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ABSTRACT
For a broad class of nonlinear time series known as Bernoulli shifts, we establish the asymptotic normality of the smoothed peri-
odogram estimator of the long-run variance. This estimator uses only a narrow band of Fourier frequencies around the origin and
so has been extensively used in local Whittle estimation. Existing asymptotic normality results apply only to linear time series, so
our work substantially extends the scope of the applicability of the smoothed periodogram estimator. As an illustration, we apply
it to a test of changes in mean against long-range dependence. A simulation study is also conducted to illustrate the performance
of the test for nonlinear time series.
MSC2020 Classification: 62M10, 62M15

1 | Introduction

Over the past two decades, classical temporal dependence con-
ditions based on cumulants or mixing coefficients have been
complemented by conditions formulated in terms of nonlinear
moving averages of the form

𝑋
𝑡
= 𝑔(𝜀

𝑡
, 𝜀

𝑡−1, . . . ), 𝑡 ∈ ℤ (1)

where 𝑔 can be a fairly general function. Among them, the
Physical or Functional Dependence and the Approximabil-
ity have gained particular popularity and have been used in
dozens of publications. Physical dependence was introduced by
Wu (2005) and studied or assumed in Wu and Mielniczuk (2010),
Liu et al. (2013), Zhou (2013), Zhang and Wu (2017), Dette
et al. (2020) and van Delft (2020), among many others. Approx-
imability was also used in a large number of papers, for example,
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in Aue et al. (2009), Hörmann and Kokoszka (2010), Berkes
et al. (2013), Horváth et al. (2013), Horváth et al. (2014),
Kokoszka et al. (2015), Zhang (2016), Bardsley et al. (2017),
and Horváth et al. (2024).

Estimation of the spectral density function, which includes esti-
mation of the long-run variance (LRV) is a key problem in time
series analysis that has been studied for several decades. The LRV
of a scalar time series is introduced in most time series textbooks,
for example, in Hamilton (1994). Multivariate, high-dimensional,
and functional analogs of the long-run variance have been exten-
sively investigated. The contributions of Wu and Xiao (2012),
Berkes et al. (2016), Chan (2022) and Baek et al. (2023),
among many others, provide many references. McElroy and
Politis (2024) explain why estimation of the spectral density
at frequencies near zero requires care and propose effective
solutions.
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Specialized to the estimation of the LRV, the lag window
estimator,

𝑓 (0) = 1
2𝜋

∑

|𝑟|≤𝑛−1
𝑤

𝑛
(𝑟)𝛾̂(𝑟) (2)

where the 𝑤
𝑛
(𝑟) are weights such that 𝑤

𝑛
(𝑟) → 0, as |𝑟|→ ∞,

and the 𝛾̂(𝑟) are the usual sample autocovariances, has been
particularly extensively studied. Anderson (1971) devel-
oped its theory for linear processes, while Rosenblatt (1984)
considered strong mixing processes satisfying cumulant
summability conditions. These results were extended to non-
linear time series. Chanda (2005) assumed a specific form
of the general Bernoulli shifts (1), namely (for a fixed 𝑤),
𝑋

𝑡
= 𝜀

𝑡
+
∑∞

𝑟=1𝑔𝑟(𝜀𝑡−1, . . . , 𝜀𝑡−𝑟−𝑤), with summability conditions
on the fourth moments of the 𝑔

𝑟
(𝜀

𝑡−1, . . . , 𝜀𝑡−𝑟−𝑤). The above
representation is motivated by a truncated Volterra expansion.
Results of Shao and Wu (2007b), Wu and Shao (2007), and
Liu and Wu (2010), which assume only the general represen-
tation (1), can be specialized to yield asymptotic normality of
the estimator (2) under the additional assumption that the lag
windows in Equation (2) are of the scale parameter form (i.e.,
𝑤

𝑛
(𝑟) = 𝑤(𝑟∕𝐵

𝑛
), where 𝑤 is a kernel and 𝐵

𝑛
is a bandwidth) and

under various conditions related to the physical dependence of
Wu (2005).

In this article, we consider the smoothed periodogram estimator

𝑄
𝑛
= 1

𝑚

𝑚∑

𝑗=1
𝐼
𝑛
(𝜔

𝑗
) (3)

where 𝐼
𝑛
(𝜔

𝑗
) is the periodogram at the Fourier frequency 𝜔

𝑗
and

𝑚 is the count of frequencies used in the estimation (𝑚∕𝑛 →
0). While the lag window estimator (2) can be expressed as a
weighted sum of the periodogram over all Fourier frequencies,
estimator (3) uses only a narrow band of local Fourier frequen-
cies. For this reason, it is particularly relevant in local Whittle
estimation, see, for example, Robinson (1995), Velasco (1999),
Phillips and Shimotsu (2004), Robinson (2008), Baek and Pipi-
ras (2012), Li et al. (2021), and Baek et al. (2024).

To the best of our knowledge, the asymptotic distribution of esti-
mator (3) is only available under the assumption of linearity, see
Giraitis et al. (2012) for a comprehensive account. The estima-
tor (3) can be alternatively expressed as the lag window estima-
tor (2) with 𝑤

𝑛
(0) = 1 and

𝑤
𝑛
(𝑟) = 1

2𝑚

[
sin((2𝑚 + 1)𝜋𝑟∕𝑛)

sin(𝜋𝑟∕𝑛)
− 1
]

(4)

for 0 < |𝑟| < 𝑛 − 1. The 𝑤
𝑛
(𝑟) in Equation (4) are not of the scale

parameter form, and the asymptotic distribution of 𝑄
𝑛

does not
follow from the currently available results for nonlinear time
series.

A related but different estimator of the LRV is Daniell’s estimator
given by (see, e.g., Chapter 9 of Anderson 1971)

𝑛∕𝑚
𝜋 ∫

𝜋∕(𝑛∕𝑚)

0
𝐼
𝑛
(𝜔) 𝑑𝜔 = 1

2𝜋

𝑇−1∑

𝑟=−(𝑇−1)

sin(𝜋𝑟∕(𝑛∕𝑚))
𝜋𝑟∕(𝑛∕𝑚)

𝛾̂(𝑟) (5)

with the convention that sin(𝜋𝑟∕(𝑛∕𝑚))∕(𝜋𝑟∕(𝑛∕𝑚)) = 1 when
𝑟 = 0. Daniell’s lag window 𝑤(𝑟) = sin(𝜋𝑟)∕(𝜋𝑟) is of the scale
parameter form, so the asymptotic normality of Daniell’s estima-
tor for nonlinear time series follows directly from the currently
available results (see Liu and Wu 2010, Theorem 2), unlike the
asymptotic normality of the estimator 𝑄

𝑛
.

In this article, we establish the asymptotic normality of 𝑄
𝑛

for
general nonlinear moving averages and present an application to
change point analysis. We note that Brillinger (1969) considers
an estimator similar to (3) (see his equation (6.6)), but for a fixed
𝑚, and (3) is not even consistent then. Our proofs are based on a
general central limit theorem for quadratic forms established by
Liu and Wu (2010), which we state as Theorem 8.

The relationship between the lag window estimator at any
frequency 𝜔 and the periodogram ordinates is explained in
Section 6.2.3 of Priestley (1981) and Section 3 of Shao and
Wu (2007b), among others. To emphasize the difference,
we note that the lag window estimator can be expressed as
𝑓 (𝜔) = ∫ 𝜋

−𝜋𝐾𝑛
(𝜔 − 𝜆)𝐼

𝑛
(𝜆)𝑑𝜆, so it involves all frequencies. On

the other hand, the quadratic form of the lag window estimator
involves only the terms 𝑋

𝑡
𝑋

𝜏
with |𝑡 − 𝜏| ≤ 𝓁

𝑛
, whereas the

smoothed periodogram involves these terms with all indexes 𝑡, 𝜏.
These differences explain why different techniques of proof must
be used for these two classes of estimators.

The paper is organized as follows. In Section 2, we introduce the
objects we study. Section 3 contains the main theorems, while
Sections 4 and 5 present, respectively, a theoretical application to
change point analysis and a related, small simulation study. All
proofs are collected in Section 6, which also contains a central
limit theorem for weighted sums of the periodogram ordinates
that we use in our proofs, and that is also of independent interest.
Graphs and Tables related to the simulation study are presented
in the online Supporting Information.

2 | Preliminaries

2.1 | The Spectral Density and the Periodogram

We assume in the following that {𝑋
𝑡
}
𝑡∈ℤ is a strictly stationary

sequence of real random variables satisfying

E𝑋1 = 0 and E𝑋
2
1 <∞

Let {𝛾(ℎ)}
ℎ∈ℤ be the sequence of autocovariances of {𝑋

𝑡
}
𝑡∈ℤ,

where 𝛾(ℎ) = Cov(𝑋
ℎ
,𝑋0) for ℎ ∈ ℤ. The spectral density func-

tion of the series {𝑋
𝑡
}
𝑡∈ℤ is defined by

𝑓 (𝜔) = 1
2𝜋

∞∑

ℎ=−∞
𝛾(ℎ)𝑒−𝑖ℎ𝜔, 𝜔 ∈ [−𝜋, 𝜋] (6)

The discrete Fourier transform (DFT) of 𝑋1, . . . , 𝑋𝑛
and the peri-

odogram are defined by


𝑛
(𝜔

𝑗
) = 1√

2𝜋𝑛

𝑛∑

𝑡=1
𝑋

𝑡
𝑒
−𝑖𝑡𝜔

𝑗 and 𝐼
𝑛
(𝜔

𝑗
) = |

𝑛
(𝜔

𝑗
)|2 (7)

with the Fourier frequencies 𝜔
𝑗
= 2𝜋𝑗∕𝑛, where 𝑗 ∈ {−⌊(𝑛 −

1)∕2⌋, . . . , ⌊𝑛∕2⌋} and ⌊⋅⌋ is the floor function.
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2.2 | Weak Dependence

Let {𝑋
𝑡
}
𝑡∈ℤ be a sequence of real random variables of the form (1),

where {𝜀
𝑡
}
𝑡∈ℤ is a sequence of independent and identically dis-

tributed (iid) random elements in a measurable space 𝑆 and 𝑔 ∶
𝑆
∞ → ℝ is a measurable function. Series of the form (1) are often

called Bernoulli shifts and are automatically strictly stationary.

Suppose that {𝜀′
𝑡
}
𝑡∈ℤ is an independent copy of {𝜀

𝑡
}
𝑡∈ℤ. Define

𝑋
𝑡,{0} by replacing 𝜀0 in Equation (1) by 𝜀

′
0, that is,

𝑋
𝑡,{0} = 𝑔(𝜀

𝑡
, . . . , 𝜀1, 𝜀

′
0, 𝜀−1, . . . ), 𝑡 ∈ ℤ (8)

We write 𝑋 ∈ 𝑝 with 𝑝 > 0 if ||𝑋||
𝑝
= (E|𝑋|𝑝)1∕𝑝 < ∞. The phys-

ical dependence measure is defined by

𝛿
𝑡,𝑝
= ||𝑋

𝑡
−𝑋

𝑡,{0}||𝑝, 𝑡 ∈ ℤ (9)

Observe that 𝛿
𝑡,𝑝
= 0 if 𝑡 < 0. Even though 𝛿

𝑡,𝑝
can be considered

for any positive value of 𝑝, typically 𝑝 ≥ 1 is assumed since oth-
erwise || ⋅ ||

𝑝
is no longer a norm (we will work with 𝑝 = 4). For

completeness, we recall Definition 3 of Wu (2005).

Definition 1. The series {𝑋
𝑡
}
𝑡∈ℤ of the form (1) is 𝑝-strong

stable if

Θ
𝑝
=

∞∑

𝑡=0
𝛿
𝑡,𝑝

< ∞, 𝑝 ≥ 1 (10)

with the 𝛿
𝑡,𝑝

defined in Equations (9) and (8).

The decay rate of the physical dependence measure 𝛿
𝑡,2 is related

to the decay rate of the autocovariances 𝛾(ℎ). For 𝑟 ≥ 0,

∞∑

ℎ=1
ℎ
𝑟|𝛾(ℎ)| ≤

∞∑

𝑡=0
𝛿
𝑡,2

∞∑

ℎ=1
ℎ
𝑟
𝛿
ℎ,2 (11)

since |𝛾(ℎ)| ≤ ∑∞
𝑡=0𝛿𝑡,2𝛿𝑡+ℎ,2 (see Xiao and Wu 2012, Lemma 8) so

that
∑∞

ℎ=1ℎ
𝑟|𝛾(ℎ)| < ∞ if

∑∞
ℎ=1ℎ

𝑟
𝛿
ℎ,2 <∞. In particular, Θ2 < ∞

implies absolute summability of the autocovariances. The decay
rate of the physical dependence measure is also related to the
summability of joint cumulants up to certain orders (see Shao and
Wu 2007a, Theorem 4.1).

Wu (2005) also considers the case when instead of replac-
ing 𝜀0 with its independent copy, 𝜀

𝑡
’s in Equation (1) with

indices in some index set 𝐼 ⊂ ℤ are replaced with their inde-
pendent copies. If all but the first 𝑚 𝜀

𝑡
’s in Equation (1) are

replaced with their independent copies, we obtain the con-
cept of 𝐿𝑝-𝑚-approximability. Again, for completeness, we recall
Definition 2.1 of Hörmann and Kokoszka (2010).

Definition 2. The series {𝑋
𝑡
}
𝑡∈ℤ of the form (1) is

𝐿
𝑝-𝑚-approximable if

∞∑

𝑡=1
||𝑋

𝑡
−𝑋

(𝑡)
𝑡
||
𝑝
< ∞, 𝑝 ≥ 1 (12)

where

𝑋
(𝑚)
𝑡
= 𝑔

(
𝜀
𝑡
, . . . , 𝜀

𝑡−𝑚+1, 𝜀
′
𝑡−𝑚, 𝜀

′
𝑡−𝑚−1, . . .

)
(13)

Observe that ||𝑋
𝑡
−𝑋

(𝑡)
𝑡
||
𝑝
= ||𝑋

𝑠
−𝑋

(𝑡)
𝑠
||
𝑝

for 𝑠, 𝑡 ∈ ℤ so that the
right-hand side of (12) can be formulated solely in terms of 𝑋1
and the approximations 𝑋

(𝑡)
1 with 𝑡 ≥ 1.

The following lemma shows that 𝐿
𝑝-𝑚-approximability implies

𝑝-strong stability.

Lemma 1. The inequality

𝛿
𝑡,𝑝
= ||𝑋

𝑡
−𝑋

𝑡,{0}||𝑝 ≤ 2||𝑋
𝑡
−𝑋

(𝑡)
𝑡
||
𝑝

(14)

holds for 𝑡 ≥ 1 and 𝑝 ≥ 1 with 𝑋
𝑡
, 𝑋

𝑡,{0}, and 𝑋
(𝑡)
𝑡

given by (1), (8),
and (13), respectively.

Proof of Lemma 1. The proof essentially follows from the
proof of Lemma 3.0⋆ of van Delft (2019) (see page 5 therein), but
we give it here for the sake of convenience (the published version,
van Delft (2020), does not contain this lemma).

Denote the 𝜎-algebras generated by the random ele-
ments 𝜀

𝑡
, 𝜀

𝑡−1, . . . with 𝑡 ∈ ℤ and 𝜀
𝑡
, . . . , 𝜀

𝑠
with 𝑡 ≥ 𝑠 by


𝑡
= 𝜎(𝜀

𝑡
, 𝜀

𝑡−1, . . . ) and 
𝑡,𝑠
= 𝜎(𝜀

𝑡
, . . . , 𝜀

𝑠
), respectively. We

have that

||𝑋
𝑡
−𝑋

𝑡,{0}||𝑝 ≤ ||𝑋𝑡
− E[𝑋

𝑡
|

𝑡,1]||𝑝 + ||E[𝑋𝑡
|

𝑡,1] −𝑋
𝑡,{0}||𝑝

Since {𝜀′
𝑡
∶ 𝑡 ∈ ℤ} is an independent copy of {𝜀

𝑡
∶ 𝑡 ∈ ℤ},

E[𝑋
𝑡
|

𝑡,1] = E[𝑋(𝑡)
𝑡
|

𝑡,1] = E[𝑋(𝑡)
𝑡
|

𝑡
]

almost surely and hence

||𝑋
𝑡
− E[𝑋

𝑡
|

𝑡,1]||𝑝 = ||E[𝑋𝑡
|

𝑡
] − E[𝑋(𝑡)

𝑡
|

𝑡
]||

𝑝

≤ ||𝑋
𝑡
−𝑋

(𝑡)
𝑡
||
𝑝

(15)

using Jensen’s inequality for conditional expectations with 𝑝 ≥ 1.
We conclude the proof by noticing that E[𝑋

𝑡
|

𝑡,1]does not depend
on 𝜀0 and hence

||E[𝑋
𝑡
|

𝑡,1] −𝑋
𝑡,{0}||𝑝 = ||E[𝑋𝑡

|
𝑡,1] −𝑋

𝑡
||
𝑝

which is bounded in the same way as in Equation (15). The proof
is complete. ◽

Remark 1. The 𝐿
𝑝-𝑚-approximability is in fact strictly

stronger than 𝑝-strong stability. Consider, e.g., a linear pro-
cess {𝑋

𝑡
}
𝑡∈ℤ, where 𝑋

𝑡
=
∑∞

𝑗=0𝜓𝑗
𝜀
𝑡−𝑗 for 𝑡 ∈ ℤ, {𝜀

𝑡
}
𝑡∈ℤ is

a sequence of iid random variables such that E𝜀0 = 0 and
E𝜀

2
0 < ∞, while {𝜓

𝑗
}
𝑗≥0 is a sequence such that

∑∞
𝑗=0𝜓

2
𝑗
<∞.

Observe that
∞∑

𝑡=0
||𝑋

𝑡
−𝑋

𝑡,{0}||2 = 21∕2||𝜀0||2
∞∑

𝑡=0
|𝜓

𝑡
| and

∞∑

𝑡=1
||𝑋

𝑡
−𝑋

(𝑡)
𝑡
||2 = 21∕2||𝜀0||2

∞∑

𝑡=1

( ∞∑

𝑗=𝑡
𝜓

2
𝑗

)1∕2

Suppose that 𝜓
𝑗
= (𝑗 + 1)−𝑑 for 𝑗 ≥ 0 with some 𝑑 > 1. Then

( ∞∑

𝑗=𝑡
𝜓

2
𝑗

)1∕2

∼ 𝑡
1∕2−𝑑

(2𝑑 − 1)1∕2 as 𝑡 →∞

Journal of Time Series Analysis, 2026 941
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So {𝑋
𝑡
}
𝑡∈ℤ is 2-strong stable for any value of 𝑑 > 1 but {𝑋

𝑡
}
𝑡∈ℤ is

𝐿
2-𝑚-approximable only if 𝑑 > 3∕2.

3 | Estimation of the Long-Run Variance

Consider the time series {𝑋
𝑡
}
𝑡∈ℤ and its spectral density 𝑓 ,

both defined in Section 2.1. The long-run variance of {𝑋
𝑡
}
𝑡∈ℤ is

defined as

𝜏
𝑋
∶=

∞∑

𝑘=−∞
𝛾(ℎ) = 2𝜋𝑓 (0)

The estimation of 𝜏
𝑋

can thus be reduced to the estimation of
𝑓 (0), and this approach is commonly used. A natural estimator
of 𝑓 (0), known as the smoothed periodogram or the nonpara-
metric spectral estimator given by (3). The chief contribution of
this paper is showing that the estimator 𝑄

𝑛
is asymptotically nor-

mal, with the rate 𝑚
−1∕2, for a broad class of nonlinear moving

averages of the form (1). We work under the following general
assumption.

Assumption 1. The series {𝑋
𝑡
}
𝑡∈ℤ admits representation (1)

and for some 𝜂 > 3,

||𝑋
𝑡
−𝑋

(𝑚)
𝑡
||4 = 𝑂(𝑚−𝜂) as 𝑚 → ∞ (16)

It follows from Lemma 1 that the bound in Assumption 1
holds for the physical dependence measure 𝛿

𝑡,4. Using inequal-
ity (11) and the fact that 𝛿

𝑡,2 ≤ 𝛿
𝑡,4, we see that Assumption 1

implies that

∞∑

ℎ=1
ℎ
𝑟|𝛾(ℎ)| < ∞, 0 ≤ 𝑟 < 𝜂 − 1 (17)

which in turn implies that 𝑓 (0) is well-defined under
Assumption 1 due to the absolute summability of the
autocovariances.

We now state our main result.

Theorem 1. Assume that E𝑋0 = 0, E|𝑋0|4 < ∞,
Assumption 1 holds and 𝑚 = 𝑚

𝑛
→ ∞, but 𝑚 = 𝑜(𝑛4∕5), as 𝑛 → ∞.

Then
√

𝑚

𝑓 (0)
[𝑄

𝑛
− 𝑓 (0)]

= 1√
𝑚

𝑚∑

𝑗=1

(
𝐼
𝑛
(𝜔

𝑗
)

𝑓 (0)
− 1
)

𝑑

−→ (0, 1), as 𝑛 →∞ (18)

where 𝑄
𝑛

is defined in Equation (3) and 𝑓 (0) in Equation (6).

Remark 2. The smoothed periodogram estimator typically has
the form

𝑓 (𝜔
𝑘
) = 1

𝑚 + 1

𝑚∕2∑

𝑗=−𝑚∕2
𝐼
𝑛

(
𝜔

𝑘
+ 2𝜋𝑗

𝑛

)

Thus, for 𝜔
𝑘

away from zero Var[𝑓 (𝜔
𝑘
)] ≈ 𝑓 (𝜔

𝑘
)2∕𝑚, whereas

at 𝑘 = 0, Var[𝑓 (𝜔
𝑘
)] ≈ 2𝑓 (𝜔

𝑘
)2∕𝑚 because 𝐼

𝑛
(𝜔

𝑗
) = 𝐼

𝑛
(−𝜔

𝑗
).

The estimator 𝑄
𝑛

does not include the 𝜔−𝑗 , so the factor 2 does
not appear.

Theorem 1 follows from Theorems 2 and 3 formulated below. We
decompose the sequence in Equation (18) into two terms
√

𝑚

𝑓 (0)
[𝑄

𝑛
− 𝑓 (0)] =

√
𝑚

𝑓 (0)
(𝑄

𝑛
− E𝑄

𝑛
) +

√
𝑚

𝑓 (0)
(E𝑄

𝑛
− 𝑓 (0)) (19)

Theorem 2, which implies that the first term on the right-hand
side of (19) converges to  (0, 1) in distribution, is established
under much weaker assumptions than Theorem 1. In partic-
ular, the 𝐿

𝑝-𝑚-approximability of Assumption 1 is replaced
by the weaker 𝑝-strong stability (by Lemma 1, Assumption 1
implies that Θ4 < ∞). Furthermore, only the weakest pos-
sible assumption on the rate of 𝑚 is imposed in Theorem 2
(Assumption 2 below). We need to impose a stronger assumption
on the growth rate of 𝑚 as well as the decay rate of the covari-
ances in Theorem 1 than in Theorem 2 to ensure that the second
term on the right-hand side of (19) is asymptotically negligi-
ble. Assumption 1 implies that

∑∞
ℎ=1ℎ

2|𝛾(ℎ)| < ∞ and hence,
according to Theorem 3, E𝑄

𝑛
− 𝑓 (0) = 𝑂(max{𝑛−1

, (𝑚∕𝑛)2}),
as 𝑛 → ∞. The assumption in Theorem 1 that 𝑚 = 𝑜(𝑛4∕5) as
𝑛 →∞ then implies that

√
𝑚(𝑚∕𝑛)2 = (𝑚∕𝑛4∕5)5∕2 = 𝑜(1), as

𝑛 →∞. If 𝜂 > 1 in Assumption 1, the autocovariances are abso-
lutely summable, but this only implies that E𝑄

𝑛
− 𝑓 (0) = 𝑜(1)

as 𝑛 → ∞ (see Theorem 3 below), which is not sufficient to
replace E𝑄

𝑛
with 𝑓 (0) as the centering sequence in the central

limit theorem.

Observe that (18) implies that

1
𝑚

𝑚∑

𝑗=1

(
𝐼
𝑛
(𝜔

𝑗
)

𝑓 (0)
− 1
)
= 𝑂

𝑝
(𝑚−1∕2), as 𝑛 → ∞ (20)

Both (18) and (20) are used in theoretical work related to the
estimation of the long-run variance. We give an application in
Section 4.

For ease of reference, we formulate the standard assumption on
the growth rate of 𝑚.

Assumption 2. As 𝑛 →∞, 𝑚 → ∞, but 𝑚 = 𝑜(𝑛).

Theorem 2. Assume that E𝑋0 = 0, E|𝑋0|4 < ∞,Θ4 < ∞with
Θ4 defined by (10), and Assumption 2 holds. Then

√
𝑚

𝑓 (0)
(𝑄

𝑛
− E𝑄

𝑛
)

𝑑

−→ (0, 1), as 𝑛 → ∞ (21)

where 𝑄
𝑛

is defined in Equation (3) and 𝑓 (0) in Equation (6).

The proof of Theorem 2 is given in Section 6, which follows
from a general central limit theorem for weighted sums of peri-
odogram ordinates, which in turn relies on a general central limit
theorem for quadratic forms established by Liu and Wu (2010)
(see Theorem 6 therein, Wu and Shao 2007 consider a similar
estimator).

Next, we investigate the bias of the estimator 𝑄
𝑛
. The bias of

a general lag window estimator (2) depends on the curvature
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properties of the spectral density function and the particu-
lar lag windows. The classical results (see Theorem 9.3.3 of
Anderson 1971 and Chapter 6 of Priestley 1981) establish the
decay rate of the bias only under the additional assumption that
the lag windows are of the scale parameter and use the concept
of the characteristic exponent introduced by Parzen (1957).
Since the lag windows of the estimator 𝑄

𝑛
are not of the scale

parameter form, we establish the decay rate of the bias of
𝑄

𝑛
in the next theorem (the proof of Theorem 3 is given in

Section 6).

Theorem 3. Suppose that E𝑋0 = 0, E𝑋
2
0 < ∞,

∑∞
ℎ=1

ℎ
𝑟|𝛾(ℎ)| < ∞ with some 𝑟 ≥ 0 and Assumption 2 holds. Then

E𝑄
𝑛
− 𝑓 (0) =

⎧
⎪
⎨
⎪⎩

𝑜(1) if 𝑟 = 0
𝑂((𝑚∕𝑛)𝑟) if 0 < 𝑟 ≤ 1
𝑂(max{𝑛−1

, (𝑚∕𝑛)min{2,𝑟}}) if 𝑟 > 1

where 𝑄
𝑛

is defined in Equation (3) and 𝑓 (0) in Equation (6).

Recall that the decay rate of 𝛿
𝑡,2 implies a decay rate of the autoco-

variances. In particular, if
∑∞

ℎ=1ℎ
𝑟
𝛿
ℎ,2 < ∞, then

∑∞
ℎ=1ℎ

𝑟|𝛾(ℎ)| <
∞ (see inequality (11)).

4 | Application to Change Point Analysis

A problem that has attracted some attention over the past twenty
years is distinguishing between long memory, or long-range
dependence (LRD), and changes in mean. Stationary time series
used to model LRD exhibit spurious changes in the mean that
Benoit Mandelbrot called the Joseph effect, referring to peri-
ods of famine and plenty. This is a fundamental characteristic
of all stationary long memory models, see, for example, Beran
et al. (2013). Berkes et al. (2006) proposed a significance test
of the null hypothesis of changes in the mean against a long
memory alternative. They review earlier exploratory research
on this problem. Under the null hypothesis, the observations
𝑋

𝑡
satisfy

𝑋
𝑡
=

{
𝜇 + 𝑟

𝑡
, 1 ≤ 𝑡 ≤ 𝑛

⋆

𝜇 + Δ + 𝑟
𝑡
, 𝑛

⋆ + 1 ≤ 𝑡 ≤ 𝑁

(22)

where 𝜇 is the base mean level, Δ the magnitude of change at
an unknown change point 𝑛⋆ and {𝑟

𝑡
}
𝑡∈ℤ is a stationary, weakly

dependent series. Berkes et al. (2006) characterized the weak
dependence of the 𝑟

𝑡
by the convergence of their partial sums to

the Wiener process and summability conditions on the autoco-
variances and fourth-order cumulants. Baek and Pipiras (2012)
pointed out that the test of Berkes et al. (2006) can have low power
and proposed a more powerful test of (22) based on the local Whit-
tle estimator (LWE) of the Hurst parameter, 𝐻 . However, they
could justify their procedure only for linear processes {𝑟

𝑡
}
𝑡∈ℤ.

They relied on results of Robinson (1995) valid only for linear
time series. We show in this section that the approach of Baek
and Pipiras (2012) is applicable also to nonlinear processes satis-
fying the assumptions of Theorem 1. All results of this section are
proven in Section 6.4.

We begin with the definitions of the Hurst exponent 𝐻 .

Definition 3. Suppose {𝑋
𝑡
}
𝑡∈ℤ is a second-order stationary

time series. If its spectral density satisfies

𝑓 (𝜔) = |𝜔|1−2𝐻
𝑔(𝜔), for some 0 < 𝐻 < 1

where 𝑔 is continuous on [−𝜋, 𝜋]with 𝑔(𝜔) > 0 in a neighborhood
of 𝜔 = 0, then 𝐻 is called the Hurst exponent of the series {𝑋

𝑡
}.

Our objective is to test

H0: Model (22) holds with a series {𝑟
𝑡
} satisfying Definition 3

with 𝐻 = 1∕2.

vs.

HA: The series {𝑋
𝑡
} satisfies Definition 3 with 𝐻 > 1∕2.

The test is based on the following estimator. More background
can be found in Chapter 8 of Giraitis et al. (2012).

Definition 4. The LWE of the Hurst exponent𝐻 is defined as

𝐻̂ = arg min
𝐻∈Θ

𝐿(𝐻) (23)

where Θ = [Δ1,Δ2] with 0 < Δ1 < Δ2 < 1 and

𝐿(𝐻) = log

(
1
𝑚

𝑚∑

𝑙=1
𝜔

2𝐻−1
𝑙

𝐼
𝑛
(𝜔

𝑙
)

)
− (2𝐻 − 1) 1

𝑚

𝑚∑

𝑙=1
log𝜔

𝑙
(24)

As noted above, currently, the validity of the test of Baek and
Pipiras (2012) is established only if the series {𝑟

𝑡
} in the null

hypothesis is a linear process. We show that the test retains
correct asymptotic size if the {𝑟

𝑡
} is a Bernoulli shift satisfying

Assumption 1.

To construct the test statistic, the first step is to eliminate the
effect of a potential change point that can severely bias the LWE.
Consider the residuals

𝑅
𝑡
=
⎧
⎪
⎨
⎪⎩

𝑋
𝑡
− 1

𝑛̂

∑𝑛̂

𝑖=1𝑋𝑖
, 1 ≤ 𝑡 ≤ 𝑛̂

𝑋
𝑡
− 1

𝑁−𝑛̂
∑𝑁

𝑖=𝑛̂+1𝑋𝑖
, 𝑛̂ + 1 ≤ 𝑡 ≤ 𝑁

where 𝑛̂ is a change point estimator. We use the standard CUSUM
estimator

𝑛̂ = min

{
𝑘 ∶

||||||

𝑘∑

𝑗=1
𝑋

𝑗
− 𝑘

𝑁

𝑁∑

𝑗=1
𝑋

𝑗

||||||
= max

1≤𝑠≤𝑁

||||||

𝑠∑

𝑗=1
𝑋

𝑗
− 𝑠

𝑁

𝑁∑

𝑗=1
𝑋

𝑗

||||||

}

The test statistic is

𝑇
(𝑅) = 2

√
𝑚

(
𝐻̂
(𝑅) − 1

2

)
(25)

where 𝐻̂
(𝑅) is the LWE based on the residual process {𝑅

𝑡
}. We

will show that 𝑇 (𝑅) is asymptotically standard normal. The null
hypothesis is rejected if 𝑇

(𝑅)
> 𝑞1−𝛼 , where 𝑞1−𝛼 is the (1 − 𝛼)th

quantile of the standard normal distribution.

Theorem 4. Suppose model (22) with the 𝑟
𝑡

satisfying E𝑟0 = 0,
E|𝑟0|4 < ∞ and Assumption 1. In addition, assume that
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 14679892, 2026, 5, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/jtsa.12844 by C

olorado State U
niversity, W

iley O
nline L

ibrary on [13/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



i. 𝑛
⋆ = ⌊𝑁𝜃⌋ for some 𝜃 ∈ (0, 1);

ii. the change in mean levelΔ = Δ(𝑁) and the change point esti-
mator 𝑛̂ satisfy

𝑁Δ2 →∞, Δ2||𝑛̂ − 𝑛
⋆|| = 𝑂

𝑃
(1), as 𝑁 → ∞

If

1
𝑚
+

𝑚
5(log𝑚)2

𝑁4 +
𝑚(log𝑚)2

𝑁Δ2 → 0, as 𝑁 → ∞

then 𝑇
(𝑅) 𝑑

−−→ (0, 1).

The proof of Theorem 4 follows the lines of the proof Theorem 3,
of Baek and Pipiras (2012) as long as the following result holds
and is applied to 𝑋

𝑡
= 𝑟

𝑡
.

Theorem 5. Suppose E𝑋0 = 0, E|𝑋0|4 < ∞ and Assumption 1
holds. If

1
𝑚
+

𝑚
5(log𝑚)2

𝑛4 → 0, as 𝑛 → ∞ (26)

then
2
√

𝑚

(
𝐻̂ − 1

2

)
𝑑

−−→ (0, 1), as 𝑛 →∞

The proof of Theorem 5 uses a similar argument as the proof of
Theorem 2 of Robinson (1995). One can reduce the argument to
showing that (18) in Theorem 1 holds and

𝑄̃
𝑛
∶= 1√

𝑚

𝑚∑

𝑙=1
𝜈
𝑙,𝑚

(
𝐼
𝑛
(𝜔

𝑙
)

𝑓 (0)
− 1
)

𝑑

−−→ (0, 1), as 𝑛 → ∞ (27)

where

𝜈
𝑙,𝑚
= log 𝑙 − 1

𝑚

𝑚∑

𝑗=1
log 𝑗 (28)

The specific form of the weights 𝜈
𝑙,𝑚

follows from the local Whittle
likelihood (24). We see that the proof of Theorem 4 can be reduced
to known arguments, Theorem 1 and following result proven in
Section 6.4.

Theorem 6. Convergence (27) holds under the assumptions of
Theorem 5.

5 | A Small Simulation Study

The finite sample normality of spectral density estimators has
been examined in many simulation studies, we refer to Das
et al. (2021) for a study that uses a symmetrized version of
𝑄

𝑛
, among many other estimators. We focus here on simula-

tions related to the change point problem explained in Section 4.
We examine the finite sample behavior of the test statistic 𝑇

(𝑅)

defined in Equation (25) and the test based on it. We consider two
nonlinear processes used in modeling returns on financial assets.
These models are not considered by Baek and Pipiras (2012) and
are not covered by their theory.

Definition 5. The series {𝑟
𝑡
} is said to be a GARCH(1, 1) pro-

cess if it satisfies the equations

𝑟
𝑡
= 𝜎

𝑡
𝜖
𝑡
, 𝜎

2
𝑡
= 𝛼0 + 𝛼1𝑟

2
𝑡−1 + 𝛽1𝜎

2
𝑡−1 (29)

where 𝛼0 > 0, 𝛼1, 𝛽1 ≥ 0, 𝛼1 + 𝛽1 < 1 and the 𝜖
𝑡

are iid ran-
dom variables with mean zero, unit variance, and finite fourth
moment.

The condition 𝛼1 + 𝛽1 < 1 implies that the GARCH(1, 1) process
has a second-order stationary solution (which is also strictly sta-
tionary) with a representation of the form (1). A necessary and
sufficient condition for the existence of the fourth moments of
the GARCH(1, 1) process is given by

E|𝛽1 + 𝛼1𝜖
2
0|

2
< 1 (30)

(we refer to Francq and Zakoian (2019) for an extensive review
of GARCH processes). Wu and Min (2005) established (see
Proposition 3 therein) that condition (30) also implies that the
GARCH(1, 1) process satisfies the geometric-moment contrac-
tion (GMC) condition, that is, E|𝑟

𝑛
− 𝑟

(𝑛)
𝑛
|4 ≤ 𝐶𝜌

𝑛, for some 𝐶 <

∞ and 𝜌 ∈ (0, 1), where 𝑟
(𝑛)
𝑛

is defined by (13) for 𝑛 ≥ 1. Hence,
Assumption 1 is satisfied provided that condition (30) holds.

As the next example, we consider the simplest stochastic volatility
model.

Definition 6. The stochastic volatility (SV) model is given by

𝑟
𝑡
= exp(𝑥

𝑡
∕2)𝜖

𝑡
, 𝑥

𝑡
= 𝛼 + 𝜙𝑥

𝑡−1 +𝑤
𝑡

(31)

where 𝛼 ∈ ℝ, |𝜙| < 1, 𝑤
𝑡

𝑖𝑖𝑑∼  (0, 𝜎2
𝑤
), 𝜖

𝑡

𝑖𝑖𝑑∼  (0, 1) and {𝑤
𝑡
} and

{𝜖
𝑡
} are mutually independent.

Proposition 1. The 𝑟
𝑡

specified in Definition 6 satisfy
Assumption 1.

We computed the empirical density functions of the normal-
ized LWE based on {𝑟

𝑡
} for both models, which are displayed

in Figures 1 and 2 presented in the supporting information.
These figures show that the asymptotic normality established
in Theorem 5 holds well in finite samples. We also evaluated
the empirical size of the test based on Theorem 4. The results
reported in Tables 1 and 2 in the supporting information show
that these sizes are comparable to those obtained for linear
processes.

We have applied the test of Section 4 to returns and absolute
returns on the S&P 500 index over a period that Includes the
COVID pandemic. For any

𝑚 = 𝑛
𝑝
, 𝑝 ∈ {0.60.0.65, 0.70, 0.75} < 0.8

c.f. condition (26), the test accept 𝐻0 for returns and rejects 𝐻0
for absolute returns. It appears that the absolute returns (that
model volatility) are better explained by a long memory model.
This agrees with many previous studies going back to the foun-
dational work of Ding et al. (1993); Dalla (2015) provides many
related references.
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6 | Proofs of the Results of Sections 3 and 4

We begin with a few auxiliary lemmas that isolate technical argu-
ments from our main proofs.

6.1 | Auxiliary Lemmas

Lemma 2. For 𝑥, 𝑦 ∈ ℝ, 𝑘, 𝑟 ∈ ℤ, and 𝑛 ≥ 1,

𝑛∑

𝑡=1
cos((𝑡 − 𝑥)𝜔

𝑘
) cos((𝑡 − 𝑦)𝜔

𝑟
)

=

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪⎩

𝑛

2
[cos(𝑥𝜔

𝑘
− 𝑦𝜔

𝑟
)

+ cos(𝑥𝜔
𝑘
+ 𝑦𝜔

𝑟
)] if 𝑘 + 𝑟 ∈ 𝑛ℤ and 𝑘 − 𝑟 ∈ 𝑛ℤ;

𝑛

2
cos(𝑥𝜔

𝑘
− 𝑦𝜔

𝑟
) if 𝑘 + 𝑟 ∈ ℤ ⧵ 𝑛ℤ and 𝑘 − 𝑟 ∈ 𝑛ℤ;

𝑛

2
cos(𝑥𝜔

𝑘
+ 𝑦𝜔

𝑟
) if 𝑘 + 𝑟 ∈ 𝑛ℤ and 𝑘 − 𝑟 ∈ ℤ ⧵ 𝑛ℤ;

0 if 𝑘 + 𝑟 ∈ ℤ ⧵ 𝑛ℤ and 𝑘 − 𝑟 ∈ ℤ ⧵ 𝑛ℤ.

Proof. Using the fact that cos 𝑥 = (𝑒𝑖𝑥 + 𝑒
−𝑖𝑥)∕2 for 𝑥 ∈ ℝ,

4
𝑛∑

𝑡=1
cos((𝑡 − 𝑥)𝜔

𝑘
) cos((𝑡 − 𝑦)𝜔

𝑟
)

=
𝑛∑

𝑡=1
(𝑒𝑖(𝑡−𝑥)𝜔𝑘 + 𝑒

−𝑖(𝑡−𝑥)𝜔
𝑘 )(𝑒𝑖(𝑡−𝑦)𝜔𝑟 + 𝑒

−𝑖(𝑡−𝑦)𝜔
𝑟 )

= 𝑒
−𝑖(𝑥𝜔

𝑘
+𝑦𝜔

𝑟
)

𝑛∑

𝑡=1
(𝑒2𝜋𝑖∕𝑛)(𝑘+𝑟)𝑡 + 𝑒

−𝑖(𝑥𝜔
𝑘
−𝑦𝜔

𝑟
)

𝑛∑

𝑡=1
(𝑒2𝜋𝑖∕𝑛)(𝑘−𝑟)𝑡

+ 𝑒
𝑖(𝑥𝜔

𝑘
−𝑦𝜔

𝑟
)

𝑛∑

𝑡=1
(𝑒2𝜋𝑖∕𝑛)−(𝑘−𝑟)𝑡 + 𝑒

𝑖(𝑥𝜔
𝑘
+𝑦𝜔

𝑟
)

𝑛∑

𝑡=1
(𝑒2𝜋𝑖∕𝑛)−(𝑘+𝑟)𝑡.

We have that

𝑒
−𝑖(𝑥𝜔

𝑘
+𝑦𝜔

𝑟
)

𝑛∑

𝑡=1
(𝑒2𝜋𝑖∕𝑛)(𝑘+𝑟)𝑡 + 𝑒

𝑖(𝑥𝜔
𝑘
+𝑦𝜔

𝑟
)

𝑛∑

𝑡=1
(𝑒2𝜋𝑖∕𝑛)−(𝑘+𝑟)𝑡

=

{
2𝑛 cos(𝑥𝜔

𝑘
+ 𝑦𝜔

𝑟
) if 𝑘 + 𝑟 ∈ 𝑛ℤ

0 if 𝑘 + 𝑟 ∉ 𝑛ℤ

Similarly,

𝑒
−𝑖(𝑥𝜔

𝑘
−𝑦𝜔

𝑟
)

𝑛∑

𝑡=1
(𝑒2𝜋𝑖∕𝑛)(𝑘−𝑟)𝑡 + 𝑒

𝑖(𝑥𝜔
𝑘
−𝑦𝜔

𝑟
)

𝑛∑

𝑡=1
(𝑒2𝜋𝑖∕𝑛)−(𝑘−𝑟)𝑡

=

{
2𝑛 cos(𝑥𝜔

𝑘
− 𝑦𝜔

𝑟
) if 𝑘 − 𝑟 ∈ 𝑛ℤ

0 if 𝑘 − 𝑟 ∉ 𝑛ℤ

The proof is complete. ◽

Lemma 3. For 𝑥, 𝑦 ∈ ℝ, 𝑘, 𝑟 ∈ ℤ, and 𝑛 ≥ 1,

𝑛∑

𝑡=1
sin((𝑡 − 𝑥)𝜔

𝑘
) sin((𝑡 − 𝑦)𝜔

𝑟
)

=

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪⎩

𝑛

2
[cos(𝑥𝜔

𝑘
− 𝑦𝜔

𝑟
)

− cos(𝑥𝜔
𝑘
+ 𝑦𝜔

𝑟
)] if 𝑘 + 𝑟 ∈ 𝑛ℤ and 𝑘 − 𝑟 ∈ 𝑛ℤ

𝑛

2
cos(𝑥𝜔

𝑘
− 𝑦𝜔

𝑟
) if 𝑘 + 𝑟 ∈ ℤ ⧵ 𝑛ℤ and 𝑘 − 𝑟 ∈ 𝑛ℤ

− 𝑛

2
cos(𝑥𝜔

𝑘
+ 𝑦𝜔

𝑟
) if 𝑘 + 𝑟 ∈ 𝑛ℤ and 𝑘 − 𝑟 ∈ ℤ ⧵ 𝑛ℤ

0 if 𝑘 + 𝑟 ∈ ℤ ⧵ 𝑛ℤ and 𝑘 − 𝑟 ∈ ℤ ⧵ 𝑛ℤ

The proof of Lemma 3 is analogous to the proof of Lemma 2 and
thus is omitted.

Lemma 4. Let 𝜈
𝑙,𝑚
= log 𝑙 − 1

𝑚

∑𝑚

𝑗=1 log 𝑗. Then,

lim
𝑚→∞

1
𝑚

𝑚∑

𝑘=1
𝜈

2
𝑘,𝑚
= 1 (32)

max
1≤𝑘≤𝑚

|𝜈
𝑘,𝑚
| = 𝑂(log𝑚) (33)

Proof. Note that

1
𝑚

𝑚∑

𝑘=1
𝜈

2
𝑘,𝑚
∼ 1

𝑚

𝑚∑

𝑘=1

(
log
(
𝑘

𝑚

)
+ 1
)2
→
∫

1

0
(log 𝑥 + 1)2𝑑𝑥 = 1

Moreover, (33) follows directly from Lemma 2 in Robin-
son (1995). The proof is complete. ◽

6.2 | Central Limit Theorem for Weighted
Sums of the Periodogram Ordinates

Suppose that 𝜅
𝑚
= (𝜅1,𝑚, . . . , 𝜅𝑚,𝑚

) ∈ ℝ𝑚 with 𝑚 ≥ 1 and consider
a weighted sum of the periodogram ordinates

𝑊
𝑛
= 1
||𝜅

𝑚
||22

𝑚∑

𝑗=1
𝜅
𝑗,𝑚

𝐼
𝑛
(𝜔

𝑗
) (34)

where ||𝜅
𝑚
||
𝑝
= (|𝜅1,𝑚|𝑝 + · · · + |𝜅𝑚,𝑚

|𝑝)1∕𝑝 for 𝑝 ≥ 1 and
the periodogram ordinates are defined in Equation (7).
Observe that 𝑄

𝑛
given in Equation (4) and 𝑄̃

𝑛
given in

Equation (27) can be expressed as special cases of (34). The
next theorem establishes a central limit theorem for the
appropriately standardized weighted sum of the periodogram
ordinates.

Theorem 7. Assume that E𝑋0 = 0, E|𝑋0|4 < ∞,Θ4 <∞with
Θ4 defined by (10), and Assumption 2 holds. Suppose that 𝜅

𝑚
=

(𝜅1,𝑚, . . . , 𝜅𝑚,𝑚
) ∈ ℝ𝑚 with 𝑚 ≥ 1 such that

||𝜅
𝑚
||4

||𝜅
𝑚
||2

→ 0 and
∑𝑚

𝑗=1𝜅
2
𝑗,𝑚

sin2(𝜔
𝑗
∕2)

||𝜅
𝑚
||22

→ 0 as 𝑚 → ∞

(35)

where 𝜔
𝑗
= 2𝜋𝑗∕𝑛 are the Fourier frequencies with 1 ≤ 𝑗 ≤ 𝑚.

Then

||𝜅
𝑚
||2

𝑓 (0)
(𝑊

𝑛
− E𝑊

𝑛
)

𝑑

−→ (0, 1)

as 𝑛 → ∞, where 𝑊
𝑛

and 𝑓 (0) are defined in Equations (34) and
(6) respectively.

The proof of Theorem 7 is based on a general central limit
theorem for quadratic forms established by Liu and Wu (2010)
(Thereom 6 therein), which we state here for the sake of conve-
nience. 1

𝐴
∶ ℝ → {0, 1} denotes the indicator function of a set

𝐴 ⊂ ℝ.
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Theorem 8 (Theorem 6 of Liu and Wu (2010)). Let 𝑎
𝑛,𝑗
=

𝑏
𝑛,𝑗

𝑒
𝑖𝑗𝜆, where 𝜆 ∈ ℝ, 𝑏

𝑛,𝑗
∈ ℝ with 𝑏

𝑛,𝑗
= 𝑏

𝑛,−𝑗 , and

𝑇
𝑛
=

∑

1≤𝑗,𝑗′≤𝑛
𝑎
𝑛,𝑗−𝑗′𝑋𝑗

𝑋
𝑗′ and

𝜎
2
𝑛
= (1 + 1ℤ(𝜆∕𝜋))

𝑛∑

𝑘=1

𝑛∑

𝑡=1
𝑏

2
𝑛,𝑡−𝑘

Assume that E𝑋0 = 0, E|𝑋0|4 < ∞, Θ4 <∞ with Θ4 defined by
(10), and

max
0≤𝑡≤𝑛

𝑏
2
𝑛,𝑡
= 𝑜(𝜍2

𝑛
), where 𝜍

2
𝑛
=

𝑛∑

𝑡=1
𝑏

2
𝑛,𝑡

(36)

𝑛𝜍
2
𝑛
= 𝑂(𝜎2

𝑛
) (37)

𝑛∑

𝑘=1

𝑘−1∑

𝑡=1

||||||

𝑛∑

𝑗=1+𝑘
𝑎
𝑛,𝑘−𝑗𝑎𝑛,𝑡−𝑗

||||||

2

= 𝑜(𝜍4
𝑛
) (38)

𝑛∑

𝑘=1
|𝑏

𝑛,𝑘
− 𝑏

𝑛,𝑘−1|2 = 𝑜(𝜍2
𝑛
) (39)

Then for 0 ≤ 𝜆 < 2𝜋, 𝜎−1
𝑛
(𝑇

𝑛
− E𝑇

𝑛
)

𝑑

−→ 𝑁(0, 4𝜋2
𝑓

2(𝜆)).

We are now ready to prove Theorem 7.

Proof of Theorem 7. We use Theorem 8 with 𝜆 = 0 to prove
Theorem 7. 𝑊

𝑛
is a quadratic form given by

𝑊
𝑛
= 1
||𝜅

𝑚
||22

𝑚∑

𝑗=1
𝜅
𝑗,𝑚
⋅

1
2𝜋𝑛

𝑛∑

𝑠,𝑡=1
𝑋

𝑠
𝑋

𝑡
cos((𝑠 − 𝑡)𝜔

𝑗
)

=
𝑛∑

𝑠,𝑡=1
𝑎
𝑛,𝑠−𝑡𝑋𝑠

𝑋
𝑡

where

𝑎
𝑛,𝑡
= 1

2𝜋𝑛||𝜅
𝑚
||22

𝑚∑

𝑗=1
𝜅
𝑗,𝑚

cos(𝑡𝜔
𝑗
)

for 𝑛 ≥ 1 and |𝑡| < 𝑛.

For sufficiently large values of 𝑛 and 𝑘 ∈ ℤ,

𝑛∑

𝑡=1
𝑎

2
𝑛,𝑡−𝑘 =

1
4𝜋2𝑛2||𝜅

𝑚
||42

𝑛∑

𝑡=1

||||||

𝑚∑

𝑗=1
𝜅
𝑗,𝑚

cos((𝑡 − 𝑘)𝜔
𝑗
)
||||||

2

= 1
8𝜋2𝑛||𝜅

𝑚
||22

(40)

since

𝑛∑

𝑡=1

||||||

𝑚∑

𝑗=1
𝜅
𝑗,𝑚

cos((𝑡 − 𝑘)𝜔
𝑗
)
||||||

2

=
𝑚∑

𝑗=1

𝑚∑

𝑙=1
𝜅
𝑗,𝑚

𝜅
𝑙,𝑚

×
𝑛∑

𝑡=1
cos((𝑡 − 𝑘)𝜔

𝑗
) cos((𝑡 − 𝑘)𝜔

𝑙
)

= 𝑛

2
||𝜅

𝑚
||22

using Lemma 2 as 𝑗 + 𝑙 ∈ ℤ ⧵ 𝑛ℤ for sufficiently large values of 𝑛
due to Assumption 2.

Using (40),

𝜎
2
𝑛
= 2

𝑛∑

𝑘=1

𝑛∑

𝑡=1
𝑎

2
𝑛,𝑡−𝑘 =

1
4𝜋2||𝜅

𝑚
||22

and

𝜍
2
𝑛
=

𝑛∑

𝑡=1
𝑎

2
𝑛,𝑡
= 1

8𝜋2𝑛||𝜅
𝑚
||22

for sufficiently large values of 𝑛.

Using the Cauchy-Schwarz inequality and the fact that | cos 𝑥|
≤ 1 for 𝑥 ∈ ℝ,

max
0≤𝑡≤𝑛

𝑎
2
𝑛,𝑡
= 1

4𝜋2𝑛2||𝜅
𝑚
||42

max
0≤𝑡≤𝑛

||||||

𝑚∑

𝑗=1
𝜅
𝑗,𝑚

cos(𝑡𝜔
𝑗
)
||||||

2

≤
1

4𝜋2𝑛2||𝜅
𝑚
||42
||𝜅

𝑚
||22 max

0≤𝑡≤𝑛

{
𝑚∑

𝑗=1
cos2(𝑡𝜔

𝑗
)

}

≤
𝑚

4𝜋2𝑛2||𝜅
𝑚
||22

and hence

max0≤𝑡≤𝑛 𝑎
2
𝑛,𝑡

𝜍2
𝑛

= 𝑚

4𝜋2𝑛2||𝜅
𝑚
||22
⋅ 8𝜋2

𝑛||𝜅
𝑚
||22=

2𝑚
𝑛
=𝑜(1) as 𝑛 → ∞

due to Assumption 2 so that (36) is satisfied. (37) is also satisfied
since

𝑛𝜍
2
𝑛

𝜎2
𝑛

=
4𝜋2||𝜅

𝑚
||22

8𝜋2||𝜅
𝑚
||22
= 1

2

for sufficiently large values of 𝑛.

Next, we verify that (38) holds. We have that

𝑛∑

𝑘=1

𝑘−1∑

𝑡=1

||||||

𝑛∑

𝑗=𝑘+1
𝑎
𝑛,𝑘−𝑗𝑎𝑛,𝑡−𝑗

||||||

2

=

≤

𝑛∑

𝑘=1

𝑛∑

𝑡=1

[
𝑛∑

𝑗=1
𝑎

2
𝑛,𝑘−𝑗𝑎

2
𝑛,𝑡−𝑗 + 2

×
𝑛−1∑

𝑗=𝑘+1

𝑛∑

𝑙=𝑗+1
𝑎
𝑛,𝑘−𝑗𝑎𝑛,𝑡−𝑗𝑎𝑛,𝑘−𝑙𝑎𝑛,𝑡−𝑙

]

=

[
𝑛∑

𝑗=1

𝑛∑

𝑘=1
𝑎

2
𝑛,𝑘−𝑗

𝑛∑

𝑡=1
𝑎

2
𝑛,𝑡−𝑗 + 2

𝑛∑

𝑘=1

𝑛−1∑

𝑗=𝑘+1
𝑎
𝑛,𝑘−𝑗

×
𝑛∑

𝑙=𝑗+1
𝑎
𝑛,𝑘−𝑙

(
𝑛∑

𝑡=1
𝑎
𝑛,𝑡−𝑗𝑎𝑛,𝑡−𝑙

)]

=

[
𝑛∑

𝑗=1

|||||

𝑛∑

𝑡=1
𝑎

2
𝑛,𝑡−𝑗

|||||

2

+ 2
𝑛∑

𝑘=1

𝑛−1∑

𝑗=𝑘+1
𝑎
𝑛,𝑘−𝑗𝛽𝑛,𝑘,𝑗

]

where

𝛽
𝑛,𝑘,𝑗
≔

𝑛∑

𝑙=𝑗+1
𝑎
𝑛,𝑘−𝑙𝛼𝑛,𝑗,𝑙

and 𝛼
𝑛,𝑗,𝑙
≔

𝑛∑

𝑡=1
𝑎
𝑛,𝑡−𝑗𝑎𝑛,𝑡−𝑙

By the Cauchy-Schwarz inequality,

||||||
2

𝑛∑

𝑘=1

𝑛−1∑

𝑗=𝑘+1
𝑎
𝑛,𝑘−𝑗𝛽𝑛,𝑘,𝑗

||||||
≤ 2

𝑛∑

𝑘=1

||||||

𝑛−1∑

𝑗=𝑘+1
𝑎
𝑛,𝑘−𝑗𝛽𝑛,𝑘,𝑗

||||||
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≤ 2
𝑛∑

𝑘=1

(
𝑛−1∑

𝑗=𝑘+1
𝑎

2
𝑛,𝑘−𝑗

)1∕2(
𝑛−1∑

𝑗=𝑘+1
𝛽

2
𝑛,𝑘,𝑗

)1∕2

≤ 2
𝑛∑

𝑘=1

(
𝑛∑

𝑗=1
𝑎

2
𝑛,𝑘−𝑗

)1∕2(
𝑛∑

𝑗=1
𝛽

2
𝑛,𝑘,𝑗

)1∕2

and

𝛽
2
𝑛,𝑘,𝑗

=
||||||

𝑛∑

𝑙=𝑗+1
𝑎
𝑛,𝑘−𝑙𝛼𝑛,𝑗,𝑙

||||||

2

≤

(
𝑛∑

𝑙=𝑗+1
𝑎

2
𝑛,𝑘−𝑙

)(
𝑛∑

𝑙=𝑗+1
𝛼

2
𝑛,𝑗,𝑙

)

≤

(
𝑛∑

𝑙=1
𝑎

2
𝑛,𝑘−𝑙

)(
𝑛∑

𝑙=1
𝛼

2
𝑛,𝑗,𝑙

)
(41)

Using Lemma 2 twice,

𝑛∑

𝑙=1
𝛼

2
𝑛,𝑗,𝑙

=
𝑛∑

𝑙=1

|||||

𝑛∑

𝑡=1

1
2𝜋𝑛||𝜅

𝑚
||22

×
𝑚∑

𝑟=1
𝜅
𝑟,𝑚

cos((𝑡 − 𝑗)𝜔
𝑟
) 1
2𝜋𝑛||𝜅

𝑚
||22

×
𝑚∑

𝑠=1
𝜅
𝑠,𝑚

cos((𝑡 − 𝑙)𝜔
𝑠
)
|||||

2

= 1
16𝜋4𝑛4||𝜅

𝑚
||82

𝑛∑

𝑙=1

|||||

𝑚∑

𝑟=1

𝑚∑

𝑠=1
𝜅
𝑟,𝑚

𝜅
𝑠,𝑚

×
𝑛∑

𝑡=1
cos((𝑡 − 𝑗)𝜔

𝑟
) cos((𝑡 − 𝑙)𝜔

𝑠
)
|||||

2

= 1
64𝜋4𝑛2||𝜅

𝑚
||82

𝑛∑

𝑙=1

|||||

𝑚∑

𝑟=1
𝜅

2
𝑟,𝑚

cos((𝑗 − 𝑙)𝜔
𝑟
)
|||||

2

= 1
64𝜋4𝑛2||𝜅

𝑚
||82

𝑛∑

𝑙=1

𝑚∑

𝑟=1

𝑚∑

𝑠=1
𝜅

2
𝑟,𝑚

cos((𝑗 − 𝑙)𝜔
𝑟
)𝜅2

𝑠,𝑚

cos((𝑗 − 𝑙)𝜔
𝑠
)

= 1
64𝜋4𝑛2||𝜅

𝑚
||82

𝑚∑

𝑟=1

𝑚∑

𝑠=1
𝜅

2
𝑟,𝑚

𝜅
2
𝑠,𝑚

𝑛∑

𝑙=1
cos((𝑗 − 𝑙)𝜔

𝑟
)

cos((𝑗 − 𝑙)𝜔
𝑠
)

= 1
64𝜋4𝑛2||𝜅

𝑚
||82
||𝜅

𝑚
||44 ⋅

𝑛

2

=
||𝜅

𝑚
||44

128𝜋4𝑛||𝜅
𝑚
||82

(42)

for sufficiently large values of 𝑛.

Using (41), (40), and (42),

𝛽
2
𝑛,𝑘,𝑗
≤

(
𝑛∑

𝑙=1
𝑎

2
𝑛,𝑘−𝑙

)(
𝑛∑

𝑙=1
𝛼

2
𝑛,𝑗,𝑙

)

≤
1

8𝜋2𝑛||𝜅
𝑚
||22
⋅

||𝜅
𝑚
||44

128𝜋4𝑛||𝜅
𝑚
||82
=

||𝜅
𝑚
||44

210
𝜋6𝑛2||𝜅

𝑚
||10

2

Using (40) again,

𝑛∑

𝑗=1

|||||

𝑛∑

𝑡=1
𝑎

2
𝑛,𝑡−𝑗

|||||

2

=
𝑛∑

𝑗=1

|||||
1

8𝜋2𝑛||𝜅
𝑚
||22

|||||

2

= 1
64𝜋4𝑛||𝜅

𝑚
||42

and

||||||
2

𝑛∑

𝑘=1

𝑛−1∑

𝑗=𝑘+1
𝑎
𝑛,𝑘−𝑗𝛽𝑛,𝑘,𝑗

||||||
≤ 2

𝑛∑

𝑘=1

(
𝑛∑

𝑗=1
𝑎

2
𝑛,𝑘−𝑗

)1∕2(
𝑛∑

𝑗=1
𝛽

2
𝑛,𝑘,𝑗

)1∕2

≤ 2
𝑛∑

𝑘=1

(
1

8𝜋2𝑛||𝜅
𝑚
||22

)1∕2

⋅
𝑛

1∕2||𝜅
𝑚
||24

25
𝜋3𝑛||𝜅

𝑚
||52

= 2𝑛 1
23∕2

𝜋𝑛1∕2||𝜅
𝑚
||2
⋅

𝑛
1∕2||𝜅

𝑚
||24

25
𝜋3𝑛||𝜅

𝑚
||52

=
||𝜅

𝑚
||24

211∕2
𝜋4||𝜅

𝑚
||62

so that
∑𝑛

𝑘=1
∑𝑘−1

𝑡=1 |
∑𝑛

𝑗=𝑘+1𝑎𝑛,𝑘−𝑗𝑎𝑛,𝑡−𝑗 |2

𝜎4
𝑛

=

=
𝑛∑

𝑘=1

𝑘−1∑

𝑡=1

||||||

𝑛∑

𝑗=𝑘+1
𝑎
𝑛,𝑘−𝑗𝑎𝑛,𝑡−𝑗

||||||

2

⋅ 16𝜋4||𝜅
𝑚
||42

≤

[
1

64𝜋4𝑛||𝜅
𝑚
||42
+

||𝜅
𝑚
||24

211∕2
𝜋4||𝜅

𝑚
||62

]
⋅ 16𝜋4||𝜅

𝑚
||42

= 1
4𝑛
+ 2−3∕2

(||𝜅
𝑚
||4

||𝜅
𝑚
||2

)2

= 𝑜(1)

as 𝑛 → ∞ due to (35) and hence (38) holds.

We finally verify that (39) holds. Using the identity

cos 𝜃 − cos(𝜑) = −2 sin
(

𝜃 + 𝜑

2

)
sin
(

𝜃 − 𝜑

2

)

for 𝜃, 𝜑 ∈ ℝ and Lemma 3,

𝑛∑

𝑘=1
|𝑎

𝑛,𝑘
− 𝑎

𝑛,𝑘−1|2 =

= 1
4𝜋2𝑛2||𝜅

𝑚
||42

𝑛∑

𝑘=1

||||||

𝑚∑

𝑗=1
𝜅
𝑗,𝑚
[cos(𝑘𝜔

𝑗
) − cos((𝑘 − 1)𝜔

𝑗
)]
||||||

2

= 1
𝜋2𝑛2||𝜅

𝑚
||42

𝑛∑

𝑘=1

||||||

𝑚∑

𝑗=1
𝜅
𝑗,𝑚
[sin((2𝑘 − 1)𝜔

𝑗
∕2) sin(𝜔

𝑗
∕2)]

||||||

2

= 1
𝜋2𝑛2||𝜅

𝑚
||42

𝑚∑

𝑗,𝑙=1
𝜅
𝑗,𝑚

𝜅
𝑙,𝑚

sin(𝜔
𝑗
∕2) sin(𝜔

𝑙
∕2)

{
𝑛∑

𝑘=1
sin((𝑘 − 1∕2)𝜔

𝑗
) sin((𝑘 − 1∕2)𝜔

𝑙
)

}

= 1
2𝜋2𝑛||𝜅

𝑚
||42

𝑚∑

𝑗=1
𝜅

2
𝑗,𝑚

sin2(𝜔
𝑗
∕2)
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for sufficiently large values of 𝑛. Hence,

∑𝑛

𝑘=1|𝑎𝑛,𝑘
− 𝑎

𝑛,𝑘−1|2

𝜍2
𝑛

= 1
2𝜋2𝑛||𝜅

𝑚
||42

𝑚∑

𝑗=1
𝜅

2
𝑗,𝑚

sin2(𝜔
𝑗
∕2) ⋅ 8𝜋2

𝑛||𝜅
𝑚
||22

=
4
∑𝑚

𝑗=1𝜅
2
𝑗,𝑚

sin2(𝜔
𝑗
∕2)

||𝜅
𝑚
||22

= 𝑜(1)

as 𝑛 → ∞ due to (35) and hence (39) holds. Theorem 8 then
implies that

𝜎
−1
𝑛
(𝑊

𝑛
− E𝑊

𝑛
)

𝑑

−→ 𝑁(0, 4𝜋2
𝑓

2(0)) as 𝑛 → ∞,

which completes the proof. ◽

6.3 | Proofs of the Theorems of Section 3

Proof of Theorem 2. We set 𝜅
𝑗,𝑚
= 1 in Theorem 7 for 𝑗 =

1, . . . , 𝑚 and 𝑚 ≥ 1. The first condition of (35) holds. Using the
inequality | sin 𝑥| ≤ |𝑥| for 𝑥 ∈ ℝ,

∑𝑚

𝑗=1sin2(𝜔
𝑗
∕2)

𝑚
≤

𝜋
2∑𝑚

𝑗=1𝑗
2

𝑛2𝑚
= 𝑂

((
𝑚

𝑛

)2
)

as 𝑛 → ∞ and the second condition of (35) also holds under
Assumption 2. The proof is complete. ◽

Proof of Theorem 3. Observe that 𝑄
𝑛

can be expressed in the
following way

𝑄
𝑛
= 1

2𝜋

𝑛−1∑

ℎ=−(𝑛−1)
𝑎
𝑛,ℎ

𝛾̂(ℎ) (43)

for 𝑛 ≥ 1, where

𝑎
𝑛,ℎ
= 1

𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
)

for 𝑛 ≥ 1 and |ℎ| < 𝑛 while 𝛾̂(ℎ) are sample autocovariances
given by

𝛾̂(ℎ) = 1
𝑛

𝑛−ℎ∑

𝑗=1
𝑋

𝑗+ℎ𝑋𝑗

for 0 ≤ ℎ < 𝑛 and 𝛾̂(ℎ) = 𝛾̂(−ℎ) for −𝑛 < ℎ ≤ 0. Hence, we
have that

E

[
1
𝑚

𝑚∑

𝑗=1
𝐼
𝑛
(𝜔

𝑗
)

]
− 𝑓 (0)

= 1
2𝜋

𝑛−1∑

ℎ=−(𝑛−1)

(
1 − |ℎ|

𝑛

)
𝛾(ℎ)

[
1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
)

]

− 1
2𝜋

∞∑

ℎ=−∞
𝛾(ℎ)

= 1
2𝜋

[
𝑛−1∑

ℎ=−(𝑛−1)

{(
1 − |ℎ|

𝑛

)[
1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
)

]
− 1

}

𝛾(ℎ) −
∑

|ℎ|≥𝑛
𝛾(ℎ)

]

= 1
𝜋

[
𝑛−1∑

ℎ=1

{[
1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
)

]
− ℎ

𝑛

[
1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
)

]
− 1

}

𝛾(ℎ) −
∞∑

ℎ=𝑛
𝛾(ℎ)

]

= 1
𝜋

[
𝑛−1∑

ℎ=1

{[
1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
)

]
− 1

− ℎ

𝑛

[
1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
)

]}
𝛾(ℎ)

−
∞∑

ℎ=𝑛
𝛾(ℎ)

]
.

Split the sum into two parts

𝑛−1∑

ℎ=1

||||||

1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
) − 1

||||||
|𝛾(ℎ)|

=
𝜏
𝑛,𝑚
−1∑

ℎ=1

||||||

1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
) − 1

||||||
|𝛾(ℎ)|

+
𝑛−1∑

ℎ=𝜏
𝑛,𝑚

||||||

1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
) − 1

||||||
|𝛾(ℎ)| (44)

where

𝜏
𝑛,𝑚
=

⌊ √
3𝑛

𝜋

√
(𝑚 + 1)(2𝑚 + 1)

⌋
.

Using the mean value theorem and the fact that | sin 𝑥| ≤ |𝑥| for
𝑥 ∈ ℝ,

|||||
cos
(
ℎ ⋅

2𝜋𝑗
𝑛

)
− cos(0)

|||||
= | sin 𝑐|

||||
2𝜋ℎ𝑗
𝑛

||||
≤
||||
2𝜋ℎ𝑗
𝑛

||||

2

with some 𝑐 ∈ (0, 2𝜋ℎ𝑗∕𝑛). Hence,

𝜏
𝑛,𝑚
−1∑

ℎ=1

||||||

1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
) − 1

||||||
|𝛾(ℎ)|

≤

𝜏
𝑛,𝑚
−1∑

ℎ=1

2
3
||||
𝜋ℎ

𝑛

||||

2
(𝑚 + 1)(2𝑚 + 1)|𝛾(ℎ)|

= 2
3
||||
𝜋

𝑛

||||

2
(𝑚 + 1)(2𝑚 + 1)

𝜏
𝑛,𝑚
−1∑

ℎ=1
ℎ

2|𝛾(ℎ)| (45)

If 0 ≤ 𝑟 < 2,

𝜏
𝑛,𝑚
−1∑

ℎ=1
ℎ

2|𝛾(ℎ)| =
𝜏
𝑛,𝑚
−1∑

ℎ=1
ℎ

2−𝑟
ℎ
𝑟|𝛾(ℎ)| ≤ (𝜏

𝑛,𝑚
− 1)2−𝑟

𝜏
𝑛,𝑚
−1∑

ℎ=1
ℎ
𝑟|𝛾(ℎ)|

and (45) is 𝑂((𝑚∕𝑛)𝑟) as 𝑛 →∞. If 𝑟 ≥ 2, (45) is 𝑂((𝑚∕𝑛)2) as
𝑛 →∞. We bound the second term of (44) in the following way

948 Journal of Time Series Analysis, 2026

 14679892, 2026, 5, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/jtsa.12844 by C

olorado State U
niversity, W

iley O
nline L

ibrary on [13/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



𝑛−1∑

ℎ=𝜏
𝑛,𝑚

||||||

1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
) − 1

||||||
|𝛾(ℎ)| ≤ 2

𝑛−1∑

ℎ=𝜏
𝑛,𝑚

|𝛾(ℎ)|

= 2
𝑛−1∑

ℎ=𝜏
𝑛,𝑚

ℎ
−𝑟
ℎ
𝑟|𝛾(ℎ)|

≤ 2𝜏−𝑟
𝑛,𝑚

𝑛−1∑

ℎ=𝜏
𝑛,𝑚

ℎ
𝑟|𝛾(ℎ)|

= 𝑜((𝑚∕𝑛)𝑟)

as 𝑛 → ∞. We have that

𝑛−1∑

ℎ=1

ℎ

𝑛

||||||

1
𝑚

𝑚∑

𝑗=1
cos(ℎ𝜔

𝑗
)
||||||
|𝛾(ℎ)| ≤ 1

𝑛

𝑛−1∑

ℎ=1
ℎ|𝛾(ℎ)|

If 0 < 𝑟 < 1, then

1
𝑛

𝑛−1∑

ℎ=1
ℎ|𝛾(ℎ)| = 1

𝑛

𝑛−1∑

ℎ=1
ℎ

1−𝑟
ℎ
𝑟|𝛾(ℎ)|

≤
(𝑛 − 1)1−𝑟

𝑛

𝑛−1∑

ℎ=1
ℎ
𝑟|𝛾(ℎ)| = 𝑂(𝑛−𝑟)

as 𝑛 → ∞. If 𝑟 ≥ 1, then

1
𝑛

𝑛−1∑

ℎ=1
ℎ|𝛾(ℎ)| = 𝑂(𝑛−1)

as 𝑛 → ∞. Finally,

∞∑

ℎ=𝑛
|𝛾(ℎ)| =

∞∑

ℎ=𝑛
ℎ
𝑟
ℎ
−𝑟|𝛾(ℎ)| ≤ 𝑛

−𝑟
∞∑

ℎ=𝑛
ℎ
𝑟|𝛾(ℎ)| = 𝑜(𝑛−𝑟)

as 𝑛 → ∞. The proof is complete. ◽

6.4 | Proofs of the Results of Section 4

Proof of Theorem 6. We set 𝜅
𝑗,𝑚
= 𝜈

𝑗,𝑚
in Theorem 7 with 𝜈

𝑗,𝑚

given by (28) for 𝑗 = 1, . . . , 𝑚 and 𝑚 ≥ 1. Using Lemma 4 and the
inequality | sin 𝑥| ≤ |𝑥| for 𝑥 ∈ ℝ,

||𝜈
𝑚
||4

||𝜈
𝑚
||2
≤

𝑚
1∕4 max1≤𝑗≤𝑚 |𝜈𝑗,𝑚|
𝑚1∕2 ⋅ 𝑚−1∕2||𝜈

𝑚
||2

= 𝑂

(
log𝑚

𝑚1∕4

)

and
∑𝑚

𝑗=1𝜈
2
𝑗,𝑚

sin2(𝜔
𝑗
∕2)

||𝜈
𝑚
||22

≤

𝜋 max1≤𝑗≤𝑚 𝜈
2
𝑗,𝑚
⋅
∑𝑚

𝑗=1𝑗
2

𝑛2||𝜈
𝑚
||22

=𝑂

(
𝑚

2log2
𝑚

𝑛2

)

as 𝑛 → ∞ so that conditions (35) are satisfied under
assumption (26). Theorem 7 then implies that

||𝜈
𝑚
||2

𝑓 (0)

[
1

||𝜈
𝑛
||22

𝑚∑

𝑗=1
𝜈
𝑗,𝑚

𝐼
𝑛
(𝜔

𝑗
) − E

[
1

||𝜈
𝑛
||22

𝑚∑

𝑗=1
𝜈
𝑗,𝑚

𝐼
𝑛
(𝜔

𝑗
)

]]

𝑑

−→ (0, 1) as 𝑛 → ∞

To complete the proof, we show that

𝐸

[
1√
𝑚

𝑚∑

𝑗=1
𝜈
𝑗,𝑚

𝐼
𝑛
(𝜔

𝑗
)

]
= 𝑜(1) as 𝑛 → ∞

We have that

E

[
1√
𝑚

𝑚∑

𝑙=1
𝜈
𝑙,𝑚

𝐼
𝑛
(𝜔

𝑙
)

]
= 1√

𝑚

𝑚∑

𝑙=1
𝜈
𝑙,𝑚

E𝐼
𝑛
(𝜔

𝑙
)

= 1
2𝜋

𝑛−1∑

ℎ=−(𝑛−1)

[
1√
𝑚

𝑚∑

𝑙=1
𝜈
𝑙,𝑚

cos(ℎ𝜔
𝑙
)

]

×
(

1 − |ℎ|
𝑛

)
𝛾(ℎ)

= 1
𝜋

𝑛−1∑

ℎ=1

[
1√
𝑚

𝑚∑

𝑙=1
𝜈
𝑙,𝑚
{cos(ℎ𝜔

𝑙
) − 1}

]

×
(

1 − ℎ

𝑛

)
𝛾(ℎ)

since
∑𝑚

𝑗=1𝜈𝑗,𝑚 = 0 for 𝑚 ≥ 1. Using Lemma 4, the identity 1 −
cos 𝑥 = 2sin2(𝑥∕2) for 𝑥 ∈ ℝ, and the inequality | sin 𝑥| ≤ |𝑥| for
𝑥 ∈ ℝ,

||||||
E

[
1√
𝑚

𝑚∑

𝑙=1
𝜈
𝑙,𝑚

𝐼
𝑛
(𝜔

𝑙
)

]||||||

≤
1
𝜋

𝑛−1∑

ℎ=1

1√
𝑚

𝑚∑

𝑙=1
|𝜈

𝑙,𝑚
|| cos(ℎ𝜔

𝑙
) − 1||𝛾(ℎ)|

≤
2𝐶 log𝑚

𝜋

𝑛−1∑

ℎ=1

1√
𝑚

𝑚∑

𝑙=1

(
ℎ𝜔

𝑙

2

)2

|𝛾(ℎ)|

= 2𝜋𝐶
3

𝑛−1∑

ℎ=1
ℎ

2|𝛾(ℎ)| ⋅ log𝑚

𝑛2
√

𝑚

𝑚∑

𝑙=1
𝑙

2

= 𝑂

(
𝑚

5∕2 log𝑚

𝑛2

)

as 𝑛 → ∞ since
∑∞

ℎ=1ℎ
2|𝛾(ℎ)| < ∞ under Assumption 1 (see

inequality (17)). The proof is complete. ◽

Proof of Proposition 1. Let 𝜇 = 𝐸[𝑥
𝑡
] = 𝛼

1−𝜙
, then 𝑥

𝑡
= 𝜇 +

∑∞
𝑗=0𝜙

𝑗
𝑤

𝑡−𝑗 . Define

𝑢
𝑡
= exp

(
𝑥
𝑡

2

)
= exp

(
1
2
𝜇 + 1

2

∞∑

𝑗=0
𝜙

𝑗
𝑤

𝑡−𝑗

)

= exp
(
𝜁
𝑚−1,𝑡 + 𝜉

𝑚,𝑡

)

where

𝜁
𝑚−1,𝑡 =

1
2
𝜇 + 1

2

𝑚−1∑

𝑗=0
𝜙

𝑗
𝑤

𝑡−𝑗 , 𝜉
𝑚,𝑡
= 1

2

∞∑

𝑗=𝑚
𝜙

𝑗
𝑤

𝑡−𝑗

Clearly, the mapping from (𝑤
𝑡
,𝑤

𝑡−1, . . . ) to 𝑢
𝑡

is measurable. For
each 𝑚 ∈ ℕ+, we can approximate the 𝑢

𝑡
by

𝑢
(𝑚)
𝑡
= exp

(
𝜁
𝑚−1,𝑡 + 𝜉

′
𝑚,𝑡

)
, (46)
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where

𝜉
′
𝑚,𝑡
= 1

2

∞∑

𝑗=𝑚
𝜙

𝑗
𝑤
′
𝑡−𝑗

and {𝑤′
𝑡−𝑙, 𝑙 ≥ 𝑚,𝑚 ∈ ℕ+} are iid copies of 𝑤0.

Using the identity (𝑎 − 𝑏)4 = 𝑎
4 − 4𝑎3

𝑏 + 6𝑎2
𝑏

2 − 4𝑎𝑏3 + 𝑏
4,

we have

|||𝑢𝑡 − 𝑢
(𝑚)
𝑡

|||
4
= exp

(
4𝜁

𝑚−1,𝑡
)
⋅
[
exp
(
𝜉
𝑚,𝑡

)
− exp

(
𝜉
′
𝑚,𝑡

)]4

= exp
(
4𝜁

𝑚−1,𝑡
)
⋅
{

exp
(
4𝜉

𝑚,𝑡

)
− 4 exp

(
3𝜉

𝑚,𝑡
+ 𝜉

′
𝑚,𝑡

)

+ 6 exp
(

2𝜉
𝑚,𝑡
+ 2𝜉′

𝑚,𝑡

)
− 4 exp

(
𝜉
𝑚,𝑡
+ 3𝜉′

𝑚,𝑡

)

+ exp
(

4𝜉′
𝑚,𝑡

)}

Let 𝜑(𝑠) be the characteristic function of 𝑤0. Then, the character-
istic function of the 𝜉

𝑚,𝑡
is given by

𝜑
𝜉
(𝑠) = 𝐸[exp

(
𝑖𝑠𝜉

𝑚,𝑡

)
] =

∞∏

𝑗=𝑚
𝜑(𝑠𝜙𝑗)

= exp
{
−1

2

(
𝜙

2𝑚

1 − 𝜙2 𝜎
2
𝑤

)
𝑠

2
}

Hence,

𝜉
𝑚,𝑡

𝑑

= 𝜉
′
𝑚,𝑡
∼

(
0, 𝜙

2𝑚

4(1 − 𝜙2)
𝜎

2
𝑤

)

On the other hand,

𝜁
𝑚−1,𝑡 ∼

(
1
2
𝜇,

1 − 𝜙
2𝑚

4(1 − 𝜙2)
𝜎

2
𝑤

)

We know that 𝐸[𝑒𝜇+𝜎𝑍 ] = exp
(
𝜇 + 1

2
𝜎

2
)

if 𝑍 ∼ (0, 1).
Consequently,

𝐸
|||𝑢𝑡 − 𝑢

(𝑚)
𝑡

|||
4
= exp

(
2𝜇 + 2(1 − 𝜙

2𝑚)
1 − 𝜙2 𝜎

2
𝑤

)
⋅
{

2 exp
(

2𝜙2𝑚

1 − 𝜙2 𝜎
2
𝑤

)

−8 exp
(

5𝜙2𝑚

2(1 − 𝜙2)
𝜎

2
𝑤

)
+ 6 exp

(
2𝜙2𝑚

1 − 𝜙2 𝜎
2
𝑤

)}

= exp

(
2𝜇 +

2𝜎2
𝑤

1 − 𝜙2

)

⋅
{

8 − 8 exp
(

𝜙
2𝑚

2(1 − 𝜙2)
𝜎

2
𝑤

)}

= 𝑂(𝜙2𝑚) (47)

where the last equality comes from the Taylor expansion.

Finally, let 𝜼
𝑡
= (𝑤

𝑡
, 𝜖

𝑡
)⊺. Since 𝑟

𝑡
= 𝑢

𝑡
𝜖
𝑡
, the mapping from

(𝜼
𝑡
, 𝜼

𝑡−1, . . . ) to 𝑟
𝑡

is measurable. For each 𝑚 ∈ ℕ+, the 𝑟
𝑡

can

be approximated by 𝑟
(𝑚)
𝑡
= 𝑢

(𝑚)
𝑡

𝜖
𝑡
, where the 𝑢

(𝑚)
𝑡

is given by (46).
Since {𝜖

𝑡
} and {𝑤

𝑡
} are mutually independent,

||𝑟
𝑡
− 𝑟

(𝑚)
𝑡
||4 = ||𝜖0||4 ⋅ ||𝑢𝑡 − 𝑢

(𝑚)
𝑡
||4

= 𝑂
(
𝜙

𝑚∕2)

= 𝑂(𝑚−𝜅∗ )

for any 𝜅
∗
> 0. The proof is complete. ◽
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