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SUMMARY

Separability is a common simplifying assumption on the covariance structure of spatiotem- 15

poral functional data. We present three tests of separability, one a functional extension of the
Monte Carlo likelihood method of Mitchell et al. (2006), and two based on quadratic forms. Our
tests are based on asymptotic distributions of maximum likelihood estimators, and do not require
Monte Carlo simulation. The main theoretical contribution of this paper is the specification of the
joint asymptotic distribution of these estimators, which can be used to derive many other tests. 20

The main methodological finding is that one of the quadratic form methods, which we call a
norm approach, emerges as a clear winner in terms of finite–sample performance in nearly every
setting we considered. This approach focuses directly on the Frobenius distance between the spa-
tiotemporal covariance function and its separable approximation. We demonstrate the efficacy of
our methods via simulations and application to Irish wind data. 25

Some key words: Functional data analysis; Hypothesis Testing; Separability; Space-Time Process.

1. INTRODUCTION

The assumption of separability is used heavily in spatiotemporal statistics and is introduced in
textbooks such as Schabenberger & Gotway (2004) and Sherman (2011). Separability means that
the spatiotemporal covariance structure is the product of two functions, one depending only on 30

space, the other only on time. This provides a number of benefits. From a modeling perspective,
it allows one to draw on the large literature on covariance structures for spatial or temporal data.
The simpler structure induced by separability is then much easier to estimate than a nonseparable
structure. In the context of multivariate spatiotemporal data, separability can be stated in terms
of the factorization of the covariance matrix. For more complex spatiotemporal data structures, 35

analogous definitions can be formulated, as we explain below. The work presented in this paper

C© 2016 Biometrika Trust
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is motivated by geostatistical functional data; functions are observed at a number of spatial loca-
tions. Such data are quite common in environmental and climate studies. Perhaps the best–known
example is annual temperature and log–precipitation curves, averaged over several decades, at
locations distributed over a region of interest. Such data are used in Ramsay & Silverman (2005),40

and Delicado et al. (2010) provide further references. Gromenko et al. (2012) and Gromenko and
Kokoszka (2012, 2013) study curves describing the evolution of certain ionospheric parameters
measured at globally distributed locations at which radar–type instruments called ionosondes op-
erate. Gromenko et al. (2016) study precipitation measurements extending over several decades
at about sixty locations in the midwestern United States. Particulate pollution data (Krall et al.45

2015) are also of this form; hourly measurements over many years of concentrations of vari-
ous pollutants at a number of measurement stations within urban areas and larger regions form
functions defined at fixed geographical locations.

Tests of separability for spatiotemporal covariances of scalar fields are reviewed in Mitchell et
al. (2005, 2006) and Fuentes (2006). If the spatiotemporal covariance has a specific parametric50

form, a likelihood ratio test can be derived. Tests based on composite likelihood can also be used
(Bevilacqua et al. 2010). A similar parametric approach, in conjunction with bootstrap, is taken
by Liu et al. (arxiv.org/abs/1411.4681) in the context of functional data. Lu & Zimmerman (2005)
and Mitchell et al. (2006) introduce a nonparametric likelihood ratio test, which requires that
the number of repeated measurements be greater than the product of the number of spatial and55

temporal locations. We explain their idea in greater detail below. Mitchell et al. (2005) explain
how to deal with this restriction by dividing the temporal domain into blocks. The test of Fuentes
(2006) is based on the spectral representation, which assumes that the data are available on a
spatial grid. The data that motivate this research are not of this form.

To explain the contribution of this paper in more specific terms, we begin by summarizing60

the procedure of Mitchell et al. (2006). Suppose we observe N independent and identically
distributed scalar fields at temporal points ti and spatial locations sk, so that the data are of the
form

Xn(sk; ti), k = 1, . . . ,K, i = 1, . . . , I, n = 1, . . . , N.

The independent and identically distributed assumption implies that the mean function
E{Xn(s; t)} = µ(s; t) and the covariances65

σk`;ij = E [{Xn(sk; ti)− µ(sk; ti)} {Xn(s`; tj)− µ(s`; tj)}]

do not depend on n. The assumption of separability implies that σk`;ij = uk`vij , where ukl does
not depend on time, t, and vij does not depend on space, s. This relation is stated in matrix form
as

Σ = V ⊗ U =


v11U v12U . . . v1IU
v21U v22U . . . v2IU

...
...

...
...

vI1U vI2U . . . vIIU

 , (1)

where U is the K ×K matrix with entries uk` and V is the I × I matrix with entries vij . The
matrix Σ is KI ×KI and can be viewed as the covariance matrix of the vectorized matrix70

{Xn(sk, ti)}, with k indexing rows and i columns. Lu & Zimmerman (2005) and Mitchell et al.
(2006) use the test statistic

T̂ = N
{
K log det(V̂ ) + I log det(Û)− log det(Σ̂)

}
, (2)
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where V̂ , Û , Σ̂ are Gaussian likelihood estimates defined in Theorem B. Their approach is
based on Theorem A, which justifies a Monte Carlo approximation for the null distribution
of T̂ . One can, e.g., use µ = 0, U = IK , V = II to obtain a large number of replicates of T̂ , 75

and so approximate its null distribution. The following theorem was introduced, apparently
independently, by Lu & Zimmerman (2005) and Mitchell et al. (2006).

THEOREM A. If the observations are normal, (1) holds, and N > KI, then the distribution
of (2) does not depend on µ,U, V . 80

The choice of statistic (2) is thus justified by the invariance property stated in Theorem A. Per-
haps more natural test statistics should be based on some distance between the matrices Σ̂ and
V̂ ⊗ Û . It might be hoped that a more direct comparison would lead to tests with better power.
However, such statistics are not invariant in the sense of Theorem A and their asymptotic distri-
bution has not been found. The first contribution of this paper is to derive the joint asymptotic 85

null distribution of Σ̂, V̂ , Û and show how it enables one to derive the limit distribution of several
natural test statistics in the multivariate context. This is addressed in Section 2. The proofs are
presented in the Supplementary Material.

The second contribution, which motivated our research, is related to functional data that are
N replicates of the field 90

Xn(sk, t), k = 1, . . . ,K, t ∈ T .

At each spatial location sk, a function with argument t is observed. For example, Xn(sk, t) can
be the average daily wind speed on day t of month n at location sk, like the Irish wind data
we consider in Section 4·2. For this data set, N = 216. The number of spatial locations, K, can
be anything from a dozen to a few hundred. For the Irish wind data K = 11, and the number
of measurements per month is I = 28, 29, 30, 31. The approach of Mitchell et al. (2006) thus 95

cannot be applied because the condition N > KI is violated. For pollution data, I can be even
larger, as hourly and half hourly measurements are often available. Our approach exploits the
functional structure of the data and uses a dimension reduction. Since for climate and environ-
mental data sets N is fairly large, we derive asymptotic tests as N →∞ using the results of
Section 2. These developments are described in Section 3. A related, independently and con- 100

curently developed, paper concerned with testing the separability of functional data is Aston et
al. (arxiv.org/abs/1505.02023).

2. MULTIVARIATE THEORY

This section clarifies the behavior of several test statistics based on normal maximum likeli-
hood estimators. The theory is valid under the following assumption. 105

Assumption 1. Assume X1, . . . , XN are independent and identically normally distributed
K × I matrices with E(Xn) = M and cov{vec(Xn)} = Σ, where Σ is a KI ×KI positive
definite matrix. Assume that N > KI .

We begin with Theorem B (Dutilleul 1999). Recall that if A is a K × I matrix, then vec(A)
is a column vector of length KI obtained by stacking the columns of A on top of each other. 110
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THEOREM B. Under Assumption 1, the maximum likelihood estimators of M and Σ are

M̂ =
1

N

N∑
n=1

Xn, Σ̂ =
1

N

N∑
n=1

vec(Xn − M̂){vec(Xn − M̂)}>.

If Σ admits the decomposition

Σ = V ⊗ U, dim(U) = K ×K, dim(V ) = I × I, (3)

where U and V are positive definite, then the maximum likelihood estimators of U and V satisfy

Û =
1

NI

N∑
n=1

(Xn − M̂)V̂ −1(Xn − M̂)>, V̂ =
1

NK

N∑
n=1

(Xn − M̂)>Û−1(Xn − M̂).115

Roś et al. (2016) show that if N > KI , then the maximum likelihood estimates of U and
V exist and are unique. The estimators Û and V̂ are defined indirectly and must be computed
using an iterative procedure with some normalization to ensure identifiability. The following
algorithm (Dutilleul 1999) producesOP (N−1/2) consistent estimators. It uses the normalization
tr(Ui) = K.120

Algorithm 1. Initialize with U0 = IK , the K ×K identity matrix. For i = 0, 1, 2, . . . , calcu-
late

V̂i =
1

NK

N∑
n=1

(Xn − M̂)>Û−1i (Xn − M̂),

Ũi+1 =
1

NI

N∑
n=1

(Xn − M̂)V̂ −1i (Xn − M̂)>,

Ûi+1 =
K

tr(Ũi+1)
Ũi+1,125

until convergence is reached.

This algorithm is commonly referred to as the flip-flop algorithm for estimating U and V .
Alternatives can be found in Van Loan & Pitsianis (1993), Strobach (1995), Yu et al. (2004) and
Werner et al. (2008). The work of Werner et al. (2008) is particularly relevant as they base their
estimation on the minimization of the Frobenius norm ‖V̂ ⊗ Û − Σ̂‖F , which appears below in130

the definition of the statistic T̂F . As we will see, this statistic outperformed the other tests for the
non-separable alternatives we considered in Section 4.

The most natural statistic to test separability, i.e., Σ = V ⊗ U , should be based on a difference
between V̂ ⊗ Û and Σ̂. We will show that the statistic

T̂F = N‖V̂ ⊗ Û − Σ̂‖2F ,

where ‖ · ‖2F is the squared Frobenius matrix norm, i.e., the sum of squares of all entries, con-135

verges, and will find the asymptotic distribution. This distribution involves the asymptotic co-
variance matrix of vec(V̂ ⊗ Û − Σ̂), which we denote by W . The form of W is complex; see
the Supplementary Material. To obtain a chi–square limit distribution, a suitable quadratic form
must be used. This suggests using the statistic

T̂W = N vec(V̂ ⊗ Û − Σ̂)>Ŵ+ vec(V̂ ⊗ Û − Σ̂),
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where Ŵ is an estimator of W and Ŵ+ is its Moore–Penrose generalized inverse and therefore 140

is uniquely determined. A Moore–Penrose generalized inverse is used because U , V , Σ, and the
corresponding estimates, are all symmetric, and this implies many linear constraints on the en-
tries of vec(V̂ ⊗ Û − Σ̂). Using a Moore–Penrose generalized inverse is equivalent to dropping
redundant entries. Alternatively one can use vech to eliminate redundant entries. Recall that vech
of a matrix is a column vector obtained by vectorizing only the lower triangular part. 145

We will also show that the likelihood ratio statistic

T̂L = N
{
T log det(Û) +K log det(V̂ )− log det(Σ̂)

}
discussed in Section 1 has the same limit as T̂W , i.e., is asymptotically chi–square with known
degrees of freedom. Lu & Zimmerman (2005) derived the asymptotic distribution of T̂L. How-
ever they recommended use of a Monte Carlo approximation to the distribution of T̂L. Also
Mitchell et al. (2006) used a Monte Carlo finite–sample approximation based on Theorem A. We 150

collect our results in Theorem 1.

THEOREM 1. Suppose Assumption 1 and decomposition (3) hold. Let W be the (KI)2 ×
(KI)2 matrix defined in (C.1), with eigenvalues γ1, . . . , γR and R = (KI)2. Then,

T̂L → χ2
d, T̂W → χ2

d, T̂F →
R∑
r=1

γrχ
2
1(r), N →∞,

where

d =
KI(KI + 1)

2
− K(K + 1)

2
− I(I + 1)

2
+ 1,

and χ2
1(r) are independent chi-square random variables with one degree of freedom. 155

Theorem 1 is proven in the Supplementary Material. The three statistics listed in Theorem 1
are not the only ones that our theory covers. Theorem C.1, in the Supplementary Material, which
specifies the joint asymptotic distribution of V̂ , Û and Σ̂, can be used to derive the asymptotic
distribution of many other reasonable test statistics. Alternatively, instead of normalizing by the
trace of U , it is also possible to take the first main diagonal element of either V or U to one, and 160

not include that element in the vector; this is the normalization that Srivastava et al. (2008) use.
Then one can obtain the limiting distribution and covariance matrix of {vech∗(V̂ ∗), vech(Û)}
where V̂ ∗ is the normalized version of V̂ , using the new normalization, and vech∗(a) is the
subvector of vech(a) obtained by deleting its uppermost element.

3. TESTS FOR FUNCTIONAL DATA 165

3·1. The test procedure
We now show how the results of Section 2 are applied to testing separability of geosta-

tistical functional data. We consider independent spatiotemporal random fields Xn(·, ·)(n =
1, . . . , N), which have the same distribution as the field {X(s, t), s ∈ S, t ∈ T }, which satis-
fies E{

∫
S
∫
T X

2(s, t)dsdt} <∞. Then Xn(s, t) = µ(s, t) + εn(s, t), where µ ∈ L2(S × T ), 170

and the εn are independent and identically distributed random elements of L2(S × T ) which
satisfy

E

{∫
S

∫
T
ε2n(s, t)dsdt

}
<∞, E{εn(s, t)} = 0.
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We consider the covariances

σ(s, s′; t, t′) = cov{X(s, t), X(s′, t′)} = E{εn(s; t)εn(s′, t′)}.

Our objective is to test

H0 : σ(s, s′; t, t′) = U(s, s′)V(t, t′). (4)

We assume that complete functions of time are available. This means that they are either175

densely observed or reconstructed from sparse data. In the latter case, the tests makes a statement
about the reconstructed functions. In contrast, there can be only a handful of spatial locations.
If the nonseparable structure is not reflected in the functions available at these locations, it will
not be detected. As in the multivariate case, the functions U and V are uniquely determined only
up to multiplicative constants, and any testing algorithm must include some arbitrary normal-180

ization. However, the p-values of our testing procedures do not depend on this choice. In the
Supplementary Material, we describe procedures suitable for curves defined at a small number
of spatial locations. We describe the most general procedure that involves both spatial and tem-
poral dimension reduction. Its asymptotic justification is provided in Section 3·2. We assume that
for each n the field Xn is observed at the same spatial locations sk(k = 1, . . . ,K). We estimate185

µ(sk, t) by the sample average µ̂(sk, t) = N−1
∑N

n=1Xn(sk, t), and focus in the following on
the covariance structure. Under H0, the covariances of the observations are

cov{Xn(sk, t), Xn(s`, t
′)} = U(k, `)V(t, t′), (5)

with entries U(k, `) = U(sk, s`) forming a K ×K matrix U , and V being the temporal covari-
ance function over T × T . We thus assume that the data are observed at fixed spatial locations.
Since the null hypothesis (4) is a statement about separability over the entire domain S , our190

procedures, like any other procedures based on such data, will have no power unless, under
the alternative, the covariance structure is not separable at the observed locations. Practically
implementable tests must also involve dimension reduction in time, so that we can work with
finite–dimensional objects on which computations can be done. If the nonseparability is present
only in the orthogonal complement of the temporal dimension reduction subspace, it will not be195

detected either.
The testing procedure with dimension reduction in both space and time is as follows:

Procedure 1
200

1. Under the assumption of separability, the optimal functions used for temporal dimension
reduction are the same for each spatial location. To find the estimated temporal functional prin-
cipal components, v̂1, . . . , v̂J , we pool across space to obtain the following estimated covariance
function:

C̃(t, t′) =
1

NK

N∑
n=1

K∑
k=1

Xn(sk, t)Xn(sk, t
′).

Then v̂1, . . . , v̂J are the first J eigenfunctions of C̃.205

2. Approximate each curve Xn(sk, t) by

X(J)
n (sk, t) = µ̂(sk, t) +

J∑
j=1

ξjn(sk)v̂j(t),
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where J is finite and represents the number of principal components used in the temporal dimen-
sion reduction. Construct K × J matrices

Ξn = {ξjn(sk), k = 1, . . . ,K, j = 1, . . . , J}, (6)

where J is chosen so large that the first J sample eigenvalues explain at least 85% of the temporal
variance, i.e, of C̃. This is functional principal components analysis carried out on the sample 210

pooled across space.
3. Approximate each vector {ξjn(s1), . . . , ξjn(sK)} using

ξjn(sk) =
L∑
l=1

ζlj;nûl(sk).

The vectors {ûl(s1), . . . , ûl(sK)} are the estimated eigenvectors of the matrix

Ũi(k, `) = (NJi)
−1

Ji∑
j=1

N∑
n=1

ξjn(sk)ξjn(s`)

λij
.

Construct the L× J matrices Zn = (ζlj;n, l = 1, . . . , L, j = 1, . . . , J) where L is chosen large
enough so that the first L eigenvalues explain at least 85% of the spatial variance, i.e. of Ũ . This 215

is multivariate principal components analysis on the sample pooled across time.
4. Compute the matrix

Σ̂ =
1

N

N∑
n=1

vec(Zn − M̂){vec(Zn − M̂)}>, M̂ =
1

N

N∑
n=1

Zn.

Using Algorithm 1 with Zn in place of Xn, J in place of I and L in place of K compute the
matrices Û and V̂ .
5. Estimate the matrix W defined by (C.1) in the Supplementary Material by replacing Σ, U, V 220

by their estimates.
6. Calculate the p-value using the limit distribution specified in Theorem 1, with I replaced by J
and K replaced by L.

Step 2 can be easily implemented using R function pca.fd and step 3 by using R function
prcomp. To find the p-value of T̂F , i.e. the quantile of a mixture of chi–squares, we use the R 225

package CompQuadForm and the function imhof.

3·2. Large–sample justification
In this section we provide asymptotic theory justifying the testing procedure of Section 3·1.

All proofs can be found in the Supplementary Material. Our theory is developed in the setting in
which in step 4 of Procedure 1 only the first iteration step is applied, cf. Algorithm 1. In other 230

words, the spatial and temporal covariances are estimated separately by pooling across time and
space respectively, and without iterating:

V(t, t′) =
1

NK

N∑
n=1

K∑
k=1

Xn(sk, t)Xn(sk, t
′), Û(k, k′) =

K
∑

n

∫
Xn(sk, t)Xn(sk′ , t) dt

N tr(σ̂)
,

where σ̂ is the empirical covariance. For ease of reference, we state the following assumption on
the data generating process. 235

Assumption 2. Assume that X1(s, t), . . . , XN (s, t) are independent and identically dis-
tributed Gaussian processes in L2(S × T ) with mean zero and a separable covariance function
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σ(s, t, s′, t′) = U(s, s′)V(t, t′). Assume that the temporal functions Xi(s, ·) are observed at spa-
tial locations {sk : k = 1, . . . ,K}. Let U be the matrix resulting in evaluating U at the {sk}.
Assume, without loss of generality, that tr(U) = K.240

The key to establishing the equivalence between procedures based on the population and es-
timated principal components is the derivation of OP (N−1) bounds for differences between the
population covariance operator V and the operator V̂ and an analogous bound for the difference
between U and Û . We can conclude that replacing the population principal components to which
the multivariate theory applies by the estimated functional principal components does not affect245

the limiting distribution.

THEOREM 2. Denote by T̂F the statistic computed using the estimators ûk and v̂j and by T †F
the random variable computed using the population functions uk and vj . If Assumption 2 holds,
then T̂F − T †F = OP (N−1/2).

As we show in the Supplementary Material, the eigenvalues γ can be consistently estimated,250

so we can use them to approximate the null distribution in Theorem 1, and so in practice we can
compute rejection regions that are asymptotically justified.

4. NUMERICAL STUDIES

4·1. A simulation study
We compare the performance of the tests based on the statistics introduced in Section 2 and255

the procedure described in Section 3. We include in the comparison the modified approach of
Mitchell et al. (2006), which is based on Theorem A and Monte Carlo replications, and the spatial
principal components introduced in Section 3. It can typically be applied only in conjunction with
dimension reduction so that the condition N > LJ holds. We thus consider four test procedures
applicable to space–time functional data, which we denote TL, TF , TW and TL−MC . The first260

three procedures use asymptotic critical values of limit distributions specified in Theorem 1;
TL−MC uses the Monte Carlo critical values computed using µ = 0, U = IL, V = IJ .

The generated data follow multivariate normal distributions with mean M = 0 and one of the
following two covariance functions. The first is the spatiotemporal covariance function intro-
duced by Gneiting (2002):265

σ(s, s′, t, t′) =
σ2

(a|t− t′|2α + 1)τ
exp

{
− c‖s− s′‖2γ

(a|t− t′|2α + 1)βγ

}
. (7)

In this covariance function, a and c are nonnegative scaling parameters of time and space re-
spectively, α and γ are smoothness parameters which take values in (0, 1], β is the separability
parameter which takes values in [0, 1], σ2 > 0 is the point-wise variance and finally τ ≥ βd/2,
where d is the spatial dimension. We focus on the effect of the space–time interaction param-
eter, β ∈ [0, 1]. If β = 0, the covariance function is separable. As β increases, the space-time270

interaction becomes stronger. We set γ = 1, α = 1/2, σ2 = 1, a = 1, c = 1 and τ = 1;
The second is the spatiotemporal covariance function introduced by Cressie & Huang (1999):

σ(s, s′, t, t′) =
σ2c

d/2
0

{a20(t− t′)2 + 1}1/2{a20(t− t′)2 + c0}d/2
exp

[
−b0

{
a20(t− t′)2 + 1

a20(t− t′)2 + c0

}1/2

‖s− s′‖

]
.

(8)
In this covariance function, a0 and b0 are nonnegative scaling parameters of time and space
respectively, c0 > 0 is the separability parameter, σ2 > 0 is the point-wise variance and d is the
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Table 1. Rejection rates (%), based on 1000 replications, for N = 100, L = J = 2,
β = 0, 0.5, 1 and c0 = 1, 5, 10. The parameters β = 0 and c0 = 1 correspond to the null

hypothesis of separability. The proportion of variance explained by the temporal principal
components is given in the last column. The standard errors are given in the parentheses

β TL−MC TL TF TW Variance Explained (%)
0 5.1 (0.70) 5.9 (0.75) 4.5 (0.65) 3.7 (0.60) 89

0.5 12.3 (1.04) 13.4 (1.08) 15.2 (1.14) 5.4 (0.71) 89
1 54.1 (1.58) 55.8 (1.57) 63.4 (1.52) 32.3 (1.48) 88

c0 TL−MC TL TF TW Variance Explained (%)
1 6.0 (0.75) 6.6 (0.79) 3.8 (0.60) 3.8 (0.60) 87
5 17.1 (1.19) 19.1 (1.24) 36.7 (1.52) 22.1 (1.31) 95
10 47.9 (1.58) 50.4 (1.58) 77.7 (1.32) 60.2 (1.55) 96

Table 2. Empirical power (%), based on 1000 replications, for N = 100, 150, 200, L = J = 2,
β = 1 or c0 = 10. The proportion of variance explained by the temporal principal components

is given in the last column. The standard errors are given in the parentheses

β N TL−MC TL TF TW Variance Explained (%)
1 100 54.1 (1.58) 55.8 (1.57) 63.4 (1.52) 32.3 (1.48) 88
1 150 68.0 (1.48) 68.3 (1.47) 79.8 (1.27) 29.8 (1.45) 89
1 200 80.4 (1.26) 80.8 (1.25) 91.5 (0.88) 52.0 (1.58) 87

c0 N TL−MC TL TF TW Variance Explained (%)
10 100 47.9 (1.58) 50.4 (1.58) 77.7 (1.32) 60.2 (1.55) 96
10 150 65.1 (1.51) 68.2 (1.47) 89.9 (0.95) 74.8 (1.37) 95
10 200 77.8 (1.31) 80.3 (1.26) 95.0 (0.69) 85.6 (1.11) 95

spatial dimension. We focus on the effect of the space–time interaction parameter, c0 > 0. If 275

c0 = 1, the covariance function is separable. We set a0 = 2, b0 = 1, σ2 = 1 and d = 2.
We use I = 100 time points equally spaced on [0, 1] andK = 11 space points in [0, 1]× [0, 1],

the same number of points as in the Irish wind data considered by Gneiting (2002), which we
study in Section 4·2. We consider different numbers of spatial principal components, L, and
temporal functional principal components, J . In all our simulation settings, we achieve 85% of 280

variance with J = 2 temporal functional principal components. We will also consider different
values for the sample size N . All empirical rejection rates are based on 1000 replications, so
their standard deviation is about 0.7% percent for size, we use a nominal significance level of
5%, and about 2% for power.

We study three different scenarios. Table 1 considers different values of the space–time inter- 285

action parameters, β and c0. Table 2 examines the effect of the sample size N , while Table 3
explores the effect of the number of principal components. Each table reports the rejection rates,
the standard errors and the proportion of variance explained by temporal principal components.

Table 1 shows that the test TF wins in terms of balance between correct size and power in our
settings. The two likelihood methods do not exhibit significantly different rejection rates. Table 290

2 shows that, as expected, the empirical power increases as the sample size increases, with TF
preserving its lead in terms of power, despite its conservative empirical size. In Table 3, we see
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Table 3. Rejection rates (%), based on 1000 replications, for β = 0, 1 and c0 = 1, 10, N = 100,
and the varying degrees of spatial and temporal dimension reduction. L is the number of spatial

and J of temporal principal components. The proportion of variance explained from the
temporal principal components is given in the last column. The standard errors are given in the

parentheses

β L J TL−MC TL TF TW Variance Explained (%)
0 2 2 5.1 (0.70) 5.9 (0.75) 4.5 (0.65) 3.7 (0.60) 89
0 3 3 4.4 (0.65) 6.9 (0.80) 4.7 (0.67) 39.4 (1.55) 93
0 4 4 5.2 (0.70) 13.6 (1.08) 5.2 (0.70) 98.1 (0.43) 95
0 5 5 4.1 (0.63) 32.2 (1.48) 5.7 (0.73) 100 (0) 96
0 6 6 2.5 (0.49) 81.3 (1.23) 5.3 (0.71) 100 (0) 96
0 7 7 5.3 (0.71) 100 (0) 4.0 (0.62) 100 (0) 98
1 2 2 54.1 (1.58) 55.8 (1.57) 63.4 (1.52) 32.3 (1.48) 88
1 3 3 54.7 (1.57) 61.9 (1.54) 89.1 (0.99) 95.8 (0.63) 92
1 4 4 79.0 (1.29) 90.5 (0.93) 99.7 (0.17) 100 (0) 94
1 5 5 81.5 (1.23) 97.9 (0.45) 99.9 (0.10) 100 (0) 96
1 6 6 91.0 (0.90) 100 (0) 99.9 (0.10) 100 (0) 97
1 7 7 93.2(0.80) 100 (0) 100 (0) 100 (0) 97

c0 L J TL−MC TL TF TW Variance Explained (%)
1 2 2 6.0 (0.75) 6.6 (0.79) 3.8 (0.60) 3.8 (0.60) 87
1 3 3 5.2 (0.70) 8.1 (0.86) 4.1 (0.63) 64.5 (1.51) 95
1 4 4 4.8 (0.68) 13.2 (1.07) 5.4 (0.71) 100 (0) 99
1 5 5 5.4 (0.71) 34.6 (1.50) 3.6 (0.59) 100 (0) 99.7
1 6 6 2.7 (0.51) 85.5 (1.11) 2.3 (0.47) 100 (0) 99.9
1 7 7 5.0 (0.69) 100 (0) 2.2 (0.46) 100 (0) 99.9
10 2 2 47.9 (1.58) 50.4 (1.58) 77.7 (1.32) 60.2 (1.55) 96
10 3 3 100 (0) 100 (0) 100 (0) 100 (0) 99.9
10 4 4 100 (0) 100 (0) 100 (0) 100 (0) 99.6
10 5 5 100 (0) 100 (0) 100 (0) 100 (0) 99.9
10 6 6 100 (0) 100 (0) 100 (0) 100 (0) 99.9
10 7 7 100 (0) 100 (0) 100 (0) 100 (0) 99.9

that only the tests TL−MC and TF have empirical size robust to the number of the principal com-
ponents used. This is desirable, as there is always uncertainty regarding the number of functional
principal components that should be used. The test TF is more powerful than TL−MC .295

As a final demonstration, which is particularly relevant to the analysis in Section 4·2, we
consider a covariance structure with two components, one which is separable and one which is
not. The separable component gives the majority of the variation, so it is more likely to dominate
the lower principal components, since these are the directions of highest variability. For this
scenario, we use a covariance which is the sum of (7) with β = 0, separable, and (8) with c0 =300

0.3, nonseparable. Table 4 shows that the rejection fraction is 5% for L = J = 2, and as the
number of spatial and temporal principal components increases the rejection fraction increases
too.

Our overall conclusion is that the norm–based test, TF , emerges as a clear winner compare to
the other approaches in all settings we considered. The empirical size of TL is not robust to the305

number of principal components used, consistent with the findings of Lu & Zimmerman (2005)
for their non-functional data version of that test. The empirical size of TL−MC is competitive,
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Table 4. Rejection rates (%), based on 1000 replications, for data whose covariance is the sum
of a large separable component and a small nonseparable component; N = 100. The proportion

of variance explained by the temporal principal components is given in the last column. The
standard errors are given in the parentheses

L J TL−MC TL TF TW Variance Explained (%)
2 2 6.6 (0.79) 7.9 (0.85) 5.2 (0.70) 1.5 (0.38) 85
3 3 7.9 (0.85) 10.4 (0.97) 10.5 (0.97) 68.0 (1.48) 93
4 4 16.3 (1.17) 33.4 (1.49) 34.6 (1.50) 99.2 (0.28) 96
5 5 24.2 (1.35) 73.3 (1.40) 69.8 (1.45) 100 (0) 97
6 6 19.6 (1.26) 97.8 (0.46) 87.7 (1.04) 100 (0) 98
7 7 24.7 (1.36) 100 (0) 89.5 (0.97) 100 (0) 98

Table 5. P-values for the separability tests applied to deseasonalized wind speed data

TL−MC TL TF TW

L = J = 2 0.06 0.055 0.039 0.034
L = J = 3 0.467 0.436 0.149 0.203
L = J = 4 <0.001 <0.001 <0.001 <0.001

but the test is less powerful. The fact that TW test cannot control the type I error is consistent
with the results of Srivastava et al. (2008).

Appropriate QQ-plots can be found in the Supplementary Material to verify the asymptotic 310

distributions of the test statistics introduced in the paper.

4·2. Irish wind data
Consider the data of Haslett & Raftery (1989), which consist of daily averages of wind speeds,

measured in knots, at 11 meteorological stations in Ireland during the period 1961− 1978.
The data are available at http://lib.stat.cmu.edu/datasets/wind.data. The 315

stations are fairly uniformly distributed over Ireland. Each functional observation Xn(sk, t) con-
sists of the average wind speed for day t, month n, N = 216, and at location sk. A plot of
these data can be found in the Supplementary Material. Gneiting (2002) estimated model (7)
on deseasonalized and transformed data and obtained β̂ = 0.61, which indicates a nonseparable
covariance structure. His conjecture was verified by Bevilacqua et al. (2010) using a parametric 320

significance test.
We first applied our tests to deseasonalized curves obtained after removing the monthly mean

from each curve; we center all Januaries, Februaries, etc., separately. This simple transformation
removes the seasonality to a large extent. The p-values for selected combinations of L and J are
shown in Table 5. Only when L and J are larger than 3, do we see clear evidence for nonsepara- 325

bility, perhaps because the covariance structure has two components, one separable and one not.
The separable component gives the majority of the variation, so it is more likely to dominate the
lower principal components, since these are the directions of highest variability. This would then
explain why separability is not rejected for smaller values of L and J . This effect is illustrated
on simulated data; see Table 4 and its discussion. 330

Gneiting (2002) applied a square root transformation to stabilize the variance and to make the
marginal distributions approximately normal, and deseasonalized the data in slightly different
way. He estimated the seasonal effect by calculating the average of the square roots of the daily
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means over all years and stations for each day of the year, and then regressing the results on a
set of annual harmonics. Subtraction of the estimated seasonal effect and the estimated spatially335

varying mean, as given in Gneiting’s Table 3, from the square roots of the daily means results
in the deseasonalized data, referred to as velocity measures. Using Gneiting’s procedure, our
tests produce p-values smaller than 0.001 even for L = J = 2, which indicates a nonseparable
covariance structure.

Since the number of meteorological stations is relatively small it is natural to apply our tests340

without dimension reduction in space. For this approach, all tests produce p-values smaller than
0.001, for J = 2, 3, 4.
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the United States.350
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