It is obvious that cooperators take over

the whole space with these parameters. Therefore it provides a demonstration of the effect of asymmetric

interactions on global asymptotic stability of the nonlocal replicator equation (3.1).
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Figure 10: Invasion of cooperators under the nonlocal replicator dynamics (3.1) for asymmetric Gaussian kernel function with

µ = 0.6 and σ = 1, selection parameter w = 0.1 and payof matrix M̃virus.
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6. Conclusions

In this paper, from a stochastic process, we derive an integro-differential replicator equation to study

evolutionary games in presence of nonlocal spatial interactions. In the microscopic model, individuals collect

their payoffs based on a rule modeled by a discrete probability kernel and update their strategies accordingly.

The derived integro-differential replicator equation can be viewed as the deterministic counterpart of spatial

stochastic processes on microscopic scales. By considering the nonlocal interactions, this model is biologically

more realistic than some traditional treatments, such as the homogeneous replicator equation.

We analyze the derived deterministic model for a variety of two-strategy games on an unbounded region.

The necessary conditions for quasi-monotonicity and linear determinacy, which provide both mathematical

conveniences and biological intuitions, are given and discussed in terms of model parameters. For example,

it has been shown that the model is always quasi-monotone for small natural selection parameter. We focus

on studying minimal traveling wave speed and/or the asymptotic speed of propagation, and our main results

can be summarized as follows.

1. We investigate the minimal traveling wave speed (or the spreading speed) as a function of the variability

of the nonlocal interaction kernelM ′′(s)|s=0, the payoffs, and the natural selection intensity. As a result,

we found general minimal traveling wave speeds to preserve cooperation in PD games. Interestingly,

we observe that cooperation wins for an evolutionary spatial PD game under a weak natural selection

condition (P1).

2. A variety of kernels are studied numerically and compared in terms of how do they preserve cooperation

in an evolutionary spatial PD game. We also apply the results to a PD game played by two strains of

a RNA virus [54], and explore the effect of the nonlocal spatial interaction on the game dynamics for

this real biological problem.

3. Spreading speeds, by which we can relax the linear determinacy condition, are studied and compared

with minimal traveling waves speeds for evolutionary spatial PD games. We show that the spreading

speed are equal to the minimal traveling wave speed under certain growth conditions. Therefore, the

spreading speed can be characterized as the lowest speed of a class of traveling wave solutions whenever

such a growth condition is satisfied.

4. We also study other types of evolutionary spatial games, including the SD, coordination and harmonic

games. For the evolutionary spatial SD games, depending on the minimal traveling wave speed, three

different scenarios separate the solution space. That is either strategy 1 or 2 take over the whole space,

or they coexist. On the other hand, the derived model becomes bistable for an evolutionary spatial

coordination games. That is, either strategy 1 or 2 may be favored depending on the traveling wave

speed.

Finally, there are several interesting issues should be further explored or extended.

• In this paper, we focus on two-strategy games. The derived results may be extended naturally to

n-strategy games with n ≥ 3, such as the Rock-Scissors-Paper game. To study the traveling front in

systems of integro-differential equations, results by [34] would be helpful.

• In this study, we consider the so-called biological replicator equations with linear fitness functions. It

is interesting to generalize the linear fitness function to nonlinear forms, see for example [29, 26]. Evo-

lutionary (nonlocal) spatial nonlinear games may have similar but more fruitful behaviors, particularly

for the preservation of cooperation.
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• Numerically and biologically, it would be really important to estimate the model parameters, including

the payoff matrix, the natural selection parameter and the interaction kernels from data. Notice that

the interaction kernel is essentially a probability measure, the inverse problem for estimating the kernel

would fall into the regime of nonparametric Bayesian or smoothing estimation scheme. We would like

to leave this as a future work.
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Appendix A Technical Proofs

A.1 Mesoscopic limits

Denote S = {1, 2, · · · , n} the set of strategies. The evolution of the system is given by the continuous

time process {θt} with the state space SΛ. We denote the configuration of the lattice by θ := θt at time t.

Each individual updates the strategy, independently of all others, in response to an exponential clock with

rate 1 and changes the strategy according to r(x́, θ, k).

Definition A.1. The empirical measure πγ : SA
γ → P(A× S) is given by

πγ(θ) =
1

|Aγ |
∑

x́∈Aγ
δ(γx́,θ(x́))

where P(A× S) denotes the set of all probability measures on A× S.

Let θγt be the stochastic process with generator

(Lγg)(θ) =
∑

x́∈Aγ

∑

k∈S
rγ(x́, θ, k)(g(θx́,k)− g(θ))

We make following assumptions on strategy revision rate rγ(x́, θ, k): there exists r(x, i, k, π) ∈ R for x ∈ A,
i, k ∈ S and π ∈ P(A× S) such that

(R1) limγ→0 supx́∈Aγ ,θ,k |rγ(x́, θ, k)− r (γx́, θ(x), k, πγ(θ))| = 0,

(R2) r(x, i, k, π) is uniformly bounded, that is there exists M > 0 such that

sup
x∈A,i,k

|r(x, i, k, π)| ≤M, and

(R3) r(x, i, k, fm) is Lipschitz in x, i.e. supx∈A,i,k |r(x, i, k, u1m)−r(x, i, k, u2m)| ≤ L||u1−u2||L1 , wherem =

dx⊗ di with Lebesgue measure dx on A and counting measure di on S.

The next result connects the stochastic process with the integro-differential equation.
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Theorem A.1. ([29]) Assume Conditions (R1)-(R3) are satisfied. Let u ∈ L∞(A × S) satisfy 0 ≤ ui ≤ 1
and

∑
i∈S ui = 1 for all x ∈ A. In addition, assume that the initial distribution is a family of measures with

slowly varying parameter associated to the profile of u. Then for every T > 0, as γ → 0

πγt (θt)→ u(t, x)m

in probability uniformly for 0 ≤ t ≤ T ; and for x ∈ A, i ∈ S, u satisfies

∂ui
∂t

(x, t) =
∑

k∈S
r(x, k, i,u)uk(x, t)− ui(x, t)

∑

k∈S
r(x, i, k,u)

with initial condition u(x, 0).

The corollary below can be obtained from the above theorem. We refer to [5] for the proof.

Corollary A.1. Suppose that the interaction is spatially homogeneous with the same assumptions on rate r.
Assume that there exists ρ0 ∈ ∆ such that the initial condition satisfies ηN0 → ρ0 in probability as N →∞,
then for every T > 0

ηNt → ρ

in probability uniformly for 0 ≤ t ≤ T as N →∞ and ρ satisfies





dρi
dt

=
∑

k∈S
r(k, i,ρ)ρk − ρi

∑

k∈S
r(i, k,ρ)

ρi(0) = ρ0i,

where r(k, i,ρ) = ρiF

(∑
l∈S

milρl −
∑
l∈S

mklρl

)
(for F discussed in Section 2.2.1).

A.1.1 Replicator rule and replicator equations

The rate function (2.3) with globally Lipschitz continuous F (·) satisfies Conditions (R1)-(R3) [28]. The-
orem A.1 therefore gives the replicator equations for F (s) = 1 + s/mmax. The corresponding r(x, i, k,u) is
given by (2.7).

Corollary A.2. Without the spatial heterogeneity, rate function (2.3) with F (s) = 1 + ws/mmax gives the
replicator equations.

Proof. Without the spatial heterogeneity, the rate function can be written as

r(i, k,ρ) = ρk

{
1 + w

∑

l∈S
(mkl −mil) ρl

}

by taking u(x, t) = ρ. By Corollary A.1, we have

dρi
dt

=
∑

k∈S
r(k, i, ρ)ρk − ρi

∑

k∈S
r(i, k, ρ)

=
∑

k∈S
ρi

{
1 + w

∑

l∈S
(mil −mkl)ρl

}
ρk − ρi

∑

k∈S
ρk

{
1 + w

∑

l∈S
(mkl −mil)ρl

}

=
∑

k∈S

[
ρi

{
1− w

∑

l∈S
(mil −mkl)ρl

}
ρk − ρiρk

{
1 + w

∑

l∈S
(mkl −mil)ρl

}]
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=2wρi
∑

k,l∈S
(mil −mkl)ρkρl

=2w


ρi

∑

l∈S
milρl − ρi

∑

k,l∈S
mklρlρk


 ,

which gives the replicator equations by changing the time scale.

Now we obtain the nonlocal replicator equations using Theorem A.1 and (2.7).

∂ui
∂t

=
∑

k∈S
r(x, k, i,u)uk(x, t)− ui(x, t)

∑

k∈S
r(x, i, k,u)

=
∑

k∈S
J ∗ ui

[
1 + wJ ∗

{∑

l∈S
(mil −mkl)ul

}]
uk − ui

∑

k∈S
(J ∗ uk)

[
1− wJ ∗

{∑

l∈S
(mil −mkl)ul

}]

=
∑

k∈S

[
{uk(J ∗ ui)− ui(J ∗ uk)} − w {uk(J ∗ ui) + ui(J ∗ uk)} ·

{∑

l∈S
(mkl −mil)(J ∗ ul)

}]
.

As
∑
k∈S uk =

∑
k∈S J ∗ uk = 1, we have

∂ui
∂t

(x, t) = (J ∗ ui)− ui + w

[
{(J ∗ ui) + ui}

∑

l∈S
mil(J ∗ ul)−

∑

k,l∈S
mkl {uk(J ∗ ui) + ui(J ∗ uk)} (J ∗ ul)

]
.

Without spatial structures, by taking ui(x) ≡ ρi we get J ∗ ui = ρi so that the above equation reduces to
the replicator equation.

A.2 Quasi-monotonicity Condition (P1)

As defined in Section 3.1, equation (3.1) is quasi-monotone if its right hand side is increasing in J ∗ u.
Denote the right hand side of (3.1) by

f(u, v) = v − u+ w(u+ v − 2uv){(α+ β)v − β}

where (u, v) ∈ Ω = {[0, 1]× [0, 1] | v ≤ u} by Young’s inequality. It is readily to see that

g(u, v) := fv(u, v) = 1 + w{(α+ 3β)u+ 2(α+ β)v − 4(α+ β)uv − β}, (A.1)

which is required to be positive for all (u, v) ∈ Ω, α ∈ [0, 1], β ∈ [−1, 0] and w ∈ [0, 1) to guarantee the
quasi-monotonicity of (3.1). It is easy to see that the stationary point of g is a saddle point as the Hessian
∇2g is indefinite. Therefore, the minimum value of g is achieved on the boundary ∂Ω. Since g is quadratic,
it is enough to study the corners of Ω where

g(0, 0) = 1− wβ,
g(1, 0) = 1 + w(α+ 2β),

g(1, 1) = 1− wα.

Hence, g(u, v) ≥ min{1 − wβ, 1 − wα, 1 + w(α + 2β)} on Ω. Both 1 − wβ and 1 − wα are positive for
α ∈ [0, 1], β ∈ [−1, 0] and w ∈ [0, 1). Hence, g(u, v) > 0 whenever 1 +w(α+ 2β) > 0. That is, the right hand
side of (3.1) is increasing in J ∗u whenever 1 +w(α+ 2β) > 0, which justifies Condition (P1) in Section 3.2.
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A.3 Existence and uniqueness of solutions to (3.7) and comparison principle

The following theorem provides existence, uniqueness and monotonicity of the solution to (3.7) in the
space of bounded uniformly continuous functions BUC(R× R+).

Theorem A.2. Assume Conditions (J1)-(J3) are satisfied. Then there exists a unique solution u(x, t) ∈
BUC(R × R+) to (3.7) with an initial condition 0 ≤ u(x, 0) ≤ 1 such that 0 ≤ u ≤ 1. Moreover, suppose
that Condition (P1) holds and for i = 1, 2 and ui is the solution to (3.7) corresponding the continuous initial
datum 0 ≤ ui(x, 0) = u0i ≤ 1.

If 0 ≤ u01 ≤ u02 ≤ 1 then 0 ≤ u1 ≤ u2 ≤ 1 (A.2)

for all (x, t) ∈ R× R+.

The proof of this theorem follows a standard method in [48] that we recall for the sake of completeness.

Proof. We work on the space of bounded uniformly continuous functions XT = BUC(R× [0, T ]) and X∞ =
BUC(R× R+).

Step 1. For v ∈ X∞ such that 0 ≤ v ≤ 1, let u be a solution to equation

∂

∂t
u = (J ∗ v)− u+ w(u+ (J ∗ v)− 2u(J ∗ v))((α+ β)(J ∗ v)− β) (A.3)

with the initial data u = u0 on R × {0}. By assumptions on J and v, 0 ≤ J ∗ v ≤ 1. Notice that
∂u/∂t = (J ∗ v) [1 + w((α+ β)(J ∗ v)− β)] ≥ 0 if u = 0 at some point (x, t). The trajectory of u is
therefore always beyond 0. Similarly, ∂u/∂t ≤ 0 if u = 1 at some point (x, t). Hence, u ∈ [0, 1].

To show the existence and uniqueness of solutions to (A.3), we define the operator P [u] : C(R ×
R+, [0, 1])→ C(R× R+,R) by

P [u](x, t) := (J ∗ v) + au+ w(u+ (J ∗ v)− 2u(J ∗ v))((α+ β)(J ∗ v)− β).

Operator P [u] is non-decreasing for sufficiently large a > 0 with respect to pointwise ordering. Hence,
(A.3) can be written as

∂

∂t
u(x, t) = −(1 + a)u(x, t) + P [u](x, t),

which is further written as

u(x, t) = G[u](x, t) := φ(x)e−(1+a)t +

∫ t

0

e−(1+a)(t−s)P [u](x, s) ds.

As 0 ≤ v(t, x), J ∗ v(t, x) ≤ 1, it is easy to see that |P [u1]− P [u2]| ≤ (a+ 3w)|u1 − u2|. Consider X∞
equipped with the norm ||v||λ = sup(x,t) |v(x, t)|e−λt, we have

|G[u1]−G[u2]|e−λt ≤ (a+ 3w)

∫ t

0

e−(1+a+λ)(t−s)e−λs|u1 − u2| ds.

Therefore,

‖G[u1]−G[u2]‖λ ≤ (a+ 3w)
1− e−(1+a+λ)t

1 + a+ λ
‖u1 − u2‖λ ≤

a+ 3w

1 + a+ λ
‖u1 − u2‖λ.

Choose λ large enough so that a+3w
1+a+λ < 1 and mapping G is therefore a contraction. By Banach fixed

point theorem, there exists a unique solution to (A.3).
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Step 2. Hereafter, we consider the space XT equipped with the norm ||v||T = sup(x,t) |v(x, t)|. We will
show that mapping v → u is a contraction. Let vi ∈ XT (i = 1, 2) and ui denote the corresponding
solutions to equation (A.3) with the same initial data. Let u = u1 − u2 and v = v1 − v2, so that

∂

∂t
u = Υ1u+ Υ2J ∗ v, (A.4)

where Υ1 = −
[
1− βw − w(α+ 3β)(J ∗ v1) + 2(α+ β)w(J ∗ v1)2

]
and Υ2 = [1− βw+w(α+ 3β)u2 +

(α+ β)w(J ∗ (v1 + v2))(1− 2u2)]. Integration up to time t yields

u =

∫ t

0

Υ1u ds+

∫ t

0

Υ2J ∗ v ds,

which implies

|u| ≤
∫ t

0

|Υ1||u| ds+

∫ t

0

|Υ2||J ∗ v| ds.

Let Kk = maxui,vj∈[0,1] Υk for i, j, k = 1, 2, and take the supremum over (x, t) ∈ R× [0, T ], we get

||u||T ≤
TK2

1− TK1
||v||T .

For sufficiently small T , TK2/(1− TK1) < 1. Hence, for sufficiently small T , v → u is a contraction
that preserves the closed subset 0 ≤ v ≤ 1, and therefore admits a unique fixed point. Since T is
independent of the size of the data, this argument can be iterated from T to any desired time interval.

Step 3. Let ui be the solutions to (3.7) corresponding to the initial datum u0i satisfying the hypotheses of
the theorem, set u = u1 − u2. Then we get an equation of the form (A.4) with

Υ1 = −
[
1 + βw − w(α+ 3β)(J ∗ u1) + 2(α+ β)w(J ∗ u1)2

]

and
Υ2 = [1− βw + w(α+ 3β)u2 + (α+ β)w(J ∗ (u1 + u2))(1− 2u2)] .

Multiplying this equation by sign+(u) and using the fact that Υ2 > 0 as (P1) holds, we get

u+(x, t) ≤ tK2

1− tK1

∫ t

0

J ∗ u+(x, s) ds ≤ tK2

1− tK1
||u+||t.

Using the same argument as above, for small t, we have tK2/(1− tK1) < 1. It follows that u+ = 0 in
[0, t] since (u01−u02)+ = 0. This result can be extended to all time points by continuity. We therefore
have the desired assertion (A.2) obtained.

A.4 Proof of Theorem 1

The following proposition provides the existence of monotone traveling waves connecting two equilibria
of traveling wave equation (3.5).

Proposition A.1. Suppose J satisfies (J1) and the quasi-monotonicity condition hold, then (3.5) admits
traveling wave solutions for c ≥ c+0 and c ≤ c−0 for nonzero constants c−0 and c+0 .
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Proof. The existence of solutions to (3.5) for c > c+0 was proved in [50]. For c < c−0 , we can establish the
same results by constructing appropriate sub and super solutions. We prove the existence of traveling waves
for the minimal speed c = c+0 following [6], to which the proof for the case c = c−0 is analog.

Let cn > c0 and cn → c0 as n → ∞. Let Un denote the traveling wave solution to (3.5) with speed cn.
Thus, 0 ≤ Un ≤ 1 and the solution is uniformly bounded by the existence of solution. As

∫
R J(y) dy = 1,

J ∗ U is uniformly bounded by 1. Hence,

|U ′n| ≤ c−1
n (|J ∗ Un|+ |Un| − wβ|Un + J ∗ Un|) ≤ 4c−1

n .

Hence, U ′n is also uniformly bounded.

We have |Un(s)− Un(t)| = |s− t||U ′n(ν)| for some ν between s and t. By uniform boundedness of U ′n, it
follows that Un is equicontinuous for all n. Hence, the equicontinuity of Un implies that for any ε > 0 there
exists δ > 0 such that

|J ∗ Un(s)− J ∗ Un(t)| ≤
∫

R
|Un(s+ y)− Un(t+ y)|J(y) dy ≤ ε

for |s − t| < δ. Likewise, we have the equicontinuity of U ′n. Therefore, Un, J ∗ Un, and U ′n are uniformly
bounded and equicontinuous for all n.

By Arzela-Ascoli theorem, there exists a subsequence {Unk} ⊂ {Un} such that J ∗Unk and U ′nk converges
uniformly on every bounded interval. Denote the limit of Unk by U , then U is differentiable and U ′nk → U ′.
Similarly, J ∗ Unk → J ∗ U . Passage of limit in (3.5) yields

−c0U ′ = (J ∗ U)− U + w{U + (J ∗ U)− 2U(J ∗ U)}{(α+ β)(J ∗ U)− β},

as n→∞, which implies that U is the solution to equation (3.5) with minimal speed c0.

Theorem 2, which is proved in Section A.5 below, immediately yields the following corollary.

Corollary A.3. If c ∈ (c−0 , c
+
0 ), there are no non-constant solutions to (3.5).

Theorem 1 is then implied by Proposition A.1 and Corollary A.3.

A.5 Outlines of the proof of Theorem 2

Using the techniques developed by [32],we outline the proof of Theorem 2 in this section. For (3.7), there
is a family of time-t maps Qt defined by Qt[u0] := u(x, t). That is, Qt takes the initial values u0 = u(·, 0)
to u(x, t) at time point t. The semigroup property of the map naturally follows from the existence and
uniqueness of the solution. It is noticed that, for fixed t, Qt satisfies the conditions in [32]. That is,

(i). Qt satisfies the order preserving property, which follows from the comparison principle given in A.2;

(ii). for a PD game, there are only two spatially homogeneous fixed points 0 and 1 and 1 is an asymptotically
stable fixed point of Qt for any constant initial condition; also, by the comparison principle, 0 ≤
Qt[u0] ≤ 1 is continuous for any continuous u0 ∈ [0, 1];

(iii). Qt is translation invariant since v(x, t) = u(x− y, t) is a solution to (3.7) whenever u(x, t) is; and

(iv). Qt admits continuity, which is obtained by using techniques similar to [15, Lemma 2.2] and [57, Lemma
3.1].
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Consider the time-1 map Q := Q1 and choose a continuous function φ such that φ is non-increasing in x,
φ(x) = 0 for all x ≥ 0, and 0 � φ(−∞) � 1. We can therefore define the spreading speed using φ: let
a0(c; s) = φ(s) and define an(c; s) by

an+1(c; s) = max{φ(s), Q[an(c; s)](s+ c)} (A.5)

The operator defined above is also order preserving. By definition, it is easy to see that a1 ≥ a0 = φ(s).
Then, an ≤ an+1 ≤ 1 follows from inductions. Also, an(c; s) is non-increasing in c and s. Hence, an converges
to some a(c; s), which is non-increasing in c and s and bounded by 1. From the arguments in [34], a(c;±∞)
are equilibria of the time-1 map Q. In particular a(c;∞) = 1 as noted in [32].

Consider another initial condition φ̂ satisfying the above properties of φ. Then, there exists ân(c; s)

whose limit is â(c;∞). As discussed in [32], one can show that aN (c;x− τ) ≥ φ̂(x) with a translation τ for
some N > 0. By the comparison principle, it can be shown that â(c;∞) = a(c;∞). Hence, we can conclude
that a(c;∞) is independent of the choice of φ. Therefore, we can define the slowest spreading speed by

c∗+ = sup{c : a(c;∞) = 1}. (A.6)

By modifying the above discussion, one can also define the spreading speeds in the negative direction as
follows:

c∗− = inf{c : a(c;−∞) = 1}. (A.7)

Hence, the result follows from [32, Theorem 2.2] for the time-1 map Q1. Following the proof in [33, Theorem
2.17], we can also show that c∗± are critical spreading speeds for continuous time semi-flow. Thus we have
the desired assertion. Addtionally, the equality of c+∗ and c+0 follows from [56, Theorem 3.4].

A.6 Proof of Theorem 3

We need to verify conditions (A1) (translation invariance), (A3) (point-α-contraction), (A4) (order-
preserving), and (A5) (monostability) in [16] to use their Theorem 4.2 to show the existence of traveling
wave solutions. In fact, conditions (A1), (A4) and (A5) are essentially conditions (i)–(iii) in Appendix A.5,
which have been verified above. It remains to verify condition (A3), that is to show the solution operator
Qt defined in Appendix A.5 satisfies the point-α-contraction. Denote M1 the set of bounded, continuous
and non-increasing functions from R to [0, 1]. For any bounded subset U1 ⊂M1 the set Qt[U1](0) is bounded
due to the uniform boundedness of the derivative ut for all t and for any initial condition φ ∈ U1. As any
bounded subset of R is precompact, the point-α contraction property of Qt follows. Hence, by [16, Theorem
4.2], we have the existence of traveling waves.

We further show the smoothness of the wave profiles. Consider operator F in (3.7). Equation (3.7) can
be written into an integral equation

v(x, t) = v0(x)e−(1+βw)t +

∫ t

0

e−(1+βw)(t−s)F(v, (J ∗ v))(x, s)ds.

Take v(x, t) = W (x− ct), the traveling wave profile W solves the following integral equation

W (x− ct) = W (x)e−(1+βw)t +

∫ t

0

e−(1+βw)(t−s)F(W, (J ∗W ))(x− cs)ds.

The right hand side of above equation is differentiable with respect to t. It follows that the wave profile is
smooth and therefore a classical solution to (3.7).
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A.7 Subsolution to Equation (3.13)

Lemma A.1. Assume Conditions (J1)–(J3) and assumptions of Theorem 4 hold. Then, for any ξ ∈ R, Let
u(x, 0) be an initial condition that is non-zero only in negative half plane and let u be solution to the initial
value problem (3.13). Then limt→∞ u(ξ, t) is a constant solution to the equation other than 0 if c ∈ (c−0 , c

+
0 )

with c±0 defined by (3.3) and (3.4).

We prove Lemma A.1 using techniques developed by [2] and [35]. First, consider function

∆c(s) := −cs+ d1M(s)− d2 (A.8)

defined on R for d1 = 1− βw and d2 = 1 + βw. We have ∆′′c (s) = d1

∫
R y

2esyJ(y) dy, which implies ∆c(s) is

convex on R. By the continuity of ∆c(s), there exist two unique points s+
0 (d1, d2) and s−0 (d1, d2) such that

∆c(s
±
0 (d1, d2)) = 0 for any c 6∈ [c−0 , c

+
0 ]. The result follows from the discussion in [50, p.64].

Consider function A(s) := [d1

∫
R J(y)esy dy − d2]/s ∈ {c : ∆c(s) = 0}. Assumptions on J implies

that A(s−0 (d1, d2)) = sup{c : ∆c(s) = 0, s < 0} and A(s+
0 (d1, d2)) = inf{c : ∆c(s) = 0, s > 0}, so that

A(s±0 ) = c±0 (d1, d2) by definitions.

A.7.1 Classical results

In this section we provide some classical results by [2, 35] concerning the spreading speeds of equation
(3.13). Note also that the results are also given for equation (3.10) in moving frame.

Lemma A.2. Let c ∈ (c−0 , c
+
0 ). There exists a function V (ξ) > 0 on (0, π/τ) such that Qc[εV (ξ)] ≥ 0 and

Qc[εV ] > 0 on (−π/τ, 0)

for sufficiently small ε, τ > 0.

Proof. Take V0(ξ) = exp(−sξ) sin(−τξ), where s ∈ S0 := (s−0 , s
+
0 )\{0}. Consider the linear equation

∂u

∂t
:= Lc[u] = −cuξ + d1J ∗ u− d2u.

Here we can easily calculate Vξ and J ∗ V as follows:

V0ξ = −sV0 − exp(−sξ) cos(τξ)

J ∗ V0 =

∫

R
J(y)V0(ξ − y), dy = exp(−sξ)

∫

R
J(y)esy sin(ξ + τy).

Then,

Lc[V0](ξ) =

[
−cs+ d1

∫

R
J(y)esy cos(τy) dy − d2

]
V0(ξ) +

[
−cτ + d1

∫

R
J(y)esy sin(τy) dy

]
e−sξ cos(τξ).

One can easily observe that Lc[V ] > 0 on (−π/τ, 0) if the following conditions are satisfied:

A(s, τ) :=
1

s

[
d1

∫

R
J(y)esy cos(τy) dy − d2

]
> c if s > 0 (A.9)

A(s, τ) < c if s < 0 (A.10)

B(s, τ) :=
d1

τ

[∫

R
J(y)esy sin(τy) dy

]
= c. (A.11)
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Denote the limits of A(s, τ) and B(s, τ) by A(s) and B(s) as τ → 0. By the assumptions on J , the

Figure A.1: Illustration of A(s) and B(s).

convergence is uniform in any compact interval of S0. Notice B(s) is increasing and differentiation of A(s)
is (B(s)−A(s))/s. By (J3), we have A(s) > B(s) on (0, s+

0 ). Thus, A(s) is decreasing for 0 < s < s+
0 . Also,

B(s) is increasing on S0. Recall that we require that B(s+
0 ) = c+0 for some s+

0 and thus B(0) < c+0 . Thus,
for some δ > 0 and arbitrarily chosen c ∈ (B(0), c+0 ) we have

B(s1) + δ < c < B(s2)− δ and |B(s, τ)−B(s)| ≤ δ

for sufficiently small τ and appropriately chosen s1 and s2. Thus there exists an s(τ) such that B(s(τ), τ) = c.
We can therefore choose τ small enough to get c = B(s(τ), τ) < A(s(τ), τ) so that (A.9)-(A.11) are satisfied.

Define
V (ξ) = V0(ξ)I {ξ ∈ (−π/τ, 0)} .

By Lemma 2 in [2], it follows that Lc[V ] > 0 on ξ ∈ (0, π/τ). Now, we show that Qc[εV0] is positive on
(−π/τ, 0) for sufficiently small ε > 0. By the continuity of (A.8), we can choose ε1, ε2 > 0 such that for any
c ∈ (c−0 , c

+
0 ), c is also in (c−0 (d∗1, d

∗
2), c+0 (d∗1, d

∗
2)) where (d∗1, d

∗
2) := (1 + cw − ε1, 1 + βw + ε2). Then we can

choose ε small enough to get Qc[εV0]−Lc[εV0] = ε1u+ ε2(J ∗ u) +O(ε2) > 0. Thus, Qc[εV ] > Lc[εV ] > 0 on
(−π/τ, 0). It follows from Theorem A.2 and above discussion that Qc(εV ) ≥ 0.

Suppose u is the solution to (3.7) and (3.13) with initial data u0, then

u(x, t) = u0(x)e−(1+βw)t +

∫ t

0

e−(1+βw)(t−s)F(u, (J ∗ u))(x, s)ds

and

u(ξ, t) = u0(ξ − ct)e−(1+βw)t +

∫ t

0

e−(1+βw)(t−s)F(u, (J ∗ u))(ξ − c(t− s), s)ds.

Proposition A.2. Suppose Conditions (J1)–(J2) and (P1) hold. Then, the solution to

{
∂u/∂t = Qc[u],

u(ξ, 0) = εV

satisfies limt→∞ u(ξ, t) = e or 1 for c ∈ (c−0 , c
+
0 ), where V is the function defined in Lemma A.2.
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Proof. Let X = u and Y = εV (ξ) then X(ξ, 0) = Y (ξ, 0) and

∂X

∂t
−Qc[X] = 0 ≥ −Qc[εV ] =

∂Y

∂t
−Qc[Y ].

By comparison principle, X(ξ, t) ≥ εV . Applying comparison principle to X and Y with X(ξ, 0) = u(ξ, 0)
and Y (ξ, 0) = u(ξ, h) for h > 0, we can conclude that u is non-decreasing function of t. By Theorem A.2,
u(ξ, t) ≤ 1. Therefore, limt→∞ u(ξ, t) = q(ξ) exists by monotone convergence theorem. Define θ = ξ−c(t−s)
so that

u(ξ, t) = εV (ξ − ct)e−(1+βw)t +
1

c

∫ ξ

−∞
e−

1+βw
c (ξ−θ)I[ξ−ct,ξ]F(u, (J ∗ u))dθ,

where F(u, (J ∗ u)) has arguments (θ, t+ (θ − ξ)/c). Let t→∞, we have

q(ξ) =
1

c

∫ ξ

−∞
e−

1+βw
c (ξ−θ)F(q, (J ∗ q))(θ) dθ. (A.12)

Differentiating (A.12) gives

q′ = −1 + βw

c
q +

1

c
F(q, (J ∗ q)), (A.13)

which is the steady state equation of (3.1) (as well as (3.7)).

Equation (A.13) has three constant solutions, 0, e and 1. By Lemma A.2, we can conclude that q(ξ) > εV
on [0, π/τ ]. By the continuity of q, we conclude that q(ξ + h) > εV in [0, π/τ ] for sufficiently small |h|.
We see that q(ξ + h) ≥ q(ξ) in [0, π/τ ] for small enough |h| by comparison principle. This implies q′ = 0.
Proposition 1 of [2] implies that q > 0 on (0, π/τ). Hence q(ξ) = e or 1.

Let W be the solution to the initial value problem specified by (ii) in Corollary 2. By Proposition 1 of
[2], there exists a time T > 0 such that

min
0≤ξ<π/τ

W (ξ, T ) = m > 0.

Choose ε small enough such that εV ≤ m in [0, π/τ ]. Suppose u(ξ, t) is the solution to the initial value problem
in Proposition A.2. Then u(ξ, 0) ≤ W (ξ, T ). It follows from the comparison principle that u(ξ, t − T ) ≤
W (ξ, t) for all t. Hence, limt→∞W (ξ, t) = e or 1 as limt→∞ u(ξ, t) = e or 1 by Proposition A.2.

Appendix B Extra simulation studies

In this section, we present an extra simulation study of the proposed model to computationally explore
the long term behavior when the initial data u0 is less than the equilibrium e in some intervals and larger
than e in some other intervals. In particular, we consider compactly supported initial data using the same
parameter settings in Section 4.2. Figure B.1 displays results for c = −2 while the initial data is larger than
the stable equilibrium e on a compactly supported set (the bold solid blue line). Compared to Figure 5 (c),
which suggests that the defectors take over the population, Figure B.1 suggests that the cooperators still
sustain in the population. It also implies that the limiting equilibrium might be the nontrivial co-existence
solution e in general. Motivated from this interesting simulation, further theoretical studies for this scenarios
will be pursued in future.
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