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Detecting changes in dependent time series is an important topic in statistics. Tests for change points have been
developed for different data structures, including multivariate, high-dimensional and even functional data. In func-
tional data analysis, most literature focuses on retrospective settings, where the full dataset is collected before
searching for changes. In this work, we follow the different paradigm of sequential monitoring. Here, data ar-
rive successively, and the user tries to determine on an ongoing basis whether a change has already occurred
- for an open-ended time period. This problem has not been investigated before for infinite dimensional data,
where the standard tools to validate monitoring schemes are not available. In this work, we propose a different
approach, combining strong approximations for Banach space valued data, with bounds from empirical process
theory. Therewith, we validate monitoring schemes on a range of function spaces, including 𝐿𝑝-functions and
spaces of continuous functions. In the latter case, we also propose theory for data with an unbounded domain - a
problem rarely considered for functional data. An application of our theory to monitoring sequences of estimated
densities is given. We investigate practical aspects of our approach in a simulation study and a data example on
Exchange Traded Funds.
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1. Introduction

This paper is concerned with monitoring time series with values in infinite-dimensional Banach spaces.
As new functional observations arrive, we want to determine in real time if the mean of a sequence has
changed at some point before the current time. Methods of this type have been proposed and justified
in finite dimensional settings. The main probabilistic tools, if the dimension is finite, are adaptations of
the Komlós, Major, Tusnády (KMT) approximation (Komlós, Major and Tusnády (1975), Komlós, Ma-
jor and Tusnády (1976)). These results permit close approximation of partial sums of model errors by a
Brownian motion. Another approach frequently used to validate finite dimensional monitoring schemes
involves applying Hájek–Rényi bounds (see, e.g. Aue and Kirch (2024)). These bounds are then com-
bined with weak invariance principles to prove convergence of the change point detector. However, up
to this point, neither KMT approximations nor the required Hájek–Rényi bounds have been established
to justify monitoring schemes in infinite dimensional function spaces. In this paper, we present a dif-
ferent approach to the development and asymptotic justification of monitoring procedures in several
important Banach spaces. We also show how our general theory can be applied to monitoring for a
mean change in a sequence of random probability density functions that are accessible only indirectly
through small samples. We now provide a detailed background and explanation of our contribution.

Consider a time series {𝑋𝑖 , 𝑖 ∈ Z} of Banach space valued random elements with corresponding
parameters 𝜃𝑖 that are functionals of the distributions L(𝑋𝑖). These parameters need not be finite
dimensional. Suppose we observe a realization 𝑋1, ..., 𝑋𝑁 . The retrospective change point problem is
the testing problem

𝐻0 : 𝜃1 = 𝜃2 = · · · = 𝜃𝑁 , vs. 𝐻1 : ∃ 𝑘∗ 𝜃1 = 𝜃2 = · · · = 𝜃𝑘∗ ≠ 𝜃𝑘∗+1 = · · · = 𝜃𝑁 . (1.1)
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In the literature there exist many generalizations of (1.1), such as the inclusion of multiple change
points, but for sake of clarity we stick with this simple formulation. A key characteristic of (1.1) is
the idea of “looking back” at the past 𝑁 observations. Problem (1.1) has been extensively studied for
𝑋𝑖 taking values in various function spaces and abstract metric spaces as well as other complex data
structures, e.g. high-dimensional or network data. The problem we study in this paper is different, and
can be formulated as testing

𝐻0 : 𝜃1 = ... = 𝜃𝑀 = 𝜃𝑀+1 = 𝜃𝑀+2 = · · · (1.2)

against the alternative of a parameter change at 𝑀 + 𝑘∗ for some 𝑘∗ ≥ 1, i.e.

𝐻1 : ∃ 𝑘∗ 𝜃1 = · · · = 𝜃𝑀+𝑘∗ ≠ 𝜃𝑀+𝑘∗+1 = 𝜃𝑀+𝑘∗+1 = · · · (1.3)

The first 𝑀 observations are assumed not to contain a change point, and we want to test if there is
a change sometime after time 𝑀 . In this setting, we are looking ahead at the sequentially arriving
new data. Problem (1.2)–(1.3) has been studied only in finite dimensional settings related to multiple
regression and parametric time series.

Problem (1.2)–(1.3) is related to classical sequential testing. The chief differences are: 1) The time
𝑀 corresponds to the initial stable period in which parameters are estimated. In classical sequential
analysis, the parameters under the null, and often under the alternative, are specified a priori. There is
no initial estimation period. 2) Sequential analysis is based on likelihood ratio tests, typically under the
assumption of multivariate normality. Likelihoods are impossible to define in most functional settings.
3) Sequential analysis focuses on expected detection delay. We focus on the probability of a false
alarm and power of detection, which are analogous to the well-known concepts in the Neyman–Pearson
paradigm.

Our main contribution to statistical theory is showing that strong approximations on (0,∞), avail-
able in certain Banach spaces, can be used to construct monitoring schemes for functional time series.
In our proofs, we combine these approximations with advanced bounds on covering numbers from em-
pirical process theory and moment inequalities for mixing time series. As a result, our new theory is
applicable to a broad array of different function spaces. First, it applies to the classical 𝐿2-functions
with compact support, a separable Hilbert space that is typically considered in FDA. Second, it ex-
tends to 𝐿𝑝-spaces with 𝑝 ∈ [2,∞) and even to the space of continuous functions equipped with the
supremum-norm. These latter spaces are infinite-dimensional Banach spaces, and hence proving central
limit theorems and invariance principles requires careful arguments to exploit their specific, geometric
structure. Developing theory for random elements on the space of continuous functions is theoretically
challenging, but seems particularly natural: In applications, random functions are typically created us-
ing non-parametric estimators that are inherently smooth. It is on account of their continuity, that these
functions are embedded in an 𝐿2-space - essentially because the supremum norm is stronger than the
𝐿2-norm. The fact that the supremum norm is so strong also implies that some relevant functionals
are continuous w.r.t. the sup-norm, but not w.r.t. the 𝐿2-norm. Finally, we present theory for the space
of continuous functions with infinite support - a space rarely considered in FDA literature, but needed
to study important statistical objects, including densities. Here we use arguments from the theory of
stochastic processes on 𝜎-compact domains to obtain weak convergence of change point detectors.
As an application of our theory, we propose a new method to monitor for a change in a sequence of
estimated random densities.

The remainder of the paper is organized as follows. In Section 2, we put our work in a broader
perspective by discussing some closely related research. Before formulating the problem and main
asymptotic results in Section 4, we collect useful prerequisites in Section 3. In Section 5, we apply
the theory of Section 4 to the problem of detecting a change in a sequence of density estimators.



3358 T. Kutta and P. Kokoszka

Section 6 is dedicated to the examination of finite sample properties of our monitoring procedures and
an application to densities of intraday returns on selected Exchange Traded Funds. A summary of our
contributions is given in Section 7. The proofs of our results and extensive additional information are
placed in the online Supplementary Material Kutta and Kokoszka (2025).

2. Related research

Classical sequential testing is explained in Siegmund (1985). A concise account of the change point
problem is given by Horváth and Rice (2014) and a recent review of the monitoring literature is provided
by Aue and Kirch (2024). There are many monographs and dozens of thousands of papers on sequential
and change point analyses, so the background we provide is limited and targeted at the problem we
address.

Change point research in the framework of FDA. In FDA, observations are random elements in some
function space, e.g. the space 𝐿2 or C (continuous functions). Berkes et al. (2009) proposed a test for a
change in the mean function in an 𝐿2 setting; extensions were considered by Aston and Kirch (2012),
Horváth, Kokoszka and Rice (2014), Dette and Wied (2016), Gromenko, Kokoszka and Reimherr (2017)
and Aue, Rice and Sönmez (2018), among others. An invariance principle for 𝐿2-functions -the typical
building block of a retrospective change point detector- is derived in Berkes, Horváth and Rice (2013).
Structural breaks of time series in the space C([0,1]) were studied in Dette, Kokot and Aue (2020).
Within the 𝐿2 framework, changes in the covariance of a functional time series were considered in
Stoehr, Aston and Kirch (2021) and Horváth, Rice and Zhao (2022), and in the cross-covariance oper-
ator in Rice and Shum (2019). Dette and Kokot (2022) considered inference for the covariance kernel
in C. Tests for the stability of eigenvalues and principal components were presented in Aue, Rice and
Sönmez (2020) and Dette and Kutta (2021). A self-normalization approach, see Shao and Zhang (2010)
and Shao (2015), was used in the context of change point detection in functional time series by Dette,
Kokot and Volgushev (2020). Dubey and Müller (2020) present change point detection methodology
and theory in general metric spaces. These papers, and many others, study some form of the retro-
spective problem (1.1). Within the framework of FDA, we are not aware of any work on the monitoring
problem (1.2)–(1.3).

Monitoring research. The monitoring problem (1.2)–(1.3) was introduced by Chu, Stinchcombe and
White (1996) in the context of a scalar response regression. They used two specific boundary crossing
functions for the Wiener process to compute probabilities of false alarms. Their approach was advanced
by Horváth et al. (2004) who introduced a parametric family of boundary functions and two types of
regression residuals. The boundary functions we consider are related to those proposed by Horváth
et al. (2004). Extensions to various scalar time series models were developed by Berkes et al. (2004),
Aue et al. (2006) and Aue et al. (2012). Gösmann, Kley and Dette (2021) modified the monitoring
paradigm and developed methodology suitable for multivariate time series. Horváth, Kokoszka and
Wang (2021) worked out monitoring of quantile functions in various tail behavior scenarios. Their work
has a functional aspect, but it does not involve a sequence of random distributions; the randomness is
only in the scalar observations that come from deterministic distributions (one before a change, another
after it). Aue et al. (2014) monitor for changes in a function-on-function regression, using projections
on a finite (and fixed) number of functional principal components. Wu et al. (2022) consider monitoring
of independent high-dimensional observations. Chen, Wang and Samworth (2022) study online change
point detection for high-dimensional data in a classical sequential paradigm. For an informative review
of recent developments in change point monitoring, we refer to Gösmann (2020). While monitoring
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methodology is well developed for scalar observations, there are at present no methods to monitor data
in function spaces without dimension reduction.

3. Preliminaries

For ease of reference, we provide in this section several definitions and properties that will be used
throughout the paper.

Random continuous functions. For 𝐾 > 0, we denote by C([−𝐾,𝐾]) the space of continuous func-
tions on the interval [−𝐾,𝐾]. It is a separable Banach space equipped with the supremum norm
‖ 𝑓 ‖∞ := sup𝑡∈[−𝐾,𝐾 ] | 𝑓 (𝑡) |. Next, if (Ω,A,P) is a probability space, we call a Borel map 𝑋 : Ω →
C([−𝐾,𝐾]) a random function in C([−𝐾,𝐾]). Recall that the measurability of 𝑋 is equivalent to the
measurability of all evaluations 𝑋 (𝑡) for 𝑡 ∈ [−𝐾,𝐾], see e.g. Billingsley (1968), p. 84. Supposing that
𝑋 satisfies the first moment condition E‖𝑋 ‖∞ < ∞, we can define its mean function 𝜇 ∈ C([−𝐾,𝐾])
by the pointwise identity E𝑋 (𝑡) = 𝜇(𝑡) for all 𝑡. Moreover, if 𝑋 satisfies the second moment condi-
tion E‖𝑋 ‖2

∞ < ∞, we can define its continuous covariance kernel 𝑐 : [−𝐾,𝐾] × [−𝐾,𝐾] → R by the
pointwise identity

𝑐(𝑠, 𝑡) := E[(𝑋 (𝑡) − 𝜇(𝑡))(𝑋 (𝑠) − 𝜇(𝑠))], ∀𝑠, 𝑡 ∈ [−𝐾,𝐾] .

We say that a random function 𝑋 is normally distributed, if for any 𝑁 ∈ N and 𝑡1 < · · · < 𝑡𝑁 , the vector
(𝑋 (𝑡1), ..., 𝑋 (𝑡𝑁 )) follows a multivariate normal distribution. Additional aspects of continuous random
functions are discussed in the online Supplement (Kutta and Kokoszka (2025)), and for further details,
we refer the reader to Janson and Kaijser (2015).

Polygon chains. An important subspace of C([−𝐾,𝐾]) consists of the polygon chains with 𝑁 ≥ 2
grid-points PC([−𝐾,𝐾], 𝑁). Any function 𝑞 ∈ PC([−𝐾,𝐾], 𝑁) is characterized by values 𝑣𝑛 at the
grid points 𝑥𝑛 := (2𝑛𝐾/𝑁 − 𝐾), 𝑛 = 0, . . . , 𝑁 , i.e.

𝑞(𝑥) = 𝑣𝑛−1𝑥𝑛 − 𝑣𝑛𝑥𝑛−1

𝑥𝑛 − 𝑥𝑛−1
+ 𝑣𝑛 − 𝑣𝑛−1

𝑥𝑛 − 𝑥𝑛−1
𝑥, for 𝑥 ∈ [𝑥𝑛−1, 𝑥𝑛] . (3.1)

The canonical projection Π𝑁 : C([−𝐾,𝐾]) → PC([−𝐾,𝐾], 𝑁) is defined by setting 𝑣𝑛 = 𝑓 (𝑥𝑛) in
(3.1). By definition, 𝑞 is a piecewise linear function, interpolating between the grid points. The space
of 𝑁 polygon chains is an (𝑁 + 1)-dimensional subspace of C([−𝐾,𝐾]) and can be used to assess the
complexity of a function 𝑓 ∈ C([−𝐾,𝐾]) by the decay rate of ‖ 𝑓 −Π𝑁 ( 𝑓 )‖∞.

Continuous functions on an unbounded domain. Denote by C𝑏 (R) the space of bounded continuous
functions on R. Equipped with the (suitably adapted) supremum norm it is a separable Banach space.
Furthermore, we define the closed subspace C0(R) of functions vanishing at ±∞, i.e. the functions
𝑓 ∈ C𝑏 (R) that satisfy lim𝑡→∞ | 𝑓 (𝑡) | = lim𝑡→−∞ | 𝑓 (𝑡) | = 0. We call a Borel map 𝑋 : Ω → C𝑏 (R) a
random variable in C𝑏 (R) and say that it is in C0(R), if P(𝑋 ∈ C0(R)) = 1. As before, measurability of 𝑋
is equivalent to the measurability of all evaluations. Furthermore, the notions of expectation, covariance
function and normality in C𝑏 (R) can be defined in analogy to the case of continuous functions on a
compact interval (again, see the online Supplement).
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Random 𝐿𝑝-functions. For any 𝑝 ∈ [1,∞), we refer by 𝐿𝑝 ([−𝐾,𝐾]) (or short 𝐿𝑝) to the Lebesgue
space of measurable functions 𝑓 : [−𝐾,𝐾] → R, with finite norm

‖ 𝑓 ‖𝑝 :=
{ ∫

| 𝑓 (𝑥) |𝑝𝑑𝑥
}1/𝑝

.

Here, as common, we identify functions that are norm-equivalent. Equipped with this norm, 𝐿𝑝 is a
separable Banach space for all 𝑝 ≥ 1 and, similarly as before, we call a Borel map 𝑋 : (Ω,A,P) →
𝐿𝑝 ([−𝐾,𝐾]) a random function in 𝐿𝑝 . If the first moment of 𝑋 exists, i.e. if E‖𝑋 ‖𝑝 < ∞, we can
define its mean function 𝜇 ∈ 𝐿𝑝 ([−𝐾,𝐾]) by the identity∫

𝜇(𝑡) 𝑓 (𝑡)𝑑𝑡 = E

∫
𝑋 (𝑡) 𝑓 (𝑡)𝑑𝑡, ∀ 𝑓 ∈ 𝐿𝑞 ([−𝐾,𝐾]),

where 1/𝑞 + 1/𝑝 = 1. Here, for 𝑝 = 1 we obtain 𝑞 = ∞, and we denote by 𝐿∞([−𝐾,𝐾]) the space
of essentially bounded functions. If E‖𝑋 ‖2

𝑝 < ∞, the covariance can be characterized by the bilinear
operator

𝐶 [ 𝑓 , 𝑔] := E

[( ∫
𝑋 (𝑠) 𝑓 (𝑠)𝑑𝑡

) ( ∫
𝑋 (𝑡)𝑔(𝑡)𝑑𝑠

)]
, 𝑓 , 𝑔 ∈ 𝐿𝑞 ([−𝐾,𝐾]).

We say that a random function 𝑋 is normally distributed, if the product
∫

𝑋 (𝑡) 𝑓 (𝑡)𝑑𝑡 is a real valued
normal, for any 𝑓 ∈ 𝐿𝑞 . For details on random variables on Banach spaces in general and 𝐿𝑝-spaces in
particular, we refer to the monograph of Ledoux and Talagrand (1991).

Brownian motion in a Banach space. In order to describe the limiting distribution of our test statistics,
we employ the Brownian motion {𝑊 (𝑥) : 𝑥 ≥ 0} in the separable Banach space B. It is is a stochastic
process with continuous sample paths in B that has stationary, independent and normally distributed
increments. It is characterized by its mean E𝑊 (1) ∈ B (in our case, always the constant 0-function) and
the covariance of 𝑊 (1). The existence and uniqueness of this process are established similarly as for
the finite dimensional Brownian motion, see Kuelbs (1973) and references therein.

𝜙-mixing. To specify temporal dependence, we use the notion of 𝜙-mixing. Consider random ele-
ments 𝑋𝑛 in a separable Banach space. We say that the time series (𝑋𝑛)𝑛∈N is 𝜙-mixing, if there exists
a sequence of non-negative numbers 𝜙(𝑘) ↓ 0 such that

|P(𝐴 ∩ 𝐵) − P(𝐴)P(𝐵) | ≤ 𝜙(𝑘)P(𝐴)

for any two events 𝐴 ∈ 𝜎(𝑋𝑖 : 1 ≤ 𝑖 ≤ 𝑚) and 𝐵 ∈ 𝜎(𝑋𝑖 : 𝑖 ≥ 𝑚 + 𝑘) and any 𝑚, 𝑘 ≥ 1. Here, as always,
𝜎 denotes the sigma-algebra generated by the respective random variables. It is a direct consequence
of the definition of 𝜙-mixing that it is stable against measurable transforms. More precisely, if 𝑋𝑖 takes
values in the Banach space X and 𝑔 : X → Y is a measurable map into another Banach space, the
time series (𝑔(𝑋𝑛))𝑛∈N is also 𝜙-mixing with coefficients (𝜙𝑔 (𝑛))𝑛∈N satisfying 𝜙𝑔 (𝑛) ≤ 𝜙(𝑛) for all
𝑛 ≥ 1. This property makes mixing more convenient for our purposes than measures of dependence
that involve moments. For details on 𝜙-mixing, as well as helpful covariance inequalities, we refer to
the monograph of Dehling, Mikosch and Sørensen (2002) and for a survey on different mixing types to
Bradley (1986).



Monitoring of functional time series 3361

4. Monitoring for a mean change in Banach spaces

In this section, we investigate the problem of monitoring a functional time series (𝑋𝑛)𝑛∈N for a mean
change. We first define a general setting on a separable Banach space (B, ‖ · ‖), and then split up our
analysis along different function spaces.

The statistical model. Consider two different mean functions 𝜇 (1) , 𝜇 (2) ∈ B and a strictly stationary
time series of model errors (𝜀 (1)𝑛 , 𝜀

(2)
𝑛 )𝑛∈N in B × B. We assume that these errors are centered, i.e.

E[𝜀 (1)1 ] = E[𝜀 (2)1 ] = 0. We assume that the observations 𝑋𝑛 satisfy

𝑋𝑛 :=

{
𝜇 (1) + 𝜀

(1)
𝑛 , 𝑛 ≤ 𝑀 + 𝑘∗,

𝜇 (2) + 𝜀
(2)
𝑛 , 𝑛 > 𝑀 + 𝑘∗.

(4.1)

Here, as before, 𝑀 denotes the length of an initial, stable set and 𝑘∗ ∈ N ∪ {∞} the location of the
change, where 𝑘∗ =∞ means that no change occurs. We are interested in testing the hypotheses

𝐻0 : 𝜇 (1) = 𝜇1 = · · · = 𝜇𝑀 = 𝜇𝑀+1 = 𝜇𝑀+2 = · · · , (4.2)

versus 𝐻1 : 𝜇 (1) = 𝜇1 = · · · = 𝜇𝑀+𝑘∗ ≠ 𝜇 (2) = 𝜇𝑀+𝑘∗+1 = 𝜇𝑀+𝑘∗+2 = · · ·

or, 𝐻0 : 𝑘∗ =∞ versus 𝐻1 : 𝑘∗ <∞.

A change point detector. Let 𝛾 ∈ [0,1/2), 𝜁 ∈ (0,1) and define the notation (𝑥)𝜁 := max(𝑥, 𝜁). Then
we can define the weight function,

𝑔(𝑀, 𝑘) := 𝑀1/2
(
1 + 𝑘

𝑀

) ( 𝑘

𝑀 + 𝑘

)𝛾
𝜁
. (4.3)

The cutoff 𝜁 > 0 is needed in infinite-dimensional spaces, but can be made arbitrarily small in practice,
see Remark 4.1. We provide an intuitive explanation for the choice of the weight function (4.3) in the
online Supplement (Kutta and Kokoszka (2025)). With this notation in hand, we define the detector

Γ𝑀 (𝑘) :=
���� 𝑘
𝑀

∑𝑀
𝑛=1 𝑋𝑛 −

∑𝑀+𝑘
𝑛=𝑀+1 𝑋𝑛

𝑔(𝑀, 𝑘)

����. (4.4)

Level-𝛼 and consistency. We now discuss the behavior of the detector under 𝐻0 and 𝐻1. We will
show that under 𝐻0,

sup
𝑘≥1

Γ𝑀 (𝑘) 𝑑→ sup
𝑥∈[0,1]

����𝑊 (𝑥)
(𝑥)𝛾𝜁

����, as 𝑀 →∞, (4.5)

where 𝑊 is a centered, B-valued Brownian motion, with the covariance structure of the time series
(𝜀 (1)𝑛 )𝑛∈N (see Theorems 4.1–4.3 for explicit expressions). If the covariance structure of 𝑊 were known,
we could, for any 𝛼 ∈ (0,1), approximate the upper 𝛼-quantile of the limiting distribution, say 𝑞1−𝛼,
and propose the test decision to reject as soon as

Γ𝑀 (𝑘) > 𝑞1−𝛼. (4.6)

In practice, the covariance structure of 𝑊 is unknown, but it can be approximated using the stable,
initial sample, see Section 6.4. If (4.5) holds, it follows that the test decision (4.6) has asymptotic level
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𝛼, as 𝑀 →∞. Besides the level of the test decision, we also want to analyze its consistency. Therefore,
we consider local alternatives with mean functions 𝜇 (1) , 𝜇 (2) and a change point location 𝑘∗ that may
depend on 𝑀 . We call our approach

√
𝑀-consistent if

√
𝑀 ‖𝜇 (1) − 𝜇 (2) ‖ →∞, (4.7)

implies

P

(
sup
𝑘≥1

Γ𝑀 (𝑘) > 𝑞1−𝛼
)
→ 1. (4.8)

We now formulate the corresponding results in specific function spaces.

Monitoring in C([−𝐾,𝐾]). We now analyze the change point detector for continuous data on a com-
pact interval. We first specify the assumptions.

Assumption 4.1.

i) (Dependence) The time series (𝜀 (1)𝑛 , 𝜀
(2)
𝑛 )𝑛∈N in C([−𝐾,𝐾]) × C([−𝐾,𝐾]) is strictly stationary

and 𝜙-mixing. For some integer 𝐽 ≥ 1 and 𝜈 > 2𝐽2, the mixing coefficients satisfy

𝜙(𝑘) = O(𝑘−𝜈).

ii) (Moments) For some 𝛿 > 0 and 𝑖 = 1,2 it holds that E‖𝜀 (𝑖)1 ‖2𝐽+𝛿
∞ < ∞.

iii) (Centering) For 𝑖 = 1,2, it holds that E[𝜀 (𝑖)1 ] = 0.
iv) (Smoothness) For some 𝜌 > 1/(2𝐽) and 𝑖 = 1,2, it holds that

sup
𝑠≠𝑡

E

[( |𝜀 (𝑖)1 (𝑡) − 𝜀
(𝑖)
1 (𝑠) |

|𝑡 − 𝑠 |𝜌

)2𝐽 ]
< ∞.

Moreover, each mean function 𝜇 (𝑖) is 𝜌-Hölder continuous.

Condition i) means that the noise terms in (4.1) are weakly dependent and stationary, before and after
the change. Allowing a break in the noise distribution at the change point location is often necessary.
Conditions ii) and iii) are standard in the change point literature and usually required to prove invariance
principles, see e.g. Dehling (1983), Berkes, Horváth and Rice (2013). Finally, condition iv) ensures
smoothness of the observations, which translates into smoothness of the sample average. If dependence
of the random errors 𝜀

(𝑖)
𝑛 is weaker (see Condition i)) and if more moments exist, we allow for less

smoothness of the sample paths. For 𝜌 < 1/2, Condition iv) is satisfied, e.g., by the Brownian motion
or by general classes of Itô processes, as discussed in Theorem 1 of Fischer and Nappo (2009). In
the space C([−𝐾,𝐾]), there exists a close connection between smoothness of stochastic processes
and their tightness, which can be thought of as a narrow concentration around a finite dimensional
vector space - in our case a space of polygon chains. A similar, but stronger condition was used in
Dette, Kokot and Aue (2020) for the study of functional time series in a retrospective change point
setting. Now, we state our main mathematical result, the weak convergence of the random variable
sup𝑘≥1 Γ𝑀 (𝑘).
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Theorem 4.1. Suppose that Assumption 4.1 is satisfied. Then, under 𝐻0, the weak convergence (4.5)
holds and the covariance kernel of the Brownian motion 𝑊 is given by 𝑐

(1)
𝑊 , where

𝑐
(𝑖)
𝑊 (𝑠, 𝑡) := E

[
𝜀
(𝑖)
1 (𝑠)𝜀 (𝑖)1 (𝑡)

]
+ 2

∑
𝑛≥2

E
[
𝜀
(𝑖)
1 (𝑠)𝜀 (𝑖)𝑛 (𝑡)

]
, ∀𝑠, 𝑡 ∈ [−𝐾,𝐾] . (4.9)

Under 𝐻1 and (4.7), the convergence (4.8) holds (
√
𝑀-consistency).

The test decision (4.6) based on Theorem 4.1 presents a new approach to the monitoring of functional
time series. First, to the best of our knowledge, it is the first monitoring scheme derived in an infinite-
dimensional function space. Previous work (Aue et al. (2014)) relied on projections on a fixed number of
principal components combined with strong approximations of KMT-type for multivariate data that do
not extend to infinite-dimensional data. Second, in contrast to most FDA work, it considers functional
data as elements in the Banach space of continuous functions C([−𝐾,𝐾]) rather than the Hilbert space
𝐿2. In the context of continuous functions, we employ strong approximations for Banach space valued
data, established by Dehling (1983), to replace sums of random functions by a functional Brownian
motion. A critical condition for these results is the tightness of the partial sum process in C([−𝐾,𝐾]).
We show that it holds because the process concentrates closely around a finite dimensional subspace
of polygon chains. The tightness proof relies on maximum inequalities from the theory of stochastic
processes.

Remark 4.1. We provide a few more details on Theorem 4.1:

i) The proof of this theorem can be adapted to include other types of dependence conditions, such
as absolutely regular sequences of 𝛽-mixing random functions. In this case, different results of
Dehling (1983) would need to be used.

ii) The constant 𝜁 > 0 can be chosen arbitrarily small in practice (see, Wied and Galeano (2013) and
Pape, Wied and Galeano (2016)). An investigation of the proof of Theorem 4.1 together with the
results in Dehling (1983), shows that a choice of 𝜁 = 0 is possible, for sufficiently small 𝛾. With
this parameter choice, 𝑔 is identical to the popular weight function from Horváth et al. (2004).
Regarding the relation of 𝜁 and 𝛾, our results for Banach valued data differ from those in the
multivariate setting, where the KMT theorems imply that 𝜁 = 0 is permissible for any 𝛾 ∈ [0,1/2)
if sufficiently many moments exist. A potential strategy to generalize our results for 𝜁 = 0 and
𝛾 > 0 might be the application of Hölderian invariance principles to control the sum

∑𝑀+𝑘
𝑛=𝑀+1 𝑋𝑛

for small values of 𝑘 . For Hilbert space valued data such results have been established e.g. by
Račkauskas and Suquet (2009) and Theorem 2.1 of that work indicates that extensions to other
separable Banach spaces such as C([−𝐾,𝐾]) might be possible.

iii) In this paper, we consider functions on the compact interval [−𝐾,𝐾]. It is however clear that by
shifting and rescaling the functions the same procedures can be used for any compact subinterval
of the real line.

Monitoring in C0(R). Most literature on FDA is focused on random functions living on a compact
domain, typically a compact interval. Such assumptions are motivated by the clear-cut, bounded sup-
port that functions in many problems exhibit, say the study of yearly temperature profiles, where the
temperature is measured over the compact time interval of one year, see, e.g., Aue, Rice and Sönmez
(2018), among hundreds of references. Yet, the choice of the supporting interval is not always that
simple: Consider the case of a sequence of random densities ( 𝑓𝑛)𝑛∈N discussed in Section 6.3. Many
important families of parametric densities have unbounded support and considering them on a compact
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subinterval of R seems artificial. Even if all densities in the time series were supported on one joint,
compact interval 𝐼, it might not be clear what 𝐼 is, specifically when we are interested in monitoring
schemes and not all data is available at the outset. For these reasons, we now present a version of
our theory for data in C0(R), the space of continuous functions that vanish at ±∞, equipped with the
sup-norm. We require essentially the same assumptions as in the compactly supported case.

Assumption 4.2. Assumption 4.1 holds with C([−𝐾,𝐾]) replaced everywhere by C0(R).

In contrast to the space of continuous functions on a compact interval, the space C0 (R) poses addi-
tional challenges in terms of tightness of stochastic processes. More precisely, tightness of a random
element in an infinite-dimensional vector space means concentration around a low-dimensional sub-
space, also known as flatness. In the case of C([−𝐾,𝐾]), we use the space of polygon chains with 𝑁
edges. This construction does not generalize to C0 (R), where a stochastic process may fluctuate for
large arguments outside the range [−𝐾,𝐾] of any finite polygon chain. Therefore, we modify our ap-
proach and endow C0 (R) for the study of our change point detector with a weaker topology than that
induced by the sup-norm. For a constant 𝐵 > 0 and a positive weight function 𝜓 ∈ C0(R), we define

‖ 𝑓 ‖𝐵,𝜓 := sup
𝑡∈R

�� ( 𝑓 (𝑡) ∧ 𝐵
)
· 𝜓(𝑡)

��, 𝑓 ∈ C0(R). (4.10)

Here “𝑥 ∧ 𝑦” denotes the minimum of 𝑥, 𝑦 ∈ R. Notice that we can assess the distance of two functions
𝑓1, 𝑓2 ∈ C0 (R) by ‖ 𝑓1 − 𝑓2‖𝐵,𝜓 , which defines a metric on C0(R). To make it unambiguously clear
which norm (and topology) we are considering, we will in the following always write (C0 (R), ‖ · ‖𝐵,𝜓)
whenever referring to the continuous functions equipped with ‖ · ‖𝐵,𝜓 and (C0 (R), ‖ · ‖∞) if we consider
the ordinary sup-norm. Also notice that in Assumption 4.2 we are referring to (C0 (R), ‖ · ‖∞). While
‖ · ‖𝐵,𝜓 is not a norm (it lacks homogeneity), it has certain norm-like properties, making it a G-
norm, compatible with the additive group structure of the vector space of functions, see Chapter 22 in
Schechter (1997). We provide further details on ‖ · ‖𝐵,𝜓 and the choice of 𝐵 and 𝜓 in Remark 4.2.

Redefining the detector Γ𝑀 in (4.4) using the G-norm (4.10), allows us to detect changes in
(C0(R), ‖ · ‖𝐵,𝜓). For the formulation of local alternatives, we assume additionally to (4.7) (change
of size larger than 1/

√
𝑀), a concentration of the difference 𝜇 (1) − 𝜇 (2) , i.e. that for some large enough

(but unknown) 𝐾 > 0
√
𝑀 sup
𝑡∈[−𝐾,𝐾 ]

|𝜇 (1) (𝑡) − 𝜇 (2) (𝑡) | →∞. (4.11)

This is in particular true for any fixed pair of functions 𝜇 (1) , 𝜇 (2) ∈ C0(R). Within the above setting,
we can define and prove the validity of the monitoring scheme under basically the same assumptions
as in the compactly supported case.

Theorem 4.2. Suppose that Assumption 4.2 is satisfied. Then, under 𝐻0, convergence (4.5) holds with
the norm ‖ · ‖ replaced by the G-norm ‖ · ‖𝐵,𝜓 . The covariance kernel of the Brownian motion 𝑊 in
(C0(R), ‖ · ‖∞) is given by

𝑐
(𝑖)
𝑊 (𝑠, 𝑡) := E

[
𝜀
(𝑖)
1 (𝑠)𝜀 (𝑖)1 (𝑡)

]
+ 2

∑
𝑛≥2

E
[
𝜀
(𝑖)
1 (𝑠)𝜀 (𝑖)𝑛 (𝑡)

]
, 𝑠, 𝑡 ∈ R. (4.12)

Under 𝐻1, (4.7) and (4.11), convergence (4.8) holds for any large enough 𝐵 > 0.
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We note that 𝑊 as stochastic process on (C0 (R), ‖ · ‖∞) is also a stochastic process on (C0 (R), ‖ ·
‖𝐵,𝜓). Moreover, the covariance function (4.12) in Theorem 4.2 is the same as the covariance function
(4.9) in Theorem 4.1, except that the ranges for 𝑠 and 𝑡 are different.

Remark 4.2. We provide additional comments on the G-norm and its application.

i) The G-norm (4.10) metricizes the topology of compact convergence on C0(R). In this topology, a
sequence of functions ( 𝑓𝑛)𝑛∈N converges to 𝑓 , if for any compact set E

sup
𝑡∈E

| 𝑓𝑛 (𝑡) − 𝑓 (𝑡) | → 0.

The resulting topology is strictly weaker than that induced by the sup-norm. One consequence of
this is the fact that while (C0 (R), ‖ · ‖∞) is a closed metric space, the space (C0 (R), ‖ · ‖𝐵,𝜓) is
not closed.

ii) Even though from a topological viewpoint it does not matter which pair of (𝐵,𝜓) is selected to
define the G-norm, it matters for the statistical application. While the specific choice may depend
on the application at hand, we recommend to generically use large values of 𝐵 and a slowly
decaying weight function 𝜓, for high power against a broad spectrum of alternatives.

Monitoring in 𝐿𝑝 . Up to this point, we have considered the detector Γ𝑀 for continuous functions.
Now, we will consider an analogue of Theorem 4.1 that is specifically tailored to 𝐿𝑝-spaces, 𝑝 ∈ [2,∞).
The space 𝐿2 is commonly used in FDA, but there are relatively few results for other 𝐿𝑝-spaces. For
the next result, we require weaker dependence, moment and regularity conditions than before. Most
importantly, we do not require our observations to be continuous.

Assumption 4.3.

i) (Dependence) The time series (𝜀 (1)𝑛 , 𝜀
(2)
𝑛 )𝑛∈N in 𝐿𝑝 ([−𝐾,𝐾]) × 𝐿𝑝 ([−𝐾,𝐾]) is strictly station-

ary and 𝜙-mixing, such that for some 𝜈 > 2

𝜙(𝑘) = O(𝑘−𝜈).

ii) (Moments) For some 𝛿 > 0 and 𝑖 = 1,2, E‖𝜀 (𝑖)1 ‖2+𝛿
𝑝 < ∞.

iii) (Centering) For 𝑖 = 1,2, E[𝜀 (𝑖)1 ] = 0 ∈ 𝐿𝑝 ([−𝐾,𝐾]).
iv) (Regularity) For 𝑖 = 1,2, there exist sequences of 𝑁-dimensional subspaces 𝑉 (𝑖)

𝑁 ⊂ 𝐿𝑝 ([−𝐾,𝐾])
with projections Λ(𝑖)

𝑁 : 𝐿𝑝 ([−𝐾,𝐾]) →𝑉
(𝑖)
𝑁 , such that

E
[
‖{Id −Λ(𝑖)

𝑁 }[𝜀 (𝑖)1 ]‖2+𝛿
𝑝

]
= O(𝑁−𝜉 ), (4.13)

for some 𝜉 > 0. Moreover, the mean functions satisfy 𝜇 (1) , 𝜇 (2) ∈ 𝐿𝑝 ([−𝐾,𝐾]).

Conditions i)-iii) are analogues of those in Assumption 4.1 for the (least restrictive) case of a
Hölder index 𝜌 > 1/2. The final condition ensures that the observations are concentrated around a
low-dimensional subspace, thus guaranteeing tightness of the partial sum processes in the definition of
Γ𝑀 . An appropriate choice of the function space 𝑉

(𝑖)
𝑁 depends on the distribution of the data. It can,

for instance, make sense to choose the space of polygon chains, defined in Section 3. If the functions
𝜀
(𝑖)
𝑛 are piecewise Hölder continuous, it can be shown that they satisfy condition iv). Another choice

for 𝑉 (𝑖)
𝑁 might be a space of step functions, where 𝜀

(𝑖)
𝑛 is essentially approximated by its Riemann sum.
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In the case of 𝐿2 data, Condition iv) can be further weakened by replacing moments of order 2 + 𝛿 by
second moments.

Assumption 4.3 (Continued).

iv)’ (Regularity) For 𝑖 = 1,2, there exist sequences of 𝑁-dimensional subspaces𝑉 (𝑖)
𝑁 ⊂ 𝐿2([−𝐾,𝐾])

with projections Λ(𝑖)
𝑁 : 𝐿2([−𝐾,𝐾]) →𝑉

(𝑖)
𝑁 , such that

E
[
‖{Id −Λ(𝑖)

𝑁 }[𝜀 (𝑖)1 ]‖2
2

]
= O(𝑁−𝜉 ), (4.14)

for some 𝜉 > 0. Moreover, the mean functions satisfy 𝜇 (1) , 𝜇 (2) ∈ 𝐿2([−𝐾,𝐾]).

The advantage of Condition iv)’ compared to iv) for 𝐿2-spaces is that it can be checked by a simple,
sufficient criterion, in terms of the ordered eigenvalues 𝜆

(𝑖)
1 ≥ 𝜆

(𝑖)
2 ≥ ... of the covariance of 𝜀

(𝑖)
1 .

Lemma 4.1. Suppose that Assumption 4.3, Conditions i)-iii) hold for 𝑝 = 2. Furthermore, suppose
that there exist constants 𝐶, 𝜉 > 0 such that 𝜆

(𝑖)
𝑛 ≤ 𝐶𝑛−(1+𝜉 ) . Then (4.14) holds with Λ(𝑖)

𝑁 being the

projection on the subspace spanned by the leading 𝑁 functional principal components of 𝜀 (𝑖)1 .

We can now formulate our results for 𝐿𝑝-spaces.

Theorem 4.3. Suppose that 𝑝 ∈ [2,∞) and that Assumption 4.3 is satisfied with Condition iv)’ instead
of iv) if 𝑝 = 2. Then, under 𝐻0, the weak convergence (4.5) holds and the covariance of the Brownian
motion 𝑊 is given by 𝐶

(1)
𝑊 , where

𝐶
(𝑖)
𝑊 ( 𝑓 , 𝑔) :=E

[ ∫
𝜀
(𝑖)
1 (𝑠) 𝑓 (𝑠)𝑑𝑠

∫
𝜀
(𝑖)
1 (𝑡)𝑔(𝑠)𝑑𝑠

]
(4.15)

+ 2
∑
𝑛≥2

E

[ ∫
𝜀
(𝑖)
1 (𝑠) 𝑓 (𝑠)𝑑𝑠

∫
𝜀
(𝑖)
𝑛 (𝑡)𝑔(𝑠)𝑑𝑠

]
, 𝑓 , 𝑔 ∈ 𝐿𝑞 [−𝐾,𝐾],

for 1/𝑝 + 1/𝑞 = 1. Under 𝐻1 and (4.7), the convergence (4.8) holds (
√
𝑀-consistency).

Remark 4.3. The results formulated in this section rely on strong approximations for sums of Ba-
nach space valued random variables. It is important to notice that such approximations depend on the
geometric structure of the Banach space in question. The case of continuous functions is particularly
challenging, since C([−𝐾,𝐾]) is well-known to be a Banach space with (trivial) type 1 and cotype
∞. In contrast, 𝐿𝑝 spaces with 𝑝 ≥ 2 are known to have type 2 and cotype 𝑝, see e.g. Chapter 9.3 in
Ledoux and Talagrand (1991), meaning that many tools from probability theory extend to these spaces,
such as the Marcinkiewicz–Zygmund inequality with index 2, Utev (1991). Another tool that extends to
certain spaces of type 2, including all 𝐿𝑝-spaces for 𝑝 ≥ 2, are Rosenthal inequalities with index > 2,
which entail CLTs for Banach spaces (see Chapters 9 and 10 in Ledoux and Talagrand (1991)). The
role of these inequalities is to transfer tightness from individual random variables to partial sums. For
instance, we exploit in our proofs for 𝐿𝑝-spaces the bounds

E

���{Id −Λ(𝑖)
𝑁 }

[ 1
√
𝑛

𝑛∑
𝑗=1

𝜀
(𝑖)
𝑗

]���2

𝑝
≤ 𝐶

𝑛

𝑛∑
𝑖=1

E‖{Id −Λ(𝑖)
𝑁 }[𝜀 (𝑖)𝑗 ]‖2

𝑝 = O(𝑁−𝜉 ),
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where we have used Assumption 4.3, iv) for the second equality. Such inequalities are generally not
available for Banach spaces of type 𝑝 < 2 and in particular potential extensions of Theorem 4.3 to 𝐿𝑝-
spaces with 𝑝 ∈ [1,2) will have to rely on different proof strategies than those pursued in this paper. For
further details on the relation between probabilistic properties of Banach spaces and their geometry,
we refer the reader to Hoffmann-Jørgensen (1974), Diestel and Uhl (1976) and Ledoux and Talagrand
(1991).

5. Monitoring for a change in a sequence of estimated random
densities

In this section, we consider monitoring a time series of random density functions. In contrast to the
previous section, we assume that the true functions of interest, the densities, are not directly observable,
and we only have access to estimators based on a (small) data sample. We focus on densities to provide
more specific results in an important case, but it is clear that our results could be extended to other time
series of estimated functions.

Statistical model. We now specify our model: Let ( 𝑓 (1)𝑛 )𝑛∈N and ( 𝑓 (2)𝑛 )𝑛∈N denote two stationary
time series of continuous probability densities on R and define

𝑓𝑛 :=

{
𝑓
(1)
𝑛 , 𝑛 ≤ 𝑀 + 𝑘∗,

𝑓
(2)
𝑛 , 𝑛 > 𝑀 + 𝑘∗.

(5.1)

Here, as before, 𝑘∗ ∈ N∪ {∞} specifies the time of a change, with 𝑘∗ =∞ corresponding to no change.
As in the previous section, we define the mean functions 𝜇𝑛 := E 𝑓𝑛 and 𝜇 (𝑖) := E 𝑓

(𝑖)
𝑛 for 𝑖 = 1,2, and

consider the hypothesis pair (4.2). Notice, that if the mean function of a random probability density
is well-defined, it is again a probability density. One could clearly work with densities transformed in
some way, using LQD, CLR or other transforms, see Petersen, Zhang and Kokoszka (2022) for a review,
but we want to focus here on the estimation aspect, so we do not include any of those transformations.
We now assume that we cannot directly observe the functions 𝑓𝑛. Rather, we base our inference on a
sample of 𝐿 i.i.d. observations sampled from the densities, i.e.

𝑥
(𝑖)
1,𝑛, ..., 𝑥

(𝑖)
𝐿,𝑛 ∼ 𝑓

(𝑖)
𝑛 , 𝑖 = 1,2. (5.2)

We assume that conditionally on the time series ( 𝑓 (1)𝑛 , 𝑓
(2)
𝑛 )𝑛∈N the random variables {𝑥 (𝑖)

ℓ,𝑛
: 1 ≤ ℓ ≤

𝐿, 𝑛 ∈ N, 𝑖 = 1,2} are independent. Based on a sample {𝑥 (𝑖)1,𝑛, ..., 𝑥
(𝑖)
𝐿,𝑛}, we construct the corresponding

kernel density estimator 𝑓
(𝑖)
𝑛 . Denoting by K a non-negative kernel function with

∫
K (𝑡)𝑑𝑡 = 1 and

by ℎ𝐿 a positive bandwidth, 𝑓
(𝑖)
𝑛 is then defined as

𝑓
(𝑖)
𝑛 (𝑡) :=

1
𝐿ℎ𝐿

𝐿∑
ℓ=1

K

( 𝑡 − 𝑥
(𝑖)
ℓ,𝑛

ℎ𝐿

)
. (5.3)

In reality, we do not know the value of 𝑖, which indicates whether we are before or after the change
point. To reflect this in our notation, we define the ℓth observation in period 𝑛 as 𝑥ℓ,𝑛 := 𝑥

(𝑖)
ℓ,𝑛

if 𝑓𝑛 = 𝑓
(𝑖)
𝑛

and the corresponding kernel density estimator as 𝑓𝑛 := 𝑓
(𝑖)
𝑛 . So, in practice, for some time 𝑘 ≥ 1, we
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observe the panel of points

{𝑥ℓ,𝑛 : 1 ≤ ℓ ≤ 𝐿, 𝑛 = 1, ..., 𝑀 + 𝑘}, (5.4)

from which construct the functional observations 𝑓1, ..., 𝑓𝑀+𝑘 . We regard these density estimates as
random functions in the space C0(R) and apply the sequential change point based on Theorem 4.2.
(In the online Supplement, we establish that these estimators are indeed measurable random functions
in C0(R).) A key issue is whether the assumptions imposed on the random densities 𝑓𝑛 translate to
suitable conditions on the 𝑓𝑛, so that Theorem 4.2 can be applied.

Remark 5.1. We emphasize that the sampling scheme proposed in this section introduces two sources
of randomness: First, the densities 𝑓𝑛 are themselves random functions, i.e. functional data objects.
Second, the act of sampling from them to calculate the estimates 𝑓𝑛 introduces additional random-
ness. This framework differs from non-functional models in which the distribution remains constant
before and after a change point - see, Matteson and James (2014), Kojadinovic and Verdier (2021) and
Horváth, Kokoszka and Wang (2021) for some examples. While these methodologies offer robust tools
to investigate distributional changes, they presuppose a fixed data-generating process between adjacent
time periods. This assumption is unrealistic in typical functional settings where the underlying func-
tions are random objects. A scenario of this type is explored in our data analysis in Section 6.3, where
we examine the distributions of intraday log-returns that vary from day to day.

We begin by specifying the assumptions on the unobservable densities, the kernels and the mean
functions before and after the change.

Assumption 5.1.

i) (Dependence) The time series ( 𝑓 (1)𝑛 , 𝑓
(2)
𝑛 )𝑛∈N in C0(R) × C0 (R) is strictly stationary and 𝜙-

mixing, with mixing coefficients satisfying for some 𝛿 > 0

𝜙(𝑘) = O(𝑘−2(1+𝛿) ).

ii) (Kernel & Bandwidth) The kernel function K is Lipschitz continuous and bounded, and the
bandwidth ℎ𝐿 is positive.

iii) (Moments) It holds that E‖ 𝑓 (1)1 ‖∞,E‖ 𝑓 (2)1 ‖∞ < ∞. Furthermore, the expectations 𝜇 (1) , 𝜇 (2)

satisfy for some 𝑡 ∈ [−𝐾,𝐾]

𝜇̃ (1) (𝑡) :=
∫

K (𝑥)𝜇 (1) (𝑥ℎ𝐿 − 𝑡)𝑑𝑥 ≠
∫

K (𝑥)𝜇 (2) (𝑥ℎ𝐿 − 𝑡)𝑑𝑥 =: 𝜇̃ (2) (𝑡).

The last condition guarantees that a change in mean density translates into a change in the mean
function of the kernel density estimator, which can be shown to equal E 𝑓

(𝑖)
𝑛 = 𝜇̃ (𝑖) , see Lemma 5.1

below. The assumption holds for any fixed 𝜇 (1) ≠ 𝜇 (2) and any kernel function K for sufficiently
small ℎ𝐿 , see Proposition 4.1.1. in Giné and Nickel (2016).

Next, we demonstrate that the time series of density estimators is weakly dependent and strictly
stationary before and after the potential change point.
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Lemma 5.1. Suppose that Assumption 5.1 holds.

i) Then 𝜇̃ (𝑖) = E 𝑓
(𝑖)
𝑛 for 𝑖 = 1,2.

ii) The sequence ( 𝑓 (1)𝑛 , 𝑓
(2)
𝑛 )𝑛∈N is strictly stationary in C0(R) × C0(R) and 𝜙-mixing, with coeffi-

cients 𝜙(𝑘) ≤ 𝜙(𝑘).

Lemma 5.1 demonstrates that the assumptions of Theorem 4.2 are met (in this formulation for fixed
mean functions). We can now redefine the change point detector for the estimated functions as

Γ̂𝑀 (𝑘) :=
���� 𝑘
𝑀

∑𝑀
𝑛=1 𝑓𝑛 −

∑𝑀+𝑘
𝑛=𝑀+1 𝑓𝑛

𝑔(𝑀, 𝑘)

����
𝐵,𝜓

. (5.5)

For ease of notation, we also define the residual 𝜀 (𝑖)𝑛 := 𝑓
(𝑖)
𝑛 − 𝜇̃ (𝑖) .

Theorem 5.1. Suppose that Assumption 5.1 and the null hypothesis 𝐻0 hold (𝑘∗ =∞). Then, the weak
convergence

sup
𝑘≥1

Γ̂𝑀 (𝑘) 𝑑→ sup
𝑥∈[0,1]

����𝑊 (𝑥)
(𝑥)𝛾𝜁

����
𝐵,𝜓

, as 𝑀 →∞, (5.6)

follows, where where 𝑊 is a centered, functional Brownian motion on C0(R). The covariance of 𝑊 is
𝑐
(1)
𝑊 , where

𝑐
(𝑖)
𝑊 (𝑠, 𝑡) := E

[
𝜀
(𝑖)
1 (𝑠)𝜀 (𝑖)1 (𝑡)

]
+ 2

∑
𝑛≥2

E
[
𝜀
(𝑖)
1 (𝑠)𝜀 (𝑖)𝑛 (𝑡)

]
𝑠, 𝑡 ∈ R.

If 𝐻1 holds for 𝑘∗ = 𝑘∗(𝑀) < ∞ and 𝐵 > 0 is sufficiently large, then

P

(
sup
𝑘≥1

Γ̂𝑀 (𝑘) > 𝑞1−𝛼
)
→ 1. (5.7)

Here 𝑞1−𝛼 is the upper 𝛼-quantile of the limiting distribution in (5.6).

Remark 5.2. For simplicity of presentation, we have in this section assumed that the bandwidth ℎ𝐿
is fixed and deterministic for all densities 𝑓𝑛. However, our theory allows a straightforward extension
to random bandwidths that depend on 𝑛. For this purpose, define a bandwidth selection rule 𝐻 that
can be understood as a measurable function 𝐻 : R𝐿 → [𝑎, 𝑏], where 𝑎 < 𝑏 are positive numbers. Then,
defining ℎ

(𝑖)
𝐿,𝑛 := 𝐻 (𝑥 (𝑖)1,𝑛, ..., 𝑥

(𝑖)
𝐿,𝑛) and redefining

𝑓
(𝑖)
𝑛 (𝑡) :=

1

𝐿ℎ
(𝑖)
𝐿

𝐿∑
ℓ=1

K

( 𝑡 − 𝑥
(𝑖)
ℓ,𝑛

ℎ
(𝑖)
𝐿,𝑛

)
, (5.8)

all results from this section remain true. One could also modify our arguments to accommodate random
sample sizes 𝐿, assuming they are uniformly bounded from below and above.
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6. Finite sample properties

In this section, we study the finite sample properties the proposed monitoring schemes. We begin with
two simulation studies, first for fully observed functional data, in Section 6.1, and second for estimated
random densities, in Section 6.2. In Section 6.3, we consider a data example of return distributions dur-
ing the Great Recession of 2008. Finally, Sections 6.4 and 6.5 provide additional details on parameter
choices and covariance estimation.

6.1. Monitoring functional time series

We consider a functional time series of the form (4.1), where the mean functions before and after the
change point are given by

𝜇 (1) (𝑡) = 0 and 𝜇 (2) (𝑡) = 𝑎 cos(2𝜋𝑡), 𝑡 ∈ [0,1],

respectively. Here, 𝑎 ≥ 0 is a constant that quantifies the distance to the null hypothesis 𝐻0, with 𝑎 = 0
corresponding to no change.

For the noise terms, we set 𝜀 (1)𝑛 = 𝜀
(2)
𝑛 =: 𝜀𝑛 and consider different scenarios. Defining by (𝜀𝑛)𝑛∈N

a sequence of i.i.d., centered noise functions, we consider 1) the independent case 𝜀𝑛 = 𝜀𝑛 and 2) the
dependent case 𝜀𝑛 = (𝜀𝑛 + 𝜀𝑛−1)/

√
2. For the distribution of the (𝜀𝑛)𝑛∈N, we consider a) the standard

Brownian motion and b) a diffusion process, defined as the stochastic integral 𝜀𝑛 (𝑡) :=
∫ 𝑡

0 𝜎(𝑠)𝑑𝑤𝑛 (𝑠),
where 𝑤1, 𝑤2, ... are i.i.d. standard Brownian motions and 𝜎(𝑡) := 10(𝑡 − 0.5)2 is a U-shaped volatility
function. In Figure 1, we display some observations 𝑋𝑛 = 𝜇 (𝑖) + 𝜀𝑛 before and after a mean change,
with errors generated by the Brownian motions. All functions are discretized by evaluating them on an
equidistant grid on [0,1] with 50 grid-points. Notice that for convenience, the random functions 𝑋𝑛
are indexed in the unit interval, rather than some interval symmetric around 0, which is permissible
according to Remark 4.1, part iii).

In order to approximate the quantiles of the limiting distribution, we estimate in each simulation run
the long-run variance kernel 𝑐𝑊 , based on the first 𝑀 (stable) observations. The estimator 𝑐𝑊 is based
on autocovariance functions up to order 2 and the precise definition is given in Section 6.5, below.
We consider 𝑎 ∈ {0,1/10,2/10, ...,8/10} to study power, with 𝑎 = 0 corresponding to 𝐻0. We fix the
parameters 𝜁 = 0.05 and 𝛾 = 0.3 (their impact is studied in additional simulations in Section 6.4). The
nominal level is fixed at 𝛼 = 5% and is indicated in Figure 2 by a light gray horizontal line. We consider

Figure 1. Realizations of functions 𝑋𝑛 before (left) and after (right) the change point, for 𝑎 = 0.3 and independent
Brownian motions as errors.
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Figure 2. Power of the test (4.6) for randomfunctions (𝑦-axis) against alternatives of different sizes 𝑎 (𝑥-axis),
with 𝑎 = 0 standing for the null hypothesis. The curves correspond to different sizes of the stable data set with
𝑀 = 50 (solid), 𝑀 = 75 (dashed) and 𝑀 = 100 (dotted). The model errors are i.i.d. diffusion processes (first row),
dependent diffusion processes (second row), i.i.d. Brownian motions (third row) and dependent Brownian motions
(fourth row). On the left side, results for 𝑘∗ = 25 and on the right side for 𝑘∗ = 75 are displayed.



3372 T. Kutta and P. Kokoszka

Brownian motion Diffusion process

𝑀 Independent Dependent Independent Dependent

50 5.30% 4.95% 6.55% 5.25%

75 4.55% 4.65% 5.15% 5.55%

100 4.95% 4.80% 4.8% 4.75%

Table 1. Empirical sizes of the test (4.6) for a theoretical nominal level of 𝛼 = 5%.

different values for the stable data set, 𝑀 ∈ {50,75,100}. The potential change point location is 𝑀 + 𝑘∗

with 𝑘∗ ∈ {25,75}.
In Table 1 (above), we report empirical sizes based on 2,000 simulation runs. In Figure 2, we dis-

play the power curve based on 1,000 simulation runs. In all different scenarios, we observe a close
approximation of the nominal level if 𝑎 = 0 where larger sample sizes generally lead to better approx-
imations. As 𝑎 > 0 grows, we see a rapid increase of power, where a larger size of the stable dataset
𝑀 implies higher power. Moreover, power is higher for the earlier change at 𝑘∗ = 25 (left) than for the
larger value 𝑘∗ = 75 (right). The introduction of dependence predictably reduces power, with the effect
being equally strong for both diffusion processes and Brownian motions.

6.2. Monitoring time series of density estimators

We now focus on random densities considered in Section 5. Denote by 𝜑 (𝜈,𝜎) the density of the normal
distribution N(𝜈, 𝜎2). Let (𝜈̃𝑛)𝑛∈N be a sequence of independent uniformly distributed random vari-
ables on the interval [0,1]. Therewith, we define the random mean parameters 𝜈𝑛 := 𝜈̃𝑛 for independent
data and 𝜈𝑛 := (𝜈̃𝑛 + 𝜈̃𝑛−1)/2 for dependent data. Moreover, independent of these means, we define the
sequence of i.i.d. standard deviations (𝜎𝑛)𝑛∈N that are uniformly distributed on the interval [0.01,1].
Therewith, we define the time series of random densities considered in (5.1):

𝑓𝑛 :=

{
𝜑 (𝜈𝑛 ,𝜎𝑛 ) , 𝑛 ≤ 𝑀 + 𝑘∗,

𝜑 (𝜈𝑛+𝑎,𝜎𝑛 ) , 𝑛 > 𝑀 + 𝑘∗.

The constant 𝑎 ≥ 0 quantifies the distance to 𝐻0, and 𝑎 = 0 corresponds to the null hypothesis of no
change. For each 𝑛, we generate a sample of 𝐿 i.i.d. observations, sampled from the density 𝑓𝑛. This
sample is used to build the kernel density estimator 𝑓𝑛.

In Figure 3, we display a few density estimates before and after the change point for 𝑎 = 0.5. Through-
out our simulations, we use 𝐿 = 30 and choose the kernel function K as the Gaussian kernel. To calcu-
late the density estimates, we employ the density function in R that is approximated on a grid of 50
evenly spaced points on [−5,5]. Bandwidths are selected using the SJ method proposed by Sheather
and Jones (1991). Otherwise, the setup is analogous as in the previous simulation section: We consider
sizes of the stable data set 𝑀 ∈ {50,75,100}. We fix the parameters 𝜁 = 0.05, 𝛾 = 0.3 and maintain a
nominal level of 𝛼 = 5%. Changes are located at 𝑀 + 𝑘∗ with 𝑘∗ ∈ {25,75}. To calculate the detector
Γ̂𝑀 , we also specify the 𝐺-norm, where we use 𝐵 = 30 and for 𝐴 = 2 the function

𝜓(𝑥) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
exp(𝑥 + 𝐴), 𝑥 < −𝐴,

1, 𝑥 ∈ [−𝐴, 𝐴]
exp(𝐴 − 𝑥), 𝑥 > 𝐴.
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Figure 3. Realizations of five kernel density estimators 𝑓𝑛 before (left) and after (right) the change point, for
𝑎 = 0.5 in the independent setting. The sample size for each estimator is 𝐿 = 30.

In Figure 4, we display the power curevs based on 1000 simulation run for each empirical probability.
Our findings are similar to those in the previous section: larger 𝑀 values are associated with higher
power. Dependence has only a minor influence on the power for the test, while later changes lead to a
more noticeable loss in power.

Table 2, based on 2,000 replications, shows that the monitoring scheme controls size very well.

Figure 4. Power of the test (4.6) applied to random densities (𝑦-axis) against alternatives of different sizes 𝑎 (𝑥-
axis), with 𝑎 = 0 standing for the null hypothesis. The curves correspond to different sizes of the stable data set
with 𝑀 = 50 (solid), 𝑀 = 75 (dashed) and 𝑀 = 100 (dotted). In the first row we consider the case of independent
densities and in the second one the dependent case. On the left side, results for 𝑘∗ = 25 and on the right side for
𝑘∗ = 75 are displayed.
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𝑀 Independent Dependent

50 6.55% 5.30%

75 4.55% 5.45%

100 4.90% 5.00%

Table 2. Empirical sizes of the test (4.6) for density estimators and a theoretical nominal level of 𝛼 = 5%.

6.3. Application to exchange traded funds

Exchange Traded Funds (ETFs) are popular investment vehicles because they allow investors to make
bets on entire sectors of the U.S. economy rather than choosing specific publicly traded companies.
Researching individual companies is beyond the means and skills of most investors. To illustrate the
statistical methodology developed in this paper, we consider four ETFs from the SPDR (Standard &
Poor’s Depositary Receipt) family. The sectors under consideration are finance (XLF), energy (XLE),
industry (XLI) and consumer staples (XLP).

Denoting the logarithmic price of an ETF at time 𝑡 by 𝑝𝑡 , and dividing a trading day into 𝐿 + 1
equidistant time points 𝑡0, 𝑡2, ..., 𝑡𝐿 , the intraday log-returns are defined as

𝑥𝑡ℓ := 𝑝𝑡ℓ − 𝑝𝑡ℓ−1 , ℓ = 1, ..., 𝐿.

By construction, these returns are a measure of relative price change of the ETF. Repeating this process
for every day in our observation period provides samples of the form {𝑥𝑡ℓ ,𝑛 : 1 ≤ ℓ ≤ 𝐿} that can
be used to approximate the density of log-returns for the ETF on day 𝑛. (Forecasting of densities of
intraday returns was studied by Horta and Ziegelmann (2018) and Kokoszka et al. (2019).) We consider
log-returns over 5 minute intervals and only include regular trading days (9:30–16:00 EST). We have
employed exactly the same kernel density estimators, bandwidth selection methods, definition of the
G-norm and long-run variance estimator as in the previous section. As before, we have discretized the
random functions on a grid with 50 equally spaced points, but this time on the interval [−3,3]. This is
a very conservative range because the five minute returns on funds that contain hundreds of companies
basically never exceed ±3%, see Figure 5 for an illustration. As before, we fix the nominal level at

Figure 5. Realizations of five kernel density estimators 𝑓𝑛 for the energy sector at the very beginning of the
monitoring period (left) and after the first 100 days of the monitoring period (right).
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Figure 6. Statistic Γ̂𝑀 (𝑛) (solid lines), for trading days 𝑛 = 1, 2, ..., 200 starting on 02/01/2009, for 𝑀 = 50 (black),
𝑀 = 75 (dark grey) and 𝑀 = 100 (light grey). Dashed lines indicate the respective upper 5% quantiles and large
dots mark the first day 𝑛, where Γ̂𝑀 (𝑛) surpasses this threshold.

𝛼 = 5% and consider sizes of the initial period of 𝑀 = 50,75,100 trading days, where the monitoring
period begins with the first regular trading day in 2009. In Figure 5 we display examples of densities at
the very beginning of and in mid 2009. We observe that at later dates the densities are less spread out,
indicating a decline in the variance of log-returns. This shape change is visible in other sectors as well
and might be associated with the less volatile environment of the fading recession.
However, it is difficult to determine by eye if and when, and for which sectors, a statistically significant
change occurs, and this is even more difficult to determine in real time, after the close of each trading
day. We applied our monitoring scheme to these densities. In Figure 6, we display the value of the test
statistic Γ̂𝑀 (𝑛) at each trading day 𝑛 in the monitoring period for the different sectors. Changes are
detected in the financial, energy and industry sector, while even for an initial period of 𝑀 = 100 no
changes are detected in consumer staples. The fact that no change in consumer staples is detected, is
likely due to the higher stability of this sector during crises compared to other parts of the economy.
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We emphasize, that the domains of the curves like those in Figure 6 would be growing each day. If a
curve crosses a critical value, the monitoring would stop. The decision would then be that the density
has changed sometime before the crossing point. The whole curves are shown only because we need to
produce static graphs.

6.4. Additional simulation results

We provide additional simulation results to study the impact of the parameter choices 𝛾 and 𝜁 . For this
purpose, we consider the same simulation setup as in Section 6.1, while restricting ourselves to the case
of independent errors of Brownian motion type. To study the impact of the parameter 𝛾, we first fix
𝜁 = 0.05, the value from Section 6.1, and consider the parameter choices 𝛾 ∈ {0,0.49}. Subsequently,
we fix 𝛾 = 0.3, the value from Section 6.1, and consider 𝜁 ∈ {0,0.1}. The resulting power curves are
displayed in Figure 7. As we can see by comparing our results for 𝛾 = 0 with 𝛾 = 0.49, a small choice
of 𝛾 enhances the power of our test procedure, most notably for later changes when 𝑘∗ = 75. In can be
shown that for very early changes such as 𝑘∗ = 5 larger values for 𝛾 are beneficial, but even for 𝑘∗ = 25,
power is usually higher for 𝛾 = 0 compared to 𝛾 = 0.49. Importantly, this higher power can not be traced
back to a higher Type I error. Indeed, in our simulations, 𝛾 = 0 leads to a slightly more conservative test
than 𝛾 = 0.49. Altering 𝜁 while keeping 𝛾 fixed seems to have no discernible effect on the outcomes.

6.5. Estimation of 𝒄𝑾

The estimation of the long-run covariance is an important part of inference for functional time se-
ries. For a rigorous investigation, with asymptotic consistency results, we refer the reader to Hör-
mann and Kokoszka (2010). Here, we only provide a small sketch of the estimation procedure. Re-
call the definition of the long-run variance kernel 𝑐 (1)𝑊 defined in (4.9). Defining the 𝑛-th lag function

𝑐 (1) [𝑛] (𝑠, 𝑡) := E[𝜀 (1)1 (𝑠)𝜀 (1)
𝑛+1 (𝑡)], a standard estimation strategy for 𝑐 (1) is to define the truncated

series estimator

𝑐𝑊 (𝑠, 𝑡) := 𝑤𝑀 (0)𝑐[0] (𝑠, 𝑡) +
𝑏∑
𝑛=1

2𝑤𝑀 (𝑛)𝑐[𝑛] (𝑠, 𝑡).

Here 𝑤𝑀 : N0 → [0,1] is a weight function with finite support, 𝑏 ∈ N a bandwidth parameter and
𝑐[𝑛] (𝑠, 𝑡) an estimator of the lag functions. For asymptotic considerations, it is usually assumed that
the weights satisfy 𝑤𝑀 (𝑛) → 1 as 𝑀 →∞ (for any 𝑛 ∈ N) and that 𝑏 →∞ at a sufficiently slow rate.
The lag estimator in the definition of 𝑐𝑊 is defined as

𝑐[𝑛] (𝑠, 𝑡) :=
1
𝑀

𝑀−𝑛∑
𝑖=1

[𝑋𝑖 (𝑠) − 𝑋̄𝑀 (𝑠)] [𝑋𝑖+𝑛 (𝑡) − 𝑋̄𝑀 (𝑡)],

where 𝑋̄𝑀 := 1
𝑀

∑𝑀
𝑖=1 𝑋𝑖 is the average of all functions during the stable period. In Section 6, we have

used these estimators with the parameter choices 𝑏 = 2 and 𝑤𝑀 (0) = 𝑤𝑀 (1) = 1 and 𝑤𝑀 (2) = 1/2.

7. Summary

We conclude with a summary of our main contributions. We formulated a general paradigm of moni-
toring for a change point in the expected value of a sequence of random functions in a Banach space.
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Figure 7. Power of the test (4.6) (𝑦-axis) against alternatives of different sizes 𝑎 (𝑥-axis), with 𝑎 = 0 denoting
the null hypothesis. The curves correspond to different sizes of the stable data set with 𝑀 = 50 (solid), 𝑀 = 75
(dashed) and 𝑀 = 100 (dotted). The model errors are i.i.d. Brownian motions and we display results for 𝑘∗ = 25
(left) and 𝑘∗ = 75 (right). The parameter choices are (𝛾, 𝜁) = (0, 0.05), (first row) (𝛾, 𝜁) = (0.49, 0.05), (second
row) (𝛾, 𝜁) = (0.3, 0), (third row) (𝛾, 𝜁) = (0.3, 0.1)}, (fourth row).
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In contrast to previous research, we do not use projections. Projections (coordinates) obviously arise
in multivariate settings and are natural in separable Hilbert spaces due to the presence of countable
orthonormal bases. While bases can be defined in separable Banach spaces in several ways, such con-
cepts are much less natural, so our framework does not use them. We explained how detectors can be
constructed in general Banach spaces and formulated relevant concepts of detection at a specified type
I error, as well as consistent detection similar to the concept of local power.

We then formulated assumptions and established the above noted asymptotic properties in key Ba-
nach spaces used in statistical applications: We considered the space C([−𝐾,𝐾]) of continuous func-
tions on a compact interval, the space C0(R) of continuous functions vanishing at ±∞, and the space
𝐿𝑝 ([−𝐾,𝐾]) with 𝑝 ≥ 2. Particularly novel arguments were developed in the case of C0 (R) which
has basically not been treated in existing FDA research, but is very important because probability den-
sity functions live in C0(R), in general. Temporal dependence is characterized by power-law decay of
𝜙-mixing coefficients.

As a separate contribution, we showed that our approach can be applied to monitoring for a change
in the mean of probability density functions. The density functions are not directly observed, but are
reconstructed from i.i.d. scalar observations via smoothing. We established conditions that guarantee
consistent detection with a controlled type I error in such two stage settings (a sequence of random
densities, each observed through a random sample).

After verifying via simulations that our approach works in various settings, including the estimated
densities, we applied it to monitoring for a change in the mean density of intraday returns (one density
per day). Monitoring a period after the real-estate crisis of 2008, we detected changes in several sectors,
but not in Consumer Staples, a sector containing companies focusing on everyday consumer needs.
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